
J. GUIDANCE, VOL. 20, NO. 2: ENGINEERING NOTES 397

6Carter, T., and Brient, J., “Fuel-Optimal Rendezvous for Linearized
Equations of Motion,” Journal of Guidance, Control, and Dynamics, Vol.
15, No. 6, 1992, pp. 1411–1416.

7Li,F., and Bainum,P. M., “Numerical Approach forSolvingRigidSpace-
craft Minimum Time Attitude Maneuvers,” Journal of Guidance, Control,
and Dynamics, Vol. 13, No. 1, 1990, pp. 38–45.

8Naidu, D. S., “Fuel-Optimal Trajectories of Aeroassisted Orbit Trans-
fer with Plane Change,” IEEE Transactions on Aerospace and Electronic
Systems, Vol. 27, No. 2, 1991, pp. 361–368.

9Redmond, J., and Silverberg, L., “Fuel Optimal Reorientation of Ax-
isymmetric Spin-Stabilized Satellites,” Journal of Guidance, Control, and
Dynamics, Vol. 16, No. 1, 1993, pp. 217–219.

10Seywald, H., Kumar, R. R., Deshpande, S. S., and Heck, M. L., “Min-
imum Fuel Spacecraft Reorientation,” Journal of Guidance, Control, and
Dynamics, Vol. 17, No. 1, 1994, pp. 21–29.

11Seywald, H., and Kumar, R. R., “Singular Control in Minimum Time
Spacecraft Reorientation,” Proceedings of the 1991 AIAA Guidance, Nav-
igation, and Control Conference (New Orleans, LA), AIAA, Washington,
DC, 1991, pp. 432–442.

12Meier, E.-B., and Bryson, A. E., Jr., “Ef� cient Algorithm for Time-
Optimal Controlof a Two-Link Manipulator,”Journalof Guidance,Control,
and Dynamics, Vol. 15, No. 5, 1992, pp. 859–866.

13Singh, T., “On the Fuel/Time Optimal Control of the Benchmark Prob-
lem,” Journal of Guidance, Control, and Dynamics (to be published).

14Wie, B., Sinha, R., Sunkel, J., and Cox, K., “Robust Fuel- and Time-
Optimal Control of Uncertain Flexible Space Structures,” Proceedings of
the 1993 AIAA Guidance, Navigation, and Control Conference (Monterey,
CA), AIAA, Washington, DC, 1993, pp. 939–948.

Analytical Solutions for
Exponentially Correlated

Acceleration Tracking Filters

Seong Dae Sagong¤

Youngdong Institute of Technology,
Chungbok 370-800, Republic of Korea

I. Introduction

I N earlier papers, Gupta and Ahn1 and Gupta2 have presented an
analytical solution of the steady-state exponentially correlated

acceleration (ECA) � lter with the target position as the only mea-
surement. In radar applications, however, Doppler measurements
are also available in addition. Fitzgerald3 has presented computed
steady-statedata for a simple form of the ECA target tracking � lter,
which utilizedboth position and velocitymeasurements. In a recent
paper, Ramachandra et al.4 have presented the steady-state solution
of a three-stateKalman tracking � lter that utilizedboth positionand
velocity measurements and a constant-accelerationmodel.

The objective here is to extend the case of a closed-form steady-
state solution for the discrete ECA tracking � lter by using the
MacFarlane–Potter–Fath eigenstructure method.5 The ECA track-
ing � lter estimates the target position,velocity, and accelerationin a
track-while-scansystem and utilizes the target positionand velocity
measurements as inputs to the tracking � lter. When the variance of
the velocity measurement error ¾2 goes to in� nity, the results are
shown to be in agreementwith the analyticsolutiongiven by Gupta2

and with the numerical solution given by Fitzgerald.3

II. Discrete Exponentially Correlated
Acceleration Tracking Filter

The following discrete ECA tracking � lter model is considered6:

x.k C 1/ D 8.Ts /x.k/ C v.k/ z.k/ D H x.k/ C w.k/

8.Ts/ D exp.FTs/
(1)

Received March 5, 1996; revision received Oct. 16, 1996; accepted for
publication Oct. 28, 1996. Copyright c° 1996 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Assistant Professor, Faculty of Electronic Engineering.

with

F D

&$ 0 1 0

0 0 1

0 0 ¡1=¿

’%
Q.Ts / D

&$ q11 q12 q13

q12 q22 q23

q13 q23 q33

’%

8.Ts/ D

&$ 1 ¿µ ¿ 2Á1

0 1 ¿.1 ¡ Á3/

0 0 Á3

’%
(2)
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and

µ D Ts=¿; Á1 D µ ¡ 1 C Á3; and Á3 D exp.¡µ/
(3)

Ã1 D µ C 1 ¡ Ã3; Ã3 D exp.µ/; and Á3Ã3 D 1

Here 8.Ts/ is the dynamic state transition matrix of the system, H
is the measurement matrix, Q.Ts/ is the process noise covariance
matrix that is symmetric and nonnegative de� nite and qi j given
by Singer,6 and R.Ts / is the measurement covariance matrix and
uncorrelatedwith v.k/.

It is well known that the steady-stateKalman � lter for Eqs. (1–3)
becomes

Ox.k=k/ D Ox.k=k ¡ 1/ C K [z.k/ ¡ H Ox.k/] (4)

where the Kalman gain matrix K is given by

K D PH TR¡1 D

&$ p11=R1 p12=R2

p21=R1 p22=R2

p31=R1 p32=R2

’%
(5)

where P is thea posterioricovariancematrixof theestimationerrors.
The � ve parametersused to describe this problem3 are rms target

acceleration ¾a , correlation time of target acceleration ¿ , sampling
time Ts , rms positionmeasurementerror¾mp , and rms velocitymea-
surement error ¾mv .

In Eq. (3), R1 D ¾ 2
mp , R2 D ¾ 2

mv , and we de� ne the three dimen-
sionless parameters as

p1 ´ ¿=Ts (6)

p2 ´
T 2

s ¾a

¾mp

(7)

p3 ´
Ts¾mv

¾mp

(8)

We restrict p1 (Ref. 3) to a few simple multiples of the critical
value p1c D ¿c=Ts . The critical value maximizes the position and
velocity errors of the � lter. Values determined empirically are well
approximated by the equation3

p1c D ¿c=Ts D 0:56 C 3:4p¡0:86
2

1
2 (9)

III. MacFarlane–Potter–Fath Eigenstructure Method
The steady-state solution of the time-invariant matrix Riccati

equation was discovered independently by MacFarlane et al.5 The
solution P.1/ of the steady-statematrixRiccatiequationin discrete
time is formalized as Lemma 1.

Lemma 1 (Ref. 5). If W11 and W21 are n £ n matrices such that
W21 is nonsingular and

H f

W11

W21
D

W11

W21
D (10)



398 J. GUIDANCE, VOL. 20, NO. 2: ENGINEERING NOTES

for an n £ n nonsingular matrix D, then P1 D W11W ¡1
21 satis� es

the steady-state discrete time matrix Riccati equation and H f is a
Hamiltonian matrix:

H f D
8k C Qk 8¡T

k H T
k R¡1

k Hk Qk8
¡T
k

8¡T
k H T

k R¡1
k Hk 8¡T

k

(11)

P1 D 8 P1 ¡ P1 H T H P1 H T C R
¡1

H P1 8T C Q (12)

Now we obtain the steady-state solutions of the ECA tracking
� lter as follows. First, construct the Hamiltonian matrix .2n £ 2n/
of the system .n £ n/:

H f D

&

6666666$

U1 R¡1
1 C 1 S1 R¡1

2 C ¿ µ ¿ 2Á1 U1 S1 Ã3q13

U2 R¡1
1 S2 R¡1

2 C 1 ¿ .1 ¡ Á3/ U2 S2 Ã3q23

U3 R¡1
1 S3 R¡1

2 Á3 U3 S3 Ã3q33

R¡1
1 0 0 1 0 0

¡¿µ R¡1
1 R¡1

2 0 ¡¿ µ 1 0

¡¿ 2Ã1 R¡1
1 ¿ .1 ¡ Ã3/R¡1

2 0 ¡¿ 2Ã1 ¿ .1 ¡ Ã3/ Ã3

’

7777777%
(13)

where

U1 D q11 ¡ ¿µq12 ¡ ¿ 2Ã1q13 U2 D q12 ¡ ¿µq22 ¡ ¿ 2Ã1q23

U3 D q13 ¡ ¿ µq23 ¡ ¿ 2Ã1q33

S1 D q12 C ¿ .1 ¡ Ã3/q13 S2 D q22 C ¿ .1 ¡ Ã3/q23

S3 D q23 C ¿ .1 ¡ Ã3/q33

(14)

By direct evaluationof the characteristicequation jH f ¡¸I j D 0,
the eigenvalue polynomial may be obtained as

f .¸/ D f .¸¡1/ D ¸6¡a¸5Cb¸4¡c¸3Cb¸2¡a¸C1 D 0 (15)

where

a D 4 C 2 cosh µ C U1 R¡1
1 C S2 R¡1

2

b D 7 C 8 cosh µ C 2U1.1 C cosh µ/ ¡ ¿ µ.U2 ¡ S1/

¡ ¿ 2.Á1U3 ¡ Ã1/Ã3q13 R¡1
1 C [2S2.1 C cosh µ/

¡ ¿ S3.1 ¡ Á3/ ¡ z¿.1 ¡ Ã3/Ã3q23]R¡1
2

C [U1 S2 ¡ U2S1]R¡1
1 R¡1

2

c D 8 C 12 cosh µ ¡ ¿ 2µ 2S2 C ¿ 3µÁ1 S3 C Ã1Ã3q23

C ¿ 4Á1Ã1Ã3q33 C .2U1 ¡ ¿ µU2 C ¿µ S1/.1 C 2 cosh µ/
(16)

C ¿ 2U3[µ.1 ¡ Á3/ ¡ Á1.2 C Ã3/]

C ¿ 2Ã3q13[Ã1.2 C Á3/ ¡ µ .1 ¡ Ã3/] R¡1
1

C 2S2.1 C 2 cosh µ/ ¡ ¿ S3.1 ¡ Á3/.2 C Ã3/

¡ ¿Ã3q23.2 C Á3/.1 ¡ Ã3/ C ¿ 2Ã 3q33.1 ¡ Ã3/.1 ¡ Á3/ R¡1
2

C 2 cosh µ.U1 S2 ¡ U2S1/ ¡ ¿ .1 ¡ Á3/.U1S3 ¡ U3 S1/

¡ ¿ 2Á1.U3 S2 ¡ U2 S3/ C ¿Ã3q13[¿Ã1S2 C .1 ¡ Ã3/U2]

¡ ¿Ã3q23[¿Ã1S1 C .1 ¡ Ã3/U1] R¡1
1 R¡1

2

Let1

m i ´ ¸i C ¸¡1
i ; i D 1; 2; 3 (17)

so that

¸i D
m i § m2

i ¡ 4

2
; j¸i j > 1 (18)

Factorizing the eigenvalue Eq. (15) such that

f .¸/ D
3

i D 1

.¸ ¡ ¸i / ¸ ¡ ¸¡1
i (19)

we � nd
m1 C m2 C m3 D a m1m2 C m2m3 C m3m1 D b ¡ 3

m1m2m3 D c ¡ 2a
(20)

From Eq. (20) we can obtain

m1; m2 D
.a ¡ m3/ § .a ¡ m3/2 ¡ 4.c ¡ 2a/m¡1

3

2
(21)

and a cubic equation for m3,

m3
3 ¡ am2

3 C .b ¡ 3/m3 ¡ .c ¡ 2a/ D 0 (22)

The roots of Eq. (22) can be determined as follows.
Let ® D ¡a; ¯ D b ¡3, and ° D 2a ¡ c; then the cubic equation

is obtained as

m3 C ®m2 C ¯m C ° D 0 (23)

The roots of the cubic equation (23) can be obtained by algebraic
processesas follows:Eq. (23) is transformedto the reducedequation

³ 3 C ´³ C ½ D 0 (24)

with

´ D ¯ ¡ .®2=3/ and ½ D ° ¡ .®¯=3/ C .2®3=27/ (25)

and through the substitution m D ³ ¡ ®=3.
If d D .½=2/2 C .´=3/3 ¸ 0, then roots ³1; ³2 , and ³3 of the

reduced cubic equation (24) are

³1 D ¹ C º; ³2;3 D ¡[.¹ C º/=2] § i [.¹ ¡ º/=2]
p

3

i ´
p

¡1 (26)

with

¹ D 3
.¡½=2 C

p
d/; º D 3

.¡½=2 ¡
p

d/ (27)

and if d D .½=2/2 C .´=3/3 < 0, there are three distinct real solu-
tions:

³1 D 2 .¡½=3/ cos.#=3/

³2 D 2 .¡½=3/ cos.#=3 C 120 deg/
(28)

³3 D 2 .¡½=3/ cos.#=3 C 240 deg/

cos # D
¡½=2

¡´3=27
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where for d > 0 one root is real and the other two are complex
conjugate; for d D 0 there are three real roots, and at least two are
equal; and for d < 0 there are three real roots that are unequal to
one another. Let the largest real value of the cube roots be ³3. We
can then obtain the values of m3 D ³3 ¡ ®=3; thereafter m1 and m2

are obtained from Eq. (21). With these values in Eq. (18), we can
determine the three roots ¸1;2;3.

As our system model is of order 3, H f is of order 6. If ¸ is an
eigenvalue of H f , then ¸¡1 is also an eigenvalue of H f , and hence
the eigenvalueproblem is of third order only.4 The eigenvectorswi

corresponding to the eigenvalues ¸i are obtained by direct calcula-
tions as

W11 D

&$ 1
w2i

w3i

’%
; W21 D

&$ w4i

w5i

w6i

’%
(29)

where

w2i D
N2i

D2i
w3i D

N3i

D3i
w4i D 1

.¸i ¡ 1/R1
(30)

w5i D
N5i

D5i
w6i D

N6i

D6i

and

N2i D ¿ µ¸i .Ã3 ¡ ¸i / ¿ .1 ¡ Á3/S1 ¡ ¿ 2Á1S2

¡ ¿ .1 ¡ Ã3/ q13Ã3¿ .1 ¡ Á3/ ¡ q23Ã3¿
2Á1

¡ .¸i ¡ 1/ ¿.Ã3 ¡ ¸i / .1 ¡ Á3/ U1¸i ¡ R1.¸i ¡ 1/2

¡ U2¸i ¿Á1 C ¿ 2¸i .µ C 1 ¡ Ã3/

£ q13Ã3¿ .1 ¡ Á3/ ¡ q23Ã3¿ 2Á1 R1

D2i D .¸i ¡ 1/R1 R¡1
2 .Ã3 ¡ ¸i / ¿.1 ¡ Á3/S1 ¡ ¿ 2Á1S2

¡ ¿.1 ¡ Ã3/.q13Ã3¿ .1 ¡ Á3/ ¡ q23Ã3¿
2Á1

C .¸i ¡ 1/2 R1 ¿ .Ã3 ¡ ¸i / S1 R¡1
2 C ¿ µ

£.1 ¡ Á3/ ¡ ¿Á1 S2 R¡1
2 C 1 ¡ ¸i

¡ ¿ 2Ã3.1 ¡ Ã3/R¡1
2 [q13.1 ¡ Á3/ ¡ q23¿Á1]

N3i D [S3¸i .¸i ¡ Ã3/ C q33¿Ã3.¸i ¡ 2/.¸i ¡ 1/]R1 N2i

C ¸i .¸i ¡ Ã3/[U3.¸i ¡ 1/ C S3¿µ ]

C q33¿ 2Ã3[µ¸i .1 ¡ Ã3/ ¡ Ã1.¸i ¡ 1/] R2 D2i

D3i D .¸i ¡ 1/2.¸i ¡ Á3/.¸i ¡ Ã3/R1 R2 D2i

N5i D ¿µ¸i R2 D2i ¡ .¸i ¡ 1/R1 N2i

D5i D .¸i ¡ 1/2 R1 R2 D2i

N6i D ¿ 2µ.1 ¡ Ã3/¸i ¡ ¿ 2Ã3.¸i ¡ 1/ R2 D2i

C ¿ .1 ¡ Ã3/.¸i ¡ 1/.¸i ¡ 2/R1 N2i

D6i D .¸i ¡ 1/2.¸i ¡ Ã3/R1 R2 D2i

The steady-state P matrix is

P D W11W ¡1
21 (31)

where W11 and W21 are determined by the eigenvectors as

W11 D

&$ 1 1 1
N21=D21 N22=D22 N23=D23

N31=D31 N32=D32 N33=D33

’%

W¡1
21 D

&$ 1=R1.¸1 ¡ 1/ 1=R1.¸2 ¡ 1/ 1=R1.¸3 ¡ 1/

N51=D51 N52=D52 N53=D53

N61=D61 N62=D62 N63=D63

’%¡1

D

&$ wI 11 wI 12 wI 13

wI 21 wI 22 wI 23

wI 31 wI 32 wI 33

’%
(32)

with

DI D
1

R1.¸1 ¡ 1/

N52 N63

D52 D63
¡

N53 N62

D53 D62

C 1
R1.¸2 ¡ 1/

N53 N61

D53 D61
¡

N51 N63

D51 D63

C 1
R1.¸3 ¡ 1/

N51 N62

D51 D62
¡

N52 N61

D52 D61

w I11 D 1
DI

N52 N63

D52 D63
¡

N53 N62

D53 D62

w I12 D
1
DI

N62

R1.¸3 ¡ 1/D62
¡

N63

R1.¸2 ¡ 1/D63

w I13 D 1
DI

N53

R1.¸2 ¡ 1/D53
¡

N52

R1.¸3 ¡ 1/D52

w I21 D 1
DI

N53 N61

D53 D61
¡

N51 N63

D51 D63

w I22 D 1
DI

N63

R1.¸1 ¡ 1/D63
¡

N61

R1.¸3 ¡ 1/D61

w I23 D 1
DI

N51

R1.¸3 ¡ 1/D51

¡
N53

R1.¸1 ¡ 1/D53

w I31 D 1
DI

N51 N62

D51 D62
¡

N52 N61

D52 D61

w I32 D 1
DI

N61

R1.¸2 ¡ 1/D61
¡

N62

R1.¸1 ¡ 1/D62

w I33 D 1
DI

N52

R1.¸1 ¡ 1/D52

¡
N51

R1.¸2 ¡ 1/D51

The steady-state covariance P D W11W ¡1
21 then yields

P11 D
3

i D 1

wI i1 (33)

P12 D
3

i D 1

w I i2 D
3

i D 1

N2i

D2i
wI i1 (34)

P13 D
3

i D 1

w I i3 D
3

i D 1

N3i

D3i
wI i1 (35)

P22 D
3

i D 1

N2i

D2i
wI i2 (36)

P23 D
3

i D 1

N2i

D2i
wI i3 D

3

i D 1

N3i

D3i
wI i2 (37)

P33 D
3

i D 1

N3i

D3i
wI i3 (38)
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IV. Conclusions
In this Note steady-state covariance matrices have been derived

for the discrete ECA track � lter when the measurement matrix is
composedof positionand velocitymeasurements.The MacFarlane–

Potter–Fath eigenstructure method gives an answer to the discrete
ECA � lter in an elegant analytic fashion.
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Introduction

I N many physical systems, controllers must be designed to op-
erate within a nominal domain that covers different stages of

operation. Multiple models or a model with parametric uncertain-
ties must be established to represent the dynamics. In dealing with
systemscharacterizedby multiplemodels, thereare two methods for
designingcontrollersby state feedback:1) controllersbased on pole
assignment1;2 and 2) controllersbased on linear quadraticdesign.2;3

Both techniques are well suited for tradeoffs between eigenvalue
locationsand requirementsof robustness against model changes. In
dealing with systems characterized by models with parametric un-
certainties, robust controller design has gained new interest. By use
of the Riccati-equation approach,4;5 robust controllers have been
proposed to ensure the stability of the overall system for all ad-
missible parametricuncertainties.In this Note, the Riccati-equation
approach is extended to design robust controllerswith damping and
stability characteristics.

Statement of the Problem
The linear systems described by the following dynamic equation

are considered:
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dx.t/

dt
D A0 C

p

i D 1

ri .t/1Ai x.t/ C B0 C
p

i D 1

ri .t/1Bi u.t/

(1)
where x 2 <n and u 2 <m , the nominal system matrix A0 and the
nominal input connectionmatrix B0 are controllable,and each of the
parametricuncertaintiesis modeled by an uncertainvariableri .t/ 2
< along with given constant matrices 1Ai and 1Bi . We assume
that all uncertain variables are bounded for all time t such that

jri .t/j · 1 i D 1; 2; : : : ; p (2)

Then, matrices 1Ai and 1Bi designate the ranges of deviation of
parametric uncertainties.

For systemswith state-spacemodels, linear feedbackcontrol laws
can be written as

u.t/ D ¡K x.t/ (3)

Thus, closed-loop dynamics are

dx.t/

dt
D Ac x.t/

Ac D A0 ¡ B0K C
p

i D 1

ri .t/f1Ai ¡ 1Bi K g (4)

In the following, we denote the closed-loop eigenvaluesby

¸k .Ac/ k D 1; 2; : : : ; n (5)

The eigenvaluesare located within the design sector D.®; µ/ in the
complex plane if, for a particular choice of real positive numbers ®
and µ , we have

Re.¸k/ < ¡® ® ¸ 0 (6a)

jIm.¸k/j tan.µ/ < ¡Re.¸k/ ¡ ® µ 2 [0; ¼=2/ (6b)

Our problem is to determine linear feedback control laws (3) for
uncertain linear systems (1) such that, for all admissible uncertain-
ties, the closed-loop poles (5) are located within the design sector
D.®; µ /.

The design sector D.®; µ/ has been presented in the following
well-known theorem.6

Relative Stability Theorem: Given matrix Ac 2 <n £ n ; ¸k .Ac/ lie
within D.®; µ / if and only if the eigenvalues of matrix H .µ/ ­
.Ac C ® I / 2 <2n £ 2n lie in the left-half complex plane (see Ref. 6
for proof). Here, the matrix H .µ/ 2 <2 £ 2 is given by

H .µ / D
cos.µ/ ¡sin.µ/

sin.µ/ cos.µ/
(7)

and the ­denotes the Kronecker product such that

H .µ/ ­.Ac C ® I / D
cos.µ /.Ac C ® I / ¡sin.µ/.Ac C ® I /

sin.µ /.Ac C ® I / cos.µ /.Ac C ® I /

(8)
In this Note, a new formulation of the Riccati equation is

proposed. The robust controller design is formulated as a linear
quadratic state feedback problem with prescribed damping and sta-
bility characteristics.Thus, given the bounds of the system param-
eters, the proposed controller can ensure that the overall system
is asymptotically stable with a prescribed degree of damping and
stability for all admissible parametric uncertainties.

Method of Controller Design
In this section, the design of robust controllers involves the deter-

mination of matrices P; Q > 0 (i.e., matrices P and Q are positive
de� nite) such that the following Riccati equation is ful� lled:

.A0 C® I /T P C P.A0 C® I /¡ P B0.R=2/¡1 BT
0 P C2Q D 0 (9)

where matrix R > 0 is chosen by the designer.The following result
can be obtained.


