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Resonances in the Despin Dynamics of Dual-Spin Spacecraft

A. C. Or* ,
Hughes Aircraft Company, Los Angeles, California 90009

A unifying treatment of the nutation resonances encountered dlii'lng the despin of i)la'tform of a dual-spin
spacecraft with transverse inertia asymmetry and either platform or rotor lmbalance is developed. The linear
model equations governing the resonance dynamics depend on three nondimensional parameters that measure
the degree of dynamic imbalance, asymmetry, and the time duration available for resonance growth. The
solution dependence on all of these parameters is studied, and the basic physics of the phenomena is emphasized.
The linear theory is supplemented by a simple variational analysis that provides a phase plane geometric
interpretation of a rather interesting saddle-type transition, which has been observed in fully nonlinear simula-
tions. The transition leads to an abrupt change in the spin orientation commonly known as the ‘‘stall”’ in

spacecraft despin maneuvers.

Nomenclature

H = angular niomentum vector of the system

H = magnitude of H

H, = spin componeént of H

H® = angular monientum component, X = 7: non-
resonant body; x = r: resonant body; i =1,2,3

I; = ith component total transverse moment of inertia,
i=1,2

I = rotor moment of inertia, spin component

r = platform moment of inertia, spin component

I3 = rotor product of inertia

g = platform product of inertia

I = moment of inertia referring to system reference
frame, x = n: nonresonant body; x = r: resonant
body; i =1,2,3

1,5-") = product of inertia, x = n: nonresonant body;
X = r: resonant body; i/ = 1,2,3

I, = averaged total transverse moment of inertia

K = effective dynamic imbalance, nondimensional

L = Lagrange function

ns = inertial nutation frequency

p,q,r,s = dimensionless parameters

T = external torque applied to the system

Ty = jet torque

Ty = internal motor torque

t = time, nondimensional time

o, = dimensionless parameters defined in Eq. (9)

= cone angle, angle between axis 3 and H

A = Lagrange multiplier

u = nondimensional dynamic asymmetry

g; =L/I,i=13

o =I/1

013 =I/1,

T = normalized time

Ty = normalized time at # =0

¢ = phase angle between axes 1 of the system frame and
the nonresonant body

w = transverse angular velocity vector ;

W = initial spin angular velocity of rotor and platform

w; = transverse angular velocity, component J, { = 1,2

w3 = rotor transverse angular velocity, spin component

w§ = platform transverse angular velocity, spin
component
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I. Introduction

N YROSCOPIC stiffness has often been used for stabilizing
\Wthe attitude of a free-flying object against external over-
turning disturbances. For a single spinning body, this stiffness
depends crucially on a certain asymmetry property expressed
by the difference between the spin principal moment of inertia
and the transverse principal inertia of the body. The stiffness
vanishes as the difference terids to zero. As the stiffness van-
ishes, the spinning body reacts to disturbance overturning
moments as if no spin stabilizing effect were present. Thus, in
the design of spin-stabilized flying objects, this singularity
condition is often avoided as far as possible. Unfortunately,
for a dual-spin spacecraft (sometimes referred to as a Hughes
hybrid gyrostat) undergoing a despin maneuver, this undesir-
able condition often occurs in the process. The condition can
best be expressed as the resonance conditions, at which the
inertial nutation frequency of the dual-spinner n; coalesces
with one of the spin speeds, either w; or w5. When the differ-
ence in the principal transverse moments of inertia is small
compared with the inertia values themselves, n; is approx-
imately a ratio of the total spin angular momentum magnitude
to the total averaged transverse moment of inertia, measured
about the overall center of mass. For a general réference on
the attitude dynamics of dual-spin satellites, see Ref. 1. The
resonance conditions can thus be expressed by the following
simple form:
wh when o3 + 65 <1
{ 3 3 3 : (1)

3 p, P
Ng = —— = 03wy + o5 =
R / 33 w3 when o3 + 0§>1

t

where H; = Lw; + o} is the spln angular momentum of the
system. Since initially w; = &% = wp, during the despin, either
one of the two resonance conditions expressed in Eq. (1) will
occur, but not both. In other words, depending on whether the
initial system spin moment of inertia is smaller or larger than
the averaged system transverse inertia, the platform spin speed
or the rotor spin speed will become equal to the inertial nuta-
tion frequency of the system at some instant during the despin.

The despin resonance dynamics of a dual-spin.spacecraft
has been studied in a number of papers.2-8 Earlier work on the
dual-spin spacecraft emphasized energy dissipation controls
and nutation damper designs. The despin dynamics in the
earlier work are also more focused on the particular spacecraft
designs and configurations because the primary objectives for
the studies were aimed at the success of the missions. Reso-
nance due to the despin of an unbalanced platform for a
dual-spin spacecraft with an asymmetric rotor was first re-
ported in Scher and Farrenkopf’s? simulation results. The

‘phenomenon was then termed the resonance trap. Their study

was followed by Cochran,’ who provided a vigorous analysis
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and a phase plane interpretation for the nonlinear motions by
using the method of averaging. Similar problems in dual-spin
spacecraft having more general mass properties and involving
the spun up of an unbalanced platform were studied by
Adams.* In addition to the resonance trap, Scher and Far-
renkopf? also identified a minimum energy trap. The latter
state is caused by the failure of the motor during the despin
such that the bearing friction tends to settle the spacecraft at
the all-spun state. This kind of minimum energy trap state was
further studied by Hollars.® In a dual spinner, the platform is
not distinguished from the rotor, except for the direction of
spin angular momentum flux; it is conjectured that an unbal-
anced rotor might also cause the resonance. Lebsock et al. 6
studied the latter possibility and found yet another type of
resonance, which they called the unitary inertia ratio reso-
nance. A close examination of the results of the two types of
resonances, however, shows very similar characteristics. Other
than the resonance problems that typically involve the dy-
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namic imbalances, considerable interest has also been devoted
to stability analyses of despun dual-spin spacecraft. As exam-
ples, Tsuchiya and Saito’ and Lukich and Mingori,® both
treated the linear stability problem of a dual-spin spacecraft’s
on-axis equilibrium state (no nutation) by using the Floquet
type methods. The spacecraft they studied possess asymmetry
and static imbalance in both platform and rotor, but have no
dynamic imbalance. Of particular interest are the stability
diagrams they developed, which show the various stable and
unstable parameter regimes.

 The major purpose of this paper is to explore the physical
foundations of the resonance phenomena. Thus, the emphasis
is on the general behavior rather than on a particular space-
craft design or simulation. Furthermore, the full initial-value
problem, rather than the linear stability problem about a
certain equilibrium state, is solved. A simple spacecraft model
is treated such that it allows for more simplified mathematics.
A unifying treatment is provided for both the resonance trap
due to platform imbalance and the unitary inertia ratio reso-
nance due to the rotor imbalance. In the light of Eq. (1),
however, the resonance trap and the unitary inertia ratio trap
are more conveniently referred to as the platform and the
rotor resonance [see, respectively, the upper and lower condi-
tion of Eq. (1)]. In Sec. II, the nondimensional model equa-
tions for both the rotor and platform resonances are derived.
In Sec. III, solutions of the linearized model are sought, and
their dependence on the parameters is studied. In Sec. IV, a
phase plane interpretation of the resonance is briefly discussed
by using a simple variational method. The stationary points on
the analogy of the case of a single spinner are located and their
stability characteristics are examined. For a reference on how
the energy method can be applied to the spin-stabilized space-
craft dynamics, we refer readers to a paper by Likins.? In this
paper, it is shown, unlike the case of a single spinner, that the
energy added to and transferred between the spinning bodies
allows the phase ellipsoids freedom to deform such that a
transition across the separatrix of the saddle can occur and
gives rise to a flat-spin nutation during despm Fmally, in
Sec. V, a brief conclusion is given.

II. Mathematical Formulation

Figure 1 shows the geometric configuration of a dual -spin
spacecraft, which consists of an asymmetric, statically bal-

J. GUIDANCE

“anced but dynamically unbalanced resonant body, and a sym-

metric, statically and dynamically balanced nonresonant
body. The two bodies are connected by a single degree-of-free-
dom frictionless bearing and power transmission assembly
(BAPTA). The resonant body can either be the rotor or the
platform, depending on whether o3 + o4 is greater than or less
than unity. During despin, the rotor and the platform are
distinguished only by the direction of the spin angular momen-
tum flux, which, in our terminology, is assumed only to flow
from the platform to the rotor. The rotor is subject to a
spin-up torque of T; + Ty, whereas the platform is subject to
a spin-down torque of — T),. No delay in the turning on of 7,

and T), is assumed.

It is assumed that the system reference frame is rigidly
attached to the resonant body, such that its origin is located at
the system center of mass. Referring to the chosen frame, the
angular momentum vector of the resonant body H® and that
of the nonresonant body H™ are expressed by

I | fon
B\ @
13(’ ) Wy

dM —IMes + ID(c? -5 IPc—IPs | [
H® = | P —IP)es + I8(c2~sY)  IPc*+

IMs2—20%cs  IPc +IPs || w2 Q)

IPc + IPs m Wy

" The moments of inertia of individual bodies are values re-

ferred to the system reference frame, rather than to the indi-
vidual center of mass. Sub- and superscripts n and r denote the
nonresonant and the resonant body, respectively. The short
abbreviations ¢ and s, respectively, denote cos¢ and sing,
where ¢ is the angle between a transverse axis of an auxiliary
reference frame that is also located at the system center of
mass but is attached to the nonresonant body and the corre-
sponding transverse axis of the system frame of reference.
Thus, ¢ = &, — «,, and

for rotor resonance
for platform resonance

(wgawii)

(w‘;)wii)

(@n,0r) = { 3)

We further assume
1g-19 =19 =190

The fully nonlinear numerical simulation results for the gen-
eral despin problems do not indicate that any of the 12 prod-
ucts of inertia of individual bodies is important in the reso-
nance; therefore, these can be safely dropped from the model.
Furthermore, since the individual bodies are axisymmetric, by
an appropriate choice of phases for the transverse axes of the
system and auxiliary frames, both bodies’ 23 components of
product of inertia can be eliminated. For the subsequent sim-
plifications of the model, it is assumed that both the dynamic
imbalance and asymmetry of the individual body are small
compared with the principal inertia values. Also, it is assumed
that the nutation growth is small such that linearization is
valid. » _
After substituting Eq. (2) into the equation of motion,

H+wxH=T
we obtain the following component equations,
(P + IPe? + IPs Yoy + (I — L™)esn + I can

+ 190, + (wHs — 0 Hy) + (I — I™)esay

+ (I = IP)(c? — 52wy — IPsw,(wn — ) =0 (4a)
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Fig. 1 The geometry of a dual-spin spacecraft.

AP + BPc? + I Y + (I — I)esén + s oy
+ (0 Hy — 0 Hy) + 2 ~ IM)es o,
+ I = I c? - 59wy + IPcw,Wwn — @) =0 (4b)
ARcor+ IPsin + L0y + Iy + Ié, + (0 — wpH))
+ [= IPsoy + IPcw) (@, — ) = Ty (40
On account of an additional degree of freedom between the
bodies, Eq. (4c) can be split further into two component
equations by considering the spin momentum balance of one
of the two bodies. The two equations obtained are such that
one holds for the resonant and the other for the nonresonant
body,

I96n + Iés, + (0 HY? — w,HY)

T+ Ty for rotor resonance “4d)
T —Ty for platform resonance
IPca + 562) + Iy + (0 HP — w, HM)
[— IPsw, + IPcwl(w, — w,)
YTy for rotor resonance (4e)
T+ Ty for platform resonance

Assuming a symmetric and balanced nonresonant body, we
have

=1, 19=0
which allows Egs. (4a), (4b), (4d), and (4e) to be simplified

to the following system that does not involve time-varying
coefficients "

I]d)l + If;)w, + (H3 - Izw,)wz = — Il(;)wlwz (Sa)

Ly — (Hy — oy = — IYw? — o) (5b)

I, + 196, + (I — Iww; — IR,

)T+ Ty for rotor resonance - (59)
- Ty for platform resonance
~- T, for rotor resonance
1P, = M (5d)
T+ Ty for platform resonance

In Eqgs. (5), I) and I, denote the system transverse moment of
inertia. From Egs. (5), the model equations for the rotor
resonance and the platform resonance are derived after non-
dimensionalization and linearization.

A. Rotor Resonance

Certain terms in Egs. (5) can be neglected based on our
model assumptions. In Eq. (5a), 113a3(1§g = [;3) can be ne-
glected since its ratio to the first term is bounded by
Iis(o3 + 04)/11, which is a small quantity since I3 <I; and
o3 + of is of order unity. The nonlinear term on the right side
is quadratic in the transverse rate, which is small if the nuta-
tion angle is small, and therefore can be neglected. Likewise,
the nonlinear term I,;w% in the Eq. (5b) can be neglected. The
same arguments apply to terms Iy3@,, (5 — I)wiws, and 1)30,w;
so that they can also be neglected. We introduce the platform
despun time ([¥wg)/ Ty, the initial angular rate wo, and the
averaged transverse inertia I, = (I, + I,)/2 as the scales for
time, angular velocity, and self-inertia values. For conve-
nience, the notations on the dimensionless variables will be
kept the same as those of the dimensional with no confusions.
From Egs. (3) and (5), we may write the nondimensional
platform and rotor spin component equations, in terms of the
scaled variables, as

w§=1—t, wy=1+pt¢ 6)
where

B =+ T;/ T )/ 1) ™
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By substituting Eqgs. (6) into the transverse component equa-
tion of Egs. (5), we obtain

o +o(p — gthwy + Aa(r + st)w; =0 (8a)
&y — a(p — gtw; + Aa(r + st)w, = K(t) (8b)

The nondimensional parameters that appear in Eqs. (8) are
defined as follows:
a = (wg)/ T,

Ao —1=1-a0,, p=(o3+di-1)

g=01-03)B+0%, r=2—(o3+0%)

s=Q-o0)B+05,  K()=opa(l + 1) )
where ¢; is the ith component of inertia ratio, i.e., the inertia
scaled by I,. The derivation of Eqgs. (8) has also made use of
the assumption that A < 1. Note that the identities p + r =1
and ¢ + 8 = s hold. The signs of the parameters are such that
«a is positive; A is positive by the definition that I;>1; p is
positive because it is a necessary condition for the rotor reso-
nance; r is non-negative from the definition of moment of
inertia; ¢ is negative only when o3> 1 + T,/ T;, which is un-
realizable for realistic spacecraft mass properties where typi-
cally o3< 1, thus, g is assumed positive; these identities show
that s is positive if ¢ is positive. Equations (8) can further be
simplified by a shift in time. Define 7 = (axg)"(¢ — t.), where
t. = p/q. In terms of 7, the normalized equations then appear
as

d
— o+ (— 7+ =0,
dr

d

—wt+ T+ =K (10)
dr

where 7 varies from 7, = —(p/g)ag)” to =0 —p/q)
(«g)*, and

b= A(/q@)*[r + (sp)/q], = — oi3(a/q)”[1 + (Bp)/qV

Q)]

In these equations, K(z) has been replaced by K(z.) and is
denoted by K. Such simplification is based on the fact that
K (¢) varies on a much slower time scale in the proximity of the
resonance, as compared to the growth rate time scales of w, or
w,, thus, K can be effectively treated as constant. Model
equations similar to Eqs. (10) were first derived in Ref. 3 by
using a different scaling. The normalized form of Eqs. (10)
has the advantage that it depends on minimal numbers of
parameters, which makes a thorough parametric analysis pos-
sible. The solution dependence on the physical parameters of
the spacecraft can easily be deduced by using the relationships
of Egs. (9).

B. Platform Resonance

The same scalings as in the rotor resonance are introduced.
By the same arguments, the following terms are dropped
from Egs. (5): Ie5, — Ihwws, Ihw?, Iy, (I ~ I)ew,, and
I,w,0;. The nondimensional spin component equations are
still given by Egs. (6) and (7), and the transverse equations are
still given by Egs. (8). Certain quantities in Egs. (9) are, how-
ever, to be redefined. Although the expressions for «, A, and
r remain the same, the other quantities reappear as follows:

p=(03+05—1), qg=(-1-0;8)+0}

s=(—2=038)+ o5, R(@)=—dha(l —1)* (12)
The following identities p +r =1, g =s + 1 apply. With a
parallel reasoning to that for the rotor resonance case, here p,
g, and s assume negative values. The transverse equations are
further simplified by a shift in time by redefining 7 = ( — ag)”
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(¢t ~ t.), where t. = p/q. In terms of 7, the normalized equa-
tions are

d
—w+(—7+ =K (13)

d
—w+ (T + pw; =0,
dr

dr
where 7 varies from 7, = —(p/g)X—ag)” to ;=1 — p/q)
(—ag)”, and

p=A(—a/q)*[r + (sp)/ql, K = —of(~aq)” (1 - p/q)?
(14)
III. Linear Model Resnlts

To specify a complete initial-value problem, we assume
7=1, or 7= 0, as the initial condition, where

for rotor resonance

=0, o= {K/(T‘ *# 15)

K/(—7 + p) for platform resonance

These initial conditions represent the wobble solutions at
which both @; and @, vanish. The initial-value problem. de-
fined by Eqs. (10) and (15) and (13) and (15) pose two very
similar three-parameter systems that can be treated as one
generalized problem through a variable transformation. The
three parameters of the system are 1) the initial time parameter
71; which measures the duration between the start of despin
and the peak transverse rate growth; 2) the dynamic imbalance
parameter K, which measures the unbalanced effects of mass
properties on the resonance; and 3) the dynamic asymmetry
parameter u, which appears to amplify the resonance. For the
linear problem, the parameter K can be eliminated by a rescal-
ing of the dependent variables. Thus, a change of sign in X, or
I3, implies a change of sign in the transverse rates. The system
does not admit a simple closed-form solution. In Ref. 6, the
authors showed that closed-form solutions indeed exist and
are obtainable through the method of factoring. Unfortu-
nately, the form of the solutions is rather complicated. For
our purpose, solutions are obtained through a standard initial-
value solver called the advanced continuous simulation lan-
guage (ACSL).'°

As noted earlier, Egs. (10) and (13) can be treated as identi-
cal in the light of the following transformation

()-C)
@2, wy ’
The transformation reduces one system of equations to the
other. This property is inherent in the symmetry properties of
the physical configuration and suggests that only one of the
two sets of equations has to be dealt with. Caution is advised,
however, since appropriate definitions of the non-dimensional
parameters and initial condition for the type of resonance
must be used.

In Figs. 2-4, we present the simulation results. Figures 2
shows the nondimensional transverse rates vs time, in the case
of rotor resonance, for r; = — 5.6, and X = 1. Since K can be
scaled into the rates, the curves actually show w;/K and w,/K.
Figure 2a has u = — 1.0 and Fig. 2b has u = 1.0. The ampli-
tude, lwl = («? + )", typically grows from the value given
by Eqs. (15) to a maximum value and then settles to a residual
fluctuation with a mean value smaller than the peak value.
The case where p =1 has been compared with the result of
Ref. 4 and the agreement is reasonably good. By means of the
transformations of Eqs. (16), the transverse angular rates for
the platform resonance can also be found from the curves. An
interesting feature of the solutions is that the amplitude of the
transverse rate is asymmetric with respect to the sign of p. This
property is illustrated in Fig. 3 for the case of rotor resonance,
which shows the peak (upper curve) and the mean residual
(lower curve) value of lw/K| (or equivalently, of lw! for
K = 1) vs u. The initial time parameter 7, is chosen equal to
—~5.1. For p positive, there appears to be a dramatic diver-
gence in both the peak and the mean residual amplitudes as u

n= —p (16)
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Fig. 2 The non-dimensional transverse angular rates vs time in the
case of rotor resonance.
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exceeds a value of about 0.75. This rapid variation with p
makes the analytical properties of Egs. (13) particularly inter-
esting, but also warrants that a regular perturbation expansion
about u = 0 is in general invalid except for u < 1. Thus, the
sign of u affects the amplitude substantially. This result leads
us to conclude that the larger maximal resonant growth occurs
when the product of inertia lies in the plane containing the
bearing axis and the axis corresponding to the larger of I, and
I,. For the platform resonance, on the other hand, Eqgs. (16)
suggest that the larger maximal growth occurs when the prod-
uct of inertia lies instead in the plane containing the bearing
axis and the smaller of the two transverse inertia. Figure 4
shows the dependence of the transverse rate amplitude lw/K'|
on the initial time parameter 7, for the case of rotor resonance.
The curves shown are such that the upper set corresponds to
the case of p = 1.0 and the lower set corresponds to the case of
u=0.57. In each set, the upper and the lower curves again
correspond, . respectively, to the peak and mean residual
values. Of interest is that the curves qualitatively appear like
a reflection about the vertical axis of the curves showing the
transverse rate amplitude vs time. The peak and residual
values are well correlated.- The maximum of all the local
maxima is the closest peak to 7, = 0. By utilizing the transfor-
mation of Egs. (16), the corresponding results for the plat-
form resonance can be obtained accordingly from Figs. 2-4.

IV. Simple Variational Method

A geometric view of the phase portrait of the resonance
dynamics is desirable since it leads to a better physical under-
standing of the problem. However, since many solutions may
be required for a complete description of the different behav-
iors in different parameter regimes, the full simulation ap-
proach can be very laborious. The variational approach, on
the other hand, can provide a simple portrait, or in some
cases, can even yield useful results, but the method is more
restrictive as it is often found only applied to single spinning
bodies (see Ref. 11, for example). For a dual spinner in which
both energy and momentum are conserved, the energy and the
angular momentum ellipsoids are described by a four-dimen-
sional, rather than a three-dimensional, phase space. The rate
state that constitutes the phase space consists of components
w1, 6, ws, and «§. The ellipsoids slowly deform in the phase
space as the motor torque and the jet torque simultaneously
add kinetic energy and angular momentum to the system (loss
due to mass ejection is negligible for our consideration). As
Kane and Levinson!? reported, however, care must be taken in
applying the method to realistic systems since these systems
are nonconservative. Here, we are only interested in the loca-

20
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Fig. 3 The peak and mean residual transverse rate amplitudes vs the asymmetry parameter.
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tions of stationary points in the space and their stability pro-
perties. Results will be compared with the simulation’s to
ensure validity. Of particular interest is the transition through
a ‘‘saddle,” triggered by large coning, that causes a sudden
change of the spin orientation. In the spacecraft mission
terminology, this transition is commonly referred to as the
“‘stall.”’

The angular momentum magnitude squared and the kinetic
energy for a dual spinner are

H? = o} + B} + (hws + Bwh)? (17a)

2T = L6 + Lw? + Lo + IP(wh)? (17b)

Assuming a stationary system, we can extremize the energy by
constraining the angular momentum. To do this we define a
Lagrange function L

L = (I + I} + Ly + o)

+ NH? = I3t — Bk — (hws + o) (18)

where A is the associated Lagrange multiplier. Note that it is
also valid to extremize H by constraining 7T instead of redefin-
ing A. The condition for the existence of an equilibrium and its
stability are determined, respectively, by the vanishing of the
first derivative and by inspecting the sign of the second deriva-
tive in the Taylor expansion of L. Thus, L = 0 gives rise to
four component equations. Each corresponds to the vanishing
of a partial derivative,

Loyl = NI = Lwy(1 = \L) = 0 (19a)
Iwy(1 = \I) = ALl = 0 (19b)
P81 = NE) = NIy = 0 (190)

Equations (18) and (19) determine the set of all possible sta-
tionary points. The stability of these equilibria can be exam-
ined from the signs of the term 62L,

1 & &F *F
#L=3 L [ PG wlCl “’f‘s”z] 0
= 1 1

30
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where superscript s refers to the stationary values. Equation
(20) can be greatly simplified because all of the mixed deriva-
tives vanish. From Eqs. (19), four stationary points can be
immediately located. These are

0, H?=I%, 2T =Le?  (2la)
0, H?=I}%, 2T =Lt = (21b)

w=wm=wi=0, H?=ILd, 2T =Lw?  (2l0)

w=w=w;=0, H*=)P(w})? 2T =KW (21d)
Analogous to the single-body case, the two stationary points
that are associated with the largest and smallest moment of
inertia are vortex points where §2L = 0. These equilibria are
Lyapunov stable. The other two stationary points are associ-
ated with the intermediate moments of inertia and are saddles.
These equilibria admit both positive and negative 8L, de-
pending on the direction of the derivative taken, and therefore
are unstable. Although the saddles might be of interest, a close
examination of the trajectories of the phase state of despin
suggests, however, that none of these equilibria actually come
close to the despin state. Examining the phase state trajecto-
ries, we conclude that in fact the state space is effectively three
dimensional for the following reason: various nonlinear simu-
lation results have consistently shown that w, is approximately
proportional to time even under the very large coning motion
of the spinner. This property is apparent from Eq. (5d). In-
deed, the nonlinear effects only appear to affect w,. Thus, w,
can be treated effectively as a prescribed parameter of time.
This allows us to drop from Egs. (19) the equation that repre-
sents the vanishing of the partial derivative of w,. Now, the
remaining three equations of Eqs. (19) can still be solved for
the three remaining variables, after one of the four compo-
nents has been prescribed. Solutions to the latter set of prob-
lems will be called quasistationary. In a strict sense, they are
not true equilibria because now the system is time varying.
Their importance lies in the possibility that these extrema may
prompt the state trajectory to change characteristics when the
latter comes close enough to their proximity.

To see how this can actually happen, first, let us consider
the case of rotor resonance. Equation (19¢) is dropped. From
the linear results, Fig. 2 shows that for u positive (negative),
the maximum growth occurs with a negative w, (w;) where
(w) vanished. Since the full simulations show that a change of
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Fig. 4 The peak and mean residual transverse rate amplitudes vs the initial time parameter.
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trajectory characteristics oftén occurs at the maximum of the
transverse rate amplitude, the phase relationship will be used
as a condition to be satisfied by Egs. (19). Thus, for I, > I, or
u positive, Egs. (19) are satisfied by

wy = =% <£>2 - <“——13pwg >2 *
L L—-5

4 R

@ <Iz ~ 13>"’3’

where A = 1/I,. The last of the equations is just a slightly
different form of Eqgs. (6). For I, <I,, or u negative, we have
instead

wy =01

(22a)

H\? (B >2 %
== (7)) - (2=) ], =0
o [(L) <11 -1 “
? Tt
= 3 P P, M 22
w3 <Il_13>w3, wh = wg 7 (22b)

where A = 1/1,. For the last pair of equations in Eqs. (22a) or
(22b) to be consistent, we also require

4
L -5

>1 i=1for 1<hL, i=2forli>L (22¢)

Only when Egs. (22a) and (22¢) or (22b) and (22c) are
satisfied can the quasistationary point exist. The position of
the point in the phase space is completely determined by the
spin rate of the nonresonant body since H can be specified as
a known function of time. At first sight, the condition speci-
fied by the third equation of Eqs. (22a) or (22b) appears
difficult to reach since in the despin w; increases while wf
decreases. The spin rate behavior is, however, altered by the
pronounced nonlinearity. In fact, what the linear theory failed
to predict is when the transverse rate amplitude becomes on
the same order of magnitude as the spin rates. The nonlinear
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solutions actually show that w, not only ceases to grow, but
actually decreases. Such an unusual saturation effect allows
the possibility for the third equation to be satisfied simulta-
neously with the fourth equation near the instant of peak
coning growth.

The stability equation is

&L

V(1 — M) w; — o) + B(1 = AB) (e, — of)?

+ I (1 = M) (ws — )] (23)
with the appropriate A value, depending on the sign of u. By
substituting Eqs. (22a) or (22b) into Eq. (23), it is found that
the first two terms on the right of Eq. (23) are such that one
vanishes and the other is negative. The third term is positive
for I <min[[}, ,]. The latter inequality has to be satisfied in
order that the rotor resonance occurs. Thus, we conclude that
the quasistationary point is a saddle. Physically, the transition
of the trajectory through a saddle corresponds to a switch over
of the precession orientation: from precessing about the axial
axis to precessing about the transverse axis of the larger mo-
ment of inertia. This transition can occur rapidly converting
the dual-spin spacecraft into a stable flat spinner if given some
energy dissipations. Fig. 5 provides an example of the fully
nonlinear numerical simulation for the case of rotor resonance
on how a switch over can actually occur by gradually increas-
ing the asymmetry. The physical parameters used in the simu-
lation are Ty, =4 ft-1bf, T, =9.94 ft-Ibf; I;=4130, I} = 1890,
I3 = 4.0, and all inertia in slug-ft>. Running down from the
top of the figure, I; and I, are, respectively, 5113.75 and
4872.25, 5113.775 and 4872.225, 5113.778 and 4872.222,
5113.800 and 4872.200, and, finally, 5114.500 and 4871.500.
The averaged inertia 7; is fixed. This result indicates a very
sensitive dependence on the asymmetry as the switch point is
approached. The transition is observed to occur somewhere
between the second and third rows of Fig. 5. In the figure, the
left column shows the transverse rates w, (solid) and w, (dot-
ted) in radians per second vs time in 10° s. The middle column
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Fig. 5 A saddle-type transition in rotor resonance for a fixed imbalance and by a gradual increase of asymmetry.
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Table 1 Comparison between the simulated and analytical values of the stall rate
I b I b4 I3 t wo w1 w2 w3 o (/]
5113.8 4872.0 4130.0 1890.0 4.0 255.0 0.916 0.0 —1.26 1.01 0.38 511
0.0 —-1.27 0.93 0.38 53.6
5047.2 4938.8 4130.0 1890.0 16.0 270.0 0.916 0.0 —1.34 0.87 0.34 57.5
0.0 —1.35 0.81 0.34 59.1
5265.0 4720.9 4130.0 1890.0 4.0 195.0 0.524 0.0 —0.93 0.42 0.11 66.1
0.0 —0.93 0.36 0.11 68.9

shows the spin rates w; (solid) and «4 (dotted) in revolutions
per minute, vs time on the same scale. The right column shows
the cone angle in degree vs time, also on the same scale. The
cone angle is defined as the angle between the bearing axis and
the system angular momentum vector. Running down from
the top again, the maximal cone angle values in degrees are
47.1, 51.4, 56.9, 90.0, and 90.0. The figure shows that the
nonlinear effects are so pronounced that actually w; decreases,
whereas %, as suggested, is proportional to time. Without the
nonlinear coupling, such a transition is unlikely to occur.
Table I further shows a comparison of the simulation values
at the switch over with the analytical values obtained from
Egs. (22a). Again the units are inertia in slug-ft?, time in
seconds, angular rates in radians per second, and cone angle in
degrees. From the pairs of values that appear, the upper values
correspond to that obtained from the full simulations and the
lower values are calculated from the Egs. (22a). The agree-
ment appears reasonably good (within 8%).

Second, let us consider the platform resonance. Now,
Eq. (19¢) has to be dropped instead. For I,>1,, or 1>0, the
three remaining equations are satisfied by

|- G=)]
w); = - - N
R AV L-I
(T_] + TM)t

I
wh = oy, wy=wp+ L ME (249)
L—I 2

w2=0

where A = 1/1). For I, < I, or u<0, these equations are satis-
fied by

w =0 W= % 1;12— _]3&)2‘/2 w; =0
1 > 2 12 12_15 ) 2

I (Ty + Tyt
P _ , = ACAMLY Vil
wy = <12 I§>w3 w3 = wg + L (24b)

where A = 1/1,. From a similar argument as before, ‘the fol-
lowing condition has to be satisfied,

1
-7

<1 i=1for 1>L, i=2forl1<l, (24¢)

Equation (24c) is less likely to be met by spacecraft, since most
spacecraft have a more massive rotor, such that the value of I,
is more comparable with that of I,. In general, 77 is only a
factor of half of that of I, or less. At first sight, it would be
expected that a similar switch-over behavior will also occur for
the platform resonance, but in fact a detailed parametric
sweep (not shown) through the full simulations does not seem
to indicate the existence of such a switch. In fact, the stability
equation is now

L = AL — M = o) + (L = AD)(wy — P
+ I (1 = AN Yo — 590 25)
By substituting the rates of Egs. (24a) and (24b) into

‘Eq. (25), it can be shown that the latter is positive definite,
implying that the stationary point is a local energy minimum.

Now, from Eqgs. (24), the nonvanishing transverse rate compo-
nent corresponds to the larger, rather than the smaller, trans-
verse inertia. The state corresponding to this local minimum
trap is realizable in principle; however, it has not been discov-
ered from the full simulation results over a wide range of
parameters and initial conditions. Convergence to such a trap
might require disabling the motor or the jet torque near the
trap, which has not been attempted in this study.

Third, let us briefly remark on the more general dual spin-
ners that have dynamic asymmetries in both bodies. It can be
shown from Egs. (2-4b), that

Li=1 + DA, + IPA,(c? - s9)] (263)
L=1,—[IDA, + I Ay(c? — 59) (26b)

where I® =19 (1+A,) and P =IP(1-A,), x =r,nand I +
I,(") =1I,. In this case, a saddle point transition can occur even
for the platform resonance if the rotor asymmetry is large
enough. From Eqgs. (26), the nonresonant body contribution
to the asymmetry has alternate signs in time, thus, 8*L of
Eq. (25) cannot be positive definite. A saddle point transition
may still occur. Indeed, a saddle transition that appears qual-
itatively similar to the one described earlier in the rotor reso-
nance has been observed in some simulations of the platform
resonance with large rotor asymmetry (results not presented
here due to space limitations).

VY. Conclusions

The foregoing analysis provides a unifying treatment of the
linear theory of despin resonance of the rotor and the plat-
form of a dual-spin spacecraft with free nutation. The linear
model is developed in the spirit of simplicity. However, the
model is capable of capturing the major qualitative features of
the phenomena. The model is shown to depend on three
essential nondimensional parameters that quantify: 1) the de-
gree of dynamic imbalance of the resonant body, 2) the degree
of asymmetry of the resonant body, and 3) the time duration
from start of the manéuver to the state of maximal coning.
For the sake of simplicity, the nonresonant body has been
assumed symmetric and balanced throughout. The linear anal-
ysis is supplemented by a simple variational nonlinear analy-
sis. Such a nonlinear approach allows certain quasistationary
points to be isolated from the phase space. These points may
be encountered by the trajectory of the state during despin. A
stability check of these points shows that they are either saddle
points or local minima. An example of a transition through a
saddle point from the fully nonlinear simulation of a despin
maneuver has been provided. Such a transition has been called
the stall condition in spacecraft maneuvers. The phase state of
such a transition for the analytical and the simulation results
agree reasonably well. -
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