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Identifiability of Helicopter Models Incorporating
Higher-Order Dynamics

Stewart S. Houston*
Royal Aerospace Establishment, Bedford, MK41 6AE, England, United Kingdom

and
Colin G. Blackf

University of Glasgow, Glasgow, G12 8QQ, Scotland, United Kingdom

This paper examines the identification of a linearized mathematical model of a Puma helicopter from
experimental data gathered during flight tests in hover. The objective has been to study the sensitivities of the
model parameters to the choice of approach available. The model of the helicopter represents the vertical
response of the aircraft to collective pitch, but has been extended to incorporate higher-order rotor dynamics
associated with blade flapping and induced velocity degrees of freedom. The approaches used in the identifica-
tion of the model are frequency-domain based: output error and transfer function matching of frequency
responses identified using time series methods. Examples of the identification of helicopter models incorporating
higher-order rotor dynamics using rotor measurements from flight data are new. It is concluded that models of
helicopter behavior that include higher-order dynamics can be identified successfully from flight data, but
engineering judgment is the key to successful application of the methods and interpretation of the results.
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Nomenclature
: system matrix
= blade lift-curve slope, 1/rad
= control matrix
• lift deficiency factor
= thrust deficiency factor
= acceleration due to gravity, m/s2

= blade flap inertia, kgm2

= empirical momentum correction factor
= factor on blade first moment of mass
= blade first moment of mass, kgm
'helicopter mass, kg
-- additional air mass, kg
• number of blades
• rotor radius, m
= rotor thrust, N; transpose when used as
superscript

= control vector
= induced velocity, m/s—positive down
- induced velocity normalized by rotor tip
speed, = V//OA

-- helicopter vertical velocity, m/s—positive down
= state vector
-- rotor coning angle, rad
= rotor Lock number, pacR4/Ip
• collective pitch angle, rad
= flap frequency ratio
= air density, kg/m3

= rotor solidity, total blade area/rotor disk area
= rotor speed, rad/s
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Stability and Control Derivatives
/v., /v/, Zv. = coning, induced velocity, and vertical

acceleration derivatives with respect to (w.r.t.)
induced velocity

/00, /#0, Z00 = coning, induced velocity, and vertical
acceleration derivatives w.r.t. coning velocity

/00, Z00 = coning and vertical acceleration
derivatives w.r.t. coning angle

fW9 iw, Zw = coning, induced velocity, and vertical
acceleration derivatives w.r.t. vertical velocity

/00, /00, Z00 = coning, induced velocity, and vertical
acceleration derivatives w.r.t collective pitch

Introduction

MATHEMATICAL modeling of helicopters for handling
qualities, performance, and flight control has always

been a challenging area, and is one that continues to demand
increasing attention from the community. This is because
deficiencies in fidelity are widespread, affecting the validity of
piloted simulation and control law design, hence potentially
increasing the cost of developing new aircraft. System identifi-
cation is proving to be a powerful tool for assisting in the
validation of rotorcraft mathematical models, including those
that incorporate higher order dynamics associated with rotor
flapping and air mass behavior. Recent work1'9 has made
significant contributions in this new area, but has highlighted
potential difficulties associated with the identifiability of such
models, which could conceivably limit the usefulness of sys-
tem identification as a model validation tool. These concerns
center around incomplete measurement sets, the need to con-
strain variables, and choice of identification method as well as
variable sensitivity to choice of test run and frequency range
for modeling. This paper seeks to address these issues by
example.

Background
The identification of helicopter mathematical models that

incorporate higher order dynamics is relatively new; references
have appeared mostly over the last few years.1'9 Most of this
work has focused on obtaining an acceptable model of heli-
copter vertical response to collective in hover,1'6 although
there has been some examination of forward flight cases in the
midspeed range.7'9 There has been some success in identifying
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higher-order dynamics, to the extent that results have been
used to support the development of a generic helicopter simu-
lation model.10 The theme common to all this work, however,
has been a concern over the identifiability and sensitivity of
the model parameters. This sensitivity can be assessed as the
degree to which the model parameters exhibit variation with
method, data set, frequency range, etc. These variations arise,
of course, because of the uncertainty associated with experi-
mental data and model structure, but are widened by freedom
to use engineering judgment at every stage in the identification
process.

Theoretical Modeling
The response of the helicopter to collective pitch inputs in

hovering flight can be described by a model incorporating
those higher order dynamics of concern in this paper. The
model incorporates first-order inflow and vertical velocity
response, together with second-order coning. The model struc-
ture is written in constant coefficient, state-space form as

where

A = 0

fvt

x = Ax + Bu

1

/ft)

(1)

(2)

x = [v/ j80 $o w]T> u - 0o (3)

Chen and Hindson11 provide analytical expressions for these
stability and control derivatives, which exhibit the following
relationships

JVj = JW9

fdo= - (4)

This model assumes constant rotor speed, the derivatives do
not take hinge offset into account, fuselage aerodynamics and
the interference between rotor and fuselage flowfields is ne-
glected, the blades are assumed to be rigid, and unsteady
effects are not represented. This model formed the basis for
some earlier work in this area,1'4 which suggested that sub-
stantial improvements in the correlation between flight and
theory could be obtained if some additional effects were in-
cluded. These were the following: 1) empirical correction of
the momentum-derived uniform component of inflow, to ac-
count for the real nonuniformity, tip loss, and root cutout
effects; 2) inclusion of lift deficiency factors to account for
unsteady effects in the real wake; and 3) reduction of blade
first moment of mass, so that the rigid blade model made
some approximation to the hub inertia force reactions experi-
enced with real, flexible blades.

For this paper, the stability and control derivatives in the A
and B matrices were obtained by a numerical forward and
backward differencing of the full nonlinear equations (incor-
porating these additional features), which are as follows. The
momentum expression for thrust is

T = mavi + 2p(3.l42R2)C'tVi/k(Vi/k - w +

From Johnson,12 C't is

1

(5)

(6)

The blade element expression for rotor thrust, to balance that
given by Eq. (5), is

Again from Johnson,12 the equation for blade flapping is

; /800 (8)

The hub force equation is

0 -g (9)

C{ is the lower harmonic loading limit of Loewy's lift defi-
ciency function, given by

C{
1

3.142a/(4v,) (10)

With k = kb = C{ - C't =1*3= 1.0, this model in linearized
form is identical to that given in Ref. 11. When configured as
a Puma, trimmed in the hover, and linearized with k = 1.4
and kb =0.7 (values suggested in Ref. 4), the thrust and lift
deficiency terms are C't = 0.72, C{ = 0.55, and the A and B
matrices corresponding to Eqs. (2) are

-9.197 0 -36.54 7.311
0 0 1 0

-2.294 -821.9 -18.75 3.317
0.755 -102.3 2.868 -0.628

589.0
0

517.5
-79.14

(11)

"- 11.44
0

- 5.692
-0.168

0
0

- 848.6
- 177.8

- 39.27
1

-32.16
- 1.618

7.856"
0

5.692
0.168

T = y4tiRpao(3.l42R2)(2/3QROo - v/ + w - (7)

Note immediately that two of the relational constraints shown
in Eqs. (4), specifically /v. = —fw and Z = — Zw, are no
longer valid, This is because C{ is a function of v/. Equation
(12) shows the equations of motion when Chen and Hindson's
original model is configured as a Puma. Note that the model-
ing enhancements outlined earlier substantially modify the
values of most of the derivatives. In particular, note that all
except one of the Z-force derivatives have opposite signs

589.4
0

887.7
44.66

(12)

Flight Test Data Base and Identification Methods
The test data base available contained pilot-generated fre-

quency sweeps of the collective lever, conducted in a free-air
hover. These were used for identification. Additionally, col-
lective step inputs were used to provide a dissimilar input type
for use in verifying the models identified from the sweeps.
Seven separate frequency sweep runs were available for analy-
sis. The multiblade collective pitch and coning were derived
from the individual measurements available from each blade.
Except where indicated in the paper, one of the seven sweep
data sets available was used to illustrate the point under dis-
cussion. The data set used is shown in Fig. 1, which illustrates
the pilot collective lever sweep, the multiblade coning and
collective angles, and the vertical acceleration. Blade lag, rotor
speed, and torque measurements were available, but visual
inspection justified the omission of these additional degrees of
freedom. Not only were lag and rotorspeed perturbations very
small for control input amplitudes shown in Fig. 1, but lag
variations were attenuated at frequencies above 0.4 Hz and
rotor speed variations above about 0.8 Hz. These response
bandwidths are in contrast to those of the variables shown
here, which extend up to 4 Hz. It should be noted that omis-
sion of these additional degrees of freedom may not in gen-
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Fig. 1 Collective lever frequency sweep and resulting aircraft re-
sponse: Puma XW241; mass 5250 kg; hover 3000 ft.
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Fig. 2 Frequency responses derived from collective sweep input,
with best least-squares match given by 3-DOF model structure.

eral, be appropriate if an acceptable model of vertical re-
sponse dynamics in hover is to be achieved.5'6

The two identification methods used in this paper were
frequency-domain based. The first method uses an output-
error approach, where the outputs are based on the coning and
vertical acceleration information. The state-space model is
represented in terms of Fourier-transformed quantities and an
appropriate output-error identification carried out to deter-
mine the matrix coefficients. Details of this approach, in
general, can be found in Ref. 13, and mathematical details
relating to this particular application can be found in Ref. 14.
The second method involved using time series analysis tech-
niques to derive frequency responses representing transfer
functions for the system, which were used with a model-
matching process to find model parameters that allow the
model structure to fit, in a least-squares sense, the derived
frequency responses. References 15 and 16 are standard texts
that deal with the theory of time series analysis methods; Ref.
17 describes the method of transfer function matching used
here. Its application to this problem is detailed elsewhere.2

Results
Comparison of Transfer Function Matching and Output-Error
Methods

With regard to the transfer function fitting approach, Fig. 2
shows the flight-derived coning and vertical acceleration to
collective frequency responses, together with the correspond-

ing input-output coherences. Also shown is the best fit of these
data in a least-squares sense to the model structure given by
Eqs. (2). Any point with coherence <0.8 is not, however, used
in the fitting process. All 14 derivatives were identified with-
out constraint and are given in Table 1. Note that both coher-
ence plots are very close to unity across most of the frequency
range, falling below 0.8 only at the first few frequency points,
a region where the pilot's input has low content. Note also that
the fit offered by the coupled three degree-of-freedom (DOF)
model structure is excellent, again across the frequency range,
with the exception of a few points at the very low frequency
end of the response.

Figure 3 shows corresponding results, to those illustrated in
Fig. 2, from the output-error approach, giving similarly good
fits, in this case, to the extent that it is difficult to discern
predicted from flight-derived values (phase comparisons have
not been shown). It should be noted that some convergence
difficulties were encountered with the output-error method
when attempts were made to estimate all 14 parameters inde-
pendently, and it was found necessary to fix the derivatives in
the dynamic inflow equation. No measurements were avail-
able for the induced velocity v, present as a state in the model.
Alternative approaches include the use of a rank-deficient
information matrix18 or the incorporation of defined relation-
ships into the model. Since the identified derivative values
varied with the constraints used, the values identified by trans-
fer function matching were used to fix the dynamic inflow
equation derivatives in the output-error method in order to
lend consistency to the comparison between the two ap-
proaches. It can be seen that there is fairly good agreement
between theory and experiment, and with only a few excep-
tions, both identification methods give very similar derivative
values. It would appear that the preferred approach to use is
that of transfer function matching since no constraints need to
be applied for a viable solution to be obtained, unlike the
output-error approach. However, with the use of appropriate
constraints, the output-error approach may be equally pre-
ferred. The question of the use of constraints, with output-er-
ror and transfer function approaches, is addressed in the final
part of the Results section of this paper.

Parameter Sensitivity to Test Run
For illustrative purposes, the identification results presented

so far have focused on only one of the seven sets of test data
available. However, the other six sets do allow corresponding
models to be identified, which in turn allows an assessment of
the impact of any random run-to-run effects on the derivative
values. This in turn gives an indication of how confident one
might be in the results from any given single run. Should
scatter be apparent, then the derivatives can be combined by

Table 1 Comparison of derivatives identified by
frequency response and output-error methods

Derivative

/v,*b
iw
'*o
Afy0A*
fw
fio
ZVi
Zp0
Ztozw
Ze0

Theoretical
value

-9.197
- 36.54

7.311
589.0

- 2.294
-821.9
- 18.75

3.317
517.5
0.755

- 102.3
2.868

- 0.628
-79.14

Frequency
response51

-9.147 (0.0472)
- 40.76 (0.5602)

6.703 (0.0892)
599.4 (3.0945)

-4.245 (0.0248)
-836.7 (1.5973)
- 24.47 (0.0855)

4.635 (0.0443)
682.8 (1.3974)
0.547 (0.0056)

- 96.46 (0.4640)
1.393 (0.0164)

-0.474 (0.0315)
-48.87 (0.3510)

Output errora

_9.147b ——
_40.76b ——

6.7Q3b ——
599.4b ——

-4.706 (0.28)
-857.1 (8.55)
-25.15 (0.48)

3.701 (0.88)
699.8 (12.7)
0.291 (0.07)

-101.1 (8.09)
4.833 (0.61)

-0.532 (0.11)
-35.26 (6.95)

^Parameter standard deviation in parentheses.
Values fixed at frequency response method values.



JULY-AUGUST 1991 IDENTIFIABILITY OF HELICOPTER MODELS 843

magnitude C£O magn i tude (u )
10"

10

10

10-
10 10*

predicted measured

Fig. 3 Comparison of measured and predicted magnitudes of the
Fourier-transformed measurements.

an averaging process into a single model to try and accommo-
date in a statistical way the effects that have led to the varia-
tion in the derivative values. Run-to-run differences amongst
the derivatives could be due to various things, but those of
concern here are due to differences in rotor operating state
and flight condition or holes in the spectra of the particular
sweep input that lead to frequency regions of poor coherence.
In the approach used to generate the results for this paper, the
frequency response fitting process can discard such points,
and it is this identification approach that was used to generate
the results for this section.

The seven individual values for each derivative, available
from each of the seven identified models, were treated as a
sample set of data for which average, spread, and sample
standard deviation (SSD) were calculated. These results are
shown in Table 2 together with results from the three best
runs, which are discussed later. Spread and SSD are expressed
as a percentage of the average value. Perhaps the spread is
hardly surprising, given that the sum of the squares of the
mismatch between the fitted model's frequency response and
that identified from flight was, for the poorest fit, almost
three times that of the best fit. No attempt has been made to
explore correlation between the estimates, which could help to
explain the spread.

In the case of each individual identified model, the vari-
ances associated with the derivative values were small, with the
exception of that for /00. The frequency responses, however,
had differences of detail, although each had the same form.
These were usually associated with regions of poor coherence,
which was itself a feature of the run-to-run comparisons. The
spread in Table 2 has to be viewed first of all in this context of
differing run-to-run coherence before any other contributions
to the variability of derivatives with run used are considered.
An additional point to note is that, in general, the parameter
standard deviations do not reflect the actual spread among the
seven identified models. This is consistent with other parame-
ter estimation experiences; the reader is referred to the work of
Maine and Iliff.19

Turning now to the results from the three best runs in
Table 2, analysis of all seven vertical acceleration to collective
results, in particular, revealed in-four of the seven cases that
15-25% of the points in the frequency response had coherence
values <0.8, i.e., played no part in the fitting process and the
determination of the derivative values. By contrast, <5% of
the points in the other three had coherence values <0.8.
Accordingly, average, spread, and SSD were recalculated us-
ing only these latter three cases, which are annotated as the
results from the three best runs in Table 2. Note that both the
spread and SSD are considerably reduced in comparison with
those from all seven runs together. The spread of only one
derivative out of these three models exceeds 30% of the aver-
age value, most being within 20%. Likewise, only one SSD
value exceeds 30% of the average, most being within 15%.
Note, however, that both sets of average values are generally
similar. A tentative conclusion from this analysis is that robust
model parameters can be derived from data with <5% of the
coherence values below 0.8. Conversely, if > 15% of the co-
herence points lie below 0.8, then the estimates are likely to
exhibit wide spread in values. The results in Table 2 show that
there is a slightly better correlation between theory and flight
for results averaged from the best three runs than there is from
all seven taken together, but for model validation, the true
benefit of the former results is that the spread in the identified
values is much less. This gives increased confidence in the use
of these averaged values for the comparison with theory.

Parameter Sensitivity to A Priori Estimates
In this section, a specific case is used to illustrate how

different a priori estimates (that is, the starting guess used for
the iterative parameter searches) of some derivatives can influ-
ence the identified values and the resulting validation of the
theoretical model. The transfer function matching approach is
used, and the particular case involves the terms in the dynamic
inflow equation

= IV/V/ (13)

which will take substantially different values depending on the
value of the additional air mass ma that is used. Throughout
this paper, the value of air mass ma used is that due to
Carpenter and Fridovitch20; Eq. (14) shows the values of the
dynamic inflow equation derivatives thus derived. The work
of Pitt and Peters21 gives a lower air mass value and the
corresponding values are shown in Eq. (15)

v, = - 9.197 v, - 36.54 jS0 + 7.311 w + 589.0 00 (14)

Table 2 Summary of derivatives identified from seven test runs

Derivative
/v,
too
iw
'#0
A
/*
/to/.
A,z,,
Zto
%n
7£w

Ze0

Theoretical
value

-9.197
- 36.54

7.311
589.0

- 2.294
-821.9
- 18.75

3.317
517.5
0.755

- 102.3
2.868

- 0.628
-79.14

Identified^
value

- 8.842 (0.0571)
-46.27 (0.7113)

6.941 (0.0900)
593.1 (3.7095)

-4.015 (0.0247)
- 819.8 (2.7015)
-23.48 (0.1385)

4.301 (0.0426)
645.8 (1.4591)
0.409 (0.0055)

- 110.2 (0.5260)
2.339 (0.0300)

- 0.402 (0.0099)
-39.61 (0.3980)

Sample
standard

Spread, % derivation, <9
-21.6; + 17.8
-11. 9; + 29.8
-7.1; + 9.4
- 2.7; + 2.8

-31.0; + 45.9
-5.4; + 7.2

- 23.9; + 30.2
-21.5; + 34.7
- 15.1; + 17.7

-110.9; + 56.1
-38.1; + 69.9
- 62.0; + 83.6
-95.5; + 43.9

- 158.6; + 76.0

14.2
14.7
5.5
2.1

27.0
4.5

17.7
19.7
11.6
53.6
33.8
59.5
45.2
73.7

Identified3'0
'o value

- 8.797 (0.0387)
- 45.63 (0.5702)

6.595 (0.0812)
593.9 (2.7173)

- 3.963 (0.0200)
-813.1 (1.4626)
- 23.42 (0.0725)

4.307 (0.0380)
648.2 (1.2174)
0.553 (0.0018)

- 86.47 (0.4097)
1.780 (0.0168)

- 0.402 (0.0084)
- 54.60 (0.0943)

Sample
standard

Spread, % derivation, %
-2.1; + 4.0

- 10.7; + 5.7
- 2.2; + 0.6
- 0.7; + 0.9
-6.8; + 7.1
-1.8; + 2.9
-2.3; + 4.5
-9.1; + 7.6
-2.8; + 5.3

- 14.5; + 15.6
-21.1; + 11.6
-21. 7; + 40.9
- 7.9; + 6.4

- 17.2; + 27.7

3.4
9.2
2.0
0.8
6.2
2.6
3.9
8.4
4.6

15.0
18.3
35.4
11.0
24.2

aAveraged parameter standard deviation in parentheses.
bAveraged values from seven runs.
cAveraged values from best three data sets.
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v, = - 14.347 v, - 57.002 /30 + 11.405 w +918.84 0Q (15)

i.e., relative to Eq. (14), the derivatives are all increased by a
factor of about 1.56. The derivatives identified using each set
of a priori estimates are

^ = _ 8.797 v, - 45.631 &> + 6.595 w + 593.896 00 (16)

v, = - 9.229 v/ - 51.653 ft, + 9.643 w + 911.012 00 (17)

where the former is that obtained with a priori values shown in
Eq. (14), the latter using the values in Eq. (15). The results
shown are based on the average of the three best data sets as
defined in the previous section. The quality of fit of the
transfer functions is the same in each case. This is an impor-
tant result; it significant from the point of view of model
validation. This is because, with the exception of the deriva-
tive i'v., the identified results are inconclusive regarding which
value of ma ought to be used in the theoretical model, the only
compelling evidence to support the Carpenter and Fridovitch
value, in both cases, being the term /v/. This sensitivity to a
priori estimates is undoubtedly due to the fact that the identi-
fication is performed without the aid of any inflow informa-
tion. It is emphasized that these results are not the result of
a convergence problem with the algorithm used to fit the 3
DOF model structure to the flight-identified frequency re-
sponses. The corresponding transfer function polynomials are
identical in each case. This indicates a problem in nonunique-
ness of solution, the nature of the problem being that it is
underdetermined, having only two frequency responses (and,
hence, transfer functions) with which to determine a state-
space model that is actually fully described by three transfer
functions.

This result implies that, if the model is to be validated by
comparison with identified derivatives, then the selection of
the a priori estimates takes on some importance. The impact
of this sensitivity issue on model validation can be assessed by
examining the transfer function characteristics of the theoreti-
cal model, with both values of ma. The value of ma chosen for
the theoretical model has a significant impact on the transfer
function poles and zeros. Table 3 compares the poles of the
theoretical model configured with both Carpenter and
Fridovitch's20 as well as Pitt and Peters'21 value of ma. In the
case of the former, the inflow mode is considerably less well
damped, although the coning mode is slightly better damped.

Table 4 compares the corresponding transfer function ze-
ros. Perhaps the only important difference (since they lie in
the right half, unstable part of the s plane) is in the complex
pair in the vertical velocity to collective transfer function.
Parameter Sensitivity to Frequency Range

Figure 4 shows how all 14 derivatives in the model vary with
the frequency range used when identifying models using the

Table 3 Comparison of theoretical model transfer function poles

Mode
Inflow
Coning
Heave

Carpenter-Fridovitch
-11.558

-8.411 ±25.344i
-0.196

Pitt-Peters
- 18.417

- 7.565 =b 24.908/
- 0.202

Table 4 Comparison of theoretical model transfer function zeros

Transfer
function Carpenter-Fridovitch Pitt-Peters

v//0o (0.752), (6.480 ± 27.7230
00/00 (0.094), (-6.800)
w/0o (- 4.991), (0.608 ± 39.0160

(0.752), (6.480 ± 27.7230
(0.095), (-10.506)

(-7.651), (0.876 ±39.3850

Table 5 Comparison of solutions—three relational constraints vs
no constraints

Theoretical
Derivative value Unconstrained3 Three constraints3

/V,

•4b
iw
f
JVf/*>
fo
J\v
fo0zVi
Z00
Zhzw
Ze0

-9.197
- 36.54

7.311
589.0

- 2.294
-821.9
- 18.75

3.317
517.5
0.755

-102.3
2.868

- 0.628
-79.14

-9.147 (0.0472)
- 40.76 (0.5602)

6.703 (0.0892)
599.4 (3.0945)

-4.245 (0.0248)
-836.7 (1.5973)
-24.47 (0.0855)

4.635 (0.0443)
682.8 (1.3974)
0.547 (0.0050)

- 96.46 (0.4640)
1.393 (0.0164)

- 0.474 (0.0315)
-48.87 (0.3510)

-9.271 (0.0500)
- 35.79 (0.2709)

7.161 ——
578.2 (2.8634)

-4.866 ——
- 837.2 (0.3895)
-25.46 (0.1196)

4.866 (0.0200)
705.2 (1.5643)
0.497 (0.0100)

- 102.5 (0.4709)
1.131 (0.0100)

- 0.497 (0.0100)
-43.28 (0.4254)

aParameter standard deviation in parentheses.

transfer function matching approach. In all cases, the lowest
frequency point forms the start of the frequency range, and
each derivative is plotted against the upper limit in the fre-
quency range. For convenience, the derivatives have all been
normalized by the corresponding theoretical value given in
Eq. (11). Normalized values of 1 indicate that theory and
flight correlate identically—any value <0 would indicate that
theory and flight derivatives had opposite sign. The agreement
between theory and experiment is discussed later; in this sec-
tion, the important feature examined is the point at which the
derivative values cease to vary significantly with increasing
frequency. With the coning and inflow derivatives, there is a
definite trend with increasing frequency. In these cases, the
identified derivatives cease to vary significantly with increas-
ing frequency above about 3 Hz. Such a trend is not as
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Fig. 4 Sensitivity of parameter estimates to frequency range—transfer function matching method.



JULY-AUGUST 1991 IDENTIFIABILITY OF HELICOPTER MODELS 845

obvious in the Z-force derivatives, and it is here that evidence
suggests that the derivatives are still changing and, therefore,
that even 3.5 Hz is an insufficient frequency range for robust
identification of these derivatives. Perhaps such a result is not
entirely surprising. It is the experience with these model-
matching methods that resonant peaks, and just as important
the following gain and phase rolloff, generally have to be
included to define properly any model. In the particular case
examined in this paper, the resonant peak in coning and
vertical acceleration to collective is around 3-3.4 Hz, consis-
tent with the result just observed. This tends to confirm then
that one ought to identify across a frequency range appropri-
ate to the bandwidth of the model. This is 3-4 Hz with this
model because of the impact of the coning dynamics, which
have a natural frequency just slightly in excess of 3 Hz.

Parameter Sensitivity to Constraints
Constraining parameters is a common feature of identifica-

tion approaches. Sometimes it is done when limited informa-
tion is available and the model has many parameters, and the
method used may not converge onto a realistic solution, if at
all. In such cases, a derivative may be fixed at a value that is
theoretically based. Alternatively, the structure of the model
to be validated may suggest some natural constraints that can
be used to minimize the number of independent terms to be
identified. Both types of constraints are explored in this sec-
tion.

First, with reference to Eqs. (4), it can be seen that there are
five relational constraints. Previous work,2 however, showed
that the constraints involving the control terms were not ap-
propriate to invoke (this was attributed to unmodeled engine/
rotor governing dynamics), leaving three. Solutions based on
this approach were obtained using the transfer function
matching method, and the results are shown in Table 5. Note
that there are some differences, but, in general, both models
are very similar. In the context of model validation, the differ-
ences shown in Table 5 are not significant.

Second, one of the derivatives was fixed at a theoretical
value. A numerical constraint such as this is a common feature
in identification, but is used here to illustrate that, across a
broad frequency range, two very different solutions can have
apparently very similar frequency responses. In addition, it is
shown that the choice of one of the models over the other has
a significant impact on model validation. The results pre-
sented can be found in the earlier work2'4 and are included in
this paper for completeness. The theoretical model derivatives
are those given by Chen and Hindson's original model11 con-
figured as a Puma, i.e., Eq. (12). Further, the identified
models were derived using a different test run to that used
elsewhere in this paper. Finally, the three constraints
fv. = -/w, Zv. = -Zw, and i&0 = - 3ARiw were active in the
identification.' The results are given in Table 6. One of the
models has been identified with Z6o constrained at the theoret-
ical value. This is compared with the solution obtained with
Z00 free where it took the opposite sign. It is clear that theory,
as given by Chen and Hindson's equations, i.e., without any
of the additional modeling features outlined in this paper,

Table 6 Use of numerical constraints—comparison
of two identified models with theory

Derivative Theoretical value Identified3 Identified

10*

10°

gain
(m/s2 /deg)

10°
(Hz)

————— f l ight-der ived
— - - - - - - Z 6 o free
— — — ~ Z00 constra ined

Fig. 5 Vertical acceleration to multiblade collective frequency re-
sponse—comparison of models identified with fixed and free Z00.

iV,
fco
iw
%
/».
/«,
A,
fw
/«0
ZV(.
Z00
Z»o
£\v
Ze0

- 11.441
- 39.272

7.856
589.4
-5.692

- 848.6
-32.16

5.692
887.7
-0.168

- 177.8
- 1.618

0.168
44.66

-9.809
-41.955

8.393
606.3
-5.650

- 886.9
-31.22

5.650
764.3
- 0.233

- 205.3
- 0.436

0.233
44.66

- 8.553
- 35.340

7.070
578.8
-4.107

-803.7
- 22.52

4.100
638.6

0.449
-109.4

2.619
- 0.449

-44.39

%0 fixed at theoretical value. bZ$Q free.

displays much better correlation with the model identified
with Z00 constrained than it does with the other model. In fact,
it could almost be argued from this result that the theoretical
model does not need any improvement.

This assessment is reinforced by Fig. 5, which appears to
show that the model identified with Z&0 constrained gives, at
least by visual inspection, just as good a fit with the flight-
derived frequency response as the model identified with ZSo
free, certainly up to 3 Hz. In this figure, the vertical accelera-
tion to collective gain of both identified models shown in
Table 6 is compared with the frequency response derived from
the sweep data. (Here, the analysis is optimized to focus on
frequencies higher than the 3.5 Hz used in the identification.)
However, differences become visually apparent beyond 3 Hz
and it can then be argued that the characterization of the
Puma obtained with Zeo free is the more appropriate one for
model validation. It is clear, then, that the use of a constraint
can substantially affect the derivative values, and so care must
be exercised if circumstances are such that this has to be done,
e.g., if an acceptable solution cannot be obtained because of
insufficient state information, such as the case in the previous
section that dealt with the effects of different a priori esti-
mates. In this case here, the impact on model validation con-
clusions are significant. Where a fixed constraint has to be
used, a potential way forward would be to identify family of
models, effectively attempting to validate theory in a paramet-
ric manner.

It is interesting to note that time-domain comparison of
both models' prediction of the helicopter's response to a step
input is unable to resolve this potential parameter sensitivity
problem. It might be thought that this would be a particularly
efficacious way of deciding which of these two models is the
more appropriate representation of the Puma because of the
difference in their respective Z6o derivatives. In response to a
given step, one would give a positive increment in acceleration
at time zero, as opposed to the other, which would give a
negative increment. Under ideal circumstances, this difference
could be observed in the initial vertical response to the step
input, and the more appropriate model would then be appar-
ent. In this case, however, two aspects of the problem mask
this feature. First, the differences between the two models
manifest themselves only at very high frequency, which means
that inputs other than pure steps are unlikely to have the
frequency content required. Second, pilot neuromuscular and
actuation system lags do tend to result in nominal steps actu-
ally appearing as ramps. Results to illustrate this are shown in
Fig. 6, which compares the vertical acceleration response to a
nominal step input in collective, measured in flight, with that
predicted using both identified models. The input only has the
frequency content to excite both models at the lower frequen-
cies where both models give an excellent match with the flight-
derived frequency response.
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Table 7 Comparison of derivatives identified by frequency response
and output-error methods

Derivative

/v,

4b
Iw
%
A/*A,
/w/-bzv/Zft
Z00zwA)

Theoretical
value

-9.197
- 36.54

7.311
589.0

- 2.294
-821.9
- 18.75

3.317
517.5
0.755

- 102.3
2.868

- 0.628
-79.14

Frequency
response41

-9.147 (0.0472)
- 40.76 (0.5602)

6.703 (0.0892)
599.4 (3.0945)

- 4.245 (0.0248)
-836.7 (1.5973)
- 24.47 (0.0855)

4.635 (0.0443)
682.8 (1.3974)
0.547 (0.0056)

- 96.46 (0.4640)
1.393 (0.0164)

-0.474 (0.0315)
- 48.87 (0.3510)

Output
errora»b

-7.148 (0.38)
-39.19 (0.50)

8.360 (0.31)
609.9 (0.03)

-3.555 (0.13)
-804.8 (0.18)
-22.25 (0.18)

3.721 (0.57)
638.0 (0.11)
0.266 (0.06)

-112.9 (1.33)
3.766 (0.16)

-0.627 (0.11)
-47.33 (1.09)

aParameter standard deviation in parentheses.
bValues obtained using rank-deficient information matrix (rank 9).
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Fig. 6 Comparison of the prediction of the response to a step input
given by both identified models—transfer function matching method.

The final example in this section concerns the output-error
method. When a rank-deficient information matrix is used for
the output-error method (indicating, on the basis of the data,
implicit relationships between groups of parameters) conver-
gence is obtained with 14 parameters, see Table 7. Theoretical
flapping equation derivatives, in fact, compare more favor-
ably with this output-error set of estimates than with any other
set in the paper. This result indicates that the 14 derivatives are
not entirely independent and that it is valid to consider rela-
tionships within the model structure. It also serves as a re-
minder that engineering judgment (in this case, the incorpora-
tion of relationships into the model) is a key component in
system identification. Results obtained using rank-deficient
output-error solutions are fully discussed in Ref. 14.

Discussion
This paper has sought to illustrate, by example, some as-

pects of model identification that can give rise to concerns
over whether the identified parameters can be used with any
confidence for model validation. It is the case, however, that
the key to successful identification in this context lies in the
expertise of the user, not only with a physical understanding
of the nature of the model to be validated as well as the
experimental data used. Engineering judgment plays perhaps
the major part in successful system identification.

The results suggest that models incorporating higher order
dynamics do not present any special difficulties in relation to
identifiability if state information is available and its fre-
quency content covers a range appropriate to the bandwidth
of the dynamics of concern. The latter will have an impact on
flight experiment design. For example, it could preclude the
use of aircraft that cannot be excited by high-frequency con-
trol inputs because of air worthiness considerations. The actu-
ation system characteristics may be such that they attenuate

important higher frequency content in the pilot's input. The
aircraft itself may have natural dynamics that are outside the
frequency range across which a pilot can apply inputs. This is
almost the case for the model structure examined in this paper,
where the coning mode natural frequency is approximately
3 Hz. In the case of the Puma, this means conducting flight
tests and identification above 3 Hz. With a Lynx or Gazelle,
however, this figure would rise to 5 Hz. It is intended to
investigate such topics in the future with a Lynx helicopter.

Although the paper's main concern has been the sensitivity
of stability and control derivatives to the identification ap-
proach used, a model validation result inherent to the analysis
of sensitivity, and further to that published previously,4 is of
complementary interest. This concerns the inflow modeling
implied by the use of the lift deficiency factor given by
Eq. (10). Although the flight results dp confirm that the lift
deficiency effects ought to be included in the theoretical
model, the outstanding discrepancies between theory and
flight in the coning and Z-force equations indicate that the
value for C\ of 0.55 underestimates that implied by the flight
results. A value of C\ = 0.65 would resolve the remaining
discrepancy between theory and flight. It could be the case
that the analytical basis on which the lift deficiency factor
(and, therefore, the inflow model itself) is developed, is incon-
sistent with the real wake structure. At the relatively low thrust
coefficients at which the Puma was flown for the experiments
described in this paper, strong tip vortex and tail rotor interac-
tion effects are present.4 These effects can be minimized if the
rotor is operated at high thrust coefficient,22 and future work
should re-examine the validation of a coupled 3 DOF model
and the lift deficiency factor given by Eq. (10), in such a
regime.

Conclusions
The general conclusion is that linearized state-space deriva-

tive models of helicopter behavior that incorporate higher
order dynamics can be identified from flight test data with
sufficient confidence to allow the results to be used in model
validation. Although the identified coupled 3 DOF heave/con-
ing/inflow model does not exhibit complete insensitivity to the
choice of approach available for this paper, the use of engi-
neering judgment and an awareness of the theoretical basis of
the model to be validated can minimize to an acceptable extent
the specific identifiability concerns highlighted here. The fol-
lowing specific conclusions can also be made and can relate to
each item addressed in this paper.

1) The output-error and transfer function identification
and fitting approaches can be used to complement one an-
other. They gave comparable results and either can therefore
be used with confidence.

2) The identified model parameters were sensitive to fre-
quency range. This sensitivity tended to diminish above fre-
quencies of 2.5 Hz for the inflow and flapping derivatives and
3 Hz for the Z force terms.

3) The identified model parameters in the dynamic inflow
equation were sensitive to variability in the corresponding a
priori estimates used as initial guesses in the parameter estima-
tion. This can affect the assessment of which value of air mass
to use with the theoretical model, although it should be noted
that each identified set was self-consistent.

4) Constraining variables to reflect the similarity among
derivatives in one of the theoretical models has little effect on
the values of the identified derivatives. However, constraining
a variable at a theoretical value can have a substantial impact
that could influence model validation. Full and rank-deficient
output-error solutions do indicate that the 14 derivatives are
not wholly independent and that some form of relational
constraint in the model structure, or constraint derived from
the properties of the test data, would be appropriate.

5) With the transfer function matching approach, identi-
fied derivatives exhibited substantial sensitivity to test run.
This was attributed to the use of identified frequency re-
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sponses with poor coherence. Use of responses with good
coherence gave identified derivatives that were vastly less sen-
sitive to test runs. A frequency response with good coherence
has been defined as that for which <5% of the frequency
points have coherence < 0.8.
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