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I. Introduction

N earlier papers, Gupta and Ahn' and Gupta® have presented an

analytical solution of the steady-state exponentially correlated
acceleration (ECA) filter with the target position as the only mea-
surement. In radar applications, however, Doppler measurements
are also available in addition. Fitzgerald® has presented computed
steady-state data for a simple form of the ECA target tracking filter,
which utilized both position and velocity measurements. In a recent
paper, Ramachandra et al.* have presented the steady-state solution
of a three-state Kalman tracking filter that utilized both position and
velocity measurements and a constant-accelerationmodel.

The objective here is to extend the case of a closed-form steady-
state solution for the discrete ECA tracking filter by using the
MacFarlane-Potter-Fath eigenstructure method.> The ECA track-
ing filter estimates the target position, velocity, and accelerationin a
track-while-scansystem and utilizes the target position and velocity
measurements as inputs to the tracking filter. When the variance of
the velocity measurement error o, goes to infinity, the results are
shown to be in agreement with the analytic solution given by Gupta?
and with the numerical solution given by Fitzgerald?

II. Discrete Exponentially Correlated
Acceleration Tracking Filter

The following discrete ECA tracking filter model is considered’:
x(k+1) = &(Ty)x k) + v(k) z(k) = Hx (k) + w(k)
O (T,) = exp(FT))
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with
0 1 0 qu 4912 913
F=[0 0 1 OT)=| 912 9» 9»
0 0 -1/t 913 493 93
1 16 ¢,
PTH)=[0 1 (1—¢3) (2)
0 0 &3
_ 2
y 1 760 7Y 1 0 0
Ty =|0 1 -y H=|o 1 o
0 0 Y3
R, O
R(T) =
0 R,
and
0 =T/, ¢ =0—1+¢;, and ¢;=-exp(—0)
3)
Y =0+1—1s3, Y3 =exp(), and ¢35 =1

Here @ (Ty) is the dynamic state transition matrix of the system, H
is the measurement matrix, Q(7y) is the process noise covariance
matrix that is symmetric and nonnegative definite and g;; given
by Singer,® and R(T}) is the measurement covariance matrix and
uncorrelated with v (k).

It is well known that the steady-state Kalman filter for Eqs. (1-3)
becomes

x(k/k)y =x(k/k — 1)+ K[z(k) — Hx (k)] “4)
where the Kalman gain matrix K is given by
pu/Ri pu/R
K =PH'R' =| pu/R pn/R (5)
psi/Ri pn/R,

where P is the a posterioricovariancematrix of the estimationerrors.
The five parametersused to describe this problem® are rms target
acceleration o,,, correlation time of target acceleration t, sampling
time T, rms position measurementerror o, , and rms velocity mea-
surement error g,,,.
InEq. 3), R, = a,flp, R, = a,fw, and we define the three dimen-
sionless parameters as

p=1/T; 6)
T?c,

pr=—— 7
Omp
T}orrnv

p3=— (8)
Omp

We restrict p; (Ref. 3) to a few simple multiples of the critical
value p,. = 1./ T;. The critical value maximizes the position and
velocity errors of the filter. Values determined empirically are well
approximated by the equation’

1
Pie =7./T, = [0.56 4+ 3.4p, "% ] ©)

III. MacFarlane-Potter-Fath Eigenstructure Method

The steady-state solution of the time-invariant matrix Riccati
equation was discovered independently by MacFarlane et al.’ The
solution P (o0) of the steady-statematrix Riccati equationin discrete
time is formalized as Lemma 1.

Lemma 1 (Ref. 5). If W, and W,, are n x n matrices such that
W,; is nonsingular and

a2 Mp (10)
TLwar |~ [ W
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for an n x n nonsingular matrix D, then P,, = Wy, W{ll satisfies
the steady-state discrete time matrix Riccati equation and H/ is a
Hamiltonian matrix:

i _|:<I>k+Qk<I>kTH[Rk‘Hk chpkf}
=

11
o "HIR'H, o7 (an

P = o{p— o [P T+ R] HPO 10 (2)

Now we obtain the steady-state solutions of the ECA tracking
filter as follows. First, construct the Hamiltonian matrix (2n x 2n)
of the system (n x n):

[UR!'+1 SRy +70
U, R} SR +1
UsR;! S3R;!
Hr= R 0
1
—TOR;! R;!
L =R (= y)R;!

where

Uy =qi — 10q12 — Y1413 Uy = qi2 — 10g2 — TV 423
Us =qi3 — 10qy — ‘521016133

St =qi2+ (1 —¥3)q13 S2 =g +1t(1 —¥3)gx

S3=¢qn+ 1t —Y3)g3

(14)

By directevaluation of the characteristicequation|Hy —AI| = 0,
the eigenvalue polynomial may be obtained as

FO) = fFO™Y =20—ar>+br*—cA3+b22>—ar+1=0 (15)
where
a=4+2cosh + U R '+ SR,
b =17+ 8coshf + [2U, (1 + cosh®) — 10 (U, — Sy)
— (¢ Us — Y1) ¥3qis | R+ [252(1 + cosh )
— 1851 — ¢3) — zt(1 — Y3)¥3g31R5
+[U,S, — U, S, 1R RS
¢ =8+ 12coshd — {72025, + T°0¢, S5 + Y1 V33
+ 4y ¥agss + QU — 10U, + 7608,)(1 + 2 coshh)
+TU[0(1 = ¢3) — d1(2 + Y] e
+ 7 sqi [V 2+ ¢3) — 01— Ya)1} R
+[28:(1 +2cosh8) — TS5(1 — ¢5)2 + ¥13)
—TY3q5 2+ ¢3)(1 = ¥3) + Y gz (1 — ¥3) (1 — ¢3)]R{‘
+{2cosh0(U, S, — U,8)) — (1 — ¢3)(U, S5 — UsS))
— 220 (U3 S, — Uy S3) + tyqus[tyn Sy + (1 — 93) U,
—t¥agultyn St + (1 — ¥a) U 1} R Ry
Let!

m; =+ A7 i=1,2,3 17
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so that
m; £ (ml2 - 4)
A= ———, Al >1 (18)
2
Factorizing the eigenvalue Eq. (15) such that
3
Fo=TJ0=200-2") (19)
i=1
we find
m; +m,+m;3=a mym, + myms +mym; =b —3 20)
mymyms = c — 2a
¢, U, S V3qis |
(1 —¢3) U, Ss V3das
U S
®3 3 3 V3q3s (13)
0 1 0 0
—160 1 0
0 -2y t(l—vys) Y5
From Eq. (20) we can obtain
(a —my) £ \/[(a —m3)? —4(c — 2aym;" |
mp,my = (21)
2
and a cubic equation for mj,
m3 —am?+ (b —3)ms — (c —2a) =0 (22)

The roots of Eq. (22) can be determined as follows.
Leto = —a, B = b —3,and y = 2a — c; then the cubic equation
is obtained as
m® +am? +pm+y =0 (23)

The roots of the cubic equation (23) can be obtained by algebraic
processesas follows: Eq. (23) is transformedto the reduced equation

FG4+nt+p=0 (24)
with
n=p-@/3) and p=y—(@B/3)+(2a/27) (25)
and through the substitutionm = ¢ — «/3.
If d = (p/2)> + (n/3)* > 0, then roots ¢, &, and &3 of the
reduced cubic equation (24) are

Ga= [ +v)/20 £il(n —v)/2IV3
i=+—1 (26)
with

1=+ (—p/2+ ), v=1/(-p/2-Vd) @7

andifd = (p/2)> + (n/3) < 0, there are three distinct real solu-

tions:
&1 =2+/(=p/3) cos(¥/3)
& = 24/ (—p/3) cos(¥/3 + 120deg)

&3 = 24/ (—p/3) cos(¥/3 + 240 deg)
—p/2

/_773/27

G =p+v,

(28)

cost =
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where for d >0 one root is real and the other two are complex
conjugate; for d =0 there are three real roots, and at least two are
equal; and for d <0 there are three real roots that are unequal to
one another. Let the largest real value of the cube roots be 3. We
can then obtain the values of m; = ¢3 — «/3; thereafterm, and m,
are obtained from Eq. (21). With these values in Eq. (18), we can
determine the three roots A 5 3.

As our system model is of order 3, H; is of order 6. If A is an
eigenvalue of H, then A~ is also an eigenvalue of H, and hence
the eigenvalue problem is of third order only.* The eigenvectors w;
corresponding to the eigenvalues X; are obtained by direct calcula-
tions as

1 Wy;
Wi =| wy |, Wy = | ws (29)
W3; We;
where
No; N3, 1
Wy = w3 = — Wy = —————
YT Dy T Dy T - DR,
(30)
Nﬁl Nﬁi
Ws; = Wei = 7~
Dil DGi
and

Ny =700, {(¥s — 1) [0 = 6381 — 720, S,
—7(1 = ¥3) g3yt (1 — ¢3) — @331 |}
— i = D@ =2 {d = ¢ [Uidi — Ri(h — 1)?]
—Uahiti } + 7200 + 1 — y3)
x (g3t (1 = ¢3) — 43 t’¢i [R1)
Dy = (i — DRR; (05 — 2)[t(1 — $3)S1 — 7°61 53]
— [t = ¥) @i ¥t (1 — ¢3) — go3¥37°0 | }
+ i = D*Ri{r s — ) [(SiRy " + 70)
x(1—¢3) =11 (SR +1—1;)]
— Y3 (1 = YRy '[q13(1 — ¢3) — gt 1]
Ny = [S34;(h —¥3) + gt (0 —2)(A — DIR Ny
M = YU 0 — 1) + $370]
+ g Y30 (1 = ¥3) — Y1 (ki — D1} Ry Dy
Dy = (ki = 1)*(t = $3)(hi — ¥3)RI Ry Dy
Ns; = 102 Ry Dy — (hi — 1)R\ Ny;
Ds; = (A; — )*R, Ry Dy;
Ng = [220(1 — y)h; — T3 (0 — 1) | Ry Doy
+1(1 = Y30 — DAy — 2R Ny
Dgi = (i — 1)2(hi — ¥3) Ry Ry Dy
The steady-state P matrix is

P =W, W (31)
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where W, and W, are determined by the eigenvectors as
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1 1 1
Wi = Nai/Dy Nyy/Dxn  Na/Dys
N3 /D3y N33/D3y  Ni3/Ds;
- 1
I/Ri(m —1) 1/Ri(2—1) 1/Ri(A3—1)
Wy = Ns1/Ds, Nsy/Dsy Ns3/Ds;
Ne1/De Ne2/De Ne3/De3
i Wi Wiz Wyi3
=| W W W3 (32)
| Wiz Wz Wi33
with
D — 1 N5;Neg3 N3Ny
"7 R\ —1) | Ds;Dg;  Ds3Dgy
n 1 Ns3Nei N5 Nes
Ri(Aa — 1) | DssDg1 Ds1Dg3
n 1 NsiNex N5y Ne
Ri(A3 — 1) | Ds;Ds;  Dsy D,
W — 1 | NssNes  NssNe
"7 D, | DD Ds;Dey
1 NGZ N63
Wri2 = 7 -
D; | Ri(A3 —1)Dg;  Ri(A; — 1)Dg3
1 N53 NSZ
Wiz = 5 -
D; | Ri(A; —1)Ds;  Ri(A3 — 1)Ds,
1 | Ns3sNgi N5 Nes
Wp =—|—7—" ——
D; | Ds3sDgi Dsi Dg3

| =

Wy =

[ Nes B N1 }
Dy | Ri(x —1)Dgs  Ri(A3 — 1)Dg,

1 Ns, Ns3
Wp3 = 5 -
D; | Ri(x; — 1)Ds, Ry () — 1)Ds;

1 [NSINGZ - NSZNGI}

W3 = 57—
D; | DsiDs;  Dsy D)

1 |: Nei N> i|
Wiz = 57—

D, | R\t — 1)Dg R/ — 1)Dg

1 Ns, Ns,
W33 = 75~ -
Dy [ Ri(k, = DDs,  Ri(A2 = 1)Ds

The steady-state covariance P = W, W' then yields

3
Py Zzwm (33)

i=1

3
Ny
Py, = Zwliz = —— Wiyi1 (34)
i—1 i=1 Dy,
3 SN
3i
Py; = Zwm = ZD_wm (35)
i=1 iz
P -~ N (36)
22 =  Wri2
i=1 DZi
2N N
2i 3i
Py = Z D—Ziwm = Z E“ﬁn 37
i=1 i=1
3
N
Pi; = D_3w1i3 (38)
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IV. Conclusions

In this Note steady-state covariance matrices have been derived
for the discrete ECA track filter when the measurement matrix is
composed of positionand velocity measurements. The MacFarlane-
Potter-Fath eigenstructure method gives an answer to the discrete
ECA filter in an elegant analytic fashion.
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Introduction

N many physical systems, controllers must be designed to op-

erate within a nominal domain that covers different stages of
operation. Multiple models or a model with parametric uncertain-
ties must be established to represent the dynamics. In dealing with
systems characterizedby multiple models, there are two methods for
designingcontrollersby state feedback: 1) controllersbased on pole
assignment' 2 and 2) controllers based on linear quadratic design >3
Both techniques are well suited for tradeoffs between eigenvalue
locations and requirements of robustness against model changes. In
dealing with systems characterized by models with parametric un-
certainties, robust controller design has gained new interest. By use
of the Riccati-equation approach,*> robust controllers have been
proposed to ensure the stability of the overall system for all ad-
missible parametric uncertainties. In this Note, the Riccati-equation
approachis extended to design robust controllers with damping and
stability characteristics.

Statement of the Problem

The linear systems described by the following dynamic equation
are considered:
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P P
% =4+ Zri(t)AAi x(t) + | By + Zr,- (OAB; [u@)

(1)
where x € 5" and u € R, the nominal system matrix A, and the
nominal input connectionmatrix B, are controllable,and each of the
parametric uncertaintiesis modeled by an uncertain variabler; (t) €
N along with given constant matrices AA; and AB;. We assume
that all uncertain variables are bounded for all time ¢ such that

Il <1 i=12,...,p )
Then, matrices AA; and A B; designate the ranges of deviation of
parametric uncertainties.

For systems with state-spacemodels, linear feedback control laws
can be written as

u(t) = —Kx() (3)
Thus, closed-loop dynamics are
dx (1)
= A.x(t
I x(1)

P
A.=Ag—BiK + Y ri(OlAA - ABK) ()

i=1
In the following, we denote the closed-loop eigenvaluesby

A (AL) k=1,2,...,n S)
The eigenvaluesare located within the design sector D (¢, 0) in the
complex plane if, for a particular choice of real positive numbers o«
and 0, we have

Re(A) < —« a>0 (6a)

[Im(A;)|tan(d) < —Re(A;) — 0 €[0,7/2) (6b)
Our problem is to determine linear feedback control laws (3) for
uncertain linear systems (1) such that, for all admissible uncertain-
ties, the closed-loop poles (5) are located within the design sector
D(«, 0).

The design sector D(«, 8) has been presented in the following
well-known theorem.®

Relative Stability Theorem: Given matrix A, € R ", A (A,) lie
within D(«, 0) if and only if the eigenvalues of matrix H(0) ®
(A, + al) € ®2"*?" lie in the left-half complex plane (see Ref. 6
for proof). Here, the matrix H () € R2*? is given by

| cos(®) —sin(0)
H(G)_|:sin(9) Cos(G)i| ™

and the ® denotes the Kronecker product such that

H©®) ® (A +al) = [COS@)(Av +al) —sin@)(A. +a1)}

sin(@)(A. +al) cos(@)(A. +al)
(8)

In this Note, a new formulation of the Riccati equation is
proposed. The robust controller design is formulated as a linear
quadratic state feedback problem with prescribed damping and sta-
bility characteristics. Thus, given the bounds of the system param-
eters, the proposed controller can ensure that the overall system
is asymptotically stable with a prescribed degree of damping and
stability for all admissible parametric uncertainties.

Method of Controller Design

In this section, the design of robust controllersinvolves the deter-
mination of matrices P, Q > 0 (i.e., matrices P and Q are positive
definite) such that the following Riccati equation is fulfilled:

(Ag+al)" P+ P(Ag+al)—PBy(R/2)'BIP+20 =0 (9

where matrix R > 0 is chosen by the designer. The following result
can be obtained.



