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Limitations of Decentralized Control

John D. Schierman¤ and David K. Schmidt†

University of Maryland, College Park, Maryland 20742

The limitations of decentralized control laws are investigated. Necessary conditions for the existence of a de-
centralized control law that achieves particular feedback system requirements are developed. If these conditions
are violated, no decentralized control law can achieve the speci� ed system requirements. The necessary condi-
tions involve only properties of the plant and performance speci� cations. They are not functions of the control
law and can be examined prior to control law synthesis. By evaluating the necessary conditions, it is shown that
decentralized control may be unable to achieve a speci� ed complementary sensitivity if large separation of sub-
system bandwidths is required. It is also shown that if the system possesses certain distinctive pole/zero locations,
then no decentralized control law can stabilize the system. These properties are interpreted in terms of special
uncontrollability/unobservability characteristics between the subsystems.

Nomenclature
j = .¡1/1=2

K .s/; G.s/ = compensator, plant transfer function matrices
S.s/; T .s/ = sensitivity, complementary sensitivity matrices
s = Laplace transform variable
u.s/; y.s/ = vectors of plant controls, responses
U B; L B = upper bound, lower bound
! = frequency

Introduction

T HE trade between centralized vs decentralized control archi-
tecture arises frequently in practical situations. For example,

the issue arises when considering integrated � ight and propulsion
control for aircraft design concepts such as advanced short take-
off/vertical landing (ASTOVL) and advanced supersonic and hy-
personic vehicles.The dynamical interactionsbetween the airframe
and propulsion subsystems are expected to be more signi� cant for
these aircraft and are expected to require an integrated approach
to the feedback control of the airframe/propulsion system.1¡4 At
issue here is whether fully centralized control laws will be nec-
essary. Such control laws can be more dif� cult to design and more
costly to implement.Decentralizedcontrol laws are usually simpler,
thereforecheaper, and hence the preferred architecture.Finally, one
would like to determine when centralized control laws will be re-
quired prior to the synthesis of any particular control law, to avoid
unnecessary effort and expense.

Therefore, the limitations of using decentralizedcontrol laws are
to be investigated. The speci� c problem addressed is to determine
necessaryconditionsfor the existenceof a decentralizedcontrol law
that achieves 1) speci� ed closed-loop performance and 2) closed-
loopstability.Of practicalinterestare cases in whichsuchconditions
are not satis� ed. Then no decentralizedcontrol law can achieve the
stated feedback system requirements. Finally, the necessary condi-
tions must be functions of only these requirements and properties
of the plant, and not of any candidate control law.

Several authors have addressed stabilizing decentralized control
laws for large-scale systems, which assume a large number of sub-
systems.For example,Wang and Davison5 addressedeigenvaluesof
the closed-loopsystem unaffectedby decentralizedcontrol,denoted
herein as decentralized � xed eigenvalues. Methods for identifying
such eigenvalues have been developed by, for example, Anderson
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and Clements.6 In this paper,a methodis presentedfor determininga
critical subset of decentralized� xed eigenvalues.Systems possess-
ing eigenvalues in this critical subset can be stabilized with central-
izedcontrollaws, but cannotbe stabilizedwith decentralizedcontrol
laws. The characteristicsof such systems are investigated, focusing
on uncontrollability/unobservabilityconditionsbetween the subsys-
tems and the poles and zeros of the plant transfer functions.

Parametrizationsof all stabilizingdecentralizedcontrollawshave
been developedin, for example,Ref. 7. Furthermore,several decen-
tralized control-law synthesis procedures have been proposed, in-
cluding, for example, optimal H2 and H1 methods,8 eigenstructure
assignment,9 and methods to approximate characteristics of desir-
ablecentralizedcontrollaws.10 Iterativesequentialloop closuresuti-
lizing structured singular value techniquesare presented in Ref. 11,
resulting in strictly diagonal control compensation matrices. The
closed-loopstabilityof open-loop stable plants with actuator and/or
sensor failures is investigated in Ref. 12 for diagonal decentralized
control laws. Finally, the classical formulation of quantitative feed-
back theory (QFT)13 also leads to strictly diagonal decentralized
control laws. In this paper, however, no speci� c design methods
are investigated,but instead limitations inherent to all decentralized
control laws are sought, regardlessof synthesisapproach.Insightful
examples are presented to illustrate the implications of the stabil-
ity and performance limitations. Performance limitations of decen-
tralized control laws for an integrated airframe/engine system are
investigated in Ref. 2.

In the following, the class of systems addressed, and the central-
ized and decentralizedcontrol law architectures are � rst presented.
Then, limitationsof decentralizedcontrol laws in achieving accept-
ableperformanceare addressed.Decentralized� xed eigenvaluesare
then discussed, and an existence condition derived for a stabilizing
decentralized control law. Finally, conclusions are drawn from the
work.

System Description
The block diagram of a generic multivariable feedback system is

presented in Fig. 1. The system dynamics are de� ned in terms of the
transfer-functionmatrix G.s/, and the control compensationby the
transfer-function matrix K .s/. The controlled responses, control
inputs, and commanded responses are the vectors y.s/, u.s/, and
yc.s/, respectively. Further note the precompensation matrix P.s/,

Fig. 1 Generic multivariable feedback system.
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the external disturbances d.s/, and the measurement noise vector
n.s/. The quantities P.s/; d.s/, and n.s/ will be addressed later.
For simplicity here, assume d.s/ D 0 and n.s/ D 0.

This multivariable system is taken to consist of two interacting
subsystems, so that the plant transfer function matrix G.s/ may be
partitioned in the following manner:

y.s/ D G.s/u.s/ or
y1.s/

y2.s/
D

G1.s/ G12.s/

G21.s/ G2.s/

u1.s/

u2.s/

(1)
The dynamics of subsystems 1 and 2 are de� ned in terms of the
transfer function matrices G1.s/ and G2.s/, respectively, whereas
the dynamic coupling between the two subsystems are re� ected in
the off-diagonal transfer function matrices G12.s/ and G21.s/.

A centralized control law is de� ned here as

u1.s/

u2.s/
D

K1.s/ K12.s/

K21.s/ K2.s/

y1c.s/ ¡ y1.s/

y2c.s/ ¡ y2.s/
(2)

with nonzero crossfeeds between the subsystems, re� ected in the
matrices K12.s/ and K21.s/. A decentralizedcontrol law is de� ned
here with block diagonal K .s/, or one in which K12.s/ D 0 and
K21.s/ D 0.

Algebraic Constraints of Decentralized Control Laws
Because decentralized control laws are block diagonal, they are

subject to certain algebraicconstraints.First, let the sensitivity S.s/
and complementary sensitivity T .s/ transfer function matrices be
partitioned compatibly with the plant and control law as

S.s/ D
S1.s/ S12.s/

S21.s/ S2.s/
; T .s/ D

T1.s/ T12.s/

T21.s/ T2.s/
(3)

Attention will be focused on the complementary sensitivity matrix,
because a dual always exists for the sensitivity matrix, given that

T .s/ C S.s/ D I (4)

Theorem 1: Algebraic constraints of decentralizedcontrol. For a
plantunderdecentralizedcontrol, if G1. j!/ and G2. j!/ are square,
and if [K ¡1

2 . j!/ C G2. j!/]¡1 and [K ¡1
1 . j!/ C G1. j!/]¡1 exist

8! 2 [0; ! p], the following holds:

T12. j!/ D [I ¡ T1. j!/]G12. j!/[G1. j!/

¡ T21. j!/G12. j!/]¡1T2. j!/ 8! 2 [0; !p] (5)

T21. j!/ D [I ¡ T2. j!/]G21. j!/

£ [G1. j!/ ¡ T12. j!/G21. j!/]¡1T1. j!/ 8! 2 [0; !p]
(6)

where !p is the largest frequency of practical interest.
Proof: Since

T . j!/ D G. j!/K . j!/[I C G. j!/K . j!/]¡1 (7)

then

T . j!/ D [I ¡ T . j!/]G. j!/K . j!/ (8)

Solving for T12. j!/ in the .1; 2/ partitioned matrix equation of
Eq. (8) yields

T12. j!/ D [I ¡ T1. j!/]G12. j!/ K ¡1
2 . j!/ C G2. j!/

¡1
(9)

Solving for K ¡1
2 . j!/ in the .2; 2/ partitioned matrix equation of

Eq. (8) yields

K ¡1
2 . j!/ D T ¡1

2 . j!/[G2. j!/¡T21. j!/G12. j!/]¡G2. j!/ (10)

Substitution of Eq. (10) into Eq. (9) results in Eq. (5). The proof
of Eq. (6) is similar. Further details of this proof can be found in
Ref. 14.

Therefore, for decentralized control laws only two degrees of
freedom, K1. j!/ and K2. j!/, are available to achieve some de-
sired complementarysensitivitymatrix.However,with nonzerooff-
diagonal elements in K . j!/, there are four degrees of freedom.
Hence, no algebraic constraints such as Eqs. (5) and (6) exist for
centralized control laws.

Performance Limitations: Unbounded Gains
The closed-loop response for the feedback system of Fig. 1 is

given by

y.s/ D T .s/P.s/y0
c.s/ ¡ T .s/n.s/ C S.s/d.s/ (11)

where again, T .s/ and S.s/ are the complementary sensitivity and
sensitivity transfer function matrices, respectively. The command-
followingperformanceis determinedby the matrix T .s/P.s/. How-
ever, note that the closed-loopresponsesfrom external disturbances
d.s/ andexternalnoise inputsn.s/ are unaffectedby the precompen-
sation matrix P.s/. Therefore, even with precompensation,closed-
loop performance requirements on noise and/or disturbance rejec-
tion will lead to speci� cations on the complementary sensitivity or
sensitivity transfer function matrices. Thus, for acceptable perfor-
mance let it be required that the singular values of each partition of
T . j!/ lie between upper and lower bounds 8! 2 [0; !p ]. Or

L B1.!/ · ¾ [T1. j!/]; N¾ [T1. j!/] · U B1.!/

8! 2 [0; !p]

L B12.!/ · ¾ [T12. j!/]; N¾ [T12. j!/] · U B12.!/

8! 2 [0; !p]

L B21.!/ · ¾ [T21. j!/]; N¾ [T21. j!/] · U B21.!/

8! 2 [0; !p]

L B2.!/ · ¾ [T2. j!/]; N¾ [T2. j!/] · U B2.!/

8! 2 [0; !p]

(12)

where ¾ and N¾ denote the minimum and maximum singular values
and L Bi j and U Bi j denote the speci� ed lower and upper bounds on
the singular values of Ti j . j!/, respectively. Note that no assump-
tions are made as to the shapes of these bounds.

Theorem 2: Necessary conditions for acceptablecomplementary
sensitivity. The necessary conditions for the existence of a decen-
tralized control law that achieves acceptable performance, de� ned
by Eq. (12), are the following:

U B12.!/ ¸ ±1.!/¾ [G12. j!/]L B2.!/

N¾ [G2. j!/] CU B21.!/ N¾ [G12. j!/]
; 8! 2 [0; !p ]

(13)

U B21.!/ ¸ ±2.!/¾ [G21. j!/]L B1.!/

N¾ [G1. j!/] CU B12.!/ N¾ [G21. j!/]
; 8! 2 [0; !p ]

(14)

L B12.!/ ·
U B2.!/[1 C U B1.!/] N¾ [G12. j!/]

±21.!/
; 8! 2 [0; !p]

(15)

L B21.!/ ·
U B1.!/[1 C U B2.!/] N¾ [G21. j!/]

±12.!/
; 8! 2 [0; ! p]

(16)

where

±1.!/
1D maxf0; 1 ¡ U B1.!/; L B1.!/ ¡ 1g (17)

±21.!/
1D maxf0;¾ [G2. j!/] ¡ U B21.!/ N¾ [G12. j!/];

L B21.!/¾ [G12. j!/] ¡ N¾ [G2. j!/]g (18)

Also, ±2.!/ and ±12.!/ are duals of ±1.!/ and ±21.!/, respectively,
and are obtained by simply interchanging 1 and 2 in the subscripts
of Eqs. (17) and (18).

Proof: (For simplicity, the dependence on j! has been dropped
from the notation.) From Eq. (5),

N¾ .T12/ D N¾ [I ¡ T1]G12[G2 ¡ T21G12]¡1T2 (19)
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Now, consider matrices X and Y . From Ref. 15, the following sin-
gular value properties can be derived. First, if X is m £ n and Y is
n £ p, then

¾ fX g¾ fY g · ¾ fXY g · N¾ fXY g · N¾ fX g N¾ fY g (20)

¾ fXY g · N¾ fXg¾ fY g; ¾ fXY g · ¾ fX g N¾ fY g (21)

if n · p,

N¾ fX g¾ fY g · N¾ fXY g (22a)

if n · m,

¾ fX g N¾ fY g · N¾ fXY g (22b)

if X; Y are m £ n,

N¾ fX § Y g · N¾ fX g C N¾ fY g (23)

and

max.0;¾ fXg ¡ N¾ fY g; ¾ fY g ¡ N¾ fX g/ · ¾ fX § Y g (24)

If X m £ m and X ¡1 exists,

¾ fX ¡1g D 1= N¾ fX g (25)

Finally, note that ¾ fI g D N¾ fI g D 1. Applying these identities to
Eq. (19) results in

N¾ fT12g ¸ max.0; 1 ¡ N¾ fT1g; ¾ fT1g ¡ 1/¾ fG12g¾ fT2g
N¾ fG2g C N¾ fT21g N¾ fG12g

(26)

To satisfy the bounds in Eq. (12), from Eq. (26) it is necessary that

U B12 ¸ N¾ fT12g ¸ max.0; 1 ¡ U B1; L B1 ¡ 1/ ¾ fG12gL B2

N¾ fG2g C U B21 N¾ fG12g
(27)

Noting the de� nition of ±1 in Eq. (17), see that the right-hand side
of the preceding inequality is the right-hand side of the inequality
of Eq. (13), proving that Eq. (13) is a necessary condition. Using
the properties of Eqs. (20–25), the proofs of Eqs. (14–16) follow
similarly. Further details of this proof are in Ref. 14.

In other words, if Eq. (13) is violated, for example, then for any
decentralized control law for which the singular values of T1. j!/,
T21. j!/, and T2. j!/ lie within their allowable bounds, the upper
bound on N¾ [T12. j!/] will be violated.

Finally, note that the necessary conditions of Eqs. (13–16) are
functions only of the properties of the plant and performance re-
quirements. They are, however, dependent on the units selected for
the plant, except in the case of a 2 £ 2 plant. A scaling algorithm
has been developed to remove the dependenceon the units, and this
algorithm is presented in Ref. 14. The algorithm attempts to � nd a
set of units such that all inequalities of interest are satis� ed for all
frequencies ! 2 [0; !p ].

Example: Let the multivariableplant G.s/ in Eq. (1) be 2 £ 2, so
that the partitioned elements of G.s/ are scalars. (All scalars will
be denoted in lower case.) Let the magnitudes of the elements of
G. j!/ be as shown in Fig. 2. Note that the coupling in one direc-
tion, g21. j!/, is comparatively signi� cant, with jg21. j!/j roughly
40 dB larger than jg1. j!/j. Furthermore, let performance speci� -
cations give rise to bounds on jt1. j!/j and jt2. j!/j as presented in
Fig. 3. Note that the requiredclosed-loopbandwidthof subsystem2
is approximately one decade greater than that of subsystem 1. Fi-
nally, let performance speci� cations also lead to upper bounds on
jt21. j!/j and jt12. j!/j as shown in Figs. 4 and 5, respectively.Fur-
ther discussionand examples of how such bounds may be speci� ed
are given in Refs. 2 and 14. Note also that deriving such bounds is
a fundamental part of QFT control law synthesis.13

Evaluating the right-hand sides of Eqs. (14) and (13) yields the
results also shown in Figs. 4 and 5, respectively. For simplicity of
notation,°12.!/ denotes the right-hand side of Eq. (13), and °21.!/
is the dual of °12.!/, the right-hand side of Eq. (14). Note from
Fig. 4 that the inequality of Eq. (14) is violated for frequencies
greater than 6 rad/s. Therefore, no decentralized control law can

Fig. 2 Magnitudes of elements in G( j! ).

Fig. 3 Allowable bounds on j t1( j!)j and j t2( j!)j .

Fig. 4 Necessary condition for acceptable performance [Eq. (14)].

Fig. 5 Necessary condition for acceptable performance [Eq. (13)].

meet the given performance requirements on T . j!/. This is due,
in large part, to the signi� cant coupling re� ected in jg21. j!/j as
compared to jg1. j!/j (see Fig. 2). Increased coupling increases the
right-hand side of Eq. (14), and it is, therefore, more likely that the
inequality is violated.

Likewise, Fig. 5 shows that Eq. (13) is violated for 0:7 · ! ·
15 rad/s. In this range, L B2.!/ ¼ 1 and U B1.!/ ¿ 1 (see Fig. 3).
Hence, ±1.!/ ¼ 1 [see Eq. (17)]. Because of this, and because the
upper bound on jt21. j!/j is small, the numerator of the right-hand
side of Eq. (13) is approximately jg12. j!/j=jg2. j!/j. However, the
inequality is violated, even with modest coupling g12. j!/, since
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it requires the (small) upper bound on jt12. j!/j to be greater than
jg12. j!/j=jg2. j!/j. Hence, if the bandwidth of subsystem 1 must
be much lower than the bandwidth of subsystem 2, and jt12. j!/j
and jt21. j!/j must be small, then Eq. (13) will be dif� cult to satisfy.
For this reason, 0:7 · ! · 7 rad/s is indicated as critical in Fig. 3.
Conversely, if the bandwidth of subsystem 2 must be much lower
than the bandwidth of subsystem1, then Eq. (14) would be likely to
fail.

Finally note (Figs. 4 and 5) that Eqs. (14) and (13) are trivially
satis� ed at low frequencies.From Fig. 3, below 0.3 rad/s, L B1.!/ ·
1 · U B1.!/, and below 5 rad/s, L B2.!/ · 1 · U B2.!/. Thus,
±1.!/ D 0 and ±2.!/ D 0 below 0.3 and 5 rad/s, respectively [see
Eq. (17)]. Consistent with this result, Figs. 3–5 indicate that T . j!/
is required to approximate the identity matrix at lower frequencies.
This can be achieved by decentralizedcontrol if k1. j!/ and k2. j!/
are suf� ciently large [see Eq. (7)].

Performance Limitations: Bounded Gains
In most cases, the magnitudes of feedback gains are limited due

to, for example, actuator rate and de� ection limits. The effect of
such limitationswill now be addressed.Assume the followingupper
bounds on N¾ [K1. j!/] and N¾ [K2. j!/] are speci� ed:

N¾ [K1. j!/] · U BK 1.!/ and N¾ [K2. j!/] · U BK 2.!/

8! 2 [0; !p ] (28)

Such bounds lead to additional necessary conditions.
Theorem 3: Necessary conditions for acceptablecomplementary

sensitivity with bounded feedback gains. Necessary conditions for
the existenceof a decentralizedcontrol law that achievesacceptable
performance, de� ned by Eq. (12), and does not violate the bounds
de� ned by Eq. (28) are the following:

U B12.!/ ¸ ° 0
12.!/; 8! 2 [0; !p ] (29)

U B21.!/ ¸ ° 0
21.!/; 8! 2 [0; !p ] (30)

where

° 0
12.!/

1D ¾ [G12. j!/]L B2.!/

d

d
1D f1 C N¾ [G1. j!/]U BK 1.!/g

(31)
£ f N¾ [G2. j!/] C U B21.!/ N¾ [G12. j!/]g

C ¾ [G12. j!/] N¾ [G21. j!/]L B2.!/U BK 1.!/

with ° 0
21.!/ the dual of ° 0

12.!/.
Proof: Solving for I ¡ T1 using the .1; 1/ partition of Eq. (8)

yields

I ¡ T1 D [I C T12G21K1][I C G1K1]
¡1 (32)

Substituting this into Eq. (5) and rearranging gives

T12 D [I C T12G21 K1][I C G1 K1]
¡1G12[G2 ¡ T21G12]¡1T2 (33)

Again, applying the singular value properties of Eqs. (20–25) to
Eq. (33) results in

N¾ .T12/ ¸ ¾ .G12/¾ .T2/

[1 C N¾.G1/ N¾ .K1/][ N¾ .G2/ C N¾ .T21/ N¾ .G12/] C ¾ .G12/ N¾ .G21/¾ .T2/ N¾ .K1/
(34)

To satisfy the bounds in Eqs. (12) and (28), from Eq. (34) it is
necessary that the inequality of Eq. (29) be satis� ed. The proof of
Eq. (30) is similar, and further details of this proof are in Ref. 14.

Consider again the previous example, and let an upper bound on
jk1. j!/j be

U Bk1.!/ D 1=j j!j; 8! 2 [0; ! p]; ! p D 100 rad/s (35)

Evaluating Eq. (29) leads to the results shown in Fig. 6. Here, from
approximately0.3 to 15 rad/s the inequalityis violated.Also, °12.!/
from Fig. 5 is replotted for comparison. This result shows how

Fig. 6 Necessary condition with bounded feedback gain.

bounded feedback gains make acceptable performance more dif� -
cult to achieve.

Note that the necessary conditionsof Eqs. (13–16) and Eqs. (29)
and (30) can be optimistic in that for some systems no decentralized
control law may exist that can achieve the required performance,
yet all necessary conditions are satis� ed. Approaches to reducing
thisoptimismare currentlybeingaddressed.However, in spiteof the
optimism,someof theconditionswere still violatedfor an integrated
airframe/engine model, investigated in Ref. 2.

Finally, note that additional necessary conditions for the exis-
tence of a decentralizedcontrol law that achievesan acceptable loop
transfer matrix were derived, and these conditions are presented in
Ref. 14.

Stability Limitations
Although stated differently, the following de� nition is consistent

with that given by Wang and Davison.5

De� nition of decentralized � xed eigenvalues:Here p is a decen-
tralized � xed eigenvalue (DFE) of the system if p is an eigenvalue
of the open-loop system and p is an eigenvalue of the closed-loop
system for all decentralizedcontrol laws.

Note that eigenvalues associated with uncontrollable and/or un-
observable modes are a subset of all DFEs, because if these eigen-
values are invariant under centralized control, they are clearly in-
variant under decentralized control. However, some DFEs may be
both (centralized) controllable and observable. Such eigenvalues
are of particular interest here and are denoted as controllable and
observable decentralized � xed eigenvalues (CODFEs).

Theorem 4: Necessary condition for stability. A necessary con-
dition for the existence of a stabilizing decentralized control law
is that the system possess no unstable CODFEs. The proof follows
from the de� nition of a CODFE.

Note that a stabilizingcentralizedcontrollaw doesexist for such a
system, by de� nition. The focus here, then, is to determine whether
a systempossessesCODFEs and the implicationsof such a property.

Theorem 5: Existence of distinctCODFEs. Let the n-dimensional
system be described by

Px D Ax C Bu D Ax C [B1 B2]
u1

u2

y D
y1

y2
D Cx D

C1

C2
x

(36)

where the matrices in Eq. (36) are partitioned compatibly with the
plant G.s/ in Eq. (1). That is,

G1.s/ D C1.s I ¡ A/¡1 B1; G12.s/ D C1.s I ¡ A/¡1 B2

G21.s/ D C2.s I ¡ A/¡1 B1; G2.s/ D C2.s I ¡ A/¡1 B2

(37)

Let p be a distincteigenvalueof A associatedwith a controllableand
observablemode. Then p is a distinct CODFE if and only if either

rank.H12/ D n ¡ 1; or rank.H21/ D n ¡ 1 (38)
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where

H12 D
pI ¡ A B2

C1 0
and H21 D

pI ¡ A B1

C2 0

(39)

Proof (Abbreviated)1) Necessity:Assume p is a distinctCODFE.
By de� nition, p is an eigenvalue of the closed-loop system for all
real constant decentralizedcontrol laws. Hence,

rank[pI ¡ Acl] D rank[pI ¡ACB1 K1C1CB2 K2C2] · n¡1 (40)

for all K1 and K2 . Here, Acl denotesthe closed-loopsystemdynamic
matrix for a real constant decentralized control law. [Note that the
reasonfor the inequalityin Eq. (40) is that some K1 and K2 may exist
such that other open-loop eigenvalues are moved to the location of
p in the closed-loop system.]

In Ref. 14 it is shown that because p is associatedwith a (central-
ized) controllableand observablemode, and becauseEq. (40) holds
for all K1 and K2, then matrices MB and MC exist such that

B2 D [pI ¡ A]MB ; C1 D MC [pI ¡ A]
(41)

MC [pI ¡ A]MB D 0

or the dual case,with B1 and C2 substitutedin for B2 and C1. For the
moment, assume the former case is true, and de� ne the following
matrices:

RC
1D

I 0

MC I
; Z P

1D
pI ¡ A 0

0 0
; RB

1D
I MB

0 I

(42)

Using the relationships in Eq. (41), it can be shown that

RC Z P RB D H12 (43)

where H12 is de� ned in Eq. (39). It can also be shown that both RC

and RB are square, full rank matrices, and this implies that

rank.Z P / D rank.H12/ (44)

Now, from Eq. (42), it is evident that rank.Z P / D rank[pI ¡ A].
Since p is a distincteigenvalueof the system, rank[pI ¡ A] D n¡1.
Thus, Eq. (44) proves that rank.H12/ D n ¡1. If the dual of Eq. (41)
is true, it can be shown that rank.H21/ D n ¡ 1.

2) Suf� ciency: First, assume rank.H12/ D n ¡ 1. Then, for real
constant decentralizedcontrol laws, see that

[pI ¡ Acl] D [I B1K1]H12

I

K2C2
(45)

Now, for any matrices, say, W and X , rank.W X / · minfrank.W /,
rank.X /g (Ref. 16). Therefore, Eq. (45) implies

rank[pI ¡ Acl] ·

min rank[I B1K1]; rank.H12/; rank
I

K2C2

(46)

Since it is assumed that rank.H12/ D n¡1, Eq. (46) impliesEq. (40)
is satis� ed, which implies p is an eigenvalue of the closed-loop
system for all real constant decentralized control laws. In a dual
manner, it can be shown that if rank.H21/ D n ¡ 1, then Eq. (40)
is also satis� ed. By similar means, it can be shown that p is an
eigenvalue of the closed-loopsystem for all dynamic decentralized
control laws as well. This theorem, along with the more general
case in which p is of multiplicity ¸1, are proven in greater detail in
Ref. 14.

For the remainder of this section, attentionwill be focused on the
case in which rank.H12/ D n ¡ 1. Dual arguments and examples
are apparent for the case in which rank.H21/ D n ¡ 1.

Corollary1: Uncontrollability/unobservabilityimplications. If p
is a CODFE due to rank.H12/ D n ¡ 1, then the mode associated
with p is unobservable in .A; C1/, and uncontrollable in .A; B2/.

Fig. 7 Cart/inverted pendulum system.

Proof (Abbreviated): If rank.H12/ D n¡1, then rank[pI ¡ A B2]
· n ¡ 1, since a subset of the rows of H12 cannot have rank greater
than H12 . But, since rank[pI ¡ A] D n ¡ 1, then

rank [pI ¡ A B2] D n ¡ 1 (47)

By the same arguments

rank
pI ¡ A

C1
D n ¡ 1 (48)

Therefore, p is associated with an uncontrollablemode in .A; B2/,
and an unobservablemode in .A; C1/ (Ref. 17).

Hence, from Eq. (36), the mode associated with p cannot be
observed in y1.s/, and cannot be affectedby u2.s/. The implications
of this property are demonstrated in the following example.

Example: The venerablecart with invertedpendulumis illustrated
in Fig. 7. As indicated in the � gure, frictionat the cart wheels is f1 Px ,
and at the pin connection is f2

Pµ ( f1 and f2 > 0). The force F2 is
applied perpendicular to the pendulum, and its point of application
is located a distance r from the center of mass (or midpoint) of the
pendulum.

Linearizing the equations of motion about the � xed, inverted
.µ D 0/ condition yields

Px D Ax C [B1 B2]
F1

F2

(49a)

or
&

66$
Px
Rx
Pµ
Rµ

’

77% D

&

66$
0 1 0 0

0 ¡4a f1L ¡bL 3a f2

0 0 0 1

0 3a f1 2b ¡6a f2=L

’

77%

&

66$
x

Px
µ

Pµ

’

77%

C

&

66$
0 0

4aL a.3r ¡ L/

0 0

¡3a ¡3a.2r=L C 1/

’

77% F1

F2
(49b)

where a
1D 1=.5 mL/ and b

1D 3g=.5L/. It can be shown that this
system possesses one real unstable eigenvalue, denoted as p in the
following discussion.

Let the measurement y1 be a function only of cart position and
velocity and let y2 be the pendulum angle µ . That is, let

y1

y2
D

C1

C2
x D

c11 c12 0 0

0 0 1 0

&

66$
x

Px
µ

Pµ

’

77% (50)

Further, let all parameters of the system be � xed except r; c11 , and
c12 . It can then be shown that a physically realizable A; B2, and C1

exist such that rank.H12/ D n ¡ 1. In this case,

r D r¤ D ¡.h=p C L/; where h D 3. f2 p ¡ mgL/

L.5mp C 4 f1/
(51)
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Table 1 Example transfer functions

Case Speci� cations g12.s/ g21.s/

A: p controllable b12 6D 0; c22 6D 0
R12.s ¡ z12/.s ¡ p/

.s ¡ q/.s ¡ p/.s ¡ r /

R21.s ¡ z211/.s ¡ z212/

.s ¡ q/.s ¡ p/.s ¡ r /and observable,
but not a CODFE

B: p is a CODFE b12 6D 0; c22 6D 0,
R12.s ¡ p/.s ¡ p/

.s ¡ q/.s ¡ p/.s ¡ r /

R21.s ¡ z211/.s ¡ z212/

.s ¡ q/.s ¡ p/.s ¡ r /

c11 D c13b23.p ¡ q/

b21.r ¡ p/

C: p uncontrollable b12 D 0 and/or
R12.s ¡ z12/.s ¡ p/

.s ¡ q/.s ¡ p/.s ¡ r /

R21.s ¡ z211/.s ¡ p/

.s ¡ q/.s ¡ p/.s ¡ r /and/or c22 D 0
unobservable

and

y D y¤
1 D [®p ¡® 0 0]

&

66$
x

Px
µ

Pµ

’

77% (52)

where ® is an arbitrary real, nonzero constant. Additionally, with
B1 as in Eq. (49) and C2 as in Eq. (50), it can be shown that p is
associated with a controllable and observable mode. Therefore, by
Theorem 5, p is a CODFE.

Note that thepointon thependulumatr ¤ remainsat itsunde� ected
position if one examines the mode shape (eigenvector) associated
with p. Therefore, this mode is uncontrollablefrom a force applied
at this point. Furthermore, under a decentralized control law, F1 D
¡k1 y¤

1 , and it can be shown that the mode associated with p is
unobservable in y¤

1 . Thus, the force on the pendulum cannot affect
the instability because of where it is applied, and the force on the
cart cannot stabilize the system because the unstable mode cannot
be detected in the cart measurement.

Corollary 2: Uncontrollability/unobservability implications in
G(s). If p is a CODFE due to rank.H12/ D n ¡ 1, then p is unob-
servable in G1.s/, uncontrollablein G2.s/, and both uncontrollable
and unobservable in G12.s/.

Proof:The proof is straightforwardfromEq. (37) andCorollary1.
Note, however, that if p is unobservable in G1.s/, uncontrollable
in G2.s/, and both uncontrollableand unobservable in G12.s/, this
does not, in general, guarantee that p is a CODFE.

Corollary3: Transmissionzero implications.Assume that B2 and
C1 are full rank, and let B2 be n £ m2 and C1 be p1 £ n. If p is a
CODFE due to rank.H12/ D n ¡ 1, then nZ transmission zeros of
G12.s/ are located at p, where nZ D minfm2; p1g C 1.

Proof: First note that H12 is .n C p1/ £ .n C m2/. If B2 and C1 are
full rank and p is a distinct eigenvalue, then nZ transmission zeros
of G12.s/ are located at p if17

rank.H12/ D n C minfm2; p1g ¡ nZ ; nZ > 0 (53)

Therefore, if p is a CODFE due to rank.H12/ D n ¡ 1, then this
result implies nZ D minfm2; p1g C 1, which proves the corollary.

The properties addressed in Corollaries 2 and 3 will be demon-
strated in the following example.

Example: With reference to the system description of Eq. (36),
consider

A D

&$ q 0 0

0 p 0

0 0 r

’%
; B1 D

&$ b11

b12

b13

’%
; B2 D

&$ b21

0

b23

’%

C1 D [c11 0 c13]; C2 D [c21 c22 c23]

(54)

This system is in modal coordinates,it is assumed that the eigenval-
ues are distinct, and the focus of this example will be the eigenvalue
p. See that the mode associated with the eigenvalue p is unobserv-
able in y1 and uncontrollable from u2 (Ref. 18). The elements in
the B and C matrices are assumed nonzero,but otherwise arbitrary,
except for the speci� cations given in Table 1.

From Eq. (37) one obtains

g1.s/ D
R1.s ¡ z1/.s ¡ p/

.s ¡ q/.s ¡ p/.s ¡ r /

g2.s/ D
R2.s ¡ z2/.s ¡ p/

.s ¡ q/.s ¡ p/.s ¡ r /

(55)

where R1; R2; z1, and z2 are functionsof the elementsin the matrices
in Eq. (54). The transfer functions for g12.s/ and g21.s/ are given in
Table 1 for three cases.

Under a centralized control law, the subsystem 1 loop transfer
function (i.e., one loop broken at u1) can be shown to be

l.s/ D
g1.s/k1.s/ C [g1.s/g2.s/ ¡ g12.s/g21.s/]K C g12.s/k21.s/

1 C g2.s/k2.s/ C g21.s/k12.s/

(56)

where K D k1.s/k2.s/ ¡ k12.s/k21.s/. [It is assumed here that
.s ¡ p/ is not a factor in either the numerators or denominators
of k1.s/; k12.s/; k21.s/, or k2.s/.] Furthermore, letting k12.s/ D
k21.s/ D 0 in Eq. (56) yields the loop transfer function under de-
centralized control.

In case A in Table 1, note that all of the factors .s ¡ p/ are not can-
celed in the product g12.s/g21.s/. Because of this, there is no pole-
zero cancellationat p in the loop transfer function for decentralized
control [Eq. (56)], and p is not a root of the closed-loop charac-
teristic polynomial.19 Thus, p is not invariant under decentralized
control even though the mode associated with p is unobservablein
y1.s/ and uncontrollable from u2.s/.

In case B, the additional speci� cation on c11 causes rank.H12/ D
n ¡1, thus rendering p a CODFE by Theorem 5. Note from Eq. (55)
and Table 1 that the pole-zerocancellationsat p in the transfer func-
tions are consistent with Corollary 2. Further, g12.s/ has two zeros
at p, consistentwith Corollary 3. Because of this, the factor .s ¡ p/
is now canceled in the product g12.s/g21.s/, and it can be shown
that this results in a pole-zero cancellation at p in the loop transfer
function for decentralized control [Eq. (56)]. Therefore, the eigen-
value p cannotbe affectedby decentralizedcontrol.However,under
centralized control, the factor .s ¡ p/ is not canceled in g21.s/k12

in the denominator of Eq. (56), and p is, therefore, not a root of the
closed-loopcharacteristicpolynomial.A critical observationcan be
made here for this 2 £ 2 G.s/. If p is an unstable CODFE due to
rank.H12/ D n ¡ 1, then p can be stabilized by adding only the one
crossfeed, k12.s/. The crossfeed k21.s/ can remain zero. Likewise,
in the dual situation [rank.H21/ D n ¡ 1], p can be stabilized by
adding only the crossfeed k21.s/.

Finally, in case C, the factor .s ¡ p/ is canceled in each plant
transfer function. Hence, it is canceled in all terms in Eq. (56) in-
cluding g21.s/k12. This results in a pole-zerocancellationat p in the
loop transfer functionfor either centralizedor decentralizedcontrol,
rendering p uncontrollableand/or unobservable.

Conclusions
Limitations of decentralizedcontrol laws were investigated.Nec-

essary conditions for the existence of a decentralized control law
that meets speci� ed feedbacksystem requirementswere developed.
If these necessary conditions are violated, centralized control laws
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are required. It was shown that if certain frequency dependent in-
equalities are violated, no decentralized control law can achieve
speci� ed complementary sensitivity functions. These inequalities
are functions only of properties of the plant and the performance
speci� cations and can be evaluated prior to control law synthesis.
It was seen that decentralized control can be limited in terms of
achieving acceptableperformance if the required bandwidths of the
closed-loop subsystems greatly differ. Additional necessary condi-
tions were developed to include speci� cations on the magnitudesof
the feedback gains, and it was noted that such speci� cations further
limit decentralizedcontrollers.

Some systems cannot be stabilized under decentralized control.
It was demonstrated that such systems exhibit special uncontrolla-
bility and unobservabilityproperties, and the implications of these
lead to distinctiveproperties of the poles and zeros of the plant sub-
systems. It was shown that zeros of the off-diagonal (or coupling)
transfer functionsplay a key role in determining whether decentral-
ized control laws can stabilize the system. It was also observed that
for a 2 £ 2 system, the addition of only one off-diagonal control
element (or crossfeed) is required to stabilize a system that cannot
be stabilized by decentralizedcontrol.
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