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Adaptive Two-Time-Scale Tracking Filter for
Target Acceleration Estimation

Stephan A. R. Hepner and Hans P. Geering
Swiss Federal Institute of Technology, Zurich, Switzerland

A critical phase during air-to-air interception is the homing phase. It is characterized by a short time to go and
low bearing rates on the homing path. The phase is critical because any misconception with respect to the target
maneuver may result in a substantial miss distance. This is essentially due to the lack of time to perform path
corrections when the target produces a collision course error by an evasive maneuver. The estimation of the
target acceleration is therefore crucial to the design of guidance laws that allow a fast response to target
maneuvers. There are, however, severe problems associated with the synthesis of target trackers for air-to-air
missiles. These problems include the lack of observability, modeling errors, and the restriction of the computa-
tion time due to high sampling rates. In this paper, a new tracking filter is presented that copes with the problems
just mentioned. It is based on the time scale separation inherent in the tracking dynamics. In conjunction with
a simple adaption scheme, this filter is able to track a large class of target maneuvers in a computationally
efficient manner.

I. Introduction

E STIMATES of the current target acceleration are among
the most important quantities that are required for the

implementation of modern guidance laws for air-to-air mis-
siles. These estimates are used either for the compensation of
the target acceleration in simple extensions of proportional
navigation17 or for the prediction of the target maneuver,
which is typically carried out in guidance algorithms based on
optimal control theory. (For a survey, see Ref. 15.) The basic
approach to the design of target acceleration estimators is the
extended Kalman filter.3 Essentially, there are three problems
associated with target acceleration estimation in intercept ap-
plications.

1) The filter may diverge due to the lack of complete ob-
servability. It is well known that low observability always
occurs when bearing angles or bearing rates are the only
measurements available about the missile-target relative mo-

tion.1'10'12'15 These measurements are common in short range
missiles.

2) Since the exact dynamics of the target acceleration are
unknown, assumptions must be made about the target behav-
ior. The resulting modeling errors may cause the filter to
diverge if no precautions are taken.

3) Since the changes of the target maneuver may be very
fast, high sampling rates are required. Hence, the time to carry
out the filtering computations is restricted to very short sam-
pling intervals.

In this paper, a combination of tracking filter and guidance
law is proposed that is able to cope with the problems just
mentioned. It is robust with respect to estimation errors that
result from low observability. It incorporates an adaption
scheme that accounts for modeling errors in the target acceler-
ation dynamics. It is computationally efficient because the
estimation of the target acceleration is decoupled from the
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estimation of the missile-target relative motion (range and
bearing angle dynamics). The approach is based on a time
scale separation of the tracking dynamics. Although the con-
cept of time scale separation has been applied extensively to
the derivation of missile guidance laws, it has never been used
to analyze the tracking problem. The separation of time scales
is motivated by the observation that the missile and target
heading dynamics are much faster than the dynamics of the
bearing angle and the range. This allows for the construction
of a low order, fast target acceleration estimator.

The remainder of this paper is divided into six sections.
Section II contains the problem statement, the basic tracking
algorithm, a summary of the main results on observability
derived in Refs. 1 and 15, and the guidance law used in the
simulations. An adaption algorithm that stabilizes the filter in
the presence of certain modeling errors is presented in Sec. III.
In Sec. IV, a scaled version of the tracking equations is sug-
gested. An adaptive two-time-scale tracking filter based on the
scaled tracking equations of Sec. IV is designed in Sec. V.
Simulation results are presented in Sec. VI. A summary and
conclusions are given in the last section.

II. Problem Statement and Basic Tracking Algorithm
Consider the planar intercept problem depicted in Fig. 1.

The scenario involves a short range air-to-air missile M and a
highly maneuvering target T. Commonly M is equipped with
a passive seeker providing bearing angle or bearing rate mea-
surements. In the sequel, it will be assumed that bearing rate
measurements are available. These measurements are the only
information provided about the missile-target relative motion.
The main goal is the synthesis of a tracking filter that supplies
estimates of the target acceleration components to the guid-
ance law of the missile. The basic approach is the extended
Kalman filter (EKF).3

Equations of the Tracking Problem
The design of an EKF requires models of the system dynam-

ics, the measurement, and the noise statistics. Using the polar
coordinates defined in Fig. 1, the following equations of rela-
tive motion of missile and target are obtained:

0)

(2)= aTR-aMR +R?2

where the dotted quantities represent total derivatives with
respect to time t. For the design of the tracking filter, it will be
assumed that the missile accelerations aM(f> and aMR can be
measured precisely. In practice, a prefilter may be necessary to
account for accelerometer noise. To complete the model [Eqs.
(1) and (2)], the dynamics of the target accelerations a^ and
aTR must be formulated. In view of the restricted observability
associated with bearing rate-only measurements, it is crucial to
use all available knowledge about the target behavior when
constructing a target model. The purpose is to exclude unreal-
istic target motion estimates a priori by appropriate assump-
tions. In short range scenarios involving aerodynamically con-
trolled target aircraft, it is usually admissible to assume a
constant target speed. Hence, the target acceleration is always
directed normal to the target velocity (see Fig. 1). This results
in the following target heading dynamics:

(3)

(4)= aT/vT

For a more detailed justification of this assumption, see Ref.
1. Notice that VT is not a state of the target model, but a
constant parameter. In the sequel, it will be assumed that this
parameter is known (for example, from processing bearing
and range data by the launching aircraft prior to firing the

" "MR

M : missile

v : velocity

LOS : line of sight

(p : bearing angle

T :target

a : acceleration

R : range

7 : heading angle

Fig. 1 Geometry of the planar tracking problem.

missile). Since the rate of change aT of the target acceleration
is unknown,

Tr = 0 (5)

will be assumed for the design of the basic tracking algorithm.
Notice that Eq. (5) is exact for constant-acceleration maneu-
vers, but modeling errors will occur when the target accelera-
tion varies with time. In the latter case, an adaption scheme is
required to stabilize the filter (see Sec. III). Defining the state
vector

yT=(v,R9<p,R, (6)

where ( ) T denotes the transposed, the following state-space
representation of the equations of motion is obtained from
Eqs. (1-6):

y\ = -

y2= - vTy6 sinO>5 - y3) - (7b)

(7c)

(7d)

(7e)

(7f)

Since the filter is implemented on a digital computer, the
tracking equations will be cast in discrete form. For this pur-
pose, Eqs. (7) must be integrated across the sampling interval

/*• (8)

where tk denotes the kth sampling time. Fortunately, this
integration can be carried out in closed form by integrating in
a Cartesian reference frame and subsequently transforming
the results to the polar coordinates given in Eq. (6). This
approach was used in Ref. 12 for nonmaneuvering targets.
Details of the derivation for the system [Eqs. (7)] are given in
Ref. 15. Thus, one obtains the discrete equations of motion in
the following form:

€ Rn (9)
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where n is the number of states and

y(j)=y(tj)

The measurement equation is

= C(k)y(k)

(10)

(11)

(12)

where r is the number of measurements, C € Rrxn is the
measurement matrix, and s(k) € Rr is a zero-mean Gaussian
white measurement noise with covariance matrix S(k) € Rrx r.
For bearing rate-only measurements, Eq. (12) is a scalar equa-
tion with the measurement matrix

C(A:) = ( 1 0 0 0 0 0 ) (13)
The basic tracking algorithm (BTA) is the EKF based on the

model [Eqs. (9-13)]. The complete set of filter equations and
further details can be found in Refs.,1, 15, and 16. For later
use, we will give here only the propagation equations of the
estimated 6 x 6 covariance matrix P of the estimation errors
associated with the state vector [Eq. (6)]

P(k + l / k ) = W(k + \,k)P(k/k)WT(k + l,k) (14)

P(k + l/k) is the propagated (a priori) value of P at time
tk+!, P(k/k) is the updated (a posteriori) value of P at time
tk, and W(k + l,k) is the transition matrix associated with the
linearized dynamics [Eq. (9)] across the sampling interval Ik.

Observability Results
As mentioned before, the measurement [Eq. (13)] does not

guarantee complete observability of the state [Eq. (6)]. This
has been analyzed in Refs. 1 and 15. The main conclusions
concerning the estimation of the target acceleration are sum-
marized in the following:

1) It can be shown that practically only the target accelera-
tion component aTv is observable via bearing rate-only (or
bearing angle-only) measurements. aTR is unobservable.

2) In contrast to the range and the range rate, aT<f remains
observable even for vanishing bearing rate. This result is of
great practical importance because it ensures the availability
of aTtf> estimates on the homing path, which is characterized by
the nominal condition <? = 0.

3) Since OTR is unobservable, the implementation of guid-
ance laws that use this quantity is useless. However, it is
simple to see that a^ is sufficient information to keep the
missile on the homing path, thus ensuring intercept. This
follows immediately by linearizing the intercept equations
around the homing path. The associated nominal missile con-
trol is

QM<P = ar<f> (15)

In order to stabilize the nominal path, proportional naviga-
tion17 may be used yielding the following guidance law:

> = <*TV ~ (16)

For a detailed derivation of Eq. (16), see Ref. 15. The guid-
ance law [Eq. (16)] will be referred to as extended proportional
navigation (EPN). This guidance law will be used in the simu-
lations in Section VI. Notice that EPN is robust with respect to
estimation errors in the unobservable acceleration aTR because
this quantity is not explicitly used in Eq. (16). Only estimates
of the observable quantity aTlf are required.

III. Adaption Scheme
In this section, an adaption scheme is suggested that stabi-

lizes the BTA in the presence of time varying target maneu-
vers.

Derivation of the Adaption Algorithm
As mentioned earlier, the filter produces modeling errors if

the target acceleration is not constant. For a constant-speed
target, such a maneuver is described by

(17)

where g(t) is some unknown function of time. Consider the
sampling interval Ik according to Eq. (8). Let y(k/k) denote
the a posteriori state estimate at the time 'tk, based on all past
measurements including mk, and let y(k + l/k) denote the a
priori state estimate at tk+l. Assuming that y(k/k) is exact,
the predicted value of y6 at time tk +1 based on the assumption
[Eq. (7f)] is

l/k)=y6(k/k)

The resulting propagation error in y6(k + l/k) is

(18)

py6(k + 1): =y6(k + 1) -y6(k +!/*) = g(r) dr (19)
J'*

Obviously, py6 induces propagation errors/ry/, i = 1, ..., 5 in
the states yt due to the coupling of the dynamics via/in Eq.
(9). The propagation errors

(20)

must be taken into account when solving the covariance equa-
tion [Eq. (14)]. Otherwise, the estimated error variances pa
(diagonal terms of P) become smaller than the true variances.
The filter overestimates its estimation accuracy. As a conse-
quence, the filter gains tend to zero and the update process of
the EKF halts. The filtering reduces to pure propagation re-
sulting in divergence due to the wrong target model used in
Eq. (9). A simple way of stabilizing the filter is the modeling
of py as a zero-mean Gaussian white input noise with covari-
ance matrix

i = 1, ..., n = 6 (21)

For an appropriate selection of Q, the estimated error vari-
ances can be kept larger than the true values, thus avoiding the
divergence of the filter. A common choice for Q is constant
values for the <//. However, these elements must be chosen
large enough to account for the highest possible propagation
errors. In most situations, this choice is too conservative be-
cause the actual changes of the target maneuver may be lower
than assumed when selecting Q. The estimated error variances
then become too large causing considerable estimation errors.
It is, therefore, important to adapt the input noise levels <?/ to
the actual size of the propagation errors. This procedure is
called covariance matching.3'4 It is based on monitoring the
measurement residual

r(k + 1) = m(k + l)-C(k + l)y(k + l / k ) (22)

The propagation errors in any observable state result in a
deviation of the true statistics of the residual from the statis-
tics computed by the filter. This deviation may be used to
estimate Q such that the consistency of the true and the
computed statistics is approximately reestablished.

In order to analyze the statistical properties of r, the mea-
surement m according to Eq. (12) is substituted into Eq. (22)
yielding

r(k

Let

= C(k l/k)] + s(k

e(k + l/k) =y(k + l)-y(k + l/k)

(23)

(24)
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E[e°(k + \/k)pyT(k + 1)] = 0

denote the true estimation error and e° the estimation error in
the absence of propagation errors. Hence,

y(k + 1) = y(k + I/A:) + e\k + I/A:) + py(k + 1) (25)

Substituting Eq. (25) into Eq. (23) yields

r(k + l) = C(k + l)[e°(k + l/k) + py(k + 1)] + s(k + I) (26)

To continue the analysis, the following assumptions, which
are part of the stochastic model of the propagation errors, are
required

(27a)

(27b)

(27c)
E[ ] denotes the expectation conditioned on all past measure-
ments. Notice that with Eq. (27a) the measurement residual is
assumed bias free. The residual covariance then becomes

M(k + 1): = E[r(k + l)rr(A: + 1)] = C(k + 1)

x P°(A: + l/A:)Cr(A: + 1) + C(k + \)E[py(k + 1)

x pyT(k + l)]Cr(A: + 1) + S(A: + 1) (28)

where

P°(A: + l/k) = E[e°(k + l/k)e°T(k + I/A:)] (29)

is the solution of Eq. (14). P° is the propagated error covari-
ance based on the model [Eq. (If)]. The associated residual
covariance computed by the filter is

M°(k + 1) = C(k + l)P°(k + l/A:)Cr(A: + 1) + S(k + 1) (30)

Matching M and M° requires the correction of P° by

Q(k + \) = E[py(k + \)pyT(k + 1)] (31)

where

\)] = Ovi*j (32)

is assumed in view of Eq. (21). Hence, the corrected value of
Pis

P(k + I/A:) = P°(A: + I/A:) + Q(k + 1) (33)

Equations (31-33) establish the connection between the mod-
eling errors and the propagated covariance matrix. An equa-
tion for Q is found by substituting Eqs. (30) and (31) into Eq.
(28), rendering

C(k + \)Q(k + l)Cr(A: + 1) = M(k (34)

Since M(k + 1) is unknown, it is replaced by the sample
covariance of the N most recent residuals

k+ 1
M(k + 1) « M(k + 1) = £ r(i)rT(i)/(N - 1) (35)

i=k+\-N
For the measurement matrix [Eq. (13)], Eq. (34) is a scalar
equation for the n — 6 unknowns qt . Further specifications to
the stochastic model of the propagation errors must be made
to eliminate the superfluous unknown quantities. The elimina-
tion is based on a coarse estimation of the magnitude of the
errors pyi,'..., py$ in terms of py6. An approximate relation-
ship between the components of py can be found by lineariz-
ing Eq. (9) around the updated state estimate y(k/k). This
results in

\pyt(k

with

I,k)\\py6(k

*//(?(*/*).:
dye(k/k)

= 1, ..., 6 (36)

(37)

It should be noted that Eq. (36) must not be used to compute
the off-diagonal elements of Q in Eq. (31) instead of using the
assumption [Eq. (32)]. The reason is that Eq. (36) does not
contain accurate information about the correlation among the
components of py. An elaboration of this point is outside the
scope of this paper. For a detailed derivation of Eq. (36), see
Ref. 15.

According to Eqs. (27) and (32), the propagation errors are
modeled as uncorrelated white noise processes. The noise in-
tensity associated with the process py6 is Jq6. Hence, the
stochastic model for pyf is

pyt(k + 1) = \wi6(k

for / = 1, ..., 6 with

(38a)

(38b)

(38c)

where 76 x 6 is a 6 x 6 identity matrix and dy denotes the
Kronecker delta. Substituting Eqs. (38) into Eq. (31) renders

Q(k I,k)]q6(k (39)

fj are the elements of P°. With Eq. (39) one obtains

Thus, the estimation of Q has been reduced to the determina-
tion of a single parameter q6, which is obtained by the substi-
tution of Eq. (39) into Eq. (34). With C(k + 1) from Eq. (13),
this results in

(40)

(41)

In principle, the adaption at time tk+i can now be per-
formed by first computing q\(k + 1) from the known values
M(k + 1), pfiOfc + I/A:), and S(k + 1), then using Eqs. (41)
and (39) to compute Q(k + 1), which is used to correct P°
according to Eq. (33). Via the corrected values of the propa-
gated covariance matrix P(k + I//:), the propagation errors
are taken into account during the state update of the BTA.
However, the following modifications are necessary to keep
the adaption scheme stable:

1) By definition, Q is positive semidefinite. Hence, q^(k + 1)
in Eq. (40) must be > 0. This is ensured by replacing Eq. (40)
with

+ 1) = *{ I ) '

: = max(0,M(A: + 1) -p^(k + I/A:) - 5(A: + 1)) (42)

2) If w16 in Eq. (41) tends to zero, Q becomes infinite. This
will occur when the target heading rate is unobservable.1'15

The error variances will then grow without bounds, indicating
complete uncertainty in the state estimates. This behavior is
physically meaningful because no information about the prop-
agation errors is available in the measurements. However,
typically, the sensitivity w16 vanishes only during short periods
on a trajectory and then assumes nonzero values again due to
changes of the target maneuver and the intercept geometry.
During the intervals of low observability, unrealistically high
values of Q and, hence, the covariance P should be avoided to
ensure filter convergence on subsequent arcs with improved
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observability of y6. A straightforward approach is the limita-
tion of q6 by <?6max and the suppression of adaption when
P(k(k + I/A:) crosses an upper bound /?66max-

With these modifications, one obtains

q6(k

if

if

(43a)

(43b)

^6max is a measure of the maximum possible propagation error
per sampling interval associated with the target heading rate.
It is bounded by the maximum target heading acceleration

x- A good approximation for <76max is

<76max = (44)

with Taccording to Eq. (11). /?66max approximates the maximal
quadratic estimation error in y6 and is a tuning parameter of
the adaption algorithm.

Remarks
The output of the adaption algorithm is the matched covafi-

ance matrix P(k + I/A:). This matrix is input to the update
equations of the BTA where the propagation errors are cor-
rected by appropriate weighting of the new measurement.

It is evident from Eq. (42) that the variance S of the mea-
surement noise determines the sensitivity of the adaption
scheme with respect to the propagation errors. For large val-
ues of 5, the variance q\ will only become nonzero for large
values of M. Hence, adaption will only occur for high propa-
gation errors that, in turn, may lead to filter divergence. On
the other hand, adaption will be activated at low levels of the
propagation errors for low values of S. Via Eq. (33), this
results in high error variances /?//, and the state estimates
become increasingly noisy and inaccurate for decreasing val-
ues of 5. In view of its influence on the adaption algorithm, 5
should be considered a tuning parameter (especially if the true
measurement noise is unknown). The selection of S is a trade-
off between sufficient sensitivity (which is necessary to adapt
to changes of the target acceleration) and estimation accuracy.

There are two mechanisms involved in the estimation of
time varying target accelerations. First, a change of the accel-
eration is detected via Eq. (42) and subsequently tracked via
the state update. Note that both mechanisms are integrated in
one filter adding a minimum amount of computations to the
BTA. In contrast, the multiple model approaches involving
different target models result in filter banks with extreme
requirements for both computation time and storage.2*5'7 In
other approaches, the detection algorithm is tuned to detect
jumps in the target acceleration.2'8'9 Although these schemes
are able to detect abrupt changes of the target maneuver, they
usually exhibit low tracking performance after detection and
in the presence of smooth, time varying acceleration profiles.

A drawback of the adaption scheme proposed here, is the
high sampling rate that is obviously required to track fast
changes of the target maneuver. In the following sections, an
approach is presented that allows the decoupling of the fast
target dynamics from the comparatively slow relative position
dynamics. This yields a computationally efficient implementa-
tion of the tracking algorithm.

IV. Scaling of the Tracking Equations
In this section, a scaled representation of the tracking equa-

tions is introduced. The scaling serves the identification of fast
and slow states in the dynamic system. The occurrence of fast
and slow processes allows for an approximate analysis of the
tracking problem in two different time scales: a slow and a fast
time scale. The slow and fast states are approximately decou-
pled in each time scale. Hence, the original problem may be

broken into two lower order subproblems in the slow and fast
time scales, respectively. The order reduction is the key to the
construction of a computationally efficient tracking al-
gorithm.

The following observations lead to a scaled representation
of the tracking equations: 1) the target heading dynamics are
much faster than the position dynamics, and 2) the bearing
rate is very low. Therefore, the acceleration terms in Eq. (7a)
are dominant. Notice that on the homing path the bearing rate
nominally vanishes.

These characteristics become explicit in the following singu-
larly perturbed form of the tracking equations:

Slow variables:

=
with

y2 = ~vTy6 sin(y5-y3)-aMR

Fast variables:

== On> ys,
with

ey6 = aT(t)/vT

where e is a formal scaling parameter. Notice that

(45a)

(45b)

(45c)

(45d)

(45e)

(46a)

(46b)

(46c)

(46d)

(47)

i.e., the bearing rate consists of a slow part yn and a fast part
y\\. It is obvious that for e < I changes in the fast variables
occur much faster than changes in the slow variables. A rigor-
ous derivation of this scaling with an estimate for e is given in
Ref. 15. In the next section, the time scale separation inherent
in the representation [Eqs. (45-47)] of the tracking dynamics
will be used to decouple the estimation of the slow variables ys
from the estimation of the fast variables yF. In this way, a
drastic reduction of the number of computations of the track-
ing algorithm is achieved.

V. Design of a Two-Time-Scale Adaptive
Tracking Algorithm

Outline of the Design Procedure
The decoupling of the estimation of ys and yF is based on a

result for singularly perturbed linear stochastic systems.13"16 If
ys and yF are the slow and fast states of a linear stochastic
system, the full-order Kalman filter associated with the state
vector yT=(ys> yF) may be approximated by two low-order
filters: a slow filter in the slow time scale associated with the
slow states ys and a fast filter in the fast time scale associated
with the fast states yF. The slow filter is designed by assuming
that the fast states are quasistationary in the time scale of the
slow variables. Provided that the fast subsystem is stable, the
fast variables may then be expressed in terms of the slow
variables. The slow filter is the Kalman filter based on the
resulting reduced-order dynamical model for ys. In the time
scale of the fast variables, the slow states are assumed to be
constant. The fast filter is the Kalman filter for the reduced-
order dynamics of yF in the fast time scale. It can be shown
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that the reduced-order filters are a 0(Ve) approximation of the
full-order Kalman filter. For more details, see Refs. 13-16.

Application to the Tracking Problem
Before applying this procedure to the tracking problem

[Eqs. (45-47)], some comments are necessary. Principally, the
results known from singularly perturbed linear stochastic sys-
tems do not apply to EKFs for scaled nonlinear systems be-
cause, after linearization of the nonlinear system dynamics
and/or the measurement equations around the current state
estimate, the resulting system and measurement matrices are
themselves stochastic quantities. The main consequence is that
the EKFs that are obtained by linearizing the reduced-order
systems obtained from Eqs. (45) and (46) are not 0(Ve) ap-
proximations to the EKF based on the full-order system dy-
namics. However, since the full-order EKF is itself only an
approximation to the exact nonlinear infinite dimensional fil-
ter, it is not meaningful to seek its formally strict 0(Ve)
approximation. Instead, a structure for a two-time-scale filter
is assumed based on the qualitative results known from singu-
larly perturbed linear systems. The validity of the design must
then be tested by simulations as necessary for any EKF.

There is another difficulty when applying the procedure of
decoupled filter design. It arises from the fact that the fast
subsystem [Eqs. (46)] associated with yF is unstable. There-
fore, no quasistationary solution in the slow time scale exists
and, hence, an order reduction in the slow time scale is impos-
sible. However, in the fast time scale the slow variables may be
assumed constant. Therefore, a reduced-order fast filter may
be designed. The information produced by the fast filter (FF)
is used to decouple the estimation of the slow variables from
the dynamics of the fast subsystem. Basically a full-order slow
filter (FS) is used in the slow time scale while FF performs the
adaption via covariance matching with respect to the measure-
ment residuals in the fast time scale. In this way, FS may be
stabilized in the presence of variable target maneuvers without
its sampling rate being dictated by the fast dynamics. The FF
may be viewed as a predictor for the propagation errors in the
slow time scale.

The main modules of the two-time-scale adaptive tracking
filter (TATF) are a FS, an adaption algorithm (AA), and a FF.
FS is essentially the basic tracking algorithm BTA discussed in
Sec. II supplemented by a covariance matching procedure
described later. FS operates in the slow time scale with a low
sampling rate. The FF is an EKF based on the reduced-order
state vector [Eq. (46a)] and is operated with a high sampling
rate in order to track fast fluctuations of the fast states. FF is
stabilized by the AA presented in Sec. III. The structure of the
TATF is depicted in Fig. 2. In the following, the basic opera-
tions within one sampling interval in the slow time scale will be
described. For clarity, the main parameters of each module
are summarized in Tables 1 and 2.

Consider now the slow and the fast time scales depicted in
Fig. 3. Let tk and (,- denote the sampling times in the slow and
the fast time scales, respectively. The sampling period of FS is
selected a multiple of 7>:

TS=NTF (48)

Table 1 Parameters of the slow filter
State vector y J = (y \,..., y$
Covariance matrices Ps,Qs
Sampling period TS

Table 2 Parameters of the fast filter
State vector yf = On, y$, y6)
Covariance matrices PF, QF
Sampling period 7>

Update
y« -•->*

——U> P,

Slow Time Scale:
Q Sampling Period is Tg

Fast Time Scale:
Sampling Period is Tp

Update

•> r

pF
g

equ. 33
I

PF

• F

Fig. 2 Structure of the TATF.

slow time scale

fast time scale

J(k) J(k)+1 J(k+1) = J(k)+N

Fig. 3 Time scales of the TATF.

The sampling times t J 9 j = /(&), ..., J(k + 1) within the sam-
pling interval Ik = [tk9 tk+ J are chosen such that

Ow = fc (49a)

Oot+i) = '*+i (49b)

with

J(k + 1) = J(k) + N (49c)

Equations (49) are the synchronization equations of FF and
FS. The operating sequence of the TATF is now as follows.
First, FF is run from */(*> to t/(fr+i). Based on the measure-
ments at the sampling times (,-, the filter produces an estimate
of the target maneuver in Ik given by the a posteriori estimates

y5(J/J) and (50)

Time varying target maneuvers are detected and tracked using
the AA. The AA produces estimates of the propagation errors
in each subinterval 7y = [tj9 tj+i\ in terms of the covariance
matrix QF(j)> J = J(k), ..., J(k + 1). The FS is started after
FF reaches the sampling time tk+i. Provided that FF con-
verges on Ik9 the estimated target maneuver [Eq. (50)] will be
more accurate than the estimate based on the model [Eq. (If)]
implemented in FS. Therefore, the slow variables yi2t ..., y*
are propagated using the maneuver [Eq. (50)] predicted by FF.
As a result, the a priori estimates yt(k + I/A:), i = 1, ..., 4 at
the time tk+1 do not contain any significant propagation er-
rors. The accuracy of the estimates y$ and y6 produced by FF
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at the time tk+1 may be improved by reestimating these states
in the slow time scale. In this way, the variation of the slow
states that are considered constant by FF can be taken into
account. The reestimation involves solving the propagation
equations fory5,y6based on the model [Eq. (7f)]. The result-
ing propagation error is then corrected via covariance match-
ing in the slow time scale. This is possible because the pre-
dicted propagation error is available via the covariances
QF(j). Using the noise model introduced in Sec. Ill, a measure
for the predicted propagation error at tk + 1 is

Qs(k + 1) = diagfas/(A: + 1)), /= 1,

with

qsi(k i = 5, 6

(51)

(52)

(53)

The matching is performed by correcting the propagated error
covariance matrix Ps(k + I/A:) by Qs(k + 1) according to Eq.
(33) prior to solving the update equations of the BTA (see Sec.
II). Notice that no adaption is necessary for the states yh
/ = 1, ..., 4 because they are propagated based on the pre-
dicted maneuver [Eq. (50)]. This explains Eq. (52).

Discussion
The matching of the covariance matrices Pp and Ps with

respect to the measurement residuals in the fast time scale is
the essential mechanism that results in the decoupling of the
fast and slow dynamics. The decoupling is possible because
the propagation errors are produced in the fast time scale.
Since the dimension of FF is very low compared to FS, the
sampling rate in the fast time scale may be chosen much higher
than achievable for FS. This becomes evident by comparing
the number of propagation equations of FS and FF. For FS,
the number of propagation equations is 21 (6 states and 15
elements of P5), whereas the number is 6 (3 states and 3
elements of PF) for FF.

The assumption of constant values for the slow variables in
FF is justified during short periods of time because the rate of
change of these variables is very low compared to the fast
variables. However, this assumption is not valid for the total
problem duration. Therefore, the values of the slow variables
in FF must be updated periodically to keep the FF from
diverging. This update procedure includes reinitializing the
fast states yF and the associated covariance matrix PF. All
quantities are updated with their latest estimates provided by
the FS at the sampling times tk . For details of the synchroniza-
tion of FS and FF see Ref. 15.

[km]

2.0

1.0

00

-1 0

-

X)
Missile ^ J

—— ̂  ^-~~^~^m^± -^

Target
i i i i i

0.0 1.0 2.0 3.0 4.0 5.0 6.0

[km]

Fig. 4 Intercept Geometry.

Table 3 Main parameters of the filter
Sampling period in the slow time scale
Sampling period in the fast time scale
Window length for residual averaging
Upper bound for qe [Eqs. (43) and (44)]
Upper bound for p$6 [Eqs. (43)]
Power spectral density of measure-
ment noise

Initial estimation error of target
heading angle

Initial estimation error of target
heading rate

Assumed target velocity

Ts = 0.2 s
TF = 0.04 s

= 0.0045 rad2s ~2

= 0.1 rad2s~2

10~6rad2s-1

-0.1 rad angle

-0.1 rad/s
0.9 x true target velocity

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0
time Tsl

Fig. 5 Exact and estimated target heading with respect to current line
of sight.

VI. Simulation Results
In this section, simulation results are presented that were

obtained by filtering data of a short range intercept scenario.

Intercept Scenario
The intercept geometry is shown in Fig. 4. Missile and target

start with zero heading angle with respect to the initial line of
sight. The initial range is 3.5 km. The motion takes place in a
horizontal plane. The missile guidance law is EPN (see Sec.
II). The target maneuvers with zero lateral acceleration aT
from the initial time t0 = 0 to te = 2.5 s. At the time tet the
acceleration changes abruptly from aT = 0 to aT = 9 g and
subsequently decreases linearly to aT = 6 g at final time // = 9
s. The target speed is VT = 270 m/s. As mentioned in Sec. II,
VT is a parameter of the filter that is assumed to be known. In
order to account for uncertainties in this parameter, the subse-
quent simulation results are based on a target speed that is
10% below the true value. The main parameters of the filter
are presented in Table 3.

Discussion of Results
The target maneuver is determined by the target heading

angle and the target heading rate according to Eq. (3). The
exact and estimated histories of these quantities are shown in
Fig. 5 and 6, respectively. According to Eq. (3), the trajecto-
ries in Fig. 6 reflect the exact and estimated target acceleration
profiles. It can be seen that the initial estimation error of the
heading rate immediately decreases, whereas the heading error
remains uncorrected. This is due to the fact that the heading
angle is unobservable for zero target acceleration in contrast
to the heading rate.1'15 The jump of the target acceleration at
te is detected after a small delay. The delay is unavoidable
because the adaption is achieved only after the propagation
errors exceed a certain threshold, according to Eqs. (42) and
(43). After the detection of the acceleration jump, the heading
rate estimates converge to the exact heading rate profile in the
second half of the observation interval. The convergence of
the heading angle estimates is much slower, which is again due
to the low observability in this intercept geometry.1'15 How-
ever, shortly before intercept, good estimates are available.
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YT [rad/s]

-0.2
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

time fsl

Fig. 6 Exact and estimated target heading rate.

The results demonstrate that the filter maintains its tracking
capability after maneuver detection in contrast to other track-
ing filters based on detection methods (see, for example, Ref.
9). More simulation results for different types of target ma-
neuvers are reported in Refs. 1, 15, and 16.

VII. Concluding Remarks
In this paper, a new tracking filter for maneuvering targets

has been presented. The detection and tracking of time vary-
ing target maneuvers is based on a simple covariance matching
procedure. An efficient implementation of the filter was ob-
tained by taking advantage of the time scale separation of the
tracking dynamics. It allows the construction of a full-order
slow filter that operates in the time scale of the slow variables
and a reduced-order fast filter operating in a fast time scale.
The fast filter performs the monitoring of the residuals neces-
sary for the covariance matching. This is physically meaning-
ful because the modeling errors occur in the fast time scale. In
contrast to filters based on a detection approach, the two-
time-scale filter presented here maintains its tracking capabil-
ity after detection of changes of the target maneuver. Since it
uses only one model for the target dynamics, it is computa-
tionally much more efficient than tracking algorithms based
on filter banks.
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