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A real-time predictive filter is derived for nonlinear systems. The major advantage of this new filter over
conventional filters is that it provides a method of determining optimal state estimates in the presence of significant
error in the assumed (nominal) model. The new real-time nonlinear filter determines (predicts) the optimal model
error trajectory so that the measurement-minus-estimate covariance statistically matches the known measurement-
minus-truth covariance. The optimal model error is found by using a one-time step ahead control approach. Also,
because the continuous model is used to determine state estimates, the filter avoids discrete state jumps. The
predictive filter is used to estimate the position and velocity of nonlinear mass-damper-spring system. Results
using this new algorithm indicate that the real-time predictive filter provides accurate estimates in the presence of
highly nonlinear dynamics and significant errors in the model parameters.

Introduction

ONVENTIONAL filter methods, such as the Kalman filter,'

have proven to be extremely useful in a wide range of appli-
cations, including noise reduction of signals, trajectory tracking of
moving objects, and control of linear or nonlinear systems. The es-
sential feature of the Kalman filter is the utilization of state-space
formulations for the system model. Errors in the dynamics system
can be separated into process noise errors or modeling errors. Pro-
cess noise errors are usually represented by a zero-mean Gaussian
error process with known covariance(e.g.,a gyro-errormodel canbe
represented by a random walk process). Modeling errors are usu-
ally not known explicitly, because system models are not usually
improved or updated during the estimation process. The theoretical
derivation of the expression for the estimate error covariance in the
Kalman filter is only available if one makes assumptions about the
model error. The most common assumptions about the model error
are that it is also a zero-mean Gaussian noise process. Therefore, in
the filter-type literature, most often process noise and model error
are treated equally.

The Kalman filter satisfies an optimality criterion, which min-
imizes the trace of the covariance of the estimate error between
the system model responses and actual measurements. Statistical
properties of the process noise and measurement error are used to
determine an optimal filter design. Therefore, model characteristics
are combined with sequential measurementsin order to obtain state
estimates that are more accurate than both the measurements and
model responses.

As already stated, errors in the system model of the Kalman fil-
ter are usually assumed to be represented by a zero-mean Gaussian
noise process with known covariance. In actual practice the noise
covariance is usually determined by an ad hoc and/or heuristic es-
timation approach, which may result in suboptimal filter designs.
Other applicationsalso determine a steady-state gain directly, which
may even produce unstable filter designs 2 Also, in many cases such
as nonlinearities in the actual system responses or nonstationary
processes, the assumption of a Gaussian model error process can
lead to severely degraded state estimates.
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In addition to nonlinear model errors, the actual assumed
model may be nonlinear (e.g., three-dimensional kinematic and
dynamic equations®). The filtering problem for nonlinear systems
is considerably more difficult and admits a wider variety of solu-
tions than does the linear problem.* The extended Kalman filter is a
widely used algorithm for nonlinear estimation and filtering.’ The
essential feature of this algorithm is the utilization of a first-order
Taylor series expansion of the model and output system equations.
The extended Kalman filter retains the linear calculation of the co-
variance and gain matrices, and it updates the state estimate using
a linear function of the measurement residual; however, it uses the
original nonlinear equations for state propagationand in the output
system equation.’ But, the model error statistics are still assumed to
be represented by a zero-mean Gaussian noise process.

A new approach for performing optimal state estimation in the
presenceof significant model error has been developedby Mook and
Junkins.® This algorithm, called the minimum model error (MME)
estimator, unlike most filter and smoother algorithms, does not as-
sume that the model error is represented by a Gaussian process.
Instead, the model error is determined during the MME estima-
tion process. The algorithm determines the corrections added to the
assumed model such that the model and corrections yield an accu-
rate representation of the system behavior. This is accomplished by
solving system optimality conditionsand an output error covariance
constraint. Therefore, accurate state estimates can be determined
without the use of precise system representations in the assumed
model. Also, the MME estimator can be applied to systems with
nonlinear models. The MME estimates are determined from a so-
lution of a two-point boundary-value problem (see Refs. 6 and 7).
Therefore, the MME estimator is a batch (off-line) estimator, which
must utilize postexperiment measurements.

The filter algorithm developed in this paper can be implemented
in real time (as can the Kalman filter). However, the algorithm is
not limited to Gaussian noise characteristics for the model error.
Essentially, this new algorithm combines the good qualities of both
the Kalman filter (i.e., a real-time estimator) and the MME esti-
mator (i.e., determines actual model error trajectories). The new
algorithm is based on a predictive tracking scheme first introduced
by Lu.® Although the problem shown in Ref. 8 is solved from a
control standpoint, the algorithm developed in this paper is refor-
mulated as a filter and estimator with a stochastic measurement
process. Therefore, the new algorithm is known as a predictive fil-
ter. The advantages of the new algorithm include the following: 1)
the model error is assumed unknown and is estimated as part of the
solution, 2) the model error may take any form (even nonlinear),
and 3) the algorithm can be implemented on-line to both filter noisy
measurements and estimate state trajectories.
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The organization of this paper proceeds as follows. First, the
basic equations and concepts used for the filter development are
reviewed. Then, a predictive filter is derived for nonlinear systems.
This approach determines optimal state estimates in real time by
minimizing a quadratic cost function consisting of a measurement
residual term and a model error term. Then, the concept of the co-
variance constraintis introduced for determining the optimal model
error weighting matrix. Finally, an example involving the estima-
tion of the position and velocity in a nonlinear mass-damper-spring
system is shown.

Nonlinear Predictive Filter

Preliminaries

In this section, the nonlinear predictive filter algorithmis derived.
This development is based on the duality that exists between the
predictive controller for nonlinear systems by Lu® and a general
estimation problem. In the nonlinear predictive filter it is assumed
that the state and output estimates are given by a preliminary model
and a to be determined model error vector given by

x(t) = fI&(1)] + G[x(1)1d(1) (1a)
F(1) = e[&(D)] (1b)

where f € R" — R" is sufficiently differentiable, () € R" is
the state estimate vector, d(t) € R? represents the model error vec-
tor, G[x(1)] : R" — R"*7 is the model-error distribution matrix,
c[x(t)] € R* — R™ is the measurement vector, and y(¢) € R™ is
the estimated output vector. State-observablediscrete measurements
are assumed for Eq. (1b) in the following form:

Vi = clx(t)] + )

where y, € R™ is the measurement vector at time #, x(f;) is the
true state vector, and v, € R™ represents the measurement noise
vector, which is assumed to be a zero-mean, Gaussian white-noise
distributed process with

E{vi}=0 (3a)
E{vv]} = Rsy (3b)
where R € R™*™ is a positive-definite measurement covariance
matrix.
A Taylor series expansion of the output estimate in Eq. (1b) is
given by
Yt +A D =y() +zx(1),At] + AADSEMDA(E) (D)

where the ith element of z[X(?), A ] is given by

LAtk
N _ ALy,
alk@).a11= ) S L) 5)
k=1
where p;,i = 1,2,...,m, is the lowest order of the derivative

of ¢;[%(?)] in which any component of d(t) first appears due to
successive differentiation and substitution for x;(¢) on the right-
hand side. Lk}(c,-) is a kth-order Lie derivative, defined by’

Li(e)) =c for k=0

k-1 ©
OL"™ (¢;)
L’}(c,-) = fa—fc for k>1
A(At) € R™*™ is a diagonal matrix with elements given by
Ji = [Ae ] pit], i=1,2...m ()

S[x(¢)] € R™*4 is a matrix with each ith row given by

Si={L[LY €] s Lo, [L7 Hen]}

i=12....,m (8

where the Lie derivative with respectto L,; in Eq. (8) is defined by

aL;"*‘(c,-)

Lg/[L;i*I(Ci)] ng,

i=L2....9 9

Equation (8) is in essence a generalized sensitivity matrix for non-
linear systems.

Nonlinear Filtering

A cost functional consisting of the weighted sum square of
the measurement-minus-estimae residuals plus the weighted sum
square of the model correction term is minimized given by

JdD] = 3{3(t +A1) =yt +A D}

xRyt +A1) =3t +A D)} + 2d" (HWd(1) (10)

where W € R?*1 is positive semidefinite. Also, a constantsampling
rate is assumed so that (¢ +A t) = y; ;. Substituting Eq. (4) and
minimizing Eq. (10) with respect to d(t) leads to the following
model error solution:

d(t) = —{[AQ DHSE]T RT'A@A HSx) + W)!
X[A@A DSE) R '[z(R,At) —J(t +A 1) +3(1)] (11)

By using the matrix inversionlemma,'® the model errorin Eq. (11)
can be rewritten as

d(t) = —M()[z(x, A1) —y(t +A 1) + y(1)] (12)
where
M) =W I(I — [AQ DHSE)] {AA ) SE)W!
X[AA DS@E]" + R)T'AA NSE] W HIAA 1SE)]" R™!
13)

This form will later be used to show the relationshipof the predictive
filter to a linear estimator for linear systems. Equation (12) is used
in Eq. (1a) to perform a nonlinear propagation of the state estimates
to time #;, then the measurementis processedat time #; , | to find the
new d(t) in [#, 1 1], and then the state estimates are propagated to
time f; , ;. The matrix W serves to weight the amount of model error
addedto correctthe assumedmodelin Eq. (1). As W decreases, more
model erroris added to correctthe model, so that the estimates more
closely follow the measurements. As W increases, less model error
is added, so that the estimates more closely follow the propagated
model.

Covariance Constraint

The weighting matrix (W) in Eq. (11) can be determined on the
basis that the measurement-minus-estimate error covariance matrix
must match the measurement-minus-truth error covariance matrix
(seeRef. 6). This conditionis referredto as the covarianceconstraint,
shown as

1 ¢ ,
= D lec—@le &) ~ R (14)
k=0

where e; = y; — yi, € is the sample mean of y — y, and N is a large
number. A test for whiteness can be based on the autocorrelation
function matrix of the measurement residual® The maximum like-
lihood estimate of the m x m autocorrelationfunction matrix for N
samples is given by

1,
Co= Ze,-e/,k (15)

A 95% confidenceinterval for whitenessusinga finite sample length
is given by’

|pis, | < 1.96/ N¥ (16)
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where p;; corresponds to the diagonal elements resulting by nor-
malizing the autocorrelation matrix by the zero-lag elements given
by

Pii, = ciik/ciio 17

If the confidence interval in Eq. (16) and the covariance constraint
in Eq. (14) are met, then the weighting matrix is optimal. Therefore,
the proper balance between model error and measurement residual
has been achieved. If the measurementresidual covarianceis higher
than the known measurement error covariance (R), then W should
be decreased to less penalize the model error. Conversely, if the
residual covariance is lower than the known covariance, then W
should be increased so that less unmodeled dynamics are added to
the assumed system model.

The sample measurement covariance can be determined from a
recursive relationship given by!!

Rt = Ry + [1/ (k + DY K/ (k + Des 11 — &)

X (ex41— &) — kk} (18a)
€1 =e + [/ (k+ Dl(exy1 —er) (18b)

The covariance constraintis met when Iék — R, after the filter has
converged (i.e., the estimate reaches a stochastic steady state so that
the effects of transients become negligible).

Even though the model error is determined by Eq. (11) or (12),
it still involves stochastic processes. Therefore, a covariance of the
model error can be derived. First, the covarianceconstraintis rewrit-
ten as

E{(5x —30(Gx =30 } =R (19)
Substituting Eq. (2) into Eq. (19) and using
Byl ) = Bt} = Efil} = Epuil) =0 @0)
leads to
E{Jﬂ’kﬂ-} ~ Wy =R 2n

If Eq. (14) is satisfied at steady state, then the following equation is
also true:

E{j’k+15’1{+1} —Yeridi =R (22)
For a constant sampling interval, Eq. (22) is equivalent to
E(yt +ADYy (1 +AD)} =@ +A)y 1 +A1)+ R (23)

As long as the processremains stationary, Eq. (23) is valid even if the
covariance constraintis not satisfied. Also, since the optimal model
error solutionin Eq. (11) is a function of the stochastic measurement
noise process, a test for the whiteness of the determined model error
can be found by using the correlation function in Egs. (15-17),
replacing e with d. If the model error is sufficiently white, then
the covariance of the model error can also be determined using
a recursive formula shown in Eq. (18), again replacing e with d.
Another form for the model error covariance can be determined by
using Eq. (11) and assuming that

E(3aw"(t +AD} = Ep(r +A 05" (1} =0 (24a)

Ezx,Atw' (t +A0D) = Eppit+A1)2" RX,40)) =0 (24b)
which leads to

E{d(nd" ()} = M(OH{(3(1) =3t +A 1) +z(%,A 1) + RIM' (1)

(25)
where for any a,

(a) = aa” (26)

Therefore, the relative magnitude of the model error can now be
determined. In fact, if the determined model error process is truly
white, then the inverse of the weighting matrix (W) can be shown to
be the maximum likelihood estimate of the model error. This can be
used to determine an adaptive scheme for determining W to satisfy
the covariance constraint (which will be reported at a later time).

Stability
Filter Stability

The effect of W on filter stability and bandwidth can be deter-
mined by applying a discrete error analysis. The filter residual is
given by

e(t+At)=y(t+At) -yt +At) (27)
Substituting Eq. (4) into Eq. (27) leads to
et +At)=[I — AADSE)M(D)]e(t +At) (28)
where
et +A) =yt +A1)—y(t)— z(X,A 1) (29)

which is the predicted measurement residual at # + A ¢ assuming
d=0.

If S issquareand fullrank, then ASM isalsofullrank. As W — 0,
then ASM — I, and (I — ASM) — 0. This approaches a dead-
beat response for the filter dynamics. As W — oo, then M — 0,
and (I — ASM) — 1. This yields a filter response with eigenval-
ues approachingthe unit circle. As long as the covariance matrix is
positive, the eigenvalues of the filter will lie within the unit circle.
Therefore, the filter remains contractive.

Robustness

In the preceding section, the filter stability was shown for the
linearized system. In this section, filter robustness and stability is
shown for the nonlinear system with unmodeled dynamics. This
situation may arise when W is not chosen properly. Lu'® has shown
thatthe dual control problemachievesinput/outputlinearizationand
asymptotic tracking of any given trajectory if p; < 4. An analysis
of the robustness properties in the face of unmodeled dynamics for
p; = 1, W = 0, and square and nonsingular S(x) has also been
shown in Ref. 13. In this paper, the case of p; = 1, W # 0, and
S(x) € R™*3, where m < 3, is considered. The continuous output
estimate for p; = 1 is given by

y=Ls(c)+ SE)d (30
where
L(cy)
Ls(c) = 31)
Ly(cn)

Suppose that the unmodeled errors are introduced into the output
estimate by

y=Ls(c)+ALic)+[SE) +A4 S&E)d (32)
and suppose that L ;(c) andA L, (c) forall x € X are bounded by
L)l < n, ALl < n (33)
Furthermore, assume thatA S(x) is represented by

A S(X) = 8(Xx)S(x) (34)

where &(x) is a scalar, continuous function with bound given by
—1 < 8(x) < nj. Assuming that the model errors and measurement
errors are isotropicleadsto W = wl, and R = rI. Then, the matrix
inverse in Eq. (11) can be written (suppressing arguments) as

{([ASTTRT'AS + W) ' = {(v — o) + C}! (35)
where
C=@r’rs's (36a)
o= (A2r)w(STS) (36b)
v=w+o (36¢)
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By the Cayley-Hamilton theorem, any meromorphic function of C
can be expressed as a quadratic in C (see Ref. 14), yielding

{(v=0)+C}"' =1/ y)(al + BC +C?) (37)
where
a=v -’ +k (38a)
B=—(v+o0) (38b)
y=Ww—-o0)a+A =wa+A (38¢)
k = tr(adj C) = (A t*/ r?) tr[adj(ST S)] (38d)
A = (A1%r?) det(STS) (38¢)

Therefore, the error dynamics become
e=—Atiry)1+8Qe+y—L;, —AL;

+@ 2 ry)(1+8QIL, —y] (39)

where

0 =[a(SST) + (A 2/ HBSSTY: + (A t*/1rH)B(SSTY']  (40)

Now, define a Lyapunov function V = |le||?/2. Using the norm
inequality' and the fact that
- 1 -
e’ Qe > ele (41)
ol
(see the Appendix) leads to
24 t(1+ ) -
<—————V+lellly—L; —A Ll
ryl107] e
A2(1+6), -
+————le" lQNIL; =yl (42)

Next, using the well-known inequality ab < za® + b*/ (4z) for any
a,b,and z > 0 and defining E = A ¢(1 + O)/ (ry) yield

V<( 26 +4>v

= _——— Z

o1

N Iy —L; —ALP+A2E|01PIL, -y

4z
Substituting4z = &/ ||Q~"|| leads to

(43)

V< 5
- let

V+b (44)

where
b= 107 I[(/OIy—L—AL P +APENIQIPIL —5I7] (45)
Therefore, Eq. (44) can be solved to yield
b Q7| &t } b Q7|
V< (v - >ex - + (46)
- PL e £

where Vy > b||Q~!||/ & is required to maintain the inequality. Defin-
ing the bounds

0=inf(1+8)> 0 (47a)
Voo = y, 47b
Iy té‘}é‘,ii];'yf' (47b)

and using the matrix norm inequality again leads to

ry1Q7'| :
lell = V2rE— i + VA1 Q7 QIS (48)

where

1 = [ylloo — 11 — n3] (49a)

o = [0(n; — ¥ll)] (49b)

Assuming that || SST || < s, forall SS” leads to the following bound
on [|Qll:

101l < as; + (A 2/ r)|Bls? + (A t* r?)s? (50)

Also, tr(S7S) < 35, and det(S”S) < s3, which leads to

o < (3A 2/ 2r)s, (51a)
k < (9A t* r*)s? (51b)
A <(t% r3)s? (51¢)

Substituting Eq. (51) into Egs. (38) and (50) leads to the following
boundson || Q] and y:

dwA 257 N 134 r4s?

ol < w?s + - (52a)
r
3w?A t? 9A t*s? A t0s?
y<w oy L4 ! (52b)
- 2 3
A bound on || Q7| is found by writing it as
107"l = ¥ I{S[A 2/ r)S"S + wI]™' ST}
< 7ISSHTIINA 27 r)S"S + wi||
< 7ISSHTIH@A 21 r)IST S| + w} (53)
Assuming that ||(SST)!|| < s, forall SS7 leads to
107"l < ysa[ (A 2 r)sy + w] (54)

Therefore Egs. (48), (52), and (54) define the bound for the error
dynamics under unmodeled uncertainty. Similar results can be ob-
tainedfor 1 < p; < 4.The case whereq > 3 canalsobe determined
using a Cayley-Hamilton expansionbut becomesincreasingly com-
plicated.

Numerical Stability

If the system is unobservable,then S” S is not full rank. However,
the filter can compensatefor this by addingmore model correction. It
can be shown that the filter remains for bounded model uncertainties
as long as

(v—o)a+4A >0 (55)

If ST S is not full rank, then A = 0, which leads to the following
condition:

v> (At 2r) (ST S) (56)

Therefore, the filter remains contractive as long as w > 0. This
condition is always met, but Eq. (56) can be used to help deter-
mine any numerical difficulties (i.e., large values of o may produce
numerical difficulties). One possible solution is to make r as large
as possible. However, then w will be adjusted to meet the covari-
ance constraint, so that the numerical difficulties remain. Another
solution to this problem s to use smaller sampling interval, but this
may not be possible. A more practical solution is to utilizea U —D
factorization of Eq. (13) (see Ref. 16).

Cases
Case 1

Let p; = 1 for both the state and output systems. Equations (5),
(7), and (8) reduce to

z=AtHX)f(x) (57a)

HiX) = 6—? (57b)
ox

A=At] (57¢)

S=H®X)G(x) (57d)
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Therefore, the model error trajectory in Eq. (12) is given by
d=-At{I —W'GTHT[HGW'GTHT +At™*R]"'HG)}
xW'GTHT" R™'{§(t) —§(t +At) + A tHf} (58)

Equations (57) and (58) can be used to develop a predictive filter
for a linear system given by

Il
5!

* v+ Gd (59a)

§ = Hi (59b)

For the linear case Eq. (58) is similar to a linear estimator. This can
be shown by converting Eq. (59) into discrete form:

£k+l = d)fck—l—de (60)

If the sampling interval in the discrete conversion in Eq. (60) is
equal to the measurement sampling interval (A ) and if the first-
order approximationsof @ ~ [I +AtF] and I' ® A tG are made,
then the following equation for d; is given:

di={—-WI'TTHT[HTW'TTHT + R|"'HT}

xW T H' R™Y 5,41 — H D%} (61)

Case 2
Consider the following system:

;51 :fl(ffl,ffz) (623)
X2 = fo(%2) + Ga(2)d (62b)
§=c(@) (62¢)

with p; = 2. Equation (62a) usually defines the kinematics, and
Eq. (62b) usually defines the dynamics of a system. Equations (5),
(7), and (8) now become

Coaefert L,
2=AtL + —| —=fi(x1, X)) + —=/2(%2) (63a)
2 6x1 6x2

0 0
L' = = fi(R1, 82) + —fo(82) (63b)
6x1 6x2
A=@A2)1 (63¢)
oL, .
S = 6—AG2(X2) (63d)
X2
Example

In this section, a simple example, which illustrates the application
of the predictive filter to a nonlinear mass-damper-springsystem, is
shown. Consider the following system'”:

mi + bx|x| + kix + kx> =0 (64)
where bx | x| representsthe nonlineardamping and k; x +k,x repre-
sents a linear spring with a nonlinear hardening effect. This system
can be shown to be asymptotically stable by choosing the following
Lyapunov function!”:

V(x) = %m)'cz + %klxz + %kzx4 (65)
which leads to

V(x) = —b|x|? (66)

Therefore, the mechanical energy of the system converges to zero
for any initial condition. Using the predictive filter approach, the

system model is modified by the addition of a to-be-determined
unmodeled effect. The state-space representationis given by

N % g
[5&2} B [—clfczw — & _W;J + mdm (67)

where ¢, = b/m,c, = ki/m,c; = ky/ m, and x; and x, repre-
sent position (x) and velocity (x), respectively. For this system, the
model error is represented as an input to the mass-damper-spring
system. The measurements are given by

e = x1(t) + vy (68)

where the variance of v is defined as r. The lowest-order time-
derivative of Eq. (68) in which the model error first appears is two.
Therefore, the predictive filter equations are given by Egs. (62) and
(63), which is case 2. For this example, the determined model error
is given by

24 3 At
d=————| % — — (15|18 + ok + 3%
At4+4rw[2 2(12|2| 241 31)
~ L -5) (69)
At :
where 7 = 3, . The case where w = 0 corresponds to the

feedback linearization case, yielding

] [ o 1 o T D PP,
2l T s || & T | vae]?

The eigenvalues of the state matrix are given by
s10 = (/A D=1 %)) (71)

Therefore, the filter’s dynamics are dependentonly on the sampling
interval. Also, this caserepresentsa linear filter on the measurements
only, so that no model error correctionis added.

The true state history for this example is given using Eq. (67)
with d(t) = O forall¢,c¢; = 10, ¢c; = 0.1, and ¢; = 3, and initial
conditions of x;(#y) = —0.1 and x,(#;) = 0.1. A plot of the true
states with these parameters is shown in Fig. 1. Measurements are
obtained by using a sampling interval of 0.1 s, and the standard de-
viation of v, in Eq. (68) is 0.0005. Model error s introducedinto the
system by perturbing ¢, and ¢z, which are chosen to be ¢; = —100
and c; = 40. Also, a weighting factor of w = 0.09 was determined
by satisfying the covarianceconstraintonce the filter reached steady
state. Even though a significant amount of error is present in the as-
sumed model, the predictive filter is able to accurately estimate for
the states, as shown by Fig. 2. A plot of the actual and determined
model error histories is shown in Fig. 3. This example shows that
the model error cannot be represented by a zero-mean Gaussian
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Fig.1 True states.
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Fig.4 Sensitivity to initial condition errors.

process, as is assumed in the Kalman filter. However, the predic-
tive filter is clearly able to correctly determine the actual model
error in the system. Finally, the predictive filter is tested for ini-
tial conditions errors. For this test, the assumed initial conditions
in the filter are set to zero. Figure 4 depicts the filter convergence
for this case. The predictive filter is able to converge very quickly
(within 0.06 s). This example clearly shows that the predictive fil-
ter scheme provides robust performance in a nonlinear system for

both significant errors in the assumed model and in the initial con-
ditions.

Conclusions

A predictive filter was presented for nonlinear systems. Advan-
tages of the new algorithm over the extended Kalman filter include
the following: 1) the model error is assumed unknown and is es-
timated as part of the solution, 2) the model error may take any
form (even nonlinear), and 3) the model error is used to propagate
a continuous model, which avoids discrete jumps in the state es-
timate. An example of this algorithm was shown, which estimated
the positionand velocity of a nonlinear mass-damper-springsystem.
Results using this new algorithm indicated that the real-time pre-
dictive filter provides accurate estimates in the presence of highly
nonlinear dynamics and significant errors in the model parameters.

Appendix: Matrix Norm Inequality

In this section, the inequality given by Eq. (41) is proved. The
vector e is first represented by

ezia,-u,- (A1)
i=1

where u; are the eigenvectors of Q and ¢; are some scalar coeffi-
cients. Therefore, the product Qe is given by

Qe = Z oA (A2)
i=1
where A; are the eigenvalues of Q. Using the fact that
lel* =" o? (A3)
i=1
leads to the following inequality:
imin Z a,'z =< eT Qe =< A’max Z aiZ (A4)
i=1 i=1
Therefore, using the following identity:
Iin(Q) = —— e = (A5)
" Anax (@71 IO
then the following inequality must hold true:
- 1 -
e’ Qe > ele (A6)
et
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