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Predictive Filtering for Attitude Estimation
Without Rate Sensors

John L. Crassidis* and F. Landis Markley®
NASA Goddard Space Flight Center, Greenbelt, Maryland 20771

A real-time predictive filter is derived for spacecraft attitude estimation without the utilization of angular rate
measurements from gyros. The formulation is shown using only attitude sensors (three-axis magnetometers, sun
sensors, star trackers, etc.). The new real-time nonlinear filter predicts the required torque modeling error input in
order to propagate the spacecraft dynamicmodel, so that model responses match the measured vector observations.
The real-time predictive filter is used to estimate the attitude of the Solar;, Anomalous, Magnetospheric Particle
Explorer (SAMPEX) spacecraft. Results using this new algorithm indicate that the real-time predictive filter
accurately estimates the attitude of an actual spacecraft with the sole use of magnetometer sensor measurements.

Introduction

HE attitude of a spacecraft can be determined by either de-

terministic methods or by utilizing algorithms that combine
dynamic and/or kinematic models with sensor data. Three-axis de-
terministic methods, suchas TRIAD' (algebraic method), QUEST,?
and FOAM,’? require measurements of at least two vectors to deter-
mine the attitude. An advantage of both the QUEST and FOAM
algorithms s that the attitude of a spacecraftcan be estimated using
measurements of more than two vectors. This is accomplished by
minimizing a quadratic loss function first posed by Wahba.* How-
ever, all deterministic methods fail when only one set of vector
measurements is available (e.g., magnetometer data only). Estima-
tion algorithms utilize dynamic and/or kinematic models and sub-
sequently can (in theory) estimate the attitude of a spacecraftusing
a time series of measurements of a single time-varying vector. Al-
though all spacecraftin use today have at least two onboard attitude
sensors, estimation techniques can be used to determine the attitude
during anomalous periods when only one vector is available, such
as solar eclipse and/or vector-measurementcoalignment.

The Kalman filter has been proven to be extremely useful for
attitude estimation using vector measurements and gyro measure-
ments. The essential feature of the Kalman filter is the utilizationof
state-space formulations in the system model design. Errors in the
dynamic model are usually treated as process noise because system
models are not usually improved or updated during the estimation
process. The process noise is essentially used to shift the filter con-
fidence from the system model to the measurements. In the Kalman
filter, the model error (process noise) is assumed to be modeled by
a zero-mean process with known covariance (e.g., ramp noise for
gyro drift models). However, in actual practice the determination of
the process noise covarianceis usually obtained by an ad hoc and/or
heuristic approach resulting in suboptimal filter designs.

For spacecraft attitude estimation, the Kalman filter is most ap-
plicable to spacecraft equipped with three-axis gyros as well as
attitude sensors’ However, gyros are generally expensive and are
often prone to degradation or failure. Therefore, in recent years
gyros often have been omitted [e.g., in Small Explorer spacecraft,
such as the Solar, Anomalous, Magnetospheric Particle Explorer
(SAMPEX)]. To circumvent the problem of gyro omission or fail-
ure, analyticalmodels of rate motion can be used. This approach has
been successfully used in a real-time sequential filter (RTSF) algo-
rithm that propagates state estimates and error covariances using a
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dynamic model %7 The estimation of dynamic rates by the RTSF is
accomplishedfrom angularmomentummodel propagation,and then
correcting for these rates by using a gyro-bias component in the fil-
ter design. A clear advantage of using dynamic models is shown for
the case of near coalignment of the spacecraft-to-sunand magnetic-
field vectors. For this case, deterministicalgorithms,such as TRIAD
and QUEST, show anomalous behaviors with extreme deviationsin
determined attitudes. Because the RTSF propagates an analytical
model of motion, attitude estimates are improved even when data
from only one attitude sensor are available. However, the RTSF is
essentially a Kalman filter in which the gyro bias (and subsequently
the angular momentum correction) is modeled as a Gaussian pro-
cess with known covariance. Also, fairly accurate models of angular
momentum are required to obtain accurate estimates. Subsequently,
the design process for choosingthe model error covariance becomes
difficult. Otherapproachesto using a Kalman filter with no gyrodata
are discussed elsewhere ?

Although the quaternion representation is the most commonly
used for attitude estimation, the problem of maintaining proper nor-
malization exists. This constraintleads to a singularityin the covari-
ance matrix, which in actual practice is difficult to maintain because
of linearizationand/or computerroundofferror. Three solutions (two
of which yield identical results) to this problem are summarized by
Lefferts et al.’ Reference 5 also contains an extensive bibliography
of earlier work on quaternion attitude estimation. Bar-Itzhack and
Deutschmann’® show two further approaches to quaternion normal-
ization.

A new approach for performing optimal state estimation in the
presenceof significant model error has been developed by Mook and
Junkins.'” This algorithm, called the minimum model error (MME)
estimator, unlike most filter and smoother algorithms, does not as-
sume that the model error is represented by a Gaussian process.
Instead, the model error is determined during the MME estima-
tion process. The algorithm determines the corrections added to the
assumed model such that the model and corrections yield an ac-
curate representation of the system behavior. This is accomplished
by solving system optimality conditions and an output error co-
variance constraint. Therefore, accurate state estimates can be de-
termined without the use of precise system representations in the
assumed model. This algorithm has been successfully used to es-
timate the attitude of an actual spacecraft without the utilization
of gyro measurements® However, the MME estimator is a batch
(offline) estimator that must utilize postexperiment measurements.

The algorithm developedin this paper can be used to estimate the
attitude of a spacecraftin real time (as does the Kalman filter). How-
ever, the algorithmis not limited to the Gaussian noise characteris-
tics for the model error. Essentially, this new algorithmcombines the
good qualities of both the Kalman filter (i.e., a real-time estimator)
and the MME estimator (i.e., determines actual model error trajec-
tories). The new algorithmis based on a predictive tracking scheme
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introduced by Lu.'!" Although the problem shown by Lu is solved
from a control standpoint, the algorithm developed in this paper is
reformulatedas a filter and estimator with a stochasticmeasurement
process. Therefore, the new algorithmis known as a predictive filter.
The advantages of the new algorithm include the following.

1) The model error is assumed unknown and is estimated as part
of the solution.

2) The model error may take any form (even nonlinear).

3) The algorithm can be implemented online to both filter noisy
measurements and estimate attitude and rate trajectories.

The organization of this paper proceeds as follows. First, a sum-
mary of the spacecraft attitude kinematics and sensor models is
shown. Then, a brief review of the predictive filter for nonlinear
systems is presented. Next, a predictive filter is developed for the
purpose of attitude estimation. This approach determines the opti-
mal spacecraft attitude in real time by minimizing a quadratic cost
function consisting of a measurement residual term and a model
error term. Finally, the predictive filter is used to estimate the at-
titude of SAMPEX in order to demonstrate the usefulness of this
algorithm.

Attitude Kinematics and Dynamics

In this section, a brief review of the kinematic and dynamic equa-
tions of motion for a three-axis stabilized spacecraftis shown. The
attitude is assumed to be represented by the quaternion, defined as

g= |:‘113i| 1)
qa
q1
0
qgs=|q |=n sin<5> (2a)

qs = cos<§> (2b)

where 1 is a unit vector corresponding to the axis of rotation and
0 is the angle of rotation. The quaternion kinematic equations of
motion are derived by using the spacecraft’s angular velocity (w),
given by

with

§=3Qw)g =3E(Qw 3

where Q(w) and =Z(q) are defined as

—[wxX] w
Q)= -+ Co (4a)
| —w’ : 0 |
qalz 3+ [qi3x]
Eg=|- SRR (4b)
_‘1113 i

where I3, 3 is a3 x 3 identity matrix. The 3 x 3 dimensional matrices
[wx] and [q,3 ] are referred to as cross-product matrices because
a X b = [ax]b, with

0 —-a a
[ax]= | a3 0 —aq (5)
—-a, a; 0

Because a three-degree-of-freedom system is represented by a
four-dimensional vector, the quaternions cannot be independent,
which is shown by the following normality constraint:

9"q=q}9i5+q; =1 ©6)

Also, the matrix =(g) obeys the following helpful relations:

ENPE@Q =q"q95 5 (7a)
E@E" (@ =q"ql.s—aq" (7b)
ET(q)g = 05, (7¢)
ET(@A=—E"(N)g forany Asy, (7d)

where 05, ; is a 3 x 1 zero vector. The dynamic equationsof motion,
also known as Euler’s equations, for a rotating spacecraftare given
by12

H=N-wxH=Jw ®)

where H is the totalangularmomentum, N is the total external torque
(which includes, e.g., control torques, acrodynamic drag torques,
and solar pressure torques), and J is the inertia matrix of the space-
craft. If reaction or momentum wheels are used on the spacecraft,
the total angular momentum is given by

H=Jw+h 9

where h is the total angular momentum due to the wheels. Thus,
Eq. (8) can be rewritten as

H=N—-[J"'"H-h)]xH (10)

Also, from Egs. (8) and (9), the following angular velocity form of
Euler’s equation can be used:

Jo=N—h-wx(Jw+h) (1)

which involves the derivative of the wheel angular momentum.
The measurement model is assumed to be of the form given by

By = A(@)B, (12)

where B, isa 3 x 1 dimensionalvectorto some reference object(e.g.,
a vector to the sun or to a star, or the Earth’s magnetic-field vector)
in a reference coordinate system, By is a 3 x 1 dimensional vec-
tor defining the components of the corresponding reference vector
measured in the spacecraft body frame, and A(q) is given by

A = (2} — 41303 x5 + 24,500, — 2qalg <] (13)

which is the 3 x 3 dimensional (orthogonal) attitude matrix. A sim-
pler form for the attitude matrix in Eq. (13) is given by

A(g) = —E"(9)¥(g) (14)
where
—qal3 3+ [qi3¥]
Wig)= [ IR, (15)
93
Also, another useful identity is given by
V(@Qw =I'(w)q forany wjy (16)
where
—[wx] —w
M@= e o a7
w’ : 0

Nonlinear Predictive Tracking

In this section, a brief review of the nonlinear predictive tracking
algorithm first introduced by Lu'! is shown. Although the problem
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shown in Ref. 11 is solved from a control standpoint, the algo-
rithm developed in this section is reformulated as an estimator/filter
with a stochastic measurement process. This developmentis based
on the duality that exists between control problems and estimation
problems. In the nonlinear predictive filter, it is assumed that the
state and output estimates are given by a preliminary model and a
to-be-determined model error vector, given by

x(1) = fIR(1), 1] + G(n)d(1) (182)
y(@) = c[x(1), 1] (18b)

where f is an n x 1 model vector, X(¢) is an n X 1 state estimate
vector, d(t) is a model error vector of dimension/ x 1, G(t) is an
n x [ model-error distribution matrix, ¢ is an m x 1 measurement
vector,andy(t) isanm X 1 estimated output vector. State-observable
discrete measurements are assumed for Eq. (18b) in the following
form:

Yt = clx(t), t] + v(t) (19)

where y(#;) is an m x 1 measurement vector at time f;, x(#;) is the
true state vector, and v(#;) is an m X 1 measurement noise vector
that is assumed to be a zero-mean, Gaussian white-noise distributed
process with

Ev(1)} =0 (20a)
E{v(tv" (1)} = Rée (20b)

where R is an m x m positive-definite covariance matrix.

A cost functional consisting of the weighted sum square of
the measurement-minus-estimae residuals plus the weighted sum
square of the model correction term is minimized, given by

J() =Yyt +A1) =yt +Aa0)" R

Xy +A1) =yt +A 0} + 2d" (1)Wd(1) 21

where A ¢ is the measurement sampling interval and W is an/ x [
weighting matrix. The necessary conditions for the minimization of
Eq. (21) lead to the following model error solution:

dit) = —{[AQHSEITR'AA )SE) + W}!

X [AQADSE R 'z(®, A1) —F(t +A 1) +5(1)] (22)

where S(x) is an m X [ dimensional matrix and A(A t) isanm x m
diagonal matrix with elements given by

Aig =A 7] p;l, i=12,...,m (23)

where p; is the lowest order of the derivative of y;(#) in which
any component of d(t) first appears in X(#). The ith component of
z(X, A t) is given by

7%, A1) =A1LY () + A P12) L5 (¢;) + -

+@ 1" piHLY (co), i=12...,m (24)

where L% (c;) is the kth Lie derivative, defined by
Lh(c) =g for k=1
oL, (¢)) (25)
Lh(c)) = ———f for k> 1
ox
The ith row of S(X) is given by

si={La[LY ()], . Ly [LT ()]}
i=1,2,...,m (26)

where g; is the jth column of G(¢) and the Lie derivativeis defined
by

oLy (¢

L [L7 ()] = pramlit ji=12...,1 @7

Therefore, Eq. (22) is used in Eq. (18a) to propagate the state esti-
mates to time f, then the measurementis processedat time #; to find
the newd(t) in [#;, #; 4 1], and then the state estimates are propagated
to time #; 4 ;.

The weighting matrix (W) in Eq. (21) can be determined on the
basis that the measurement-minus-estimate error covariance matrix
must match the measurement-minus-trutherror covariance matrix.'
This condition is referred to as the covariance constraint, shown as

Miot

D ) —3MHm) — 3@} ~ R (28)

tot k=1

m

where m, is the total number of measurement points. The covari-
ance constraintis satisfied when the proper balance between model
error and measurement residual has been achieved.

Predictive Attitude Estimation

Inthis section,anonlinearpredictivefilteris derived for spacecraft
attitude using the quaternion kinematic equations and the angular
momentum version of Euler’s equation. The nonlinear predictive
filter for this case minimizes the following cost function:

J =3Byt +A1)— A@B;(t +A 1)} R™!
X (By(t +A1) — A@B (1 +A D)+ 1d " ()Wd(r)  (29)
subject to
§=10@3 =12, () =g (30a)
H=N—[J"(H-h)]xH+d, H(t) =H, (30b)
O=JYH-h) (30c)

Because the body measurements (1}8) are used as the required track-
ing trajectories, the output vector in Eq. (18b) is given by

c(x) = A(@)B, (31
where
q
x= (32)
H

Because ¢ depends on ¢ and not explicitly on H, the lowest-order
derivative of Eq. (32) in which any component of d first appears in
q is two, so that p; = 2. Therefore, the A and z quantities in Eq.
(22) are given by

A=r?2)I (33a)
z=AtL} + (AL (33b)

where
[L‘}]I_ = Lh(e) (34)

Using the definitions in Egs. (7), (14), and (16), the derivative of
Eq. (31) with respect to g can be shown to be

% _ 2= GIrB) (35)
oq

Therefore, L} is given by
L, =-E"@IrBHE@GJ " H-h) (36)

The derivative of Eq. (36) with respect to q is given by

o,
— =2[wx]E(9)I(B)) (37)
%q
The derivative of Eq. (36) with respect to His given by

oy
— =-EN@QIrB)H=(@)J (38)
OH
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Therefore, L}, is given by

L} = [0xIE" @ TBHE@E

—ET@I(B)E@ I~ (N — [&x1H) (39)
Comparing Egs. (18a) and (30), the G matrix is given by
04
G= [ ’ ‘} (40)
13 x 3

where 04 31824 x 3 zero matrix and /5 3 is a 3 x 3 identity matrix.
The S matrix, which is formed using Eq. (26), is given by

S=-E"@IBHE@I " = [A@B/x]1J"" (41)

The 3 x 3 matrix [A(q)B; x] is analogous to the sensitivity matrix
used in a Kalman filter.> This matrix has, at most, rank 2, which
reflects the fact that there is no information about rotations around
the current measurement vector. The extensionto multiple measure-
ment sets is achieved by stacking these measurements, e.g.,

€
e= . 42)

e,

Msen

where me, is the total number of vector measurement sets available
at time #.

An advantage of the nonlinear predictive filter over the con-
ventional Kalman filter for attitude estimation® is that quaternion
normalization is always preserved. Several methods overcome this
difficulty.>® However, because Eq. (30a) is used to determine the
quaternion estimate, and because the measurements only enter
through the model error (d) in Eq. (30b), normalization is always
maintained in the nonlinear predictive filter. Also, the predictive
filter determines the model-error trajectory as part of the solution,
as opposed to the Kalman filter, which assumes that this error is
modeled by a zero-mean Gaussian process with known covariance.

Attitude Estimation of SAMPEX

In this section, the predictive filter is used to estimate the atti-
tude, rate, and input torque trajectories of the SAMPEX spacecraft
using vectormeasurementobservations.The SAMPEX generalmis-
sion is to study energetic particles and various types of rays. The
spacecraftisin a 550 x 675 km elliptical orbit with an 82-deg incli-
nation. The attitude control hardware consists of a magnetic torquer
assembly (MTA) and a single reaction wheel. The attitude determi-
nation hardware consists of five coarse sun sensors (primarily for
sun acquisition), one fine sun sensor (FSS), and a three-axis mag-
netometer (TAM). Also, no rate-sensinginstruments are present on
the spacecraft.

The onboard computer routine to determine attitude is based on
the TRIAD deterministicmethod. The spacecraftis controlledby the
MTA to maintain the fixed solararrays perpendicularto the sun line.
The reaction wheel is used to point the instrument boresight axis as
required by the scientific mission. During eclipse, no sun measure-
ments are available from the FSS. Attitude control is maintained by
using a constant sun-line vector as a pseudomeasurement, so that
the reaction wheel is still utilized. During vector coalignment, the
spacecraftis placed in a coast mode in which neither the MTA nor
the reaction wheel is used.'® The required nominal attitude determi-
nation accuracy is £2 deg. During anomalous conditions (eclipse
and/or measurement vector coalignment) the attitude cannot be de-
termined by deterministic methods, such as TRIAD. The predictive
filter presented in this paper can determine the attitude in real time
using TAM measurements only, so that normal control procedures
using the MTA and the reaction wheel can be maintained.

The inertial field trajectories are obtained by using an eighth-
order spherical harmonic model of the Earth’s magnetic field with
International Geomagnetic Reference Field coefficients.'* Magne-
tometer measurements by the TAM are known to be extremely ac-
curate (within 0.3 mG). However, experience has shown that errors

in the magnetic-field model have a standard deviation of about 3 mG
(Ref. 7). Therefore, 9 mG? is chosen for the diagonal elements of
the measurementcovariancematrix. For the FSS measurements, the
primary source of error is the digitization noise of about 0.5 deg.
This erroris assumed to be uniformly distributed so that the standard
deviation of the FSS angle measurements is 0.5/ /(12) deg.

The angular velocity measurement of the wheel contains a sub-
stantial amount of noise (see top part of Fig. 1). To filter this noise,
the predictive filter is used as a linear filter with a simple second-
order plant that estimates for the angular velocity of the wheel and
its derivative, given by

hary| [0 17[RO] [0
i _[o o} |:it(t) +{ |4 (43a)
oy =11 o "0 (43b)
h(1)

The standard deviation of the wheel noise is about 1 rad/s. The
filtered wheel-speedestimatesare plottedin the bottompartof Fig. 1.
Clearly, the simple linear filter substantially reduces the noise in the
wheel-speed measurements.

The first test case involves using both TAM and FSS measure-
ments. A plot of the finite differenced angular rates using TRIAD
determined attitudes is shown in Fig. 2. These rates are extremely
noisy, which is due to the large digitization noise associated with
the FSS measurements. A plot of the predictive-filter estimatedrates
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using the same TAM and FSS vector measurementsas in the TRIAD
solution is shown in Fig. 3. Clearly, these rates are smoother than
the TRIAD-determined rates. A plot of the determinedinput torques
from the predictive filter is shown in Fig. 4. These torques cor-
respond to a correction to the dynamic model, so that the model
responses match the vector measurement observations.

The second case involves using TAM measurements only to esti-
mate the attitude and angular rates. Because only one vector obser-
vation is used (i.e., TAM measurements only), a TRIAD solution
is not possible. However, attitude estimation is possible using the
predictive filter, because the filter utilizes Euler’s equation for prop-
agation. A plot of the estimated angular rate trajectories is shown
in Fig. 5. These angular rate estimates clearly show a rotation about
the spacecraft’s y axis, which is the desired motion. A plot of the
determined input torques from the predictive filter using TAM data
only is shown in Fig. 6. This again corresponds to a torque correc-
tion in Euler’s equation. A plot of the error between the estimated
attitudes using both TAM and FSS data in the predictive filter and
the estimated attitudes using TAM-only data in the predictive fil-
ter is shown in Fig. 7. Although a true attitude is not known, this
comparison can provide some insight into the accuracy of using
a TAM-only solution. From Fig. 7, a slight hangoff is seen in the
pitch axis. This may be due to nonlinear effects in the magnetic-field
model.”® However, the predictive filter is able to determine attitudes
to within 1 deg using TAM data only. This can be useful in deter-
mining the attitude when deterministicmethods fail. Also, a Kalman
filter has been developed for this spacecraftbut only after extensive
modeling of disturbancetorques (used in N) and intensive tuning of
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Fig.7 Plot of attitude errors between TAM/FSS and TAM only.

filter parameters.” The predictive filter has been able to estimate the
attitude using no modeling of disturbance torques (i.e., by setting
N = 0) and thus is more robust with respect to modeling errors than
the Kalman filter.

Conclusions

In this paper, a predictive filter is presented for use in real-time
attitude estimation. This algorithm was specifically developed for
spacecraftthat lack angularrate-sensingequipment. The advantages
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of the new algorithm over the Kalman filter for attitude estimation
include the following.

1) Quaternion normalizationis always preserved throughout the
estimation process.

2) Actual model error trajectories are determined as part of the
filter solution.

3) No covariance propagation is required, which leads to a com-
putationally less-demanding algorithm.

The predictivefilter was used to estimate the attitude of SAMPEX
in order to demonstrate the usefulness of this algorithm. Results
using SAMPEX data indicate that the predictive filter provides a
robust algorithm that can be used to determine the attitude of a
spacecraft from magnetometer measurements only.
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