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Stability Analysis of Digital Kalman Filters
with Floating-Point Computation
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This paper is concerned with the stability analysis of an estimator with a Kalman filter having both an
analog-to-digital converter (ADC) with finite wordlength and floating-point hardware with finite mantissa
length. A new stability condition is introduced for the Kalman filter with roundoff noise and scaling in digital
implementation. It is found that the effects of both ADC scaling and finite floating-point computation are
dependent on the ADC and mantissa lengths. The derivation of the upper bound on the actual estimation error
caused by roundoff noise and ADC scaling is based mainly on the Bellman-Gronwall lemma in discrete form.
An example of state estimation in an inertia! navigation system demonstrates the stability criterion to ensure the
stability of the state estimator.

I. Introduction

D IGITAL computers are being used increasingly to imple-
ment flight control, navigation control, or engine control

in aircraft. Filtering algorithms such as Kalman filters in these
systems are realized either with special-purpose digital hard-

ware or in programs for a general-purpose digital computer.
In these situations, state values and coefficients are stored in
registers with a finite number of bits. The size of the available
register for each value is finite, and, therefore, the values must
be quantized. After every addition or multiplication (floating-
or fixed-point arithmetic), the results must also be quantized.
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These quantizations cause roundoff errors. Hence, when im-
plementing a filtering algorithm on a floating-point computer,
one should consider the problems that arise in dealing with
floating-point computation and finite wordlength.

In digital signal processing, a great deal of work has been
devoted to the analysis of roundoff error.1'6 These digital
signal processing ideas serve as the basis of techniques dealing
with roundoff noise for optimal state estimation in this paper.
Some research has also been done on finite-wordlength analy-
sis of digital controllers using fixed- and floating-point arith-
metic.1'8'9'11'12 For example, roundoff noise and scaling in the
digital implementation of linear quadratic Gaussian compen-
sators are considered by Moroney et al.9 Rink and Chong11

have determined an upper bound on the mean-square error in
state regulator systems. The influence of linear optimal dis-
crete-time systems due to finite wordlength is introduced by
Van Wingerden and De Koning.12 In Ref. 1, a new algorithm
for finding the digital realization of discrete-time transfer
functions by fixed-point arithmetic has been introduced. The
finite-wordlength effects on the design of Kalman filters has
already been given in Refs. 7 and 18. Stripad7 analyzed ex-
pected degradation in the performance of a fixed-point imple-
mentation of a digital Kalman filter with precomputed gains.
Williamson18 has presented a more specific formulation of a
similar problem in Ref. 7. In particular, he has taken the state
roundoff quantization into account and applied the error
spectrum shaping technique10 in the digital Kalman filter de-
sign. However, less research has been published on the subject
of digital Kalman filters employing floating-point arithmetic.

Fixed-point arithmetic can be implemented quickly and eco-
nomically in filtering algorithms; however, to avoid arithmetic
overflow, the arithmetic must be handled by scaling inputs,
outputs, coefficients, and states. In considering floating-point
arithmetic, such dynamic range considerations generally can
be neglected because of the large range of representable num-
bers, but quantization is introduced for both multiplication
and addition. These quantizations lead to a deterioration in
the ideal (i.e., infinite wordlength) performances of filtering
algorithms. In extreme cases, these quantizations can even
lead to an ideally stable filtering algorithm becoming unstable.
This instability issue deeply influences the design of Kalman
filters requiring the realization of a cluster of poles near the
unit circle for state estimation.18 This paper is concerned with
an estimator system influenced by finite wordlength, where
floating-point arithmetic is used in the optimal estimation
computation.

In this paper, the effect of computation roundoff error,
which is considered as perturbations of the Kalman filter's
system due to multiplication and addition, is discussed. Based
on the Bellman-Gronwall lemma, a robust stability criterion is
derived to tolerate the perturbation due to the finite-word-
length effect, without leading to instability. According to this
robust stability criterion, an adequate finite wordlength of the
estimator using the Kalman filter under the consideration of
roundoff error is proposed. At the same time, the actual
estimation error bound and the state signal bound in this
system are also discussed.

Assume that the continuous-time system is given in the
following state-space form:

dt

y(t) = Cx(t)

x(t) € RN

y(t)tRM

(la)

where co\[v(t) e(t)] is a zero-mean white noise process with
intensity

0, S2 > 0 (2)

When the state at the sampling time tk is given, and the
sampling period h - tk + i — tk ,

the discrete model of Eqs. (1) can be expressed as

x(kh + h) = Ax(kh) + v(kh)\ x(kh) € RN (3a)

y(kh) = Cx(kh) + e(kh)\ y(kh) € RM (3b)

where

A=e+h

v(kh) = ' + kh) ds '

v (kh) and e(kh) form sequences of white noise processes with
zero-mean values and the covariances

E[v(kh)vT(kh)] = Sl

E[v(kh)eT(kh)]=0

E[e(kh)eT(kh)] = S2

(4a)

(4b)

(4c)

Note that, in the case of a high sampling rate, the sampling
period h will approach zero such that the eigenvalues of A
near the unit circle and the covariance Si become small. We
shall see that, under these situations, the effects of roundoff
errors become more important, particularly for the cases of
large S2-15'18

II. Problem Formulation
We consider the optimal state-estimation problem for a

discrete-time system that is described by the state equation16

x(k

y(k) = Cx(k)

x(k) € RN

y(k) € RM

(5a)

(5b)

where v(k) and e(k) are sequences of white noise processes
with zero-mean values and the covariances

E[v(k)vT(k)] =

E[v(k)eT(k)] =

E[e(k)eT(k)] =

(6a)

(6b)

(6c)

Here E[-] denotes the expectation of [•]. For simplicity, the
sampling time is used as the time unit, h = 1.

Suppose y*(k) is the output measurement of an L-bit
analog-to-digital converter (ADC) whose input is the sampled
output y(k), and the ADC is using a symmetrical reference
system. That is,

(7)

where d(k) is the ADC quantization error occurring at the fcth
sample time and satisfying | d(k) \ <2~L of full scale (FS).
The probability distribution of d(k) is uniform over the quan-
tization error and also a white noise process.3 Sometimes, the
consideration of ADC problems is very troublesome, since an
ADC may reach saturation and depend highly on the hard-
ware specifications. However, it is necessary to convert analog
signals to digital form using an ADC in most digital systems
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containing analog as well as digital components. Then the
discrete state equations [Eqs. (5)] can then be rewritten as

x(k) € RN (8a)

y*(k) € RM (8b)

where

y*(k)=y(k) +

is a white noise process with mean zero and covariance [S2
+ (2~L-FS-2)2-/M/12], where IM is an identity matrix with
appropriate dimensions.

In the one-step-ahead prediction problem, let the process be
described by Eqs. (5). The state estimator has the form

x(k +1)= [A -K(k)C]x(k)+K(k)y*(k) (9)

and the performance is defined as

J = E[tT(k)e(k)] (10)

where t(k)=x(k) — x(k), called estimation error. Then the
Kalman filter is to choose K(k) in Eq. (9) to minimize the
performance /, and in an infinite-precision case, the solution
is given as

K(k) = AP(k)CT[S2 + CP(k)CT] ~l (11)

P(k + l)=AP(k)A r+Si -AP(k)CT[S2 + CP(k)CT\~l

xCPT(k)AT (12)

To implement a digital Kalman filter for state estimation,
where we consider the roundoff errors due to the finite-word-
length effects, let fl/ (a + b } denote the result of floating-point
addition and FL/ [ab] denote the result of floating-point multi-
plication. A state estimator with a digital Kalman filter with
floating-point computation is given by

x*(k FL3

(13)

where jc* (k + 1) is assumed to be a (signed) floating-point
representation with a W-bit mantissa part.

It is assumed that the values of A and C here are retrieved
from memory when they are needed, and the Kalman gain K
is precomputed by solving the algebraic Riccati equation (12)
in forward time and is stored in the computer. Thus these
values have already been rounded to exact values with finite
wordlengths. Now we can precisely state the main problem
considered in this paper.

Problem. Consider the state estimator [Eq. (13)] in which
the coefficient matrices A, C, and K exist as finite words.
Under what conditions will the state estimator that has been
deteriorated by the effects of the finite wordlengths still be
stable?

III. Stability Analysis of Kalman Filters
The objective of this section will be to obtain a sufficient

condition of stability for the state estimator [Eq. (13)] in the
nonideal situation, where roundoff errors may occur with
every elementary floating-point addition and multiplication.
An upper bound on the estimation error degraded for finite-
wordlength effects is derived. Before further analysis, some
mathematic tools and definitions needed for solving our prob-
lem are introduced. Let the norm of real stochastic vector
x <= RN, denoted by txl, be defined by14

Then

\\Ax II2 = E[xTA TAx] = tr(E[xTA TAx]) = tr(E[A ^xx7])

(15)

where tr denotes the trace operator, and

IUxll 2<IL4ll 2 l l j t l l 2

where \\A II denotes the induced norm defined as follows:

A \ VXmaxC4 *A) for A is deterministic
= I \/\max(E[ATA]) for A is stochastic (16)

It is shown in Appendix A that the rounded floating-point
sum of two M-vectors can be expressed by

f l { a + b ] = (/ + A/?)(a + fc) (17)

where A = 2~ w, W being the mantissa length, and

R =diag[r! .r2 ... rM]

where each r/ is distributed uniformly between - 1 and 1 , so
that

= Q, i = l,

E[r, o]=1/36(/- (18)

The rounded floating-point product of an M x M matrix A
and an M-vector jc, also shown in Appendix A, is given as
follows:

(19)

with

H2 ... hM]

where /*/ has zero mean and the variances are approximately
given as

E[hf] =[(/ + l)/3], for 1 = 1,2, ...,M-1 (20a)

E[h2
M] =M/3 (20b)

E[hihj] = i73, for j > i (20c)

Using the representations of Eqs. (17) and (19), Eq. (13)
becomes

x*(k

(21)

Upon substitution of Cx(k) + e(k) for y*(k), we have

x*(k + l) = (A -KC)x*

II A" II (14)

+ R2K)e(k)

+ terms of higher-order A2, A3, A4.

(22)
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Combining Eqs. (8a) and (22), it follows that

x(k)0 1 ["*(
-ATCJ [x*

+ KR1C+R2KC) -KR1C-KCH2-R2KC)

\e(k)

v(k) (23)

where 0 is the zero matrix, and / is the identity matrix with
appropriate dimensions. In Eq. (23), because these terms of
higher-order A2, A3, and A4 are small, they are ignored. Let

A =
KC A

0 1-KC\

B=
0

A(KH3C
-KRVC-KCH2-R2KC)

\_K + A(KH3 + KRi + R2K)\

-[»]
Then Eq. (23) can be rewritten as

+ 1)1 ,[*(*)!
+ 1)J U*(*)J + (24)

Next, we shall analyze the estimation error due to finite-
wordlength implementation of digital Kalman filters. Al-
though the analysis gives precisely the error due to finite-
wordlength effects, the calculation is slightly cumbersome.
Thus, by ignoring higher quantities in Eq. (22), the actual

where

B« =

(A-KC)]

A(R2A ! -KH3C

Because 5, C, 5#, and C# are stochastic, IL&II, IICII,
and IIC#II can be evaluated as follows: ______

F22. (26)\\B\\ =

where

Fn = 2~2W{CTE[H3KTKH3]C

+ CTKTE[R2R2]KC]

F12 = 2-2W{CTKTE[R2R2}A } -Fn

F2l = 2-2WlATE[R2R2]KC]-Fn

F22 = 2~2W{A TE[R2R2]A + E[H,A TAH,}

+ E[H2CTKTKCH2]} -Fu-Fl2-F2l

Referring to Appendix A, the values of E[H3H3],
KR\], E[R2R2], etc., can be obtained easily.

where

Q=KTK + 2~2lviE[H3KTKH3]

+ KTE[R2R2]K]

Doing a simple calculation, it is found that the values of HjB#ll
and IIC#II are the same as the values of \\B\\ and IICII, respec-
tively.

Since D, A*, and D# are deterministic, from Eqs. (16), the
values of LDI, IU#II, and \\D*\\ are obtained and listed below

(27)

(28)

(ATA- CTKTA -A TKC + CTKTKC) -(ATA- CTKTA -A TKC + CTKTKC)~]
-(A TA - CTKTA -A TKC + CTKTKC) (A TA - CTKTA -A TKC + CTKTKC)\ (29)

estimation error of the digital Kalman filter can be expressed
by

(A-KC)] *<*)]
jc*(A:)J

+ [A(KH3C + KR!C + R2KC)

[K + A(KH3+KRl+R2K)]e(k)-v(k)

(30)

It is easy to see that, if A is a stable transition matrix for
digital filters in infinite precision, then

AW*, k>0 (31)

for some constant m >0 and 0 < r < 1. Simply choose

r - max | X/G4) |/
where X/^4), for / = 1 , 2, ..., n , denotes the eigenvalues of A .
That is, r is the absolute value of the eigenvalue of A (or the
pole of the digital filter) nearest the unit circle. An estimate of
m can be made from \\Ak\\/rk < m for all k. How to get m is
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sometimes very difficult. Fortunately, m can be obtained with
the aid of a computer.

To derive the stability condition and the actual estimation
error bound under the finite- wordlength effects, the Bellman-
Gronwall lemma in discrete form is employed. The lemma is
listed as follows:

Lemma 1. 15 Let (u(k))%, (/(£))£, and (h(k))% be real-val-
ued sequences on the set of the positive integer Z+ . Let

(32)

(33)

> > 0 , V f c € Z +

Under these conditions, if

u(k) </(&) + £ h(i)u(i), k = 0, 1, 2, ...

then

u(k)
Ar-l

[1 + h(j)\h(i)f(i) \J

£=0, 1,2, ... (34)

where

is set equal to 1 when / = k - 1.
Remarks.
1) If for some constant h, h(i) < h, v/, then Eq. (34) be-

comes
k-l

u(k) ^f(k) + h 2(1 + h)k~l~'f(i) (35a)

2) If for some constant/, /(/)</, v/, then Eq. (34) be-
comes

W(Ar)</TT[l + /*(/)] (35b)

We make the observation that Eq. (24) has the perturbation
term related to

[*<*)]
[**(*)!

It is feasible for us to apply the Bellman-Gronwall lemma to
obtain the stability criterion. Based on Lemma 1 and the
preceding definitions, we can relate a sufficient condition of
stability on the estimator [Eq. (24)] to roundoff errors in the
following theorem.

Theorem 1. Consider the state-estimator system [Eq. (24)]
with the induced norms [Eq. (26)], \\e(k)\\ = g^ and \\v(k)\\
- £2, and suppose the transition matrix A fulfills the require-
ment of Eq. (31). If the stability inequality

m \\B\\<\ (36)

is satisfied, then the deteriorated state estimator due to round-
off errors is still stable.

Proof. See Appendix B.
Remarks.
1) The relationship between the location of the pole nearest

to the unit circle and the computational roundoff errors is
revealed. From the stability inequality [Eq. (36)], it is seen that
the smaller r is, the stronger the stability will be.

2) From Eqs. (26), (31), and (36), the wordlength JTcan be
determined to guarantee the stability of the deteriorated sys-
tem under the finite-wordlength effect.

3) For a given wordlength W, the stability inequality [Eq.
(36)] can be used as a criterion to test the stability of the
estimator system deteriorated by the roundoff noise.

4) From Theorem 1, it is assumed that m 115 II is evaluated,
and all of the eigenvalues of the Kalman filter must be inside
the disk with radius r < 1 - m 115 II to guarantee the stability of
the Kalman filter with floating-point computation. However,
if the eigenvalues of A -K(k)C in Eq. (9) are not all within the
disk with radius r, a scheme proposed by Anderson17 is em-
ployed to treat this problem. Suppose we artificially multiply
the covariances Si and S2 in the system of Eqs. (5) with (l/r)2k

and r < 1; i.e., S{ =Sl (l/r)2k and Si =S2 (l/r)2k. Anderson
has shown that the system of Eq. (9), the computation of
Kalman gain K [Eq. (11)], and the P in the Riccati equation
(12) can be changed to

£(k + 1) = [A -Kr(k)C]x(k) + Kr(k)y*(k) (37)

Kr(k)=AP(k)CT[S2(l/r)2k+CP(k)CT]~l (38)

l)=AP(k)AT+Si(l/r¥k-AP(k)CT

x[S2(l/r)2k-}-CP(k)CT]-lCPT(k)AT (39)

Then the estimation error e(k) of the filter in Eq. (10) will
converge at least as fast as rk when k increases; i.e., all of the
eigenvalues of (A —Kr(k)C) are inside the disk with radius r .

After deriving the sufficient condition under which the dete-
riorated Kalman filter is stable, we can find one form of
bound by the estimate given in Theorem 2.

Theorem 2. Consider the state-estimator system of Theorem
1 . If the stability criterion of Eq. (36) is satisfied when k -> oo,
then the upper bound of

x(k) I
**<*)

can be evaluated as

"*(giilCll+g2"£»i)
l-(r + mlL&ll)

and the actual estimation error \\x*(k •
bounded by

(40)

1)11 is

(41)

where gi = \\e(k)\\ and g2= l
Proof. See Appendix C.
We do not claim that the bound given here is the ultimate

tool for solving the problem of the minimal wordlength of
implementing digital Kalman filters; however, it can be a
reference for a conservative design. This paper does permit an
approximate analysis of the performance/cost tradeoff for
wordlength design choices.

IV. Numerical Example
To illustrate the stability criterion proposed herein, we con-

sider an inertial navigation system (INS) due to wind-induced
bending. The state-space representation of the system is19

dpb(t)
dt

dt
dab(t)

dt

0 1 0

0 0 1

a 0 7

Pb(t)

vb(t)

ab(t)

(42)

wherepb(t), vb(t), and ab(t) are the horizontal displacement,
velocity, and acceleration, respectively. The white Gaussian
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noise processes v(- ,-) is of appropriate strength to yield the
desired root-mean-square (rms) value of wind, a^nd- with
correlation time 1/X. If the bending dynamics model is second
order with undamped natural frequency wn and damping ratio
f, then the three parameters a, /3, and 7 are specified by
a= -XwJ, /3= -<4 -2fwn, and 7= -2f«n - A.

The discrete state-space representation of the INS with
oj« = 3 rad/s, X = 0.6667 1/s, and f=0.5 can be expressed by

«»(* +

0.999985
-0.001818
-0.143166

0.024972 0.000303
0.996652 0.023861

-0.264288 0.909161

+ v(k)

= [-l 0 0]
Pb(k)
vh(k)
ab(k)

+ e(k)

(43a)

(43b)

"6<S
fe
23£"
(_)

?L

0.0 4.0 8.0 12.0 16.0 20.0
MANTISSA LENGTH CBITS3

Fig. 1 Expectation of [x*Tx*] (solid curve) with the wordlength
bound (dashed line).

*s

X
1<x
0

^x :

^

«i°
\~ ̂

X

o

0 .0

•V—-v-\

4

\
\

\

•0

\
\

\

B

— 1

H

.0

|—

1=

f—

12 .0 16 .0 20
MANTISSA LENGTH CBITSJ

Fig. 2 Expectation of [(*' -Jt)^* -*)] (solid curve) with the
wordlength bound (dashed line).

where v(k) and e are white noise processes with zero-mean
values and the covariances

0 0 0
Si = 0 0.01 0.002

0 0.002 0.0004

S2 = 0.25

Hence,

0.999985
A= -0.001818

-0.143166

0.024972 0.000303
0.996652 0.023861

-0.264288 0.909161

C = [-l 0 0]

From Eqs. (26) and (31), we have

11511 = 1.2644-2-^

m= 4.6564

r= 0.985

(44)

(45)

(46)

Using the robust stability criterion of Eq. (36), we obtain

W> 8.479 (47)

From the preceding analysis, we suggest requiring the
wordlength to be greater than or equal to 9 bits; otherwise, it
may lead to an unstable response. Substituting these values of
IICII, ILDII, L4#ll, 115% IIC#II, and ILD#II, we can estimate the
upper bounds of

\ x ( k ) \
\**(k)\

and •!**(*+ !)-*(*•+ 1)11.
The estimator system using the Kalman filter was simulated

on an IBM-AT computer system with a very long wordlength,
and the ADC for the output measurement was 10 bits. The
wind input was simulated by use of a pseudorandom Gaussian
number generator. Simulations were done for wordlengths
from 1 to 20 bits, and the results are shown in Figs. 1 and 2.
Notice in Fig. 1 that the estimator is not well behaved and in
Fig. 2 that the estimation error is very large when the word-
length is small.

V. Conclusions
A sufficient condition has been presented to ensure the

stability of the state estimator with a Kalman filter subjected
to finite-wordlength effects. If the sufficiency condition is not
satisfied, it does not necessarily imply system instability, but
instability may really occur if the analog-to-digital converter
(ADC) length and the mantissa length are too short in applica-
tion. This criterion shows that a state estimator, which may be
unstable with respect to roundoff errors of quantization, can
be stable by choosing the appropriate ADC and mantissa
lengths.

In fact, because the ADC noise and the computational
roundoff errors will appear continuously, it is clear that the
estimation error will not approach zero. Notice that, if the
sufficient condition of Eq. (36) is satisfied, x*(k) and x(k) in
Eq. (24) will be bounded, and the estimation error will be also
bounded. This point agrees with the result mentioned in Theo-
rem 1.

The results of the paper have been applied to the stability
analysis of finite-wordlength Kalman filters with precompiled
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steady-state coefficients. However, the results have not been
applied to the design of time-varying filters. This issue is under
investigation.

Appendix A: Error Representations of
Floating-Point Computation

The error representations of addition and multiplication
with floating-point computation are given here.11'13

Wilkinson13 provided the method of analyzing the errors of
floating-point arithmetical results. The rounded floating-point
sum of two numbers, a and b, can be expressed by

f[(a + b) = (a + b)(\ + r) (Al)

where fl( •) is the floating-point operator, arid r is a random
variable uniformly distributed between -2~w and 2~w, W
being the wordlength of the mantissa. If a and b are two M-
vectors, then the floating-point sum is expressed by

b2)

(aM + bM)(l + rM)

+ R ] [ a + b ] (A2)

where a/ and bt (i = 1,2,3, ..., M) are elements of M- vectors a
and b , respectively, / is an identity, and

R = r2r3 ... rM]

Here r/, i = 1, 2, ..., M, are mutually independent and are
distributed between - 2~ w and 2~ w.

The rounded floating-point product of two numbers, a and
b, is represented by

ab(l + d) (A3)

where FL( • ) is the floating-point operator and d is also dis-
tributed between — 2~w and 2~w. Similarly, the rounded in-
ner product of two M-vectors is

_ ibM- 1

+ aMbM(\ + SAfVQCl + i (A4)

Each 6, and r/ can be considered to be mutually independent
and uniformly distributed between -2~w and 2~w. Let us
define

)f f o r / = 1,2,..., M-l (A5a)

A/-1

If the preceding equations are expanded directly in order to
obtain exact hh the expression of hf will be rather complicated.

Therefore, we ignore the small higher-order terms in Eqs.
(A5), and each /i/ can be expressed approximate!^ by

/
hi = 6, + E rk, for / = 1, 2, ..., M-l

A:=l

M-l

Then each /z/ has zero mean and the variances are approx-
imately

E[hf] = (i + 1)2-^/3, for i = 1, 2, ..., M-l

The rounded multiplication of an M-vector jc by an M x M
matrix A can be written by

FL(,4jt) = Ax +
a\\h\\

(A6)

where #// is an element of >1 , and h 's in different rows are
statistically independent and uncorrelated. Hence, we substi-
tute each M-tuple (hi, h2, ..., hM) for each M-tuple (A/i, /z/2,

and obtain the permitted representation

FL(,4jt) = Ax + A diag[/*i

which is convenient for manipulation in the derivation of our
results.

Appendix B: Proof of Theorem 1
Consider the combined state Equation (24)

(Bl)

where

A -\[ A °KG A-KC

0

A(KH3C
R{C + R2KC)

-
&(R2A

C =

D

+ R2K)

ta
Solving the preceding difference equation, we obtain the solu-
tion

S
i = 0

E
1 = 0

(B2)
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Taking norms, we get
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Next, multiplying either side of Eq. (B6), it follows that

+ £ U*-'-'l IICII H«(Ar)ll + £
/-o /-o

Using Eq. (31), it is found that

IDl llv(A:)ll

(B3)

*(*)
\x*(k)

k-

<mrk

\\e(k)\\+

(B4)

Dividing both sides of Eq. (B4) by r*, we obtain

(k) II jc(0) r~k- 1

(B5)

Applying the Remarks of Lemma 1, we have

/n fei IICII +g2\\D\\)

+ m
r-'-l

^-'[̂ l x(0)
be*(0)

I \ f l -[!.+(mllfill/r)]-*

(B6)

l-[H-(ml5l/r)]J|**(0)|

-/M2ILgll\fl-[l
1-r / [l - [1 + (m IIBII/r)]-

„.„x toici + feiDi).+

x (r + w II W ̂  IICII + (B7)

When k — oo, if r + m 115II < 1, then the state estimator will be
robustly stable.

Q.E.D.

Appendix C: Proof of Theorem 2
As &--oo, Eq. (B7) becomes

x(k) \.(m
**(*)! ~ \ l - r y

(r-

(=^)

(Cl)

Hence, the bound of

*<*)

as k-~oo.
From Eq. (25), the actual estimation error is

x*(k = [-(A-KC)

+ KR{C + R2KC)A(R2A

[K R2K)]e(k) - v(k)

(C2)
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where

A« = [-(A-KC)(A-KC)]

B* = [A(A7/3C + KRiC + R2KC)A(R2A

+ AH1-KH3C-KR1C-KCH2-R2KC)]

C* = [K + A(KH3 + KRl + R2K)]

Z># =/

Taking norms, we have

x(k) [I

(C3)

Then Eqs. (Cl) and (C3) together imply that

\\x*(k + !)-*(* + 1)11 < (L4#ll + 18*1)

as A:-*

(C4)

Q.E.D.
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