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Fig. 4 System poles 4-input/l-output sensor X\ (18th-order lattice).

algorithm, the two closely spaced modes can be progressively
distinguished. Extraneous poles due to noise and/or nonlin-
earities are recognized by their erratic nature; whereas genuine
system poles behave consistently.

Multi-Input System
For the multi-input time-invariant case, data are recorded

while all four actuators are simultaneously excited. The input
sequences are digital white noise bandlimited between 0.25
and 2 Hz sampled at 12.5 Hz in order to excite the low-fre-
quency dynamics of the structure. The system poles are succes-
sively extracted for 4-input/l-output and 4-input/4-output
configurations.

Sensor X\ data are run through an 18th-order 4-input/
1-output lattice filter. The resulting modal frequencies and
damping ratios for sensor X\ are shown in Fig. 4: one mode at
0.97 Hz with 0.09 damping and another mode at 0.68 Hz with
0.06 damping. Similar results, not shown, are obtained by
running sensor Y\ data through an 18th-order 4-input/l-out-
put lattice filter: one mode at 0.97 Hz with 0.09 damping and
one at 0.68 Hz with 0.09 damping. Structural analysis of the
truss shows one torsional mode and two lateral modes, one
along X and one along Y. Thus, sensor X\ sees the torsional
and X-lateral modes, and sensor Y\ the torsional and Y-
lateral modes. From the results, it can be deduced that the
0.97-Hz mode is the torsional mode since the damping is the
same on both X\ and Y\9 whereas the two lateral modes are at
0.68 Hz as proved by the difference in damping ratios. Previ-
ous single-input identification testing with lattice filters had
not clearly revealed the existence of two modes at the same
frequency. With a single actuator exciting the structure, the
torsional and only one of the lateral modes are significantly
excited (see Ref. 4 for results pertaining to this case). The
multi-input excitation provides a richer picture of the system's
dynamics.

The MIMO data are run through an 18th-order 4-input/
4-output lattice. All sensors X\, X2, Y{, and Y2 are constrained
to see the same dynamics. The outcome is a 0.97-Hz mode
with 0.09 damping and a 0.68-Hz mode with 0.07 damping.
The lattice filter has merged the two lateral modes into a single
mode because it is not configured to separate X dynamics
from Y- dynamics. To ensure that both lateral modes are
distinguished, the lattice should be set up so that X sensors
t£if X2) and Y sensors (Yl9 Y2) observe different dynamics, in
which case the a, would be 2 x 2 matrices.

Conclusion
The vector-channel lattice filter was used to identify the

truss experiment's modal frequencies and damping ratios for
two important cases: a time-varying system with order change
and a multi-input system configuration. The time-varying test
was special in that the variation in parameters was significant
as well as sudden, but, more importantly, the effective order
of the system changed. The lattice filter adapted promptly to
the parameter changes and was shown to detect order changes
in the system. The multi-input data was found to give a better
picture of system dynamics than single-input data, especially
for the system damping ratios. These results suggest that the
vector-channel lattice filter is an efficient on-line identification
tool with applications in adaptive identification and control.
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Dynamic Decrease of Drag
by Optimal Periodic Control
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Introduction

R ECENTLY, periodic cruise as opposed to the well-
known steady-state cruise has acquired great interest

since this type of an unsteady cruise offers a possibility for
reducing the fuel consumption of aircraft. For a wide range of
aircraft models, steady-state cruise is nonoptimal.1 Numerical
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results presented in the meantime give a quantitative indica-
tion of the fuel-consumption reduction that can be expected
by applying optimal periodic control to aircraft cruise.1'12

In regard to the periodic cruise papers presented so far, an
interesting problem partially solved is concerned with an air-
craft model which has Mach-number-independent drag polar
characteristics CD(CL) and a specific fuel consumption a pro-
portional to speed V (or Mach number, respectively), i.e.,

CD —

mf = aT

(la)

db)

with a— vV, where CDO, K, and v are constants. For such a
type of an aircraft model, it has been shown that steady-state
cruise is not optimal for supersonic or hypersonic Mach num-
bers above a certain threshold.1 This velocity threshold is
considered to be existent because of the need for substantial
kinetic energy.2 The question is why this threshold is affected
by kinetic energy and whether there are conditions under
which periodic cruise could be superior also at low speeds.

Besides its theoretical interest, the question raised may be of
practical significance, too. This is because the fuel-consump-
tion characteristics of propeller-driven aircraft are similar to
Eq. (Ib), and the speed range corresponds to the incompress-
ible subsonic Mach number region. The fuel consumption of
propeller-driven aircraft is related to propulsive power
P = TV such that riif = vP, where v is a constant. This agrees
with the model of Eq. (Ib) according to /w/ = aT= vP.

It is the purpose of this paper to present a solution for the
problem addressed and to show that periodic cruise is optimal
also at low speeds for the aircraft model under consideration.
An additional purpose is to further develop the understanding
of the physical mechanism underlying optimal periodic cruise.
Thus, it will be shown that periodic control can produce a drag
behavior the average of which is smaller than the minimum
drag aerodynamically possible for steady-state cruise [equiva-
lent to a flight at maximum lift drag ratio (L/D)msai],

Problem Formulation and Optimization Procedure
Basically, the problem is to find optimal periodic flight

paths where the fuel consumption per range is smaller than for
the best steady-state cruise. This is equivalent to the periodic
control problem consisting of minimizing the following per-
formance criterion:

J = mf(Xcyc)/Xcyc (2)
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Fig. 1 Optimal cycle of periodic cruise, (L/D)mM = 15, Pmax/
(mgyf) = 0.17, and jccyc = 82.6 km [Cf : lift coefficient for (L/D)
max].

where mf(xcyc) is the fuel consumed per range jccyc representing
the length of one cycle. The performance criterion is subject to
the dynamic system (with the horizontal coordinate x used as
independent variable)

d V
dx

T/m - D/m - g siny d7 L/m
Fcos7

dh-=tan7,

V2 cosy V2

dmf vT
dx cosy (3)

The mass of the aircraft can be considered constant since
the fuel consumed in one cycle is small when compared with
the total of the mass, i.e., mf(xcyc) - w/(0) < m.

Flight-path periodicity and the initial fuel state yield the
following boundary conditions:

yc) = F(0), 7(*cyc)=7«>)

w/(0) = 0 (4)

The thrust, lift, and drag force models are T = 6rmax(F,/0,
L = CL(p/2)V2S, and D = CD(p/2)V2S, where CD is given by
Eq. (la). The atmospheric model used is the ICAO standard
atmosphere.13

Control variables are the lift coefficient and the throttle
setting, which are subject to the following inequality con-
straints:

Qm i n<CL<CL r r 0 < 6 < 1 (5)

The optimization problem can now be stated as to find the
control histories CL and 6, the initial states [F(0), 7(0), /z(0)]
and the periodic cycle length Jtcyc, which minimize the perfor-
mance criterion / = mf(xcyc)/xcyc subject to Eqs. (3-5).

The optimization procedure applied uses necessary condi-
tions based on the minimum principle. With the use of the
Hamiltonian, Lagrange multipliers are adjoined to the equa-
tions of motion [Eq. (3)], thus yielding a system of eight
differential equations.

In the numerical investigation, an optimization program
based on the method of multiple shooting was applied.14'16

In these references, the numerical procedure is described in
detail.

Results and Underlying Physical Mechanism
In Fig. 1, the history of control and state variables for one

cycle of an optimal periodic trajectory is presented, with data
of a propeller-driven aircraft applied. Typically for optimal
periodic cruise, a maximum-thrust increasing-energy condi-
tion is followed by a minimum-thrust decreasing-energy con-
dition. Speed behavior is such that it shows higher values in
the upper part of the trajectory, whereas the opposite holds
for the lower part. This point will be addressed later in more
detail when the underlying physical mechanism is discussed.

It may be of interest to note that speed stays at a rather low
level throughout the whole trajectory. This is an indication
that a velocity threshold may not exist.

Maximum power available and maximum lift/drag ratio
have an effect on the improvement achievable with optimal
periodic control. An evaluation of this effect is presented in
Fig. 2, which shows the reduction in fuel consumption AAW/. It
will be shown later that Aw/is equivalent to dynamic decrease
of drag A£>dyn. From Fig. 2, it follows that a high power and
a low lift/drag ratio level is favorable for the improvements
resulting from optimal periodic control, However, the im-
provements are comparatively small.

The physical mechanism underlying the superiority of opti-
mal periodic control and the nonexistence of a velocity
threshold can be understood when considering the energy state
management of the aircraft. Considering first the energy
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Fig. 3 Drag history for optimal periodic cruise as compared with
minimum drag of steady-state cruise, (jL//>)max = 15, Pm*x/(mgV£)
= 0.62, and JTcyc = 194 km.

added to the aircraft energy state by the propulsion system,
the following generally valid expression holds:

-io COS7 (6)

The fuel consumption written in a form also generally valid is
given by

i t rt P* fffp
thfdy = \ aTdy = \ ———df

o Jo Jo ^cosT
(7)

Applying now the fuel-consumption model considered in this
paper (i.e., a = j>Fwhere v = const), the following expressions
hold:

Jo COS7

or

mf(x) (8)

This means that the energy added per fuel consumed is inde-
pendent of speed, altitude, and throttle setting. In more gen-
eral terms, it is independent of the state and control variables.
As a result, no possibility exists for improving propulsion
system efficiency by a special choice of V, h, 7, or 5. There-

fore, an improvement achievable with periodic control must
be completely due to a decrease of the energy subtracted from
the aircraft energy state due to drag

(9)

In fact, it can be shown that minimizing the performance
criterion of Eq. (2), which is fuel consumed per range, is
identical with minimizing l?sub(*cyc) per range for the fuel-
consumption model considered in this paper. From Eq. (8), it
follows that

= 1>Eadd(xcyc)

Since £Sub(*cyc) = £add(*cyc) for the whole of a period, Eq. (9)
may be used to give

'Xcyc

mf(xcyc) = COS7
-d*

Referring to Eq. (2), the performance criterion can now be
expressed as

= "*/(*cyc) = J_ f

XCyc *cyc J o COS7
-dx (10)

As a result, minimizing fuel consumption is identical with
minimizing Esub(xcyc). It may be of interest to note that the
equality of minimizing fuel per range and minimizing the
energy subtracted due to drag £"Sub(*cyc) only holds for the
fuel-consumption characterisitics considered here. Usually, it
is considered that there is a combination of different mecha-
nisms for producing the superiority of periodic trajectories.
Reference 6 provides more insight into such mechanisms and
the conditions under which there are different effects existing.

From the results developed, it follows that drag can be
decreased in a dynamic process by appropriately modulating
speed, altitude, flight-path angle, and lift coefficient,
D = D(V, h, 7, CL). As a consequence, the average of drag
can be made smaller than the minimum of drag Anin = #*£/
(L/D)max aerodynamically possible in steady-state cruise. This
effect is explored in more detail in the following.

In Fig. 3, the drag history during an optimal period is
shown. In phase B, the drag is smaller than the minimum of
drag in steady-state cruise Anin (actually, drag work per range
D/COS7). The opposite is true for phase A. For the whole of a
period, the drag decrease outweighs the drag increase. This is
due to the fact that the drag decrease associated with the
downward flight-path curvature (phase B in the lower part of
Fig. 3) is larger than the drag increase in the upward flight-
path curvature (phase A in the lower part of Fig. 3).

These drag changes are caused by the centrifugal force Fc
associated with flight-path curvature, Fig. 4. The centrifugal
force may be written as Fc = rnVy » m¥2Ay/Ax.

The drag change resulting may be expressed in linearized
form as

AD
Anin

(H)

From this expression, it follows that a negative flight-path
curvature (A7<0) at a higher speed produces a drag decrease
which is larger than the drag increase resulting from a positive
flight-path curvature (A7>0) at a lower speed. This is the
underlying mechanism that produces a drag decrease in a dy-
namic process by appropriate modulating speed, altitude, and
lift.

It may be of interest to note that the effect described is due
to relative changes in speed and not due to the absolute speed.
Thus, the absolute speed level in terms of high speed (super-
sonic or hypersonic region) or low speed (subsonic region) is
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Fig. 4 Centrifugal force and corresponding speed and flight-path
history.

qualitatively of no influence. As a consequence, a velocity
threshold for the dynamic decrease of average drag is not
existent.

Conclusions
Optimal periodic cruise is considered for aircraft whose

thrust-specific fuel consumption is proportional to speed. It is
shown that optimal periodic control of thrust and lift yields a
decrease of the average of drag when compared with the
minimum drag possible in steady-state flight. Numerical re-
sults for improvements are presented for a wide range of
aircraft performance parameters, and the underlying physical
mechanism for the dynamic decrease of drag is described.
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