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Techniques for optimally mixing the outputs from a pair of Kalman � lters are presented, generalizing previous
results. These techniques are derived under the assumption that the designs of the � lters are � xed and cannot
be modi� ed to support fusion requirements. Conditions for using the optimally fused estimates to periodically
reinitialize the Kalman � lters are described. The results are applied to an optimal spacecraft rendezvous problem,
and simulated performance results indicate that use of the optimally fused data leads to signi� cantly improved
robustness to initial target vehicle state errors.

Nomenclature
± j k = Kronecker delta
±.t ¡ ¿/ = Dirac delta function
^ = a posteriori estimates, i.e., estimates immediately

following a measurement update
¡ = a priori estimates, i.e., estimates immediately prior to

the incorporationof a new measurement

Introduction

H ISTORICALLY, navigation systems have consisted of arrays
of sensors, which provided indirect or partial measurements

of position, velocity, and attitude. In such systems, these measure-
mentsare passedin raw or minimallysmoothedform to a centralized
computingfacilitywhere they are typicallyprocessedby a statistical
estimator, such as a Kalman � lter. With the advent of modern mi-
croprocessors,it has become increasinglypossible to produce smart
sensors in which the state estimation process is moved inside the
navigationsensor box. A typical example is the user segment of the
global positioning system (GPS) in which the receiver and naviga-
tion software are usually integrated into a single receiver/processor.
Decentralizing the navigation process in this fashion has obvious
advantages in terms of spreading the overall computational burden
among parallel processors and, as a consequence, increasing fault
toleranceat the cost of requiring a solution to a potentiallycomplex
integration problem.

Althougha solutionto the problemof optimallyfusing theoutputs
from two or more local estimatorswas presentedat least as long ago
as 1976 by Willner et al.,1 this problem has received considerable
attention in the literature in the last 15 years, typically with a focus
on minimizing computation and/or communication requirements.
Among the early works were those of Hassan et al.2 and Speyer,3

who proposeddecentralizedestimationschemesthatproduceresults
identical to a centralized Kalman � lter. Speyer’s3 work is notable
for compressingall of the informationcommunicatedbetween local
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processors into a data vector, which has only the dimension of the
control vector (if only the estimation problem is being solved, then
the data vector has the same dimensionas the state vector). Speyer’s
work was generalized in the works of Willsky et al.4 Willsky et al.4

presentednecessaryand suf� cient conditionsfor estimatinga global
state from localestimatesof arbitrarydimensionandexpressedin ar-
bitrary coordinate frames. They also predicted that their work could
be simpli� ed. One such simpli� cation can be found in the work of
Alouaniand Birdwell.5 Theseauthors5 appliedthe resultsof their so-
lutionto thenonlineardecentralizedestimationproblemto the linear
data fusion problem. In all of the approaches just cited, a great deal
of the data transmittedbetween the local processorsis related to cor-
relationsamong the processorsthat arise due to common initial con-
ditions and/or common process noise. One solution that eliminates
some of theserequirements(at least in comparisonto Speyer’s work)
is the uni� cation collating � lter, which has been describedby Kerr.6

In this work, only the informationneeded to constructa globallyop-
timal estimate at one, rather than all, of the local nodes is presented.
BiermanandBelzer7 presentedanapproachin which thecrosscorre-
lationsare eliminatedby designingthe local processorssuch that the
informationto becombineddoesnot containsuchcorrelations.More
recently, Carlson8 has developed an approach known as federated
� ltering, which extends Bierman’s approach.Rather than assigning
all of the common information to a single one of the local estima-
tors, as in Ref. 7, Carlson8 designs the local estimators in such a way
that the common information is disjointly shared. In contrast, the
works of Bar-Shalom,9 Bar-Shalom and Campo,10 and Bar-Shalom
and Fortmann11 have indicated how the cross correlations can be
advantageously used in the data association problem for which it
must be determined whether two estimates that are to be combined
actuallyoriginate from the same trackedobject.Note that the results
of Refs. 9–11 do not yield the same results as a centralizedKalman
� lter, as explainedby Bar-Shalom and Li.12 A related,more general
result is that of McReynolds.13 The problem in which some data
sources are raw measurements and others are the outputs of estima-
tion schemeshasbeen examinedboth in Willskyet al.4 and in Black-
man and Bar-Shalom.14 Other interestingimplementationsof decen-
tralized� lteringarchitectureshavebeenpresented;the works ofWei
and Schwarz15 and Oshman and Isakow16 are two recent examples.

In our previous work,17 a solution to the problem of fusing two
Kalman � lters operating in parallel is presented in the context of
spacecraft navigation. In the approach presented there, the outputs,
or state estimates, of the two � lters are combined using weights
based on the � lters’ covariance matrices, as well as the cross co-
variance accounting for any correlation between the � lters. In this
work, a different point of view is taken in deriving the same result
as Refs. 9–11 that explicitly states the cost function for which the
fusion is optimal. This approach was motivated by the problem of
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retro� tting GPS onto the Space Shuttle because it was desired to
avoid modi� cations to existing GPS and Space Shuttle navigation
� lters. To be a candidate solution for this problem, a data fusion
algorithm must ef� ciently fuse the outputs of two local � lters with-
out requiringmodi� cations inside the local � lters, e.g., by adjusting
the local processors to eliminate cross covariances. We called the
approach taken “estimate fusion” to distinguish it from other so-
lution methods to the data fusion problem. This paper extends the
approach presented in our previous work by presenting the solu-
tion to the problem of fusing two � lters with possibly noncommon
states, as well as to the problem of how the fused estimate and its
covariance can be used to periodically reinitialize the Kalman � l-
ters and at what rate this reinitialization should take place. Results
from application of the estimate fusion technique to a spacecraft
rendezvousscenario are shown, and the technique is found to com-
bine in a complementaryway the accuraciesof a � lter with relative
state measurements and a � lter with inertial state measurements.

Problem Statement
Consider the case in which two continuous/discrete extended

Kalman � lters18 are operating on a system modeled by � lter i
(i D 1; 2) as

Pxi .t/ D fi [xi .t/] C wi .t/I wi .t/ » N [0; Si .t/±.t ¡ ¿/] (1)

yi j D hi [x.t j /] C vi j I vi j » N .0; Ri j ± jk / (2)

where � lter i processes the discrete sequence of random measure-
ments

Yi . j/ fyi1; yi2; : : : ; yi j g

Here and henceforth, scalars are denotedby lower case letters set in
italic type, e.g., x or ®; matrices are denoted by upper case letters
set in italic type, e.g., A or 0; and vectors are denoted by upper or
lower case letters set in bold italic type, e.g., y; B; ¯, or R . Random
variables are denoted by letters set in sans serif type, e.g., x and re-
alizations of random variables are denoted as ordinary vectors and
scalars. A normally distributed random variable r with mean ¹ and
variance ¾ is denoted by r » N .¹; ¾ /. We allow that the � lters’
states and measurements may be divided into subsets common to
both � lters and subsets unique to each. Also, althoughnot explicitly
indicatedin this work, the common subsetsmay be expressed in dif-
ferent coordinate frames, in which case the transformationbetween
these frames must be appended to the algorithms shown here. (As
noted by Willsky et al.,4 there does not, in fact, have to be any phys-
ical relationship between the subsets viewed as common as long as
any assumptions about relationships in the mapping of the states
onto the measurements is preserved in both � lters’ model realiza-
tions.) We assume the process noises w1.t/ and w2.t/, as well as the
measurement noises v1 j and v2 j , to be correlated, where

S12.t/±.t ¡ ¿ / E w1.t/ wT
2 .¿ / and R12 j ± jk E v1 j v

T
2k

However, we require only that both S12.t/ and R12 j be nonnegative
de� nite to allow that state or measurement subsets unique to one
� lter could be uncorrelated with subsets unique to the other. Here-
after, the time index subscript j will be suppressed as appropriate
for clarity.

Given a sequence ( j D 1; 2; : : :) of observations Yi . j/, which
are realizations of the random variables Yi . j/, each � lter (i D 1; 2)
propagates its state between measurements via

PNxi .t/ D fi [Nxi .t/]I .t j · t · t j C 1/ (3)

with Oxi .t j / the estimate from its previous update as its initial condi-
tion. The � lters propagate their covariances using

NPi .t/ D 8i .t; t j / OPi .t j /8
T
i .t; t j / C S1i .t/ (4)

where

NPi .t/ E fxi .t/ ¡ Nxi .t/gfxi .t/ ¡ Nxi .t/gT jYi . j/

Fig. 1 Overview of estimate fusion.

and

OPi .t j / E fxi .t j / ¡ Oxi .t j /gfxi .t j / ¡ Oxi .t j /gT jYi . j/

Here,

P8i .t; t j / D Fi [Nxi .t/]8i .t; t j /

8i .t j ; t j / D I ; Fi [Nxi .t/] D @ fi [xi .t/]

@xi .t/ Nxi .t/

(5)

and

S1i .t/ D
t

t j

8i .t ; ¿ /Si .¿ /8T
i .t ; ¿ / d¿

Each � lterupdatesits stateestimateandstateerrorcovariancematrix
at time t j using

Oxi .t j / D Nxi .t j / C Ki j f yi j ¡ hi [Nxi .t j /]g (6)

and

OPi .t j / D [I ¡ K i j Hi j .Nxi /] NPi .t j / (7)

where K i j is the Kalman gain for � lter i at time t j ,

K i j D NPi .t j /H T
i j .Nxi / Hi j .Nxi / NPi .t j /H T

i j .Nxi / C Ri j
¡1

Hi j . Nxi / D @hi [xi .t j /]

@xi .t j / Nxi .t j /

(8)

It is assumed that the � lters are stable and operating optimally
with respect to their own measurements. The problem at hand is to
fuse the outputs of the two Kalman � lters, as depicted in Fig. 1, in
an optimal fashion.

Problem Solution
Let x1 and x2 , the state vectors of � lters 1 and 2, be partitioned

according to those states that are common to both � lters and those
states that are unique to each:

x1 D xT
» ; xT

´

T
; x2 D xT

» ; xT
³

T
(9)

where x» are the states common to both � lters, x´ are the states
unique to � lter 1, and x³ are the states unique to � lter 2.

Optimal Combination
A form for the optimal combination, in which the � lters’ a pos-

teriori estimates are linearly mixed, is assumed as follows:

Ox¤ D W1 Ox1 C W2 Ox2 (10)

where the gain matrices Wi ; i D 1; 2; are to be determined and the
subscript ¤ denotes a quantity resulting from fusing the estimates.
The gain matrices are to be chosen such that Ox¤ is an unbiased,
minimum variance estimator of the state of the system.

Because Ox1 and Ox2 are Kalman � lter estimates, these quantities
may be assumed to be expressible as

Oxi D [I ¡ K i Hi .Nxi /]Nxi C K i [Hi .Nxi /xi C vi ] (11)

for i D 1; 2. The a posterioriestimation error is de� ned as Oei xi ¡
Oxi ; i D 1; 2; ¤I it follows that

Oe¤ D x¤ ¡ W1.x1 ¡ Oe1/ ¡ W2.x2 ¡ Oe2/ (12)
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By assuming that E[Oei jYi ] D 0 and that the � lters are operating
optimally, the expectationof the fused estimationerror, conditioned
on the measurements of the � lters, is found to be

E[Oe¤j.Y1; Y2/] D E xT
» ; xT

´ ; xT
³

T

¡ W1 xT
» ; xT

´

T ¡ W2 xT
» ; xT

³

T
.Y1; Y2/ (13)

Choosing W1 and W2 to be complementary as

W1 D

&$.I ¡ W» / 0
0 I
0 0

’%
; W2 D

&$W» 0
0 0
0 I

’%
(14)

implies that E[Oe¤j.Y1; Y2/] D 0.
Next, in pursuit of a minimum variance fusion of the estimates,

the covariance of the fused estimate is found:

OP¤ D E Oe¤ OeT
¤ .Y1; Y2/ D W1

OP1W T
1 C W2

OP2W T
2

C W1
OQ W T

2 C W2
OQT W T

1 (15)

where

OP1 D E Oe1 OeT
1 Y1 ; OP2 D E Oe2 OeT

2 Y2

and

OQ D E Oe1 OeT
2 .Y1; Y2/

The latter, OQ, represents the cross covariance of � lter 1 and � lter 2
and is updated via

OQ D [I ¡ K1 H1.Nx1/] NQ[I ¡ K2 H2.Nx2/]T C K1 R12 K T
2 (16)

where NQ has been propagated from the last update interval.17 The
issue of how NQ is propagatedwill be visited in the sequel. Note that,
in general, Q is neither symmetric nor square.

Now, OP1 , OP2 , and OQ are partitioned into blocks corresponding to
common and unique states:

OP1 D
OP1»»

OP1» ´

OP T
1»´

OP1´´

; OP2 D
OP2» »

OP2»³

OP T
2»³

OP2³ ³

(17)

OQ D
OQ» »

OQ» ³

OQ´»
OQ´³

Then

W1
OP1W T

1 D

&$ .I ¡ W» / OP1» » .I ¡ W» /T .I ¡ W» / OP1» ´ 0
OP T
1»´.I ¡ W» /T OP1´´ 0

0 0 0

’%

(18)

W1
OQ W T

2 D

&$ .I ¡ W» / OQ» » W T
» 0 .I ¡ W» / OQ» ³

OQ´» W T
» 0 OQ´³

0 0 0

’%
(19)

W2
OQT W T

1 D W1
OQ W T

2

T D

&$ W»
OQT

» » .I ¡ W» /T W»
OQT

´» 0

0 0 0
OQT

» ³ .I ¡ W» /T OQT
´³ 0

’%

(20)

and

W2
OP2W T

2 D

&$ W»
OP2»» W T

» 0 W»
OP2»³

0 0 0
OP T
2»³ W T

» 0 OP2³ ³

’%
(21)

Substituting Eqs. (18–21) into Eq. (15) yields

OP»»¤ D .I ¡ W» / OP1» » .I ¡ W» /T C .I ¡ W» / OQ»» W T
»

C W»
OQT

»» .I ¡ W» /T C W»
OP2»» W T

»
(22)

OP» ´¤ D OPT
´»¤ D .I ¡ W» / OP1»´ C W»

OQT
´»

(23)

OP»³¤ D OPT
³ »¤

D .I ¡ W» / OQ» ³ C W»
OP T
2» ³

(24)

OP´´¤ D OP1´´; OP´³¤ D OPT
³ ´¤ D OQ´³ ; and OP³ ³¤ D OP2³ ³ (25)

where

OP¤ D

&$ OP» »¤
OP»´¤

OP»³¤

OPT
» ´¤

OP´´¤
OP´³¤

OP T
» ³¤

OP T
´³¤

OP³ ³¤

’%
(26)

Interestingly, even though only those states common to both � lters
are fused, the correlations between these states and those that are
unique to both � lters are updated.

To minimize the variance, an optimal W» is chosen to minimize
the trace of OP¤. (The centralizedKalman � lter minimizes a different
cost function.) Note that

tr OP¤ D tr .I ¡ W» / OP1» » .I ¡ W» /T C .I ¡ W» / OQ»» W T
»

C W»
OQT

»» .I ¡ W» /T C W»
OP2»» W T

» C OP1´´ C OP2³³ (27)

i.e., the off-diagonal blocks of OP¤ do not contribute to tr OP¤. There-
fore, because @ OP1´´=@W» D 0 and @ OP2³ ³ =@W» D 0, the problem of
determining the optimal weighting matrix W»opt is equivalent to the
problem in which the � lters have identical process models, which
was solved in the authors’ previous work.17 The optimal gain W»opt

is determined by setting @tr OP¤=@W» to zero, yielding

W»opt D . OP1»» ¡ OQ»» / OP1» » C OP2»» ¡ OQ» » ¡ OQT
» »

¡1
(28)

Use of the optimal gain simpli� es the expression for OP»»¤ , viz.,

OP» »¤ D OP1» » ¡ W»opt
OP1»» ¡ OQT

» »
(29)

Propagation of the Cross Covariance
The crosscovariancesexplicitlycontain the sharedmemory of the

two � lters, which originates from common initial conditions and/or
common processnoisemodels.The sharedmemory is maintainedin
the fusion algorithm’s propagationstage. For disjoint measurement
sets, it cannot be created through the updates but only modi� ed.
Although we assume that the initial conditions and process noise
models associated with the states unique to one � lter are uncorre-
lated with those of the other � lter, we allow that states unique to a
given � lter may be correlated (through initial conditionsor process
noise models) with the states common to both � lters, allowing for
a signi� cant degree of information sharing between the � lters.

As with the extended Kalman � lter covariance matrices, propa-
gation of the cross covariancesmay be expressed in the notation of
a Riccati equationor via state transition matrices. Because the latter
is generallyviewed as computationallysuperior,we report this form
only. The derivation closely parallels that of the Kalman � lter’s co-
variance propagation (e.g., Ref. 18), and so we only sketch certain
unique aspects. By de� nition,

NQ.t j / E Oe1.t j /Oe2.t j /
T Y1. j ¡ 1/; Y2. j ¡ 1/

D E fx1.t j / ¡ Nx1.t j /gfx2.t j / ¡ Nx2.t j /gT (30)

By expressing the continuous-time process models as equivalent
discrete-time difference equations, Eq. (30) may be expanded and
the expectation carried out so that we arrive at

NQ.t j / D 81.t j ; t j ¡ 1/ OQ.t j ¡ 1/8T
2 .t j ; t j ¡ 1/ C S112.t j / (31)

in which

S112.t/ D
t

t j ¡ 1

81.t; ¿/S12.¿ /8T
2 .t; ¿ / d¿ (32)



CARPENTER AND BISHOP 341

and

S12.t/ D E

³
w1» .t/

w1´.t/

´
wT

2» .t/ wT
2³ .t/ (33)

It is assumed that E[w1´.t/ wT
2³ .t/] D 0, because these noise terms

are applied to the states unique to each � lter. Then

S12.t/ D
S12» » .t/ S12»³ .t/

S12´» .t/ 0
(34)

This matrix, like the � lter process noise spectral density matrices
S1 and S2, is determined as part of the navigation system tuning
process.

Reducing Data Transmission Requirements
Assuming the fusion processor has internallystored or computed

the � lter state transition matrices and process noise matrices, trans-
mission of the local � lters’ states, covariances, Kalman gains, and
measurement geometry matrices are required whenever a measure-
ment is processed. In this section, some methods for achieving re-
ductions are discussed.

Updating the Cross Covariance Using the A Priori Covariances
The optimal Kalman � lter covariance update [Eq. (7)] can be re-

arranged as OPi
NP¡1
i D .I ¡ K i Hi /; i D1; 2; and hence an alternate

form for the cross-covarianceupdate is OQ D OP1
NP¡1
1

NQ NP¡1
2

OP2: This
update formulamay be employedfor situationsin which theKalman
� lters transmit estimates and covariances only. Because two addi-
tional matrix inversionsare required,however, speed and numerical
accuracy may be compromised. Also if the local � lters are subopti-
mal, Eq. (7) will be inaccurate.Careful considerationmust be given
to the issue of whetheror not thesedisadvantagesoffset the decrease
in data transmission requirements for a particular application.

Optimal Scalar Gain Approximation
In some cases, even the covariances from the Kalman � lters may

not be readily available. An example is the typical GPS receiver,
which often provides as output only a state estimate and a � gure
of merit. This � gure of merit is typically derived from the trace
of the GPS � lter’s covariance matrix or some portion thereof. In
our previous work,17 a formulation of the fusion � lter was derived
that utilizes a � gure of merit based on the covariance traces. In
summary, we let Ox¾ D .1 ¡ w/Ox1 C wOx2; where w is restricted to be
a scalar, and the subscript¾ indicatesan optimal combinationusing
the scalar gain. As before, the gain is determined by minimizing the
cost function J tr OP¾ , where

tr OP¾ D .1 ¡ 2w C w2/ tr OP1 C w2 tr OP2 C 2.w ¡ w2/ tr OQ (35)

The resulting optimal scalar gain is

wopt D
tr OP1 ¡ tr OQ

tr OP1 C tr OP2 ¡ 2 tr OQ
(36)

The problem inherent in this approach is the calculation of
tr OQ when OP1 and OP2 are not available. Ef� cient implementations
of time-series methods for covariance calculation appropriate for
real-time use could be employed.A somewhat more appealingpos-
sibility is to precompute the cross covariancesbased on a reference
trajectoryand store their traces.However, because the use of a scalar
gain will also introduce inaccuracies, simply neglecting the cross
covariance when using the scalar gain approximation may often be
appropriate. An alternative may be to treat the trace of the cross
covariance as a tuning parameter whose size is chosen to force es-
timates calculated using the scalar gain to more accurately track
estimates determined optimally.

Reinitializing the Kalman Filters
It is possible to use the fused estimate and its covariance to peri-

odically reinitializethe Kalman � lters via a feedbackcon� guration,
as shown in Fig. 2. In this procedure, the main jobs of the block
labeled fusion in Fig. 2 are to propagate the cross-covariancematrix
between measurement updates and to update it each time either of
the � lters performs an update. Then, at some frequency less than

Fig. 2 Overview of estimate fusion feedback.

or equal to the slower � lter’s update frequency, a fusion of the � l-
ters’ state estimates and covariances is performed, with the � lters
restarted with the fused state and covariance as initial conditions.

When such a reinitialization is performed, the cross covariance
must also be reinitialized. Denote quantities posterior to such a
reinitialization with L . Then, the estimate and covariance of � lter i
are Lxi D Ox¤ and LPi D OP¤, and

LQ D E Le1 LeT
2 .Y1; Y2/ D E Le¤ LeT

¤ .Y1; Y2/ D OP¤ D LP1 D LP2

(37)

For the case of common process models and common � lter update
rates, 81 D 82 and S12 D S1 D S2, so that

NQ D 81
LQ82 C S112 D 81

LP181 C S11

D 82
LP282 C S12 D NP1 D NP2 (38)

i.e., no propagation of the cross covariance is required.
Care must be taken, however, to ensure that the � lters’ common

statesarestatisticallyindependentbeforereinitialization.To see this,
consider the difference between the � lters’ state estimates, de� ned
as Od» Ox1» ¡ Ox2» ; and the difference covariance, de� ned as

Pd» » E .e1» ¡ e2» /.e1» ¡ e2» /T .Y1; Y2/

D P1» » C P2»» ¡ Q» » ¡ QT
» »

(39)

Just after a reinitialization Ld» D 0 and LPd»» D 0. The � lters must be
allowed to operate long enough between reinitializations for OPd»»

to become invertible so that W»opt D . OP1»» ¡ OQ»» / OP¡1
d» » can be com-

puted. If OPd»» is not invertible, then there exists some ® that has
at least one nonzero component such that ®T OPd» » ® D 0 implies
®T d» D 0, i.e., the componentsof Od» are linearly dependent.19 Ref-
erence 20 shows that for OPd»» to be invertiblewhen the � lters share a
common process model, a suf� cient number of measurements must
be processed by the � lters prior to each fusion, such that a matrix
with the � lters’ observability grammians along its diagonal has at
least the rank of the common state dimension. The observability
grammian is given by

2m D
m

j D 1

8.t j ; tm/T H T
j R¡1

j H j 8.t j ; tm /

where m is the number of measurements processed. Note that the
appearanceof this singularity is solely a consequenceof reinitializ-
ing the � lters with exactly the same initial conditionsand, therefore,
it does not appear if the feedback scheme is not used. It has been
suggested that maintaining the � lters and cross covariancesin infor-
mation form could possibly avoid this singularity. We concur that
this is an interestingresearchtopic, but for presentpurposesit would
violate the condition of our approach that the existing sub� lters not
be modi� ed.

Summary
In summary, for the limited case in which the � lters have com-

mon processmodels, have completestate observabilityfroma single
updatecycle, and do notprocessany common measurements,the es-
timate fusion feedbackalgorithmcan be implemented in such a way
as to only require transmissionof states and covariances,as long the
fusion processor has access to both prior and posterior covariance
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matrices.A promisingalternativeis the optimal scalargain formula-
tion in which the estimates are fused using a scalar weighting factor
computed using only the traces of the covariancesand cross covari-
ance. If only estimates and covariances can be transmitted to the
fusionprocessor,the a priori covariancescan be used to compute the
cross-covarianceupdate. For many cases (as in the applicationcon-
sidered in the sequel), in which there are frequentand accuratemea-
surements, the cross covariancemay often be suboptimally ignored
without signi� cantly affecting performance. In such cases, a great
deal of the computation and transmission requirements of the esti-
mate fusionalgorithmare relieved.In othercases,ad hoc approaches
to modeling the effect of the crosscovariance,such as that suggested
by Blackman and Bar-Shalom,14 may be employed successfully.

Application to Spacecraft Rendezvous
The problem of lunar rendezvous was studied in Ref. 17. It was

shown that estimate fusion techniques could be used to improve
the performance of a relative navigation � lter by fusing its states
with the state estimates from an inertial Kalman � lter. However,
due to the limitation of the estimate fusion algorithm presented in
Ref. 17 to common state dimensionality,a perfect target assumption
had to be made so that both � lters only estimated the chaser vehicle
states. It was mentioned that if signi� cant target errors were present,
degradedstate estimationand possibly � lter divergencecouldoccur.
With the new resultspresentedin this work, this problemcan now be
addressed.Further issuesassociatedwith implementingthe estimate
fusion algorithmfor the Space Shuttle are addressed in Ref. 21, and
� ight data results from Shuttle mission STS-69 are presented in
Ref. 22.

A brief description of the scenario is presented. The reader is
referred to Ref. 17 for details.The navigationsystem is a distributed
system consistingof two Kalman � lters.One � lter, referred to as the
rendezvous � lter, processes discrete measurements derived from a
radar system of range and elevation angle to the target vehicle, ½T j

and µT j , viz.,

½T j D [NrT .t j / ¡ NrC .t j /]T [NrT .t j / ¡ NrC .t j /] C v.½T / j
(40)

µT j D arctan
NrTy .t j / ¡ NrC y .t j /

NrTx .t j / ¡ NrCx .t j /
C v.µT / j

(41)

where v.½T / j
» N .0; V.½T / j ± j k/; v.µT / j

» N .0; V.µT / j ± jk /; rC.t j / is
the active vehicle (chaser) position, rT .t j / is the target vehicle posi-
tion, and j D 1; 2; : : : : Note that updates from these measurements
are used to estimateboth the target and chaservehicle inertial states.

The other � lter, referred to as the ground beacon � lter, processes
discrete measurements of the range from two beacons on the lunar
surface, ½B1 j and ½B2 j . The beacon positions lie on the vehicles’
common ground track and have been previously surveyed to high
precision. These measurements are derived from the transit time of
a signal broadcast by the beacon and are modeled as

½Bi j D [rBi ¡ NrC .t j /]T [rBi ¡ NrC .t j /] C v.½Bi / j
(42)

where i D 1; 2, v.½Bi / j » N .0; V.½Bi / j ± jk /, and j D 1; 2; : : : :
Both � lters model the spacecraft dynamics using a Keplerian

gravity model, which is augmented by stochastic process noise.
A somewhat different model is used for the environment dynam-
ics, which consists of a Keplerian gravity model, augmented by
stochastic process noise and a bias term. Thus, the dynamics (for
both vehicles) are given by

Rr.¢/.t/ D ¡.¹ C ±¹/r.¢/.t/ r.¢/.t/
3 ¡ wRr (43)

where ±¹ D 0 and wRr » N [0; W Rr ±.t ¡ ¿ /] for the � lter models and
wRr » N [0; W 0

Rr ±.t¡¿ /] for theenvironment.The � lterscompensate
for their imperfect knowledge of the gravity � eld by choosing WRr
conservatively.

The passive vehicle’s orbit has a radius of two lunar radii. The
active vehicle begins its maneuver 100 km behind and 50 km be-
low the passive vehicle, as measured in a curvilinear target-� xed
coordinate frame. The transfer is constrainedto occur over a 30-deg
arc, beginningat longitude 345 deg and ending at longitude 15 deg.

a) Unaided ground beacon � lter

b) Unaided ground beacon � lter

c) Unaided rendezvous � lter

d) Unaided rendezvous � lter

Fig. 3 Stand-aloneKalman� lters’ estimationerrors for inertial chaser
vehicle position.

The ground beacons are located at longitudes 330 and 30 deg and
remain visible during the entire maneuver.The selenographicframe
to which the ground stations are � xed is assumed to be nonrotating,
an approximationdue to the short length of the maneuver.The orbit
transfer takes approximately 25 min, and the midcourse correction
maneuver occurs approximately halfway through the transfer, near
longitude0 deg. The initialand midcourseburnsare computedusing
Hill’s equations.The design parametersused in tuning the � lters are
shown in Table 1. Note also that ±¹ D 10¡4¹ and the rms acceler-
ation noise for the environment is 0:001¹=krC.to/k2 .

An indication of the performance of stand-alone versions of the
� lters can be seen in Fig. 3, which presents simulated data. The
� lters’ performancein estimatingthechaservehicle inertialposition
states is shown. Figure 3a shows the unaided ground beacon � lter’s
estimation errors for the radial component of the chaser vehicle
inertial position, and Fig. 3b shows this � lter’s performance for the
downtrack component. Similarly, Figs. 3c and 3d show the unaided
rendezvous � lter’s estimation errors for the radial and downtrack
component of the chaser vehicle’s inertial position, respectively. In
this and subsequent plots, solid traces represent estimation errors
and dashed traces represent the corresponding root mean square
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Table 1 Filter design parameters

Rendezvous Ground beacon
� lter � lter

Initial rms position error, m 100 100
Initial rms velocity error,a m/s 2 2
rms acceleration noise,b m/s2 0.1 0.1
rms range measurement error, m 30 30
rms angle measurement error, deg 0.15 — —
Measurement interval, s 60 60

aInitial errors uncorrelated; applied equally in all channels, with no correlation.
bNoise assumed to be uncorrelated and equal in all channels, with no correlation.

a) Rendezvous � lter with optimal fusion

b) Rendezvous � lter with optimal fusion

c) Rendezvous � lter with suboptimal fusion

d) Rendezvous � lter with suboptimal fusion

Fig. 4 Reinitialized Kalman � lters’ estimation errors for inertial
chaser vehicle position.

uncertainties of these errors as derived from the error covariance
matrices. Note that the error covariance of the rendezvous � lter
grows quite large.

When these same � ltersare reinitializedeveryothermeasurement
pass using the estimate fusion feedback scheme, the large uncer-
tainty in the chaser vehicle’s inertial position exhibited by the ren-
dezvous � lter is removed by the informationprovidedby the ground
beacon � lter, as seen in Fig. 4. Here the performance of an optimal

con� guration is shown in Figs. 4a and 4b, with errors in the radial
and downtrack componentsof inertial position shown in Fig. 4a and
Fig. 4b, respectively. In Figs. 4c and 4d, the performance of a sub-
optimal estimate fusion feedback scheme in which the correlations
between the two � lters,modeled by the cross-covariancematrix, are
ignoredby assuming that Q D 0. In these subplots as well, errors in
the radial and downtrack components of the chaser vehicle inertial
position are shown in Fig. 4c and Fig. 4d, respectively.

Finally,Fig. 5 showsthesimulatedrelativestateestimationperfor-
mance of the reinitializedand unaided rendezvous � lters in Figs. 5a
and 5b and Figs. 5c and 5d, respectively. Relative position errors
along the line-of-sight from the chaser to the target are shown in
Figs. 5a and 5c, while errors in relative position normal to the line
of sight are shown in Figs. 5b and 5d. We see that the reinitialized
� lter approachesthe relativestate accuracyof the unaided� lter only
on update cycles in which estimate fusion is not performed. Appar-
ently, the uncertainties in the ground beacon � lter’s state estimates
marginally corrupt the relative state estimates, although with the
bene� t of substantially improving inertial state estimation perfor-
mance, as seen from the comparison of Figs. 3 and 4.

a) Rendezvous � lter with optimal fusion

b) Rendezvous � lter with optimal fusion

c) Unaided rendezvous � lter

d) Unaided rendezvous � lter

Fig. 5 Estimation errors for relative position.
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a) Unaided ground beacon � lter

b) Unaided ground beacon � lter

c) Unaided rendezvous � lter

d) Unaided rendezvous � lter

Fig. 6 Stand-aloneKalman� lters’ estimationerrors for inertial chaser
vehicle position in the presence of signi� cant initial errors in target
vehicle states.

One of the bene� ts of having good inertial state estimates in a
rendezvous scenario is demonstrated in the next sequence of plots
in which initial errors having 10 times the standard deviation ex-
pected by the � lters were introduced into the target vehicle inertial
states as a stress case. In Figs. 6 and 7, the inertial position per-
formance of the unaided � lters is compared to the two versions of
the reinitialized � lter (with and without cross-covariance model-
ing). As seen in Fig. 6, the unaided rendezvous � lter’s performance
in estimating the chaser vehicle inertial states for this case is poor.
The arrangement of subplots is the same as that of Fig. 3, with the
errors of the unaided ground beacon � lter in Figs. 6a and 6b, those
of the unaided rendezvous � lter in Figs. 6c and 6d, and radial and
downtrack components of the chaser vehicle inertial position errors
in Figs. 6a and 6c and Figs. 6b and 6d, respectively. By contrast,
the reinitialized rendezvous � lter, which makes use of very accu-
rate inertial state estimates from the ground beacon � lter, is not
signi� cantly degraded by the stress case in its ability to estimate

a) Rendezvous � lter with optimal fusion

b) Rendezvous � lter with optimal fusion

c) Rendezvous � lter with suboptimal fusion

d) Rendezvous � lter with suboptimal fusion

Fig. 7 Reinitialized Kalman � lters’ estimation errors for inertial
chaser vehicle position in the presence of signi� cant initial errors in
target vehicle states.

the chaser vehicle states, as shown by Fig. 7. The arrangement of
subplots is the same as that of Fig. 4, with the errors of the optimal
reinitialized rendezvous � lter in Figs. 7a and 7b, those of the sub-
optimal reinitializedrendezvous � lter in Figs. 7c and 7d, and radial
and downtrack components of the chaser vehicle inertial position
errors in Figs. 7a, 7c, 7b, and 7d, respectively.

The relative state estimation errors of the reinitializedand stand-
alone rendezvous � lters for the stress case are shown in Figs. 8a
and 8b and Figs. 8c and 8d, respectively.Here, as in Fig. 5, relative
position errors along the line-of-sight from the chaser to the target
are shown in Figs. 8a and 8c, while errors in relativepositionnormal
to the line-of-sightare shown in Figs. 8b and 8d. As in the nominal
case, it can be seen that relative state estimates of the reinitialized
rendezvous� lter aremarginallyless accuratethan thoseof the stand-
alone rendezvous � lter, but in light of the stand-alone � lter’s poor
inertial state estimation, the marginal improvement in relative state
accuracy seems dubious.
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a) Rendezvous � lter with optimal fusion

b) Rendezvous � lter with optimal fusion

c) Unaided rendezvous � lter

d) Unaided rendezvous � lter

Fig. 8 Estimation errors for relative position in the presence of signif-
icant initial errors in target vehicle states.

Conclusion
Estimate fusion techniques for combining the outputs from

Kalman � lters operating in parallel have been presented that do
not require any restrictive assumptions regarding the process mod-
els or state dimension used in the � lters being fused. Additionally,
it has been shown how the state and covariance resulting from the
estimate fusion can be used to periodically reinitialize the Kalman
� lters in a feedback con� guration.

Application of the estimate fusion technique to spacecraft ren-
dezvoushas beendescribed.A lunar rendezvousmission previously
studiedhas been reconsideredin light of the new developmentspre-
sented herein, and it has been shown how to incorporatetarget vehi-
cle state estimation into this scenario. Simulated performance data
show that althoughrelativestate accuracyis somewhat degradedun-
der nominal conditionsby the inclusionof target state uncertainties,
the navigation system is more robust to target errors.
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