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Dynamics of Hang Gliders

Guide de Matteis*
University of Rome "La Sapienza," Rome, 00184 Italy

In this paper, a general formulation for the analysis and simulation of the hang glider dynamics and control
is presented. The hang glider is modeled as a compound system made of wing and pilot. Static stability criteria
are reviewed for a typical, indicative configuration. The small-perturbation dynamic stability is investigated in
the fixed and free control cases in analogy with the conventional aircraft. Unsteady aerodynamic effects are
shown to play a role in the stability of the system.
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Nomenclature
= aspect ratio == b2/S
= wing span
= Theodorsen function
= drag coefficient
- lift coefficient

, Cm, Cn = aerodynamic moment coefficients
Cw = weight coefficient
c = reference chord
F = control force
FA = aerodynamic force
FI = longitudinal control force, normal to S-P
Fn = lateral control force
g = acceleration of gravity
hd = deformation component of the momentum
7 = inertia matrix
k = reduced frequency
L,M,N - aerodynamic moment components
/s = length of suspension
M = aerodynamic moment
m = mass
p,q,r = angular velocity components
R = position vector
S - reference area
5 = Laplace variable
u, v, w = velocity components
ua = - (cosctgUe + sinaewe)/ smae
V = flight speed
v = velocity vector
W = weight
wa = (cosaeue + smaewe)/cosae
X,Y,Z = aerodynamic force components
X\>Xi - state vectors
x,y,z = coordinates in FB
a = angle of attack
|8 = sideslip angle
7 = glide angle
5, a - longitudinal and lateral control angles
e = twist angle
f = damping
0,<t>,\l/ = Euler angles
K = mass ratio, m/mT

A = sweep angle
X = taper ratio
ju, = mass density
£,17 = coordinates in Fs
i = control vector

- frequency
= angular velocity vector

Subscripts
c,o,s
e.g.
e
s
st

Superscripts
c,o,s
p
T
W
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= characteristic points
= center of gravity
= equilibrium
= section
= steady state

= characteristic points
= pilot
= total
= wing
= dimensionless
= Laplace transformed quantity
= perturbation variable

I. Introduction

T HE dynamics and control of hang gliders is the subject of
this study. These apparently simplettiachines still present

considerable difficulties when their more complex simulations
are dealt with. Development of hang gliders on a semiempiri-
cal base led to several problems connected with their safe
performance and, although the pertinent literature is—at this
time—rather large, a complete and rigorous analysis in terms
of dynamic response of the system is still missing.

As is well known, a hang glider is a tail-less vehicle con-
trolled by shifting the pilot's weight longitudinally and later-
ally. Control effectiveness demands a large longitudinal varia-
tion of e.g. position and a significant vertical distance between
this point and the aerodynamic center. The lifting surface,
usually made of fabric, stiffened by battens, is flexible and the
hang-glider structure, made by a number of tubes (leading
edges, keel, cross tube), rigging, and cables, is largely sub-
jected to elastic deformations under the action of the aerody-
namic loads. Furthermore, due to the variable position of the
pilot, the geometrical configuration of the vehicle and its mass
distribution depend on the trimmed flight conditions, even in
the case of a rigid structure. Yet, an overall mass m less than
100 kg and a cruise velocity V of the order of 10 m/s deter-
mine, in a typical case, a relative density //, = 2m/pcS lower
than 10 and a value of the reduced frequency k = cco/2F as
high as 0.4, where c is the reference chord, S is the wing
surface, and co is a characteristic frequency of oscillation. As
a result, when one analyzes unsteady aerodynamic effects, the
apparent additional mass is of the same order of magnitude as
the glider itself, and the unsteady circulatory lift effects are
not negligible in determining the dynamic behavior of the
system.
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We should point out that most of the above features are
rather unusual in classical aircraft flight mechanics. This
niakes any attempt to formulate and develop a sufficiently
general model for the prediction of the vehicle performance
and control response more cumbersome and difficult.

With this in mind some significant studies among the avail-
able literature are now briefly recalled. The steady-state per-
formances of a number of hang gliders are analyzed and
discussed in Ref. 1. The basic criteria of static stability (stabil-
ity with force, stability with displacement) are outlined. The
very different behaviors of different machines is emphasized
through the analysis of a large amount of wind-tunnel data.
Instabilities are shown to occur in certain critical flight phases,
and conclusions are drawn on the favorable effects, in terms
of stability, of the fabric flexibility. On the other hand, the
aeroelastic deformations of the tubular structure have uncer-
tain effects on the system static stability. A very comprehen-
sive analysis of hang gliders is presented in Ref. 2. Interesting
conclusions are provided in different areas such as aerody-
namics and aeroelasticity, performances particularly in turn-
ing flight, unsteady aerodynamics, dynamics, and wind-tunnel
testing of elastically scaled models. Again it is stressed how the
complex phenomena involved in many of the fields indicated
above prevent the application of common use approximations
for conventional aircraft. When we focus on the flight dynam-
ics and control section in Ref. 2, small-perturbation solutions
are given in the so-called fixed trapeze case, i.e., the pilot is
rigidly linked to the wing—its position depending on the equi-
librium of the steady flight—and constantly lies in the plane of
symmetry. For this situation, the classical short period and
phugoid modes result, and some qualitative considerations on
the effects of the unsteady aerodynamics on the related char-
acteristic roots are provided.

As was recommended at the end of Ref. 2, a complete
formulation of the dynamics of the system should account for
the flexible coupling of pilot and glider. This kind of model
was developed in Ref. 3 by simulating the hang glider as a
compound system made of wing and pilot. In particular, by
writing the equations of motion for the complete system and
for a subsystem consisting of the pilot and his harness, a quite
general model is given that appears suitable for a number of
applications. In this respect, in the cited report, the linearized
equations of longitudinal and lateral motion are developed for
the evaluations of the corresponding state functions Xi = (u ',
w' , 0', d')andX2 = (/3',p', r ' , < £ ' , a'), where 5' and a' are

the longitudinal and lateral perturbation control angles, re-
spectively, as a function of the control forces F\ and F'n (Fig.
1) and time, for a typical, conventional glider configuration.
There, as a preliminary application, the free- trapeze stability
is discussed in analogy with the free-stick control of the air-
plane. Unsteady aerodynamic stability derivatives are calcu-
lated by a modified-strip-line theory approach4 that relies on
the work5 for the mathematical expression of the aerodynamic
transfer function C(k).

This paper deals with some aspects of the dynamics of a
hang glider whose motion is simulated by the above com-
pound-system model. The glider is assumed to be rigid, under
the hypothesis that the aeroelastic effects on its structure can
eventually be dealt with by an appropriate evaluation of the
velocity dependence of the aerodynamic derivatives. In Sec.
II, the proposed formulation is outlined and discussed; then in
Sees. Ill and IV a number of applications are carried out that
show the effects of characteristic parameters on the stability in
the circumstances of fixed and free trapeze. It is shown that
the trimmed flight condition can severely affect the stability as
a consequence of the large variation of the position of the e.g.
involved. The noticeable effects of flow unsteadiness are con-
firmed and appear to favorably contribute to increase the
stability of the system.

II. Formulation
The basic set of equations governing the motion of the

glider was discussed in detail in Ref. 3 and will be only briefly
recalled here. Reference is made to Fig. 1 for the sketch of the
problem considered. The equations of the complete system
made of pilot and wing are written in body axes (FB) with
origin in the e.g., the location of which depends on the pilot's
position. We have

mT(v + S>v) = Ww+ Wp

hd =

(1)

(2)

where hd is the deformation component of the momentum,6
and we have

hd = m w(RoR0 mp(RPRP

In the above equations, R0, RC* and RP are the position
vectors of the following points: O the center of mass of the
wing, C the intersection of the cross tube and the keel, and P
the center of mass of the pilot. They are given by

Rc = - w + mp)] [m wR0l + mf(RSl + Rp)]

R0 = RC + ROI

Rp - RC + ̂ s, + RP

where
- dx0

0

LBP —

- ^BP

cos6 0 sin6
- sincr sin6 cos6 sincr cos6
- cosa sinS - sin6 cosa cos6

(3)

(4)

(5)

(6)

(7)

Moreover,

Fig. 1 Sketch of the problem.

(8)
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where X, Y, and Z are the axial, lateral, and normal aerody-
namic forces and LBl9 v, w, and the operator ~ have the
usual meaning,6 LBI being the transformation matrix from the
inertial frame to FB .

The motion of the pilot subsystem is modeled by taking a
reference frame Fs constantly equioriented with respect to FB
and centered in 5, the point of suspension of the pilot. By
assuming that the e.g. of the subsystem is in P, we obtain the
following moment equation:

with

= RS
P{(WP + LBPF + FA)- mp[(v + Rs

2Rs
Pu + w&Rp] }

a
d
0 0

(9)

(10)

where FA is the aerodynamic force on the pilot and $ is the
control variables vector.

In order to solve the small-disturbance dynamics of the
system, Eqs. (1), (2), and (9) are linearized about a reference
condition of steady rectilinear flight in the plane of symmetry
Oxy. In the linearization the following definitions are used:

u f = u - ue9 v ' = v , w' = w - we

(ii)
' = d - de,

F'n =Fn

For a detailed derivation of the linearized equations, see Ref. 3.
Next the linearized equations are recast in dimensionless

form, where the reference variables are the standard ones in
flight dynamics.6 Finally, after taking the Laplace transform,
the motion and control equations are written for the longitudi-
nal and lateral case, respectively:

A&^B! (12)

Table 1 Coefficients of the small-perturbation Laplace transformed equations

//*—

—— *cC - i C

A<~-r<w j_ $rf-*<r
~ Xe *~ze

 + Ze ^xe
o-Pr

- CWe cos0(

- Cwe sin

We + Cxq)§

* + CZq)S

% x& ~ X *

cp

-XPCP
e ze

' «K'C;)/2

- C COS(6e + Be

+ Cy
2ft
— Cyr - — COSOte

AIxzs + Ctr

-AIzS+Cnr

— tan0eA
-5

- ——Cw COSOe COSde2A
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Table 2 Characteristic parameters of the hang glider

5 = 16.7 m2

e= - 11 deg
dzs = 0
7^ = 84.1 kgm2

b =
Ac/4

dxo
jW _

Sy

10m
= 25 deg
= 0.36m

= 27.5 kg m2

A = 0.4
cr = 2.38 m
dzo = 0.05 m
I^= 111.6 kgm2

A =6
c
Is

= 1.67m
= 1.27m

(13)

where

5f=(0, 0,0, 0.5

= (0, 0, 0, 0, 0.5 c

The state vectors are now relative to dimensionless vari-
ables, and A\9 A2 are given in Table 1. The moments of inertia
in the above equations are reported in Appendix A as a func-
tion of the equilibrium variables. In deriving Eqs. (12) and
(13), the flight speed derivatives that should account for the
aeroelastic effects (CXy9 CZv, and Cmy) were all set to zero. The
aerodynamics of the wing is dealt with by a lifting-line model,
whose accuracy is within the simplifying assumptions involved
in the present analysis. The section moment coefficient and
zero-lift angle were evaluated by a two-dimensional sail
model7 for a flexible profile having a 5% slack. Because of the
rather complex structure of the hang glider in terms of parasite
drag prediction and the poor characteristics of the above
aerodynamic model for the evaluation of the induced drag of
the wing, the drag polar of the glider was expressed in the
following data-fit form2:

(14)

with CDmin = 0.073, h =0.138, and CLo = 0.27, used in the
range 0.2 <CL< 1.1.

Turning to the pilot's aerodynamics, the lift and moment
were neglected, whereas SPC£ =0.11 m2 and 0.55 m2 for a
pilot in prone position and for a seated pilot, respectively,
where Sp is a reference area.1 By the lifting-line model to-
gether with Eq. (14), the steady-state aerodynamic coefficients
and stability derivatives were determined as a function of the
glider angle of attack a. In the evaluation of the so-called
rotary derivatives (p, q, r derivatives), the actual position of
the e.g., as resulting from the steady equilibrium at a given a,
was taken as the center of rotation.

The evaluation of the effects of the unsteady aerodynamics
in terms of stability derivatives, limited to the longitudinal
motion, discussed in Ref. 3, is recalled in Appendix B. It is
worth noting that, as it will be seen later, due to the frequency-
dependent character of these derivatives when flow unsteadi-
ness is taken into consideration, some additional complexity
may arise in the analysis of the free oscillations of the systeni>

III. Steady-State Solutions and Static Stability
A reference conventional configuration of a hang glider is

treated in what follows, and its characteristics are summarized
in Table 2. By solving Eqs. (1), (2), and (9) in a situation of
steady, rectilinear flight in the plane of symmetry, we obtain
the results reported in Fig. 2, where the glide angle 7 (Fig. 2a),

25-,

20-

15-

10-

5-

C)

10 20

K(m/s)
30

b) K(m/s) d)

Fig. 2 Steady state solutions: a) glide angle vs a; b) velocity vs a; c) control angle vs a; and d) longitudinal control force vs a.
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Fig. 3 Static longitudinal stability: pitch stiffness vs a.

I———T
-. 0 2 0 0 -. 0100 . 0 0 0 0

Eq. (18)

Fig. 4 Static lateral stability criterion vs a.

the velocity F(Fig. 2b), the control angle 6 (Fig. 2c), and the
control force F/ (Fig. 2d) are given vs a. for the considered
glider. The figures show that the requirements of static stabil-
ity for a hang glider, as stated by Ref. 1, namely positive
stability with displacement [d( — d)/doi>Q] and positive sta-
bility with force [d( - F/)/rfa>0], are all met. Figures 2c and
2d also report the effect of a backward displacement of the
suspension point of the pilot on 6 and F/. As expected, the
control force is largely reduced for a corresponding small
variation of 6. The pitch stiffness is evaluated by

(15)

and Fig. 3 shows that wide variations of this parameter vs a.
are to be considered due to the large displacement of the e.g.
necessary for trimming, whereas the effect of the suspension
point is negligible.

The condition of steady flight with free controls, i.e., with
FI = 0, is also to be investigated since it provides the equi-
librium values for the free-trapeze dynamic analysis. In this
respect, we obtain afree = 1 deg for dxs = 0.4 m and afree =1.5
deg for dxs = 0.5 m. The corresponding values of the control
angle are 6free = 35 deg and 6free = 25.6 deg.

The pitch stiffness, free trapeze is

free fixed

. _ CF
*—* dd /dot free

(16)

In Eq. (16), dd/da free is obtained by numerical differentiation
of the following expression:

(a) I free = tan ~ l ( - tan0 + \ (17)

where Cf sin6 has been neglected with respect to Cf cos6. By
solving Eq. (16) for the above free-control angles of attack, we
have dCWcg/do;|free= -2.5 for d*5 = 0.4 m and dCmcg/
da|free = - 0.6 for dxs = 0.5 m. Therefore, a backward dis-
placement of the suspension point appears to have negative
effects on the free-control stability since the free-control static
margin is reduced by shifting back the e.g. We should also
note that 6free = 25.6 deg is already beyond the geometric limits
of the displacement of the pilot acting on the control bar,
which is given, with some approximation, by 14 deg < 6 < - 48
deg for ls = 1.2 m in the present case.

Turning now to the lateral motion, the hang-glider criterion
for lateral static stability as derived from the zero-order coeffi-
cient of the characteristic polynomial of the matrix A2 is

sin0,_ c +-=-C\ ^nn ^ ~ A H'* 2A~y'J A

'»' 2A ̂ e

zj^ \ smOe

IA y>) A

ir--hcyr) cos0J>0j (18)

In Fig. 4, the reported variation of the lateral stability with a
shows that inequality (18) is satisfied only for a< 8 deg, which
means that a diverging spiral motion would possibly occur in
a large part of the flight envelope. This is discussed in the
following section. Additional information on the lateral sta-
bility characteristics of the modeled glider is provided in Table
3 in a reference condition corresponding to ae = 14 deg.

Table 3 Stability derivatives for the lateral dynamics

^= -0.037ypp - - p
= 0.015% = 0.230

p = o c£ = o
C/^ = - 0.137 C/p = - 0.840 C/r = 0.072
Cap = 0.034 C^ = - 0.370 Cnr = - 0.027

0.16Q-

0.140-

'0.120-

'0.100-

0.080-

0.060-

0.040-

0.020-

0.000-

|-2b.

- 2 4 . 7

-.0160 -.0120 -.0080 -.0040
Re(s) (-)

.0000 .0040

Fig. 5 Phugoid root locus plot; effect of trim.
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Table 4 Effects of pilot's weight and drag on stability

, kg Cd V, m/s SP PH
70
45
70

0.0069
0.0069
0.0340

-21.1
-23.4
-21 A

9.3
7.7
9.0

8.7
8.7

10.2

- 0.36 ± 0.28/
-0.45±0.24/
- 0.36 ± 0.28/

- 0.0036 ±0.101
- 0.0034 ±0.12/
- 0.0079 ±0.10/

IV. Dynamic Stability
Longitudinal Motion

The fixed-trapeze stability is dealt with by eliminating the
control equation, dropping the variable 6', and setting the
control force equal to zero in Eq. (12). The eigenvalues of the
reduced, homogeneous system are obtained by solving the
classical characteristic quartic equation in terms of the
Laplace variable s. The case with no unsteady aerodynamic
effects will be discussed first as a reference solution.

We observe that the well-known short-period (SP) and phu-
goid roots (PH) characterize the free oscillations of the hang
glider in analogy with the conventional aircraft. The latter
mode is significantly affected by the trim conditions. This is
shown in Fig. 5, where the effect of the control angle de on the
phugoid eigenvalues is reported. A backward equilibrium po-
sition of the pilot reduces the stability and, for negative values
of de as large as -24 deg, the motion is divergent. The same
effect is obtained by shifting back the suspension point so
that, for dxs = 0.5 m, the real part of s is already positive at
be = -19 deg. This is consistent with the results in Ref. 2,
where the same effects are observed as the trim lift coefficient
is increased. Figure 6 reports the effect of trim on the dimen-
sionless short-period roots. A noticeable reduction of the
damping appears in the range 13 deg<6e< -10 deg, related
to the values of the pitch damping coefficient that decreases as
a grows. In any case, the damping remains high (£half = 0.26 s
at de = -22 deg), whereas a slight variation of the frequency
may be observed in the figure.

A sensitivity analysis should include the effects of the pilot's
weight and drag. In this respect some indicative results are
shown in Table 4. The angle of attack is 14 deg in the three
cases: a significant effect is that of the C% on the phugoid
roots, where an increase in damping of 98% is observed for a
seated pilot with respect to a prone one.

When we expand the 4 x 4 determinant of A\ given in Table
1, the characteristic equation of the sixth order for the free-
trapeze system results. The eigenvalues are calculated at the
values of afree given in the previous section for the two cases of
dxs = 0.4 and 0.5 m. Figure 7 reports the roots relative to two
periodic motions. The analysis shows that the deformation of
the system plays a relevant role through the hd term in the
linear momentum equation. In this respect, two aperiodic
modes occur, namely s - —11.5 and -0.62 for dxs = 0.4 m
and s = 1 and -0.59 for dxs = 0.5 m. If the deformation

component of the momentum were neglected, we would ob-
tain a high-frequency, highly damped motion. The present
results may be taken as qualitative, due principally to the
simple aerodynamics involved and since aeroelastic deforma-
tions were neglected. However, they show that highly diver-
gent motions can appear is a situation that corresponds to the
real case of a pilot unable to any action/tm the control bar.

When the free oscillations of the system are analyzed in the
presence of unsteady aerodynamic effects, the following char-
acteristic equation results for the fixed-trapeze case:

N=0
(19)

where s = n + iu> and the coefficients CN depend on the re-
duced frequency since o> = k. Equation (19) is solved by iterat-
ing from an initial value of o>, i.e., the one corresponding to
the short-period or phugoid frequency in the quasistatic ap-
proach, until a converged solution is obtained. Figure 8 shows
the values of the unsteady stability derivatives in the actual
range of the reduced frequency as computed by the method
reported in Appendix B. The problem was solved for a. = 14
deg, which is representative of a standard cruise flight condi-
tion. When the effects of the single derivatives on the stability
are considered, the value of Cz& is crucial for the short-period
mode in the sense that, by operating on the mass of the system
in the term (2/* - Czi/wa), reduces the frequency and increases
the damping up to a point where no converged solution is
obtained and the short period appears no longer to exist.
Turning to the phugoid mode, we observe a quite small in-
crease of the frequency (< 1%) and a rather large increase of
the damping, which raises from f = 0.035 to f = 0.90. Again,
an analysis of the approximate solutions of the phugoid mo-
tion shows that this relevant effect is caused by the negative
value of Cz-a/ua in the dCz/du term of the Z-force equation of
motion, whereas the total mass variation due to the contribu-
tion of Cx-a in the (2/x - Cx-Ju^ term of the X-forcQ equation
is negligibly small.

As for the free-control case (Fig. 7), we observe the follow-
ing: the low-frequency roots present a small variation, namely
from s = - 0.016 ± 0.006L/ to s = - 0.016 ± 0.0062/ when the
flow unsteadiness is taken into account. As far as the unstable
short-period oscillation is considered, which, in the quasistatic
case, corresponds to s = 0.025 ± 0.1 24;, at convergence on /co
we have s = -0.013 ± 0.122/.

0.350-1

, 0.300-
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0.200-
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0.100-
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0.000-

-7. fa

13.4
(5e=-2b.0

-23.3
-20 .2

-.600 -.560 -.520 -.480 -.440 -.400 -.360

____...... «*(*)(-)
Fig. 6 Short-period root locus plot; effect of trim.
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Fig. 7 Free-trapeze longitudinal stability; effect of suspension point.
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Lateral Motion
When the homogeneous system associated with Eq. (13) is

considered and the control equation is dropped, the eigenval-
ues of the lateral fixed-trapeze case can be calculated. They are
reported in Fig. 9 for different values of the control angle 6.
The values corresponding to a highly damped rolling conver-
gence are not reported in the figure. The spiral motion is
divergent for de< -17 deg, as is apparent when reference is
made to the approximate expression of the spiral eigenvalue,
i.e., Spiral = -CQ/CI (Ref. 6), where the first-order coefficient
of the lateral characteristic equation c\ is always positive and
the zero-order coefficient c0 is the left-hand side term in the
lateral stability criterion [Eq. (18)].

The damping of the dutch-roll mode decreases with the
angle of attack until, for de > — 7.1 deg, we obtain a divergent
motion. In this respect, the sign of the yaw-damping derivative
Cnr is crucial for the dutch-roll damping and C^, as computed
in the present test case, is positive at ae larger than 4 deg due
to the forward equilibrium position of the e.g. We should also
note that, at low CLe flight conditions, high and somehow
dubious variations of the computed lateral rotary derivatives
vs a result in the present case as a consequence of the large
displacements of the center of rotation of the system associ-
ated to the different equilibrium incidences (see Fig. 2c). How-
ever, we can conclude that the variable position of the center
of rotation plays a significant role in the lateral stability, even
from an aerodynamic point of view, and this should be care-
fully considered in wind-tunnel tests where, as a common
assumption in the free-trapeze case takes, the suspension point
is the rotation center.

The roots for the free-trapeze situation are as follows, at
ae = 14 deg:

54)5= -0.16±022/, 56= -0.26
where two divergent modes are shown to occur.

4-i
.r

1E-02 2 3 4 5 6 1E-01 2 3 4 5 6 1E+00k (-)
Fig. 8 Unsteady aerodynamics derivatives vs reduced frequency.
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Fig. 9 Lateral root locus plot; effect of trim.
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V. Conclusions
Some dynamics and control aspects of a typical, reference

hang glider have been discussed. The assumed model of the
hang glider, as a compound system made of wing and pilot,
appears to extend and complete the work previously pre-
sented. The proposed formulation of the equations of motion
and control provides a basis for future developments in the
simulation of the glider flight. As a first step in the dynamic
analysis, the stability characteristics have been shown to de-
pend heavily on the trimmed flight conditions due to the
variable position of the e.g. that is necessary for governing.
Severe instabilities can arise, particularly in free-trapeze flight,
and, in this respect, apparent mass and unsteady circulatory
lift have a positive, damping effect. Attention is to be paid to
the center of rotation of the system in evaluating the lateral
rotary derivatives, particularly at low CLe, which corresponds
to forward equilibrium positions of the pilot.

Appendix A: Evaluation of the Moments Of Inertia
The moment of inertia about y is given by

(Al)

where 1^ is the constant moment of inertia of the wing about
an axis parallel to y through point S. Analogously,

(A2)

(A3)

(A4)

Appendix B: Unsteady Aerodynamic Derivatives
Consider a two-dimensional airfoil performing small pitch-

ing and plunging oscillations in an incompressible potential
flow in the Laplace domain.8 We have for the section lift and
moment coefficients

(Bl)

CL\ C(s) 'i + 'V^U,4 c) 2c J 3/4

where

x = xc/4 - (*c.g. ~ c/2)

di3/4 = a + XdOs

(B2)

(B3)

(B4)

and Xd = 2x/c is the dimensionless distance between the three-
quarter chord and the axis of rotation throughout the e.g.

For a harmonic airfoil motion, we may write

(B5)

where F0 and G0 are the real and imaginary parts of the
generalized Theodorsen's function, calculated for k = k0. For
k not too far from Ar0, we write

then

C(s) = C0

(B6)

(B7)
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where C0 = F0 and C\ = GQ/kQ. C(k) is expressed by Ref. 5 as

0.5(/A: + 0.135)(/A: + 0.651)
(ik + 0.0965)(ifc + 0.4555) (B8)

Equation (Bl) with Eqs. (B4) and (B7) is integrated over the
semispan.4 By taking the inverse Laplace transform of the
resulting expression for the wing lift coefficient, we have

(B9a)

(B9b)

_ ** f+i A _ /~i C< rRQr^L — "77" ̂ O'* 3 — ̂ Q^L \-D^'^'/
9 iSC ^st

CL. = CLqst(C{ + 0.5) + ̂ 4 (B9d)

and

2
S=/

A3= \CLaxdc2dy9 A4=\c3dy
J J

The same procedure, whefi Eq. (B2) is taken into consider-
ation, gives

(BlOa)

(BlOb)= (2/S-e-)[A2C, + (As/2)]

= (2/Sc)[ -

Cm. = (2/Sc2)! - x04«/C) + C.A-, + (As/2)] (BlOd)

where

= \CLxc2dy, A4= \c*dy

dy, As= dy

- C0) (BlOc)
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