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Orthogonal Filters for Model Error Compensation
in the Control of Nonrigid Spacecraft
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Columbia University, New York, N. Y.

This paper seeks to improve the convergence properties of state estimators as used in spacecraft controller
designs, when the linearized models upon which the estimators are based are subject to parameter errors,
truncated modes, and neglected disturbances. Instead of choosing mode shapes (which are orthogonal in space)
multiplied by time varying coefficients (a conventional approach for modeling elastic modes) to represent the
truncated modes, the ''model error vector" discussed herein is approximated, over short "observation win-
dows," T units long, by functions which are orthogonal over the time interval T, where the coefficients of the
orthogonal functions are automatically updated via the use of real-time measurements from the system. The
device which updates the coefficients of the orthogonal functions is called an orthogonal filter and takes on the
form of a state estimator for the synthetic modes of a "model error system" which generates the orthogonal
functions. The method is illustrated for a 14th-order model of a flexible spacecraft, resulting in 2nd-, 3rd-, and
4th-order controllers.

I. Introduction

ONE aspect of spacecraft controller design which com-
plicates the design decisions is that the design cannot be

fully verified before "flight." This is because most light-
weight, highly flexible spacecraft structures cannot be reliably
tested in a \-g environment, and there is therefore some
uncertainty concerning the system dynamics which cannot be
removed before flight. This places a heavy burden of
responsibility upon the analytical methods utilized in the
design. In spite of the existence of elaborate computer
programs which generate modal data for the structure, there
are various assumptions of mode shapes, modal damping,
and mode truncation which contribute to errors in the final set
of differential equations (which we will call the controller
design model) upon which the feedback control system design
is based. As a consequence of these circumstances, any
spacecraft control system which is worthy of serious con-
sideration must be tolerant of these various types of
modeling errors: parameter errors, truncated modes, and the
effects of uncertainties in such disturbances as natural en-
vironmental disturbances and amplifier drifts and biases.
(The accommodation of known disturbances is discussed in
Refs. 1-3.) The application of the linear regulator and
estimation theory of modern control must be approached with
caution since the theory and its promises rely upon the ab-
solute fidelity of the mathematical model of the physical
system. For example, if the linearized model of the physical
system is completely controllable and observable, the theory
promises that the closed-loop system performance can be
"arbitrarily good" in the sense that the eigenvalues of the
closed-loop system can be arbitrarily placed. There is nothing
in the theory which warns of limits of model fidelity, and the
difference between the model's predicted performance and the
system's actual performance (which comparison brings the
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realization that the system eigenvalues cannot be arbitrarily
placed) can be attributed to modeling errors. Some authors
approach this deficiency of the theory by seeking adaptive
control schemes,4'5 while others seek better methods of
modeling6 and model reduction7"9 for use in nonadaptive
controllers.

There has been a concerted effort recently2'3 to ac-
commodate model errors of the type described in the design of
linear optimal regulators and state estimators. The concept of
the "orthogonal filter" was introduced in Ref. 2, and this
paper shows how to design the orthogonal filter and gives
some theorems on filter convergence. The orthogonal filter is
designed to approximate, in real time, the model error vector
and to utilize this approximation to improve the state estimate
of the model. These results take the form of a time invariant
linear dynamical controller, although an adaptive version of
the controller is also possible. Section II reviews the concepts
of model error vectors. Section III presents the full-order and
the reduced-order orthogonal filters and Sec. IV discusses the
performance results of various controller designs for a highly
flexible spacecraft using a standard Kalman filter design and
an orthogonal filter design. In this introductory paper no
general conclusions are yet available concerning the successful
compensation of arbitrary modeling errors in closed-loop
control systems, but some basic theorems are developed
relating to convergence of the state estimator.

II. Characterizations of the Model
Error Vectors

When a flexible spacecraft is idealized as a nonrotating
rigid body with an elastic appendage, the linearized equations
may take the form,

(la)

Mq+Kq-&6=f qtR" (generalized coordinate) (Ib)

where Td, Tc represent disturbance and control torques
applied to the rigid body with attitude described by 0, and /
represents torques and forces applied to the appendage. For
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more complete information about the inertia /*, the rigid to
elastic appendage coupling A, the mass matrix M, and the
stiffness matrix K, see Ref. 6. Model (1) is incomplete. The
dynamical subsystems which generate/(/), T c ( t ) and T d ( t )
and the dynamics of sensors must be described before
meaningful truncations of model (1) can occur. Otherwise,
significant interaction between these subsystems and the
vibrations of the appendage (Ib) may be overlooked. See Ref.
7 for a discussion of seven different criteria for truncation of
Eq. (1). Coordinate truncation of Eq. (Ib) is usually per-
formed after a change of coordinates. Define the new
coordinates by

(2)

where </>' are vectors which are orthogonal in the weighted
sense

The assumption is now made that the larger model S} which
is to be used for controller evaluation, and the truncated
model S3 are placed in state variable form,

Evaluation model

(5)S,

Reduced model

x3=A3x3+B3u

S? <( y3 = C3x3

z3 =M3x3

(6)

(t>j M0 * = 6^ (6^ = Kronecker delta)

4>J K<t>k = djk Oj 2 for all j,k£{l,N\

Truncating the TV second order modes of vibration to v modes
is equivalent to neglecting the model error vector e ( t ) in the
reduced model

where y1 is the vector we wish to regulate to zero by some
control u ( t ) and z1 (t) represents the / measurements
available for use in a feedback controller. To explain the de-
ficiencies of model S3 (complete with parameter errors,
truncated modes, and neglected disturbances) with respect to
5/ it is convenient to use the model error definitions ell and

where e ( t ) evolves from the ''model error system"

(3a)

(3b)

(4a)

(4b)

The diagonal matrices f a f a in Eqs. (3) and (4) are defined as
f=diag f/, /=1,2,...^ f= diag f,-, i=v+\,...N, a =
diaga,,/ = l,...*>,a = diag a/, i = v+l,...N, where the modal
damping f, has been added to the system.

There may be extraneous information in Eq. (4) which is
not essential to include in the control design process. Also,
many high frequency modes which are usually poorly
modeled are contained in Eq. (4), and the controller order
increases by two for every second order mode kept in the
reduced design model [Eq. (3)]. [The order of the design
model (3) should be kept as low as possible in order to keep
the flight controller complexity at a minimum.] On the other
hand, complete neglect of the model error vector e ( t ) may
lead to controllers which are highly sensitive to the effects of
the modeling errors inherent in the reduced model (3). For the
purposes of model error approximation we choose not to
represent the model error vector in the manner of Eq. (4) as a
collection of orthogonal "mode shapes" </>' (which are often
assumed) multiplied by time varying coefficients ry/ (/) [which
evolve from a high order and perhaps poorly modeled sub-
system (4)]. We will instead represent the model error vector
as some arbitrary collection of prescribed functions of time
which are orthogonal over an interval T. The coefficients of
the orthogonal functions are to be automatically updated by
the use of real time measurements from the system in an
"adaptive curve fitting" spirit. These suggestions are made
more precise in section III. For the present, we wish to
generalize the preceding notions of model error vectors to
include parameter errors, truncated modes and neglected
disturbances. We will return to the flexible spacecraft
problem in section IV.

x3=A3x3 +B3

y2^C3x3 =yI(t)

(7)

Z2=M3x3+e\1(t)=z1(t) for some choice of ei1 (t),e3!, (t)

When the evaluation model S7 quite accurately represents the
physical system, then e3^ represents the difference between the
measurements z1 (t) and those predicted by z3 ( t ) . The actual
model error vector can never be completely known a priori,
but various attempts to approximate it by specifying a
' 'model error system "of the form,

Px

P7
(8)

s = Ds+Axx3 +Bsii

lead to a number of well-known results [by appropriate
choices for (P, D, Ax> B s ) ] when the model error system in
Eq. (8) is augmented to the reduced model S3 in Eq. (6). The
controllers discussed in this paper are all defined by a
dynamical system of the form

u= — G(S2)x2 control law

x2 = x2 (z, S2) state estimator
controller (9)

where the controller design model S2 represents the composite
of model S3, as represented in Eq. (7), augmented by the
model error system Se. The output of the controller is the
vector u which represents those m entities which are
manipulated for control [for example, if u is defined by u = Tc
where Tc is defined in Eq. (3), then AH = 3]. The vector z ( t )
represents the actual / measurements, and serves as the input
to the controller. The vector x2 is the estimate of the state
vector of the controller design model S2. The control law
might be selected to minimize

y2 (t)QTy2(T) (io)
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subject to model 52, yielding

u=-R-IB2TK(t,T,A2,B2,C2)x2(z,A2,B2,C2,M2) ( l la)

where

K(T)=C2QTC2

Q>0,R>0,QT>0

( l ib)

although we will usually be interested in the degenerate case
where T—oo.

It was shown in Ref. 2 that special choices for the
parameters of the model error system (P, D, Ax, Bs) lead to
the singular perturbation controller.10 This method is useful
if the dominant errors in model S3 are due to truncated
modes. The state variables sf of the model error system in this
case represent the truncated coordinates. If the dominant
model errors are due to small parameter uncertainties, then
the parameters (P, D, Axf Bs) may be selected to give s, the
meaning Sj=dx3/dpiy where pit / = ! — d represents
parameters considered uncertain. In this circumstance P = 0
and the equations for the model S3 and the sensitivity sub-
system Se are uncoupled. The control policy which minimizes
Eq. (10) [where for minimum sensitivity we may take
y2r±\y3T

t ( P V S ) T \ for some PV9 (see Ref. 3)] tends to
reduce system sensitivity to parameter errors.11'12 If the
dominant model errors are due to neglected disturbances and
differential equations are written to describe the disturbances,
then the model error system Se becomes the disturbance
system and the disturbance accommodating controller
methods1>13 may be useful. If the model error vectors exy and
e31 are characterized as random processes with only means
and covariances available, then the minimization of the ex-
pected value of Eq. (10) leads to the Kalman filter.

Beginning with the best controller design model S2 is ob-
viously important in the controller design problem, and
research in model reduction methods is very important.
However, this paper is concerned with the opposite point of
view. That is, we deal with the task of improving state
estimates (and the resulting controller designs) of any given
low-order model by partially compensating for the inevitable
presence of modeling errors; not by exactly modeling the
truncated effects as in Eq. (4), but by the addition of certain
synthetic modes designed to approximate only the dominant
effects of Eq. (4). Likins14 has shown that the effects of
truncation of any number of modes of Eq. (1) can be exactly
compensated in the steady state by the construction of a
model error system [Eq. (4)] with just four synthetic modes.
In this work we will also use synthetic modes (in Se) to ap-
proximate the effects of model errors but attention will not be
restricted to steady-state effects. The special case of Eq. (8)
which will be of primary interest in this paper leads to the
orthogonal filter of the following section.

III. Orthogonal Filters
The objective of the orthogonal filter2 is to approximate

the actual unknown model error vector with orthogonal
functions in real time and to use this estimate of the model
error vector to improve the estimate of the state vector x3.
The resulting estimate of the state vector x3 is used for state
feedback control. It may also happen that the estimate of the
model error vector is useful in the control policy. The
representation of the model error vector as a collection of
orthogonal functions is accomplished by the choice [a special
case of Eq. (8)],

e = Ps

s = Ds

(12a)

(12b)

where the choices for P and D depend upon the particular
orthogonal functions chosen. Suggestions for choosing P will
not come before section IIIC. In this section we will be
concerned with the .choice of D. In Ref. 2 various D matrices
are constructed which generate, as eigenfunctions of Eq. (12),
Jacobi polynomials and some of their special cases: Legendre,
Chebyshev, and Fourier. For example, if D is chosen as

0 0 0 0 0

1 0 0 0 0

0 4 0 0 0

3 0 6 0 0

0 8 0 8 Ov dxd (13)

then the particular solution of Eq. (12) which has the initial
condition s£ = (l, -1, 1, - 1,...) yields e ( t ) =PT9 where Tis
a column of Chebyshev polynomials which may be expressed
in time, f€[0,r] or normalized time, a€[- 1, 1] by 7/ = c6s[(/-
l)cos-7a], /=l ,2, . . . f l f , with TT=(T]} T2...Td), where a = 2
(t/r)- 1, and Tt is a Chebyshev polynomial of the first kind
of degree /- 1. These functions are orthogonal on the interval
a€[- l , l ] with respect to the weight g(a) =(1-a2) ~'/2. That
is, the matrix

P /
A= I T(a)TT(a)g(a)d

Idxd (14)

is diagonal, constant, and nonsingular. The model error
system in Eq. (12) is obtained by noting that, from Eq. (13)

dT ^ ^ dT——=D0T, and —— dT dt
dt da

dT
~dT — (15)

together with the observation that TT (t = Q)=TT (a =
-!) = (!, -1, 1, -1,...). A more useful fact than the above
result is that any solution of Eq. (12) (arbitrary initial con-
dition s0) yields e ( t ) as a sum of Chebyshev polynomials,
e = PT, where the matrix P is a function of s0. In fact, a
stronger result is stated in theorem 1.

Theorem 1: The Chebyshev error system (12) can generate,
for each of the r components of e ( t ) , an arbitrary sum of
Chebyshev polynomials of degree p— 1, where p is the
maximum integer for which the matrix Q, with elements
Q .̂ = P Q,, Q/Pr, i,j = l,...p, represents a nonsingular matrix,
where the d x d matrices Q,, are defined by

—~ ——

1 0 0 0

1 1 0 0

3 4 1 0

13 18 6 1

— — —

0 0 0 0

1 0 0 0

4 4 0 0

18 24 6 0

(16a)

(16b)
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0 0 0 0

0 0 0 0

1 0 0 0

6 6 0 0

But since, for the D0 defined by Eq. (13),

(16c)
1
<j

2o2

0

0

1

6(7

0

0

0
(19a)

dxd

o

I 1 3
4 3\

r o o o o "
0 0 0 0

0 0 0 0

1 0 0 0

(16d)

using the definition of T,- allows the expression
0 10 ! 0

TO ! 0

4T0 + 4T} \T0i
\%T0 + 24T1+6T2\6T0

which can be rearranged to write

(19b)

(19c)

where the d x d matrices Q./ are defined in Eq. (16). From Eqs.
(18)and(19c),

= PT= 0,...] T (20)
The above matrices Q,,- are applicable for any d= 1, 2, 3, 4 by
construction from the top left proceeding diagonally
downward to form the correct dxd matrices up to d = 4.
Theorem 1 asserts that there exists an initial condition vector
s0 such that rp of the coefficients P of the Chebyshev
polynomial representation of the model error vector, e = PT,
as generated by Eq. (12), can take on arbitrary values. On the
strength of this fact we can guarantee that, over an interval r,
any particular coefficients which are appropriate for fitting
the actual model error vector can be automatically determined
by employing state estimation techniques with model S2.
Before proving theorem 1, it is helpful to consider the
following theorem 2.

and it is clear from Eq. (20) that there exists an s0 which w_ill
simultaneously yield p arbitrarily specifiable columns P't
/=! , 2,...p, of the matrix P, if [s£[qj Pr,...QjPr] =sl
Qj = [ p ]

t P2,...pp) = arbitrary vector) has a solution, s0. A
solution is guaranteed if the rp x d matrix Q, has maximal rank
and p is an integer satisfying rp<d. More generally, however,
p is the largest integer for which Q is a nonsingular matrix
(this follows by forming the inner product of the matrix Q.
with itself, given that rp<d). Q.E.D.

It may also be noted that the dxdr matrix Q/ = [Qj PT,
Qj ' PT,...Q% PT] has rank d if and only if the Chebyshev
error system, Eq. (12) or Eq. (15), is observable. To see this,
expand Q. in terms of the columns of P using Eq. (16) to get

P2+4P3 4P3+24P4

P4 + ..

0

0

0

0

0

(21)

rdxd

Theorem 2: The Chebyshev error system in Eq. (12) is
observable if and only if the last column of the matrix P is
nonzero.

Discussion of Theorem 2: It may be shown by direct (but
long and tedious) construction that the determinant of the
4 'observability matrix,"

[PT,DTPT,...Dd~! P T ]

p
PD
pDd-i

d-l

(17)

has the form Pd Pd ( - ) where Pd is the dth column of P, and
dTd( • ) is a positive number with the lower bound ( • ) >P

The matrix D is given by Eq. (13).
Proof of Theorem 1: The matrix P is constructed

follows. The solution of Eq. (12) is
as

= PeDo6s0 where a = o-o0 = (18)

where the expansion has been continued out to the fourth
column (as for a case of d = 4). Thus, Q has maximal rank if
and only if the last column of P (in this case P4) is nonzero,
which is the same as the condition for observability (from
theorem 2). It should also be mentioned that observability of
the pair (D,P) is neither necessary nor sufficient to establish
a Chebyshev error system with a specified number p of ar-
bitrary columns of the P matrix. In the next section a state
estimator is employed to claim the benefits of theorem 1.

A. Full-Order Orthogonal Filters
Theorem 1 allows the conclusion that if s0 could somehow

be updated in response to the actual measurements, then the
actual model error vector can be approximated as a sum of
Chebyshev polynomials [evolving from Eq. (12)] whose
coefficients can change from time to time in an arbitrary way.
Since any square-integrable function of time (J/r/d/<o°)
can be fitted in the mean-square sense with orthogonal
functions (Chebyshev in the present case) of some degree, we
have only to examine the questions a) Over what interval r
should the functions be orthogonal? and b) What degree of
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the polynomials is appropriate for the modeling of e(t)l
Questions a and b are obviously related. [The smaller r allows
fitting of e ( t ) , /€[0,r] with polynomials of lower degree
(smaller d). Also, for pointwise fitting of e(t] the assumption
of continuous e ( t ) is necessary.] We continue our collection
of facts with the following statement based upon a given r.

Theorem 3: For any fixed observation window r>0, there
exists an integer d [the order of the Chebyshev model error
system in Eq. (12)] such that, in the presence of any model
errors associated with the model S3 (parameter errors,
truncated modes, and neglected disturbances), the state
estimate x3 (t) converges to x3 (t) if the estimate x3 (t) is
given by the full-order Chebyshev filter

x3=[I,0]x2

[A2-GM2]x2 +B2

(22a)

(22b)

where G stabilizes [A2 — GM2] such that the estimator poles
satisfy, for / = /, 2,...n3 + cf,

-Re\i[A2-GM2]>l/T

and (A 2, B2, M2) are given by

A2 =
A3 P

0 D ?=[M J ,P , ]

(23a)

(23b)

where it is assumed that (A2, M2) and (D, P) are both
observable pairs, and D is given by Eq. (13).

Proof of Theorem 3: The generality of the claim of theorem
3 requires us to consider in the proof the model error vector
e ( t ) to be an arbitrary square-integrable single valued vector
function of time. We must show that this model error vector
can be determined from the measurements and that the state
estimate for x3 takes into account the presence of e according
to Eq. (7). Let time be divided into equal intervals T units
long. First, consider the actual model error vector e ( t ) over
the interval /€ [0,r] . To prove theorem 3 , we must show 1 ) that
the arbitrary function of time e ( t ) , ^6[0,r] can be expressed as
a solution of Eq. (12) for some s0 and some d\ 2) that the
particular solution of Eq. (12) which actually yields e ( t ) ,
/€[0,r], can be determined prior to / = r, using the real-time
measurements z ( t ) \ 3) that once e ( t ) , /"€[(), r] is known, x3 (t)
can be uniquely determined prior to f = r; and 4) that once
x3 (t) is determined on the interval /€[0,r] the preceding
events repeat on the interval, /^[r,2r], etc.

Part 1: Since any square-integrable function can be fitted
with orthogonal functions (in the present case Chebyshev
polynomials) of some degree, the proof of part 1 follows
immediately from the statement of theorem 1, together with
the requirement that (D, P) be an observable pair.

Parts 2 and 3: Observability of the pair (A2, M2)
guarantees that there exists a G such that x 2 ̂ x2 arbitrarily
fast if Eq. (24) defines x2 , Eq. (25) defines x2 ,

x=[A2-GM2]x2+B2

(24)

(25)

and if z = M2x2 defines the actual measurements. For this last
statement, we rely on the accurate modeling of e (large
enough d) as discussed in part 1, so that Eq. (7) holds. The
estimator is "fast enough" to accomplish convergence in less
than T seconds if the estimator eigenvalues satisfy Eq. (23a).

Part 4: Since convergence of x2 to x2 occurs before t = r, by
virtue of Eq. (23a), then the onset of a new "observation
window" /6[T,2r], brings a new function e(t), /€[r,2r], and a
new set of coefficients of the Chebyshev polynomials which

must be determined, and the entire sequence of events is the
same as in the interval /€[0,r]. Q.E.D.

There are several subtleties in theorem 3 which should be
mentioned so that we do not read too much into the theorem.
Nothing has been said so far that promises stability of the
closed-loop system. We have only discussed performance of
the estimator and we have not invoked any "separation
theorem" to allow feedback of the state estimate x2 in-
dependently of considerations of the estimator design. Also of
concern in theorem 3 is that the order d of the model error
system which satisfies theorem 3 might be quite large. If we
wish to design an on-line controller, we are usually interested
in finding the minimal-order controller which will cause the
physical system to meet its control objectives. It is not yet
clear, however, whether such a "minimal model" is obtained
with straightforward model reduction procedures with no
pretense to compensate for the resulting model errors, or
whether the "minimal model" (upon which the controller
design is based and which yields satisfactory performance) is
obtained by first reducing the model severely and then
augmenting to it a low-order "model error system" which
gives to the resulting controller a certain quality of model
error tolerance.

Since in physical systems the "actuator" device which
achieves control of the system has a finite "bandwidth"
(sometimes called the "spectrum of control authority") it is
pointless to pass through the estimator signals to which the
actuator cannot respond. In this case it might be advisable to
avoid the attempt to model the error vector exactly, as was the
spirit of theorem 3, and instead, to attempt to model a certain
"average" of the model error effects over the interval r.J This
can drastically reduce the order of the model error system
without sacrificing information to which the actuator can
respond. In the interest of minimizing the final controller
order, it will be our standard procedure to determine the order
of the model error system (which is to be augmented to any
given model S3) by iterating with designs beginning with d = Q,
1, 2, etc. The details of such an approach are discussed
elsewhere.15 The method of evaluating the design may be
analytical (i.e. evaluate an index of performance) or by
simulation. Concern for minimal order of the controller
design leads us to the considerations of the next section.

Minimal-Order Orthogonal Filter
The following result follows from the arguments of

theorem 3 with the exception of estimator synthesis.
Theorem 4: For any fixed observation window r>0, there

exists an integer d [the order of the Chebyshev model error
system in Eq. (12)] such that, in the presence of any model
errors associated with the model S3 (parameter errors,
truncated modes, and neglected disturbances), the state
estimate x3 (t) converges to x3 (t) if the estimate x3 (t) is
given by the minimal-order Chebyshev filter,

X= [I,0]X2 (26a)

(26b)

(26c)

JA property16 of the Chebyshev polynomials 7} in the ap-
proximation of e ( t ) is that, if e ( t ) is continuous, then

max \e(t)-PT(t)\
f€[0,r]

is minimized, lending a certain quality of smoothness to the ap-
proximation of the model error vector. If e ( t ) is not continuous then
the fitting is still accomplished in the mean-square sense, although
exact pointwise fitting is possible only if e ( t ) is continuous.



46 R.E. SKELTON AND P. W. LIKINS J. GUIDANCE AND CONTROL

where q = n3 + d—l, and,

MJ-1[I-M2S2I]

M2=[M1>M2], \M, I *0, r= [ O q x / , I Q X q ] - [S21M2]

where the qxl matrix S2/ is selected to stabilize the matrix
TA2S2 such that

-Re\i[TA2S2]>l/T (27)

and where A2, M2 are defined by Eq. (23b). In writing Eq.
(26c), we have presumed a control policy of the form u =
-Gx2.

Following the results of theorem 3, the only new point to
prove is that x2 (t) converges to x2 (t) quickly compared to
the observation window T. The minimal-order estimator for
x2 which completes the proof of theorem 4 is constructed in
the Appendix.
C. Chebyshev-Fourier Coefficients

Thus far, the D matrix in the Chebyshev error system [Eq.
(12)] has been fixed, but aside from the rather indirect in-
formation concerning P in theorems 1 and 2, no specific
guidelines have been offered for the choice of the matrix P in
Eq. (12). Three alternate methods for selecting P are
suggested in the following. The procedures are described for
the case of ez approximation. (When z instead of z' is used in
the definitions in Eq. (7), then the notation ex and ez will be
used instead of e3

x
l', e3

z.)

Method 1: Adaptive P Based upon e z ( t ) Data over the Previous
Observation Window?

By observation of the *'measurement residual" z — z3,
[where z3 =M3x3, and x3 is the output of an orthogonal filter
from Eqs. (22) or (26)] an instantaneous estimate of ez is
available as e z ( t ) = z ( t ) —z3 ( t ) . Integrating this estimate of
the model error vector over the interval r, in the manner

r7
=\ ez (v)TT(a)g(0)doA-1, a =

2t
(28)

where o, T(o), A, and g ( a ) are defined in Eq. (14), yields the
P which gives a least-squares fit to the model error vector in
the sense that

[ez-PT]Tg(ez-PT]da (29)

is minimized by the choice of Eq. (28), using Chebyshev
polynomials, T for the approximation. The P given in Eq.
(28) is called the Chebyshev-Fourier coefficient matrix.16 A
slight variation of Eq. (28) may also prove useful in adaptive
orthogonal filters. If we make the assumption that s = T we
can change Eq. (28) to read, for the update of P at time
t=(k+\)r, k = 0, 1,2,...

( k + l ) r

kr
(30)

where P(0) is taken as any from the observable pairs (D,P)
and

g ( t ) = (l-o2) -*, a=2(t-kr)/r-l

MX=[M3,0], Ms=(OJdxd]

where x2 is provided by the orthogonal filter. The matrix P,
according to Eqs. (28) or (30) is discretely updated every T

seconds, creating an adaptive loop whose stability properties
must be investigated in future work.
Method 2: Constant P Based upon a "Characteristic Waveform" in
e z ( t )

If certain dominant waveforms are known to be present in
ez(t) [i.e., lightly damped truncated modes will contribute
lightly damped oscillations in e z ( t ) ] over brief intervals r
units long, this characteristic waveform ez(t')t t'£ [0,r] can
be utilized to compute P according to Eq. (28). The only
difference is that now P is constant for all time and is not
updated as in method 1.
Method 3: Constant P Satisfying Observability of the Pair (D, P)

The easiest decision for P is to choose any maximally
ranked P which yields an observable Chebyshev error system
[Eq. (12)]. In this case the degree of the Chebyshev
polynomials whose coefficients can take on arbitrary values
is, from theorem 1, the maximum integer p for which p<d/r.
This easiest choice for Pis used in the example of Sec. IV.

IV. Model Error Compensation in
Flexible Spacecraft

The previous sections have been concerned with a particular
approach to model error compensation in the design of state
estimators. In this section we will apply two different model
error compensation schemes to the design of a feedback
controller for attitude control of a certain solar electric
spacecraft, described more completely in Ref. 17. Table 1
summarizes a 14th-order evaluation model of the pitch axis of
the spacecraft, where d7 = (172.16, -4.95, -41.33, 2.48,
-1.63, 12.22), OT = (0.07, 0.106, 0.156, 0.228, 0.236,
0.238)27r, aD= diag ait /=!, 2,...6, and the Gaussian white
noises representing the uncertainties in position measurements
and control accelerations are denoted by v~N (0.3, 2.1x
10~8), w~7V(0.06, 10 ~6), respectively, with means 0.3 and
0.06 and variances 2.1 x 10 ~ 8 and 10 ~ 6 . The output vector^7

denotes those variables (pitch and pitch rate) that must be
regulated to zero. In all of the designs which follow, the
model S3 is taken as the rigid body model and all flexible
appendage modes have been truncated. This is an example
and is not a restriction of the methods. Generally, certain
flexible modes are retained in S3 if they are known to present
serious control problems and are known to be reliably
modeled. All other modes are truncated from S3 and assigned
to the responsibility of the model error system for ap-
proximate compensation.

A. Orthogonal Filter Designs
This section does not explore the adaptive orthogonal filter,

nor even all types of time-invariant orthogonal filters which
have been discussed in Sec. III. It only illustrates the
Chebyshev minimal-order filter for the case of ex ap-
proximation. Whenever there is substantial measurement

Table 1 Spacecraft model S/

0 1 I
»

0

J"lbr

A N-^l.-« ' i \

C = .005 , Q=K
Jxx = 33,353 slug ft2 R=l

2X2
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noise, the full-order filter [Eq. (22)] should be employed to
allow the opportunity to attenuate the noise while
simultaneously estimating the state. Otherwise, the feed-
forward structure of the minimal-order filter [Eq. (26)] may
yield controllers which are too noisy. Table 2 shows the cases
of the Chebyshev filter which have been examined where the
rigid body model S3 is given by

.e(MILLIRADIANS)

A3 =

M3 = (300,0)

0 1

00

0

(31)

We will discuss the cases d = Q, 1, 2 in that order.

Cased = 0
In the case of d = 0 the design model is S3=S2. The full-

order estimator [Eq. (22)] is applied in this case where G in
Eq. (22b) may be taken as any G which satisfies

(32)

for any positive definite R and Q. The particular choice
7? = 2 . 1 x l O ~ 8 , Q=10-6 yields the Kalman filter. In this
case,

r .24X10r i j
- I | (33)

L 2 . 3 1 x l O ~ 4 J

The eigenvalues of this state estimator (Kalman filter) are

\[A3 -GM3] = - (Q/R) l/4\l1/2Ks^(l±jl)

= -0.186±j0.186 (34)

The control policy and the gains which rninimize Eq. (10),
r^oo, are [in this model fromEq. (31), x3 =x2]

u=-Gxx3, Gx=(-100,-2440) (35)

The eigenvalues of the closed-loop design model are

\[A3 -B3G] = -0.041 ±jO.041 (36)

and the response of 5y for an initial condition of 4.5 mrad in
position is shown by curve KF = CFO in Fig. 1. Since the
fidelity of the rigid body model is questionable beyond the
spectrum of truncated modes, a "model credibility spectrum"
c(S2) may be constructed in Fig. 2 by the rule 0< I X I < IX, I,
where X, are truncated modes. That is, when the theory places
the eigenvalues outside of this region c ( S 2 ) it is less likely that
the system will behave as predicted by the model. Consider the
constant damping line given by Eq.j(34) along which move the
Kalman filter poles as the ratio Q/R varies. Note that the
estimator poles leave the model credibility sj>ectrum c ( S 2 ) as
Q/R — Q and again for large values of Q/R. Under such
conditions the Kalman filter may diverge by making
"predictions" (integration of the model state equations) over
time intervals (too long in the case of Q/R-*0, and too short
in the case of large Q/R) for which the model is not reliable.

Table 2 Chebyshev filter cases studied

d
0
1
2

T

24

(Filter)
-0.186±j0.186

-0.1, -0.1
0.09±j0.04, -0.1

S3

rigid body
rigid body
rigid body

Fig. 1
curve no.
KF = CFO

CF1
CF2

F i g . 1 P e r f o r m a n c e
comparisons.

0 EIGENVALUES OF

Fig. 2 Model credi-
bility spectrum.

For Q/R too small, the time constant of the estimator
re = \/(Re\) —oo and G —0. Since the theory [represented by
the Kalman filter design Eqs. (32)] relies upon the absolute
fidelity of the model, there is nothing in the theory to warn
against violating the right boundary of c(S2) and causing the
state estimator to disconnect itself from the measurements (by
allowing G —0). Such a result would guarantee filter
divergence since no model is sufficiently reliable to rely on its
own uncorrected predictions forever. When the estimator
places its poles to the left of c(S2), the estimator may again
diverge due to predictions over intervals inappropriate for the
model S2 (this time the intervals are too short re = \/\e, \e
>\{). In view of these problems we might note that, in
situations in which the Kalman filter diverges, the following
statements are generally false:

1) The estimator can be stabilized by better statistical data.
Even if Q and R actually represent the properties of the
physical system, pole placement according to Eq. (34) may
still fall outside c ( S 2 ) because information concerning the
boundaries ofc(.S2) is not contained in Eq. (34).

2) The estimator can be stabilized by better plant
parameters. Just as with the statistical parameters discussed
earlier, there may not exist any values for the plant
parameters (A2, B2, M2) which will stabilize the divergent
Kalman filter (see Ref. 18 for further examples of this cir-
cumstance).

3) The estimator can be stabilized by an adaptive Kalman
filter. Most adaptive filtering schemes increase Q in some way
(so as to add artificial noise to "cover" modeling errors).
Note from Eq. (34) that increasing Q may help if the estimator
poles are initially near the origin. However, if the nomial Q, R
correspond to poles near the left boundary of c(S2), the
adaptive Kalman filter will actually cause the state estimates
to get worse.

The conclusion drawn from this digression is that poor
performance from a Kalman filter does not necessarily imply
a poor choice of parameters for either the noise covariances or
the plant. The more likely case is that the model error vector is
not appropriately modeled as uncorrelated white noise. In this
event the model error systems of Sec. Ill may be helpful. Also
to be concluded from this example is the fact that similar
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difficulties are faced with a deterministic state estimator.
Thus, the often printed "rule of thumb" for designing
Luenberger observers - "make the observer fast compared to
the plant" - may be poor advice considering the existence of a
left boundary of c(S2). The eigenvalues of the Kalman filter
in Eq. (34) seem compatible with the model credibility
spectrum c(S2) of Fig. 2 and yield the performance illustrated
in Fig. 1. The design is stable but the steady-state offset in
position is about 1.9 mrad due to the uncompensated bias in
w1.
Cased=l

The resulting control law [from minimization of Eq. (10)]

u=-Gx2, G=(GXGS} = (-100,-2440>-29780) (37)

requires feedback of both the estimate of the state of the
model x3 and the state of the model error system s. It can be
shown that Gs may be obtained from

dependence of D in Eq. (39) the time invariant form

using the recursive formula,

where l=d, d-\, rf- and A3=A3-B3 Gx

(38a)

(38b)

Gx =
R ~}B3 K, and K is the Riccati matrix which results from the
optimal control problem for model S3 (or, equivalently, from
the control problem for S2 with P = 0). While it cannot be
argued that the control [Eq. (37)] is optimal [because (A2 ,
B2 ) is uncontrollable] it was shown in Ref . 2 that G2 as given
by Eq. (38) does exist for Chebyshev error systems augmented
to models S3 which are controllable, observable. See the
system S/ response in Fig. 1, curve CF1, for the minimum-
order Chebyshev filter design [Eq. (26)].

Cased =2
The minimum-order Chebyshev filter design [Eq. (26)]

follows the preceding procedure with the resulting control
gains: G=[GXGS] = (- 100, -2440, 0, -29780), and the
resulting performance of curve CF2 in Fig. 1. Note that the
transient properties have not improved although the steady-
state value is the same as for d= 1. The observation window
7 = 24 for CF2 was selected from the dominant time constant
of the rigid body design S3 with the motivation that the model
predictions might not be reliable much above or below the
characteristic time constant of the model.
B. Fourier Error Systems

As a special case of the Chebyshev filter, the Fourier filter
can be obtained. The model error system of Eq. (12) generates
a Fourier series if D in Eq. (12) is multiplied by VITUQ sin u0t
where u0 may be selected as the fundamental frequency ex-
pected in the model error vector.2 For example, when a
certain spacecraft flexible mode is particularly troublesome in
the control problem and the frequency of that mode is known
fairly accurately, but the mode shape and damping are poorly
known, then it may be helpful to choose the model error
system [Eq. (12)], where

0 0

1 0
(39)

generates a Fourier series truncated to two terms. The
controller design based upon the orthogonal filter then yields
a state space version of the classical "notch filter" coupled
with an "integral controller" design. To eliminate the time

0 0
0 0 (40)

may be used to obtain, using either the full-order [Eq. (22)] or
reduced-order [Eq. (26)] versions of the orthogonal filter, a
time invariant linear dynamical controller.

The performance of the time invariant Chebyshev filter
may eventually be limited for large d by closed-loop stability
considerations, because the Chebyshev model error system
adds to the model S3, d uncontrollable, unstable modes (the
eigenvalues of D0 are d repeated zeros). This is a
manifestation of the fact that model errors may be suc-
cessfully accounted for by adding integrators in the state
estimator, but model error compensation may not always
yield a stable system. (In Ref. 19 a similar point is made by
showing, in the servomechanism problem, that tracking of
input signals may be accomplished by adding integrators, but
the tracking cannot always be accomplished with a stable
system.) Hence, the time invariant Chebyshev filter seems
most appropriate for investigating minimal bandwidth
designs, where the dominant model error effects (including
disturbances) can be approximated with low order
polynomials. The detailed analysis of the characteristics of the
adaptive orthogonal filter must await further research,
although Ref. 15 illustrates an adaptive Chebyshev filter of
degree 1 for this same spacecraft.

V. Conclusions
Specific guidelines are given herein for specifying the

parameters which cause the model error system to generate
orthogonal functions (and in the special case of this paper,
Chebyshev polynomials). The orthogonal functions can be
used in a real time algorithm for model error compensation by
combining notions of state estimation. The special case of the
Chebyshev filter is the focus of this paper in an application to
a 14th-order model of a flexible spacecraft. Using a rigid body
model of the spacecraft as a design model, the Chebyshev
filter leads to a controller which compensates for certain of
the modeling errors which are not compensated in the stan-
dard Kalman filter design. One can also view the orthogonal
filter work as a particular attempt to compensate for "time-
correlated" disturbances.

Appendix: Construction of the
Minimal Order State Estimator of Theorem 4

Minimal-order state estimators, or "observers," for linear
dynamical systems have been derived in a number of places.
The development here was motivated by the suggestion of
Ref. 20 which simplifies the mechanics of the estimator design
by first placing the model in a set of coordinates in which the
/ x / matrix M} is nonsingular, where M2 = [Mj M2], (matrix
M2 is /• (n3 +d)). A simple rearrangement of the state vector
x2 will accomplish this, assuming an independent set of /
measurements. We will write the estimator design model
S2: [x2 =A2x2 +B2u, z2=M2x2} in the form without
superscripts, assuming the preceding coordinates so that,
xtR"3+d,M= [MltM2] where IM7 1 5*0. Define a coordinate
transformation x=Sa such that the first / components of a.
are the / measurements z. That is, aT = (ZT, f r ) . The fun-
damental principle upon which all reduced estimators rely is
that, while the matrix S~]AS in a = S~I ASa + S'1 Bu has
exactly the same set of eigenvalues as A , the eigenvalues of the
(n3+d-l) x (n3+d-l) submatrix a22= [S~J AS]22 may be
arbitrarily placed by some choice of S if the matrix pair (A,
M) is observable. Thus, the system

= [S-JAS]2

[ S j S 2 ] = S

(Ala)

(Alb)
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is a state estimator in the sense that the vector f ( / ) —
f(0 = r [ x ( t ) -x(t)] converges to zero as fast as desired by
appropriate choice of the eigenvalues of a22, if the model is
perfectly accurate sp that z — z2 =ez=Q. This result follows
from the fact that (f- f) = a22 (f - f) - a2l ez.

To obtain the form of the estimator which is illustrated in
theorem 4 we now organize our search for the S which
satisfies the foregoing requirements. From the nonsingularity
ofS,

Mj M2

r, r2 j

$21 $2

Mf M2

r, r2

=ss

=i (A2)

we can solve for S//, S]2, T]f F2, using the fact that Ml is
nonsingular, and write SJ}=M]~1 [I-M2 S2/], SJ2 = -MY1

M2 S22, r= [Tj, T2] = S2-2
]l-S2IM]f I-S21 M2], and

a 2 y =[S~ 7 AS]2}=TASj. Finally, it can be shown that
a22 = [S~]AS\22= TAS2 = S22~I [F2 + S2I G2] S22

where
-M /- /M2

/

-MI~1M2

I
(A3)

It is obvious that 522 does not affect the eigenvalues of a22 and
we might choose S22 = L The estimator design is therefore
accomplished with the choice of the (n3 + d- /) x / matrix S2J
so that TAS2 is stable and \\[TAS2]\min>\/T for con-
vergence with T. Substituting the expressions for a22, a27 [Eq.
(Al)] yields the form of Eq. (26).
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