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Active Vibration Control with Model Correction
on a Flexible Laboratory Grid Structure

George C. Schamel II* and Raphael T. Haftkaf
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This paper presents experimental and computational comparisens of three active damping control laws
applied to a complex laboratory structure. Two reduced structural models were used with one model being
corrected on the basis of measured mode shapes and frequencies. Three control laws were investigated, a
time-invariant linear quadratic regulator with state estimation and two direct rate feedback control laws.
Experimental results for all designs were obtained with digital implementation. It was found that model
correction improved the agreement between analytical and experimental results. The best agreement was

obtained with the simplest direct rate feedback control.

Nomenclature
c = inherent damping matrix
D = active damping matrix, n. Xn.
e = state reconstruction error vector, 2n X 1
Fp = gain matrix, n. X2n
fi = maximum force ratio or performance index
g = jth constraint in optimization problems
I = identity matrix of appropriate order
k = structural stiffness matrix
M; =ith modal mass, i=1,...,ng
m = mass matrix
n = number of degrees of freedom
n, = number of control actuators
n; = number of initial conditions
n, = number of stability margin constraints
ng = number of degrees of freedom of reduced model
ng = number of sensors
q = vector of physical displacements, nx 1
q; = velocity measured by jth sensor, j=1,...,n,
S = Riccati solution matrix for regulator design
U = applied load distribution matrix, n xn,
u = control input vector, n.X 1
V, = system noise matrix
V> = measurement noise matrix
wy = yector of state excitation noise, 2n X 1
X = state vector of structural motion, 2rn x 1
y = sensor output vector
B8 = performance index
¢ = damping ratio
d = modal matrix, n Xn
é; = open-loop modal vector of mode i
w; = jth natural frequency
0 = zero matrix of appropriate order
Subscripts
E = augmented reconstructed matrix
L = lower limit
R = reduced model
0 = initial value
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Superscripts

- = corrected reduced system
= augmented system

= closed-loop system

¢ = estimated state

!

Introduction

URRENTLY, there is great interest in the active vibration

control of large space structures (e.g., Refs. 1-14), Many
analytical studies are based on a linear quadratic (LQ) optimal
control. This control strategy requires a controller of the same
order as the model of the structure. A finite element model of
the structure is usually of high order so that an LQ control
system based on that model would be difficult to design and
practically impossible to implement. Consequently, the con-
trol system is designed based on a reduced-order model includ-
ing the first few vibration modes and a limited number of
degrees of freedom. This modal truncation of the structural
model can result in a control system that destabilizes higher-or-
der modes, a phenomenon known as spillover instability.! For
this reason, there is interest in modifying the LQ design pro-
cess to guarantee the stability of the unmodeled dynamics
(e.g., Ref. 2).

Even with a reduced-order model of the structure, the LQ
system design may be difficult to implement. For this reason,
many experimental studies simulating the control of large
space structures have employed simple control laws.>-” Refer-
ence 3 proposed two simple direct rate feedback (DRF) control
laws for active damping that guaranteed system stability* and
approached or bettered the performance of the LQ regulator
with state estimation. One control law is based on the same
quadratic performance index as LQ control and the other is
designed to minimize the maximum control force. The authors
of Ref. 3 applied the control laws to a relatively simple beam
structure. The objective of the present paper is to apply the
DRF control laws to a more complex structure that requires
the use of system identification techniques to improve the
structural model.

Equations of Motion

The equations of motion for a structure with n degrees of
freedom (DOF) and controlled by #, actuators are

- mg(t) + cq(t) + kg (¢) = Uu(t) 0))
where m, c, and k are the mass, inherent viscous damping, and

stiffness matrices, respectively. We assume that ¢ does not
couple the normal modes of vibration (i.e., proportional
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damping). U is an applied load distribution matrix relating the
control input vector u to the structural DOF, and q is a vector

of physical or generalized displacement components. We as- -

sume these matrices are constant.

Including uncertainties and random excitation in the form
of a vector w;(¢), the equations of motion are written for the
state vector x =[¢7, gT]7 as

X(t)=A x(t) + Bu(t) +w() @ -

with

— -1 - -1 - :
A=[ m-lc m k], B___[m ‘U] 3

I 0 0

Model Reduction Methods

The order of the analytical model may have to be reduced
from n to ng to meet the physical limitations of the control
hardware. Two model reduction techniques are used in this
paper that retain physical degrees of freedom (rather than

modal amplitudes) as generalized coordinates. The first _

method preserves exactly the first n;z normal modes and fre-

quencies of the original model.® The reduced-order state vector

gr does not consist of modal amplitudes, but of a subset of ng
degrees of freedom in ¢. The reduced matrices needed for
obtaining reduced system and control matrices Az and By are
given as

mg ! cg = dpldiag(2fiw)lz ¥z ' @
mg ! kg = ®g[diag(w?)]r 2! G .
my ! Ur = &g ldiag(M;™ )Ir ®% U ©

where ®y is the ng X nz partition of the full modal matrix ®
containing only the DOF and modes to be retained in the
reduced model. M;, {;, and w; are, respectively, the modal
masses, inherent damping ratios, and undamped natural fre-

quencies of the retained modes. We will call this reduction *
method the modal reduction method because it preserves ex-

actly the first nz modes and frequencies.

The second model reduction scheme used herein i§ the
Guyan reduction,'® which redistributes the system properties
to a subset of the total number of DOF preserving the static
behavior of the finite element model.

Reduced Model Correction

It is unusual to have good agreement between analytically
predicted and experimentally measured vibration frequencies
and modes of complex structures. Since the modes and fre-
quencies are used in the control system design, it is important
to correct the analytical model to agree with experimental
data. Several methods for model corrections are available. The
correction method used herein was first proposed by Baruch
and Bar-Itzhak in 1978!6 and then extended to the process
described by Baruch in 1982.!” Experimentally measured fre-
quencies and mode shapes are used as the reference basis for
this correction. First, the mode shapes are normalized with
respect to the uncorrected reduced mass matrix, so that the
normalized ith mode &; is related to the uncorrected reduced
mode $z; as

$; = Op;(PF;mpi®ri) " )]
and then the correction to the mass matrix is
g = mg—mp®@Tmg )~ (®Tmgd-1I)

@®Tmp®)~18Tmg ®)
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where & is the corrected reduced modal matrix. The correction
to the stiffness matrix is given in terms of a diagonal matrix of
experimental frequencies Q? as

ER = kR—kkééTrﬁR—mR@i)TkR + rﬁR@@TkR&iTrﬁR
+ p®02®Tmy ()]

The damping matrix is determined from the experimental fre-
quencies, damping ratios, and mode shapes as

g 'ér = $gldiag2fiw)lr Bz (10)

Linear Quadratic Control
The standard steady-state, deterministic (i.e., wy, = 0) linear
quadratic regulator (LQR) has a performance index of the
form

J= j [x()TOx(®)+u()Ru ()] dt (11

0

where Q and R are weighting matrices!® chosen here so as to
insure a minimum value {; for the damping ratios of the first
n,, modes. The optimum value of the performance index with
a given vector x, of initial conditions is

Jumin =X S Xo 12)
where S is found by solving an algebraic matrix Riccati equa-

tion. The initial conditions chosen for comparison are the first
ny open-loop mode shapes, each normalized with a maximum

" deflection of 1 in., xg =[0, ¢71.

Since we cannot measure all of the states and since measure-
ment noise is present, we obtain an estimate ¥ to the state with
an observer that solves

x/(t) = Ax’(t) + Bu(t) + K[y(t)- Cx ' (1)] 13)

where y is the sensor output vector of n, noisy measurements,

" C the observation matrix relating y to x, and K the observer

gain matrix to be determined.! If a Kalman filter is used as the
observer, then the filter gain matrix is found through the solu-
tion of another Riccati equation. This Riccati equation de-
pends on the assumed system noise V; and measurement noise
matrices V, and the prescribed stability margin (alpha
shift)!%1? of the filter poles. With this optimal estimate of the
state vector, the control equation is

u(ty=~-Fx'(t) 14)
F=R-!BTS (15)

The combined system of LQR and Kalman filter is denoted
linear quadratic Gaussian (LQG) control. For assessing the
loss of performance associated with the use of an observer
rather than measuring the entire state vector, we use the
quadratic performance index [Eq. (11)]. The LQG control
system can be described with an augmented state vector ¥ of
dimension 4n,

X() = Ax@) (16)
where

P [A—BF BF ] (1'7)

0 A-KC

~ and the augmented state vector is 7= [x7, ], where the state

reconstruction error vector of order 2n is

e(t)=x@)—-x'(t) (18)
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The optimal value of the performance index Eq. (11) is given
as
Jmin = XKPXO (19)

where the 4n X 4n matrix P is the solution!!!8 of the Lyapunov
equation

ATP+PA+ Q=0 (20)
. [Q+F™RF —FTRF
Q [—FTRF FTRF @)

We assume that the initial observer state estimate is ¥=0,
and, therefore, the augmented initial state is [x7, xOT ].

To investigate the effect of model reduction, we analyze a
full-order model of the structure connected to the controller
designed for the reduced model. The combined structure/con-
troller is a linear system of order 27 + 2np,

xe(t) = Apxg(?) (22)

where xI'= [x7, xf'] and

A —BFg
Ap= 23
E [KRC AR—KRCR—BRFR] @)

where subscript R denotes the reduced form of the correspond-
ing matrix.

The quadratic performance index for the reduced-order con-
trol system can be evaluated as

Join = xgoPExEo (24)

where the matrix Py of order 2n + 2ny is the solution!!!8 of the
Lyapunov equation

AETPE+PEAE+ QE= 0 (25)
with 0 0
Q= [ 0 FRTRFR] (26)

We assume that the initial observer state estimate is x3,=0,
and, therefore, the augmented initial state is xJ= [x{,0].

Minimized Maximum Force Direct
Rate Feedback Control

Minimized maximum force direct rate feedback control
(MFDRF) is a special case of direct output feedback control.
Active vibration damping is effected by pairs of collocated
velocity sensors and force actuators. The number of control
pairs 7. is typically much smaller than the order of x, and only
a vector y of n. velocity elements g; of the state vector is fed
back in the closed loop,

u(@)= —Dy(¥ @7
or

ne
U= —.El d,'ji]j, i= 1,...,”0 (28)
j=

System stability is guaranteed if the active damping matrix D
(n.x n.) is positive definite because this form of active damp-
ing can only dissipate energy.*%!2 Therefore, we require D be
positive definite as a constraint and, additionally, impose min-
imum stability margins on selected modes of the structure.
The performance index selected here for obtaining the gain
matrix D is the minimization of the maximum actuator force,
assuming that each sensor has the same velocity bound. This
index is chosen because the required stability margins limit the
system response, and so the objective function should mini-
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mize the size of the actuators. Assuming that each velocity
bound is ¢pax, then the maximum possible actuator force uya,
for each actuator is proportional to f;

um Ne .
fi=—= ax=_}“_,l|d,~,-| i=1,...,n, 29
~

max

The elements of D are then determined such that the control
force ratio f; for each actuator is less than or equal to a value
+. The variable v is then minimized subject to constraints. The
optimum design problem is formulated as:

find D to minimize v subject to

g=4—6z20 Jj=1..,n, (30$)

D positive definite

ne

and Y ldijlzy i=1,...,n,

where g; are constraints on the stability of the closed-loop
system, expressed as lower limits {; on the damping ratios ¢; of
the first n,, modes. The absolute value function does not have
continuous derivatives at zero and is replaced by a quartic
polynomial near zero.!! The minimization problem is solved
numerically using the NEWSUMT-A program.2’ _

For comparison with the LQG design, the performance in-
dex of Eq. (11) is calculated for a direct rate feedback design
for a given set of initial conditions x, as:

Jin = x{ Px, @31
where P is obtained from the Lyapunov equation
ATP+PA+0=0 (32)
where

A =A—~BFp, 0=Q+ FXRFp 33)
where Fp is the gain matrix containing the elements of D as its
only nonzero elements at the DOF where control pairs are
located.

Linear Quadratic Direct Rate Feedback Control

A second direct rate feedback control law is the linear
quadratic direct rate feedback (LQDRF) law based on the
quadratic performance index of the LQ design. The LQ design
minimizes the quadratic performance index for all initial con-
ditions. This is impossible to achieve with direct rate feedback.
Instead, the LQDRF law minimizes the quadratic performance
index for initial conditions in the shape of a number n; of
natural vibration modes. That is,

JLQDRF = i_Ill’laX Ji/Ji 34)

where

Ji= j [x(t)TQx(t)+u(t)TRu(t)] dr
0
for

xo=[07, ¢]]7

where Jy is a normalization parameter. As with the other two
control laws, lower limits {; on the damping ratios {; of the
first n,, modes are also imposed. Because the maximum func-
tion in Eq. (34) can have discontinuous derivatives, an equiva-
lent formulation is used for the design as follows:

find 8 and the elements of D to minimize 8

such that Ji/Jp<B i=1,...,n 33



996 G. C. SCHAMEL II AND R. T. HAFTKA

g=—a=20 j=1,...,n,
and D positive definite

The Q and R matrices here are the same as in the LQ design.
The quadratic performance index is calculated as in Egs.
(31-33). This optimization problem is also solved by NEW-
SUMT-A.?®

Laboratory Grid Structure

The control laws described in the previous sections have
been applied to a small laboratory grid structure illustrated in
Fig. 1. The major components are a lightweight skewed grid of
aluminum beams, two nominally identical thick aluminum
plates, and a steel top beam assembly from which the grid and
the plates hang vertically. All members of the structure are
bolted tightly together at the joints, 12 of which are labeled on
Fig. 1. The structure has both out-of-plane and in-plane vibra-
tion modes relative to the grid plane, but the two types of
modes are decoupled by the geometry. Only out-of-plane exci-
tation and response are considered herein, and so all subse-
quent discussion refers to out-of-plane dynamics.

The structure is modeled with 30 beam finite elements con-
nected at 22 grid points, numbered on Fig. 1. The DOF at each
grid point are out-of-plane translation and rotations about the
horizontal and vertical in-plane axes. Translations are re-
strained at grid points 13 and 22 and so the total number of
DOF is 64.

The beam element stiffness and mass matrices used for the
aluminum grid are standard, with bending deformation based
on Euler-Bernoulli theory and cubic shape functions and tor-
sional deformation based on linear shape functions.?! One
exception of this standard approach is that bending shear flex-
ibility is included to account at least roughly for the discontin-
uous sandwich design of the top beam evident in the top view
of Fig. 1. Gravity-induced in-plane axial forces, shear forces,
and bending moments have significant influence on the out-of-
plane stiffnesses of the thin-walled aluminum grid members.
This influence is represented by element geometric stiffness
matrices.??

The thick aluminum plates are modeled as being rigid. The
product of weight W times eccentricity Y of each plate acts as
a pendulous rotational stiffness about the beam assembly axis
at the location where the plate joins the beam assembly. This
is modeled by the attachment of a grounded rotational spring
with stiffness WY at grid points 13 and 22.

Inherent damping equivalent to the measured open-loop
damping for the first 12 modes was included in the analysis
along with a nominal level of 1% damping in the higher
modes. The measured frequencies are in generally good agree-
ment with the analytical frequencies, see Table 1. Because of
control hardware limitations, the size of the model must be
reduced so that the controls may be implemented. The modes
with frequencies under 10 Hz are of primary interest. There-
fore, we retain the 12 modes under 10 Hz in our reduced

model.
STEEL TOP BEAM [P}
ASSEMBLY

(TWO 2.5x0.5 BEAMS)
19 20 21 22

Y
ALUMINUM
SKEWED BEAM
3 (1.5%0.125) ALUMINUM
PLATE

HORIZONTAL
BEAM (2.0x0.125)

Fig. 1 Line drawing of the laboratory structure with grid points num-
bered: 0 =45 deg; ¥ =9.05 in.
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Correction of Reduced Models

For the modal reduction method, we kept the 12 translations
at the joints on the aluminum grid since they have the largest
displacements. For the Guyan reduction, minimum degrada-
tion of accuracy was obtained by keeping the displacements at
joints 1-9 and 12 on the aluminum grid and the rotations at the
ball bearing supports of the top beam. When we compared the
analytical open-loop behavior of the reduced models with ex-
perimental results, we found that the mode shapes were inac-
curate enough to cause degradation of the performance of the
control systems. Therefore, we attempted to correct both of
the reduced models with the experimental modes and frequen-
cies.

To determine whether the correction process really works, it
was applied in a sequential manner one mode at a time. The
correction process was deemed successful if the correction of
the lower frequencies and modes also improved the accuracy
of the higher frequencies. For the modal reduction model, this
correction process did not work, with large errors introduced

. in the higher frequencies upon correction of the lower ones.

The Guyan reduction model, on the other hand, responded
well to the correction process. Eleven experimental modes
were used and the correction reduced the error in the 12th
frequency from 18 to 0.5%.

In the following, the modal reduction model is used as the
uncorrected model because it is in much better agreement with
the experimental results than the Guyan reduction model. The
corrected Guyan reduction model is used as the corrected
model because of its amenability to the correction process. The
following section compares the control systems for these two
models.

Comparison of Control Systems—Analytical Results

The control system includes five force actuators (to be de-
scribed later),? each collocated with a velocity sensor (i.e.,
n.=n,=3) at joints 1, 2, 4, 5, and 8. Analytical results from
controllers that were designed based on the uncorrected
(modal reduction) model are presented first and the results
from the corrected Guyan reduced model later in this section.
Because the aim of the direct rate feedback control system is to
achieve simplicity and robustness, a simplified LQDRF design
was also considered. The design is limited to a diagonal matrix
D so that the control actuators are uncoupled, with each sen-
sor/actuator pair constituting, in effect, an electric dashpot.
We found that the limitation to a diagonal D did not affect
performance adversely, and so only this design is considered in
the following.

The LQR control system was designed with Q =0.017 and
R =0.841, selected to achieve a minimum of 3% damping in
the first five (n,,) vibration modes. The direct rate feedback
controllers were designed with the same stability margins. The
LQDRF design used the same Q and R matrices, and the
normalization parameter J; was selected to be 1. Two normal-
ization strategies were used for the LQDRF control. Initial

Table 1 Open-loop frequencies

Finite element

Mode number model, Hz Experiment, Hz
1 0.593 0.687
2 0.840 0.969
3 1.45 1.47
4 3.35 3.33
5 3.60 3.64
6 5.14 5.22
7 5.57 5.57
8 5.75 5.78
9 6.22 6.34

10 8.08 7.89
11 8.50 8.39
12 9.60 9.60
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conditions in the form of the first n,= 5 mode shapes were
used for the minimization routine. )

Table 2 displays the two direct rate feedback designs (.e.,
matrix D) produced. The gains in the LQDRF design are gen-
erally larger than the gains for the MFDRF design, and it is
seen that the MFDRF design has very small off-diagonal
terms.

The Kalman filter was designed for the LQG control system
with alpha shift («=0.05) and noise matrices (V;=10"1,
V,=0.5I) selected to make the real parts of the filter poles
about three times larger than the real parts of the regulator
poles. The alpha shift dominated the design, whereas the noise
matrices had an insignificant influence.

Table 3 contains the damping ratios for the two DRF designs
as well as for the LQG controller that was designed with the
reduced model applied to both the reduced model and the full
model [obtained from the eigenvalues of Ag, Eq. (23)]). Com-
paring the two LQG columns, it is seen for the first five con-
trolled modes that the model reduction and the Kalman filter
have little effect on the damping ratios. Applying the DRF
control laws that were designed with the reduced model to the
full model produced only minor differences in the third signif-
icant figure of the damping ratios and performance indices.

Quadratic performance indices (using Q= 0.017, R = 0.841)
were calculated [see Egs. (19) and (24)] for initial conditions in
the form of the first five open-loop mode shapes; results are
presented in Table 4.

Comparison of the LQR and LQG columns shows that the
deterioration in performance due to the need for an observer
is significant in all modes. Model reduction effects on the
performance indices are minimal as is displayed by the small
increases in the indices when the reduced model controller is
applied to the full model. The reduced model LQG design

Table 2 - Gain matrices D for DRF control (Ib-s/in.)—
uncorrected model (modal reduction)?

MFDREF contro!l sensor

Actuator : e
joint joint number

number 1 2 4 5 8
1 0.0050 0.0001 0.0000 ~-0.0001 -0.0001
2 0.0001 0.0060 0.0000 —0.0001 0.0000
4 0.0000 0.0000  0.0000 0.0000 0.0000
5 —0.0001 -0.0001  0.0000 0.0055 0.0001
8 —0.0001 0.0000  0.0000 0.0001 0.0058

aDiagonal LQDRF control diag (0.0062, 0.0058, 0.0096, 0.0057, 0.0061).

Table3 Closed-loop damping ratios from reduced model
designs—uncorrected model (modal reduction)
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* applied to the full model performs better than the DRF designs

for the first two modes and not as well in modes 3-5. For
higher modes not included in the LQDRF design (and not
shown in Table 4), the LQG design was generally better. Com-
parison of the two direct rate feedback laws shows that the
LQDRF design was generally better than MFDRF, which is
expected since MFDRF has a different design objective. Over-
all, the loss of performance due to model reduction and state
reconstruction for LQG control balances the loss due to the
LQDREF design being suboptimal. Spillover effects from ap-
plying a controller design with a reduced model to the full
model were present in three of the modes not included in the
reduced mode. We assumed that these modes had 1% damping
in the open-loop model, and when the reduced model LQG
controller was applied to the full model, the damping for
modes 25, 26, and 33 was reduced below this 1%. The direct
rate feedback control laws increased the damping in all modes
up to number 45 and did not affect the rest of the modes.

Controllers designed with the corrected Guyan reduced
model were similar to the controllers just described with
some significant differences. The MFDREF controller again is
primarily a diagonal matrix but all of the diagonal terms
are nonzero and their values are about half of the previous
design. This design uses about 40% less control force than the
first MFDRF design. LQR control required Q =0.017 and
R =1.387I to produce a minimum of damping ratio of 0.03 in
the first five modes. Table 5 contains the damping ratios that
these new controller designs produced. Comparing these
damping ratios with the damping ratios in Table 3, it is evident
that the new controllers produce significantly different results.
Performance indices (not tabulated) displayed the same trends
for this model as they did for the previous model. The DRF
designs were better in the higher design modes and LQG con-
trol was better in the lowest modes. ‘

To determine the effects the form of the Q matrix has on the
performance of the controlled system, we selected a different
Q matrix and calculated LQR, LQG, and diagonal LQDRF
controllers. The Q matrix selected was

M 0
Q=[0 K] (36)

where Y2 xTQx represents the total energy of the structure. The
R matrix needed to produce a minimum damping ratio of 0.03
in the first five modes was R =7.5x10°1. The same noise
covariance matrices were used to calculate the Kalman filter
for LQG control as before. The performance indices that re-
sulted from these calculations displayed the same behavior
that was noted earlier.

Experimental Apparatus and Procedure

Experiments were conducted to test the accuracy of the the-
oretical predictions against laboratory measurements of the
control system performance. The direct rate feedback control
schemes and the LQG design described in the previous sections
were tested on the structure using identical control hardware.
Velocity frequency response functions (VFRFs) were measured
at several joints on the grid and compared with analytical
VFRFs for the same locations. The basic experimental appara-

LQG
applied to Diagonal
Mode number LQG full-model MFDRF  LQDRF
1 0.1177 0.1176 0.1272 0.3094
2 0.5315 0.5298 0.0518 0.1275
3 0.2318 0.2317 0.1045 0.1435
4 0.0514 0.0514 0.0325 0.0742
5 0.0299 0.0300 0.0300 0.0301
Table4 Quadratic performance index (Q =0.01/, R =0.84])
—uncorrected model (modal reduction)
Initial Reduced model
conditions Full-model applied to
controller Reduced model controllers
mode _ full model
number LQR LQG LQG LQR LQG MFDRF LQDRF
1 0.617 0.766 0.778 0.622 0.777 1.629 0.956
2 0.553 0.586 0.589 0.554 0.588 1.603 0.779
3 0.682 1.011 1.012 0.685 1.011 0.948 0.787
4 1.077 1.427 1.431 1.073  1.427 1.441 1.284
5 3.926 4.558 4.570 3.908 4.550 4.007 3.924
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Fig.2 Schematic diagram of the control System.
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Fig. 3 Experimental and theoretical velocity-to-force frequency re-
sponse function of response at grid point 4 (modal reduction): a) and
b) open-loop system; c) and d) MF-DRF design; ¢) and f) diagonal
LQ-DRF design; g) and h) LQG.

tus and procedures are described in detail in Refs. 6 and 23. A
summary of the apparatus used and the procedure relevant to
this paper is provided here.

Each noncontracting velocity sensor and force actuator con-
sisted of a small structure-borne coil moving within an annular
magnetic field generated by an externally supported magnetic
field assembly. Movement of a velocity sensing coil through
the magnetic field produced a voltage proportional to the ve-
locity, and application of a current to a force actuator coil
produced a proportional control force. Figure 2 is a schematic
diagram of the structure and control system. Each velocity
sensor voltage was first fed into a very high input impedance
operational amplifier and passed to the digital controller.

The PC-1000 digital controller built by Systolic Systems,
Inc., processed the signals according to the control law being
tested. The PC-1000 is a small desktop unit operated through
a host IBM-PC personal computer. It has 16 channels avail-
able for input from sensors, a high-speed array processor for
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Table 5 Closed-loop damping ratios from
corrected Guyan model designs

Mode number LQG MFDRF Diagonal LQDRF
1 0.3572 0.0822 0.0979
2 0.0741 0.0300 0.0335
3 0.1582 0.0575 0.0704
4 0.3917 0.0332 0.0389
5 0.0300 0.0300 : 0.0309

Table 6 Analytical/experimental peak level ratios

Mode Open loop LQG MFDRF LQDRF
number UM2 CG® UM CG UM CG UM CG
1 1.78 1.25 047 099 202 142 141 1.23
2 0.8 072 035 1.09 075 1.32 092 1.10
3 0.55 1.02 065 0.5 055 075 0.85 0.99
4 0.98 1.38 0.55 0.66 0.55 0.54 094 0.9

Average 0.35 023 049 022 054 036 0.18 0.11

2UM-Uncorrected modal. PCG-Corrected Guyan.

doing calculations with the digitized sensor signals, and 16
channels for output signals to drive control actuators. The
PC-1000 has a sampling rate variable from 2 to 2000 samples/
s, and for the present study the control laws were implemented
at a sampling rate of 2000/s. When operated at high sampling
rates with structural frequencies under about 20 Hz, the PC-
1000 appears, for most practical purposes, to be a continuous
time (analog) instrument rather than a discrete time (digital)
instrument since the phase lag produced by digital data acqui-
sition and processing is very small. The actual time delay
through the PC-1000 was found to be 1.3A¢, where At is the
sampling period.

The control signals generated by the PC-1000 were filtered
by single-stage passive RC low-pass filters (corner frequency,
200 Hz). These filters were primarily smoothing filters present
to eliminate the stair-step nature of the output signals from the
PC-1000’s zero-order hold digital-to-analog converter. Each
control signal finally passed into a controlled-current power
amplifier, which produced a current proportional to the input
voltage to drive the actuator.

‘An STI-11/23 data acquisition and analysis system devel-
oped by Synergistic Technology, Inc., generated excitation
signals, received measurement sensor signals, and performed
all data analysis. The excitation signal was added to the control
feedback signal for grid point 4, so that one actuator served
the dual purpose of control actuator and exciter.

Velocities were measured at joints 1-5 and 8 on the grid.
Force input to the structure was measured at joint 4. The
velocities at joints 1, 2, 4, 5, and 8 were used in the controller.
Random excitation was used to force the structure. To achieve
a good signal-to-noise ratio, the general excitation level was set
as high as possible consistent with maintaining linear behavior
of the velocity sensors and force actuators. Fast Fourier trans-
forms of the response and excitation signals were calculated
and the former was divided by the latter to produce a VFRF.
The frequency resolution was 0.0391 Hz. In all cases, the
VFRFs calculated from a single excitation period without data
windowing were reasonably smooth and repeatable, so that
neither averaging nor windowing of the experimental data was
necessary.

Comparison of Analytical and Experimental Results

Representative VFRF magnitudes are presented in Figs. 3
for the analytical and experimental open-loop system (Figs. 3a
and 3b), MFDREF (Figs. 3¢ and 3d), LQDRF (Figs. 3e and 3f),
and LQG (Figs. 3g and 3h) controllers designed from the un-
corrected (modal reduction) model. Figures 4 are the same
matrix of plots for the corrected Guyan reduced designs. The
open-loop analytical results and measurements verify the
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Fig. 4 Experimental and theoretical velocity-to-force frequency re-
sponse function of response at grid point 4 (corrected reduction):
a) and b) open-loop system; c¢) and d) MF-DRF design; e) and
f) diagonal LQ-DRF design; g) and h) LQG.

structural model, in general, but a close look at the relative
heights of the peaks reveals some discrepancies. Table 6 lists
the ratios of the analytic peak levels to the experimental peak
levels for the open-loop system and the three controlled sys-
tems. There are two columns in each category. These are the
ratios for the uncorrected model and the corrected Guyan
reduced model. Four modes are listed for each system followed
by a summary row, which is the average of the absolute value
of 1 minus the ratio. The discrepancies in the peak levels are
due to modeling errors.

For the open-loop system, the ratio for the uncorrected
model is better in modes 2 and 4 and the corrected Guyan
model is better in modes 1 and 3. The summary row reveals
that the corrected Guyan reduced model has better overall
agreement than the uncorrected model. Comparing Figs. 3a
and 3b with Figs. 4a and 4b shows that the corrected Guyan
model has a better overall VFRF shape match up to 7 Hz and
from then on the uncorrected model is a better match.

The closed-loop VFRFs exhibit many of the same character-
istics as the open-loop VFRFs with some differences. For the
LQG controller (Figs. 3g, 3h, 4g, and 4h), both the uncor-
rected model and the corrected Guyan model predict lower
response levels than actually occur (Table 6 ratios are smaller
than 1), whereas the open-loop VFRFs are both higher and
lower depending on the mode. The summary row in Table 6
again shows that the corrected Guyan model has more accurate
peak levels than the uncorrected model. With MFDRF control
(Figs. 3c, 3d, 4c, and 4e) applied to the structure, the analytic
VFREF predictions are this time both high and low with respect
to the experimental peak levels. The average difference for
MFDREF control on the uncorrected model (54%) is the worst
of any of the comparisons, and diagonal LQDRF control on
the corrected Guyan model (11%) has the best comparison.
LQDREF control (Figs. 3e, 3f, 4e, and 4f) has the best agree-
ment between experiment and theory of any of the control
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systems tested. Overall, it appears that the corrected model has
better agreement with the experiments than the uncorrected
one and that the best agreement is attained for the simplest
control—the diagonal LQDRF.

Concluding Remarks

An analytical and experimental investigation of active vibra-
tion damping of a laboratory grid structure was presented.
Two reduced structural models and three control laws were
used to design the control system. One reduced model pre-
serves the lowest frequencies and model shapes, but did not
lend itself to correction based on experimentally measured
normal modes and frequencies. The other model, based on the
Guyan reduction, is less accurate but lends itself better to
correction based on experimental measurements. The three
control laws considered included a time-invariant linear
quadratic regulator with state estimation and two direct rate
feedback control laws. All three were found to have compara-
ble performance based on analytical simulations. Experimen-
tal verification of the open- and closed-loop systems showed
that for all of the systems investigated the corrected Guyan
reduced model predicted the peak levels better than the uncor-
rected model. Also, the best analytical-experimental correla-
tion was obtained for the simplest control law—an uncoupled
direct rate feedback control.
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