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A real-time predictive � lter is derived for nonlinear systems. The major advantage of this new � lter over
conventional � lters is that it provides a method of determining optimalstate estimates in the presence of signi� cant
error in the assumed (nominal) model. The new real-time nonlinear � lter determines (predicts) the optimal model
error trajectory so that the measurement-minus-estimatecovariancestatisticallymatches the known measurement-
minus-truth covariance. The optimal model error is found by using a one-time step ahead control approach. Also,
because the continuous model is used to determine state estimates, the � lter avoids discrete state jumps. The
predictive � lter is used to estimate the position and velocity of nonlinear mass-damper-spring system. Results
using this new algorithm indicate that the real-time predictive � lter provides accurate estimates in the presence of
highly nonlinear dynamics and signi� cant errors in the model parameters.

Introduction

C ONVENTIONAL � lter methods, such as the Kalman � lter,1

have proven to be extremely useful in a wide range of appli-
cations, including noise reduction of signals, trajectory tracking of
moving objects, and control of linear or nonlinear systems. The es-
sential feature of the Kalman � lter is the utilization of state-space
formulations for the system model. Errors in the dynamics system
can be separated into process noise errors or modeling errors. Pro-
cess noise errors are usually represented by a zero-mean Gaussian
error processwith knowncovariance(e.g., a gyro-errormodelcanbe
represented by a random walk process). Modeling errors are usu-
ally not known explicitly, because system models are not usually
improved or updated during the estimation process. The theoretical
derivation of the expression for the estimate error covariance in the
Kalman � lter is only available if one makes assumptions about the
model error. The most common assumptions about the model error
are that it is also a zero-mean Gaussian noise process. Therefore, in
the � lter-type literature, most often process noise and model error
are treated equally.

The Kalman � lter satis� es an optimality criterion, which min-
imizes the trace of the covariance of the estimate error between
the system model responses and actual measurements. Statistical
properties of the process noise and measurement error are used to
determine an optimal � lter design. Therefore,model characteristics
are combinedwith sequentialmeasurements in order to obtain state
estimates that are more accurate than both the measurements and
model responses.

As already stated, errors in the system model of the Kalman � l-
ter are usually assumed to be representedby a zero-mean Gaussian
noise process with known covariance. In actual practice the noise
covariance is usually determined by an ad hoc and/or heuristic es-
timation approach, which may result in suboptimal � lter designs.
Other applicationsalso determinea steady-stategain directly,which
may even produceunstable � lter designs.2 Also, in many cases such
as nonlinearities in the actual system responses or nonstationary
processes, the assumption of a Gaussian model error process can
lead to severely degraded state estimates.
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In addition to nonlinear model errors, the actual assumed
model may be nonlinear (e.g., three-dimensional kinematic and
dynamic equations3 ). The � ltering problem for nonlinear systems
is considerably more dif� cult and admits a wider variety of solu-
tions than does the linear problem.4 The extended Kalman � lter is a
widely used algorithm for nonlinear estimation and � ltering.5 The
essential feature of this algorithm is the utilization of a � rst-order
Taylor series expansion of the model and output system equations.
The extended Kalman � lter retains the linear calculation of the co-
variance and gain matrices, and it updates the state estimate using
a linear function of the measurement residual; however, it uses the
original nonlinear equations for state propagationand in the output
system equation.5 But, the model error statisticsare still assumed to
be represented by a zero-mean Gaussian noise process.

A new approach for performing optimal state estimation in the
presenceof signi� cant modelerror hasbeendevelopedbyMookand
Junkins.6 This algorithm, called the minimum model error (MME)
estimator, unlike most � lter and smoother algorithms, does not as-
sume that the model error is represented by a Gaussian process.
Instead, the model error is determined during the MME estima-
tion process.The algorithmdetermines the correctionsadded to the
assumed model such that the model and corrections yield an accu-
rate representationof the system behavior. This is accomplishedby
solvingsystem optimalityconditionsand an output error covariance
constraint. Therefore, accurate state estimates can be determined
without the use of precise system representations in the assumed
model. Also, the MME estimator can be applied to systems with
nonlinear models. The MME estimates are determined from a so-
lution of a two-point boundary-valueproblem (see Refs. 6 and 7).
Therefore, the MME estimator is a batch (off-line) estimator,which
must utilize postexperimentmeasurements.

The � lter algorithm developed in this paper can be implemented
in real time (as can the Kalman � lter). However, the algorithm is
not limited to Gaussian noise characteristics for the model error.
Essentially, this new algorithm combines the good qualities of both
the Kalman � lter (i.e., a real-time estimator) and the MME esti-
mator (i.e., determines actual model error trajectories). The new
algorithm is based on a predictive tracking scheme � rst introduced
by Lu.8 Although the problem shown in Ref. 8 is solved from a
control standpoint, the algorithm developed in this paper is refor-
mulated as a � lter and estimator with a stochastic measurement
process. Therefore, the new algorithm is known as a predictive � l-
ter. The advantages of the new algorithm include the following: 1)
the model error is assumed unknown and is estimated as part of the
solution, 2) the model error may take any form (even nonlinear),
and 3) the algorithmcan be implemented on-line to both � lter noisy
measurements and estimate state trajectories.
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The organization of this paper proceeds as follows. First, the
basic equations and concepts used for the � lter development are
reviewed. Then, a predictive � lter is derived for nonlinear systems.
This approach determines optimal state estimates in real time by
minimizing a quadratic cost function consisting of a measurement
residual term and a model error term. Then, the concept of the co-
variance constraint is introduced for determining the optimal model
error weighting matrix. Finally, an example involving the estima-
tion of the position and velocity in a nonlinear mass-damper-spring
system is shown.

Nonlinear Predictive Filter
Preliminaries

In this section, the nonlinearpredictive� lter algorithmis derived.
This development is based on the duality that exists between the
predictive controller for nonlinear systems by Lu8 and a general
estimation problem. In the nonlinear predictive � lter it is assumed
that the state and output estimates are given by a preliminary model
and a to be determined model error vector given by

OPx(t ) D f[Ox(t )] C G[Ox(t )]d(t) (1a)

Oy(t ) D c[Ox(t )] (1b)

where f 2 Rn ! Rn is suf� ciently differentiable, Ox(t ) 2 Rn is
the state estimate vector, d(t ) 2 Rq represents the model error vec-
tor, G[Ox(t)] : Rn ! Rn £ q is the model-error distribution matrix,
c[Ox(t )] 2 Rn ! Rm is the measurement vector, and Oy(t ) 2 Rm is
the estimatedoutputvector.State-observablediscretemeasurements
are assumed for Eq. (1b) in the following form:

Qyk D c[x(tk )] C vk (2)

where Qyk 2 Rm is the measurement vector at time tk , x(tk ) is the
true state vector, and vk 2 Rm represents the measurement noise
vector, which is assumed to be a zero-mean, Gaussian white-noise
distributed process with

Efvk g D 0 (3a)

E vk vT
l D R d kl (3b)

where R 2 Rm £ m is a positive-de�nite measurement covariance
matrix.

A Taylor series expansion of the output estimate in Eq. (1b) is
given by

Oy(t C D t ) ¼ Oy(t ) C z[Ox(t ), D t ] C K (D t )S[Ox(t )]d(t ) (4)

where the i th element of z[Ox(t), D t ] is given by

zi [Ox(t ), D t ] D
pi

k D 1

D t k

k!
L k

f (ci ) (5)

where pi , i D 1, 2, . . . , m, is the lowest order of the derivative
of ci [Ox(t )] in which any component of d(t) � rst appears due to
successive differentiation and substitution for OPx i (t) on the right-
hand side. L k

f (ci ) is a kth-order Lie derivative, de� ned by9

L k
f (ci ) D ci for k D 0

(6)

L k
f (ci ) D

¶ L k ¡ 1
f (ci )

¶ Ox
f for k ¸ 1

K (D t ) 2 Rm £ m is a diagonal matrix with elements given by

k ii D D t pi / pi ! , i D 1, 2, . . . , m (7)

S[Ox(t)] 2 Rm £ q is a matrix with each i th row given by

Si D Lg1 L pi ¡ 1
f (ci ) , . . . , Lgq L pi ¡ 1

f (ci )

i D 1, 2, . . . , m (8)

where the Lie derivativewith respect to Lg j in Eq. (8) is de� ned by

Lg j L pi ¡ 1
f (ci ) ´

¶ L pi ¡ 1
f (ci )

¶ Ox
g j , j D 1, 2, . . . , q (9)

Equation (8) is in essence a generalized sensitivity matrix for non-
linear systems.

Nonlinear Filtering
A cost functional consisting of the weighted sum square of

the measurement-minus-estimate residuals plus the weighted sum
square of the model correction term is minimized given by

J [d(t )] D 1
2
f Qy(t C D t ) ¡ Oy(t C D t )gT

£R¡1f Qy(t C D t ) ¡ Oy(t C D t )g C 1
2 dT (t)Wd(t ) (10)

where W 2 Rq £ q is positivesemide� nite.Also, a constantsampling
rate is assumed so that Qy(t C D t) ´ Qyk C 1 . Substituting Eq. (4) and
minimizing Eq. (10) with respect to d(t ) leads to the following
model error solution:

d(t ) D ¡f[ K (D t )S( Ox)]T R¡1 K (D t )S( Ox) C W g¡1

£[ K (D t )S( Ox)]T R¡1[z( Ox, D t ) ¡ Qy(t C D t ) C Oy(t )] (11)

By using the matrix inversion lemma,10 the model error in Eq. (11)
can be rewritten as

d(t ) D ¡M(t )[z( Ox, D t ) ¡ Qy(t C D t ) C Oy(t )] (12)

where

M(t ) D W ¡1(( I ¡ [K (D t )S( Ox)]T f K (D t)S( Ox)W ¡1

£[K (D t )S( Ox)]T C Rg¡1[ K (D t)S( Ox)] W ¡1))[K (D t )S( Ox)]T R¡1

(13)

This form will later beused to show the relationshipof the predictive
� lter to a linear estimator for linear systems. Equation (12) is used
in Eq. (1a) to perform a nonlinearpropagationof the state estimates
to time tk , then the measurementis processedat time tk C 1 to � nd the
new d(t ) in [tk , tk C 1], and then the state estimates are propagated to
time tk C 1 . The matrix W serves to weight the amount of model error
addedto correcttheassumedmodel in Eq. (1).As W decreases,more
model error is added to correct the model, so that the estimates more
closely follow the measurements.As W increases, less model error
is added, so that the estimates more closely follow the propagated
model.

Covariance Constraint
The weighting matrix (W ) in Eq. (11) can be determined on the

basis that the measurement-minus-estimate error covariancematrix
must match the measurement-minus-truth error covariance matrix
(seeRef.6). This conditionis referredto as thecovarianceconstraint,
shown as

1
N

N

k D 0

fek ¡ Negfek ¡ NegT ¼ R (14)

where ek ´ Qyk ¡ Oyk , Ne is the sample mean of Qy ¡ Oy, and N is a large
number. A test for whiteness can be based on the autocorrelation
function matrix of the measurement residual.5 The maximum like-
lihood estimate of the m £ m autocorrelationfunction matrix for N
samples is given by

Ck D 1
N

N

i D k

ei eT
i ¡ k (15)

A 95%confidenceinterval forwhitenessusinga � nite sample length
is given by5

q iik · 1.96/ N
1
2 (16)
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where q ii corresponds to the diagonal elements resulting by nor-
malizing the autocorrelationmatrix by the zero-lag elements given
by

q iik D ciik cii0 (17)

If the con� dence interval in Eq. (16) and the covariance constraint
in Eq. (14) are met, then the weightingmatrix is optimal. Therefore,
the proper balance between model error and measurement residual
has been achieved.If the measurementresidual covarianceis higher
than the known measurement error covariance (R), then W should
be decreased to less penalize the model error. Conversely, if the
residual covariance is lower than the known covariance, then W
should be increased so that less unmodeled dynamics are added to
the assumed system model.

The sample measurement covariance can be determined from a
recursive relationship given by11

ORk C 1 D ORk C [1/ (k C 1)] [k/ (k C 1)](ek C 1 ¡ Nek )

£ (ek C 1 ¡ Nek )T ¡ ORk (18a)

Nek C 1 D Nek C [1/ (k C 1)](ek C 1 ¡ Nek ) (18b)

The covariance constraint is met when ORk ! R, after the � lter has
converged (i.e., the estimate reaches a stochasticsteady state so that
the effects of transients become negligible).

Even though the model error is determined by Eq. (11) or (12),
it still involves stochastic processes. Therefore, a covariance of the
model error can be derived.First, the covarianceconstraintis rewrit-
ten as

E ( Qyk ¡ Oyk )( Qyk ¡ Oyk)
T D R (19)

Substituting Eq. (2) into Eq. (19) and using

E ykvT
k D E vk yT

k D E Oyk vT
k D E vk OyT

k D 0 (20)

leads to

E Qyk QyT
k ¡ Oyk OyT

k D R (21)

If Eq. (14) is satis� ed at steady state, then the following equation is
also true:

E Qyk C 1 QyT
k C 1 ¡ Oyk C 1 OyT

k C 1 D R (22)

For a constant sampling interval, Eq. (22) is equivalent to

Ef Qy(t C D t )QyT (t C D t )g D Oy(t C D t )OyT (t C D t ) C R (23)

As long as the processremainsstationary,Eq. (23) is valid even if the
covarianceconstraint is not satis� ed. Also, since the optimal model
error solutionin Eq. (11) is a functionof the stochasticmeasurement
noiseprocess, a test for the whiteness of the determinedmodel error
can be found by using the correlation function in Eqs. (15–17),
replacing e with d. If the model error is suf� ciently white, then
the covariance of the model error can also be determined using
a recursive formula shown in Eq. (18), again replacing e with d.
Another form for the model error covariance can be determined by
using Eq. (11) and assuming that

Ef Oy(t)vT (t C D t)g D Efv(t C D t )OyT (t )g D 0 (24a)

Efz( Ox, D t )vT (t C D t)g D Efv(t C D t )zT ( Ox, D t)g D 0 (24b)

which leads to

E fd(t)dT (t )g D M(t )fh Oy(t ) ¡ Oy(t C D t ) C z( Ox, D t)i C RgM T (t )

(25)
where for any a,

hai ´ aaT (26)

Therefore, the relative magnitude of the model error can now be
determined. In fact, if the determined model error process is truly
white, then the inverseof the weightingmatrix (W ) can be shown to
be the maximum likelihoodestimate of the model error. This can be
used to determine an adaptive scheme for determining W to satisfy
the covariance constraint (which will be reported at a later time).

Stability
Filter Stability

The effect of W on � lter stability and bandwidth can be deter-
mined by applying a discrete error analysis. The � lter residual is
given by

e(t C D t ) D Qy(t C D t ) ¡ Oy(t C D t ) (27)

Substituting Eq. (4) into Eq. (27) leads to

e(t C D t ) D [I ¡ K (D t )S( Ox)M (t)]Oe(t C D t ) (28)

where

Oe(t C D t ) ´ Qy(t C D t ) ¡ Oy(t ) ¡ z( Ox, D t ) (29)

which is the predicted measurement residual at t C D t assuming
d D 0.

If S is squareand fullrank,then K SM is also full rank.As W ! 0,
then K SM ! I , and ( I ¡ K SM) ! 0. This approaches a dead-
beat response for the � lter dynamics. As W ! 1, then M ! 0,
and (I ¡ K SM) ! I . This yields a � lter response with eigenval-
ues approachingthe unit circle. As long as the covariance matrix is
positive, the eigenvalues of the � lter will lie within the unit circle.
Therefore, the � lter remains contractive.12

Robustness
In the preceding section, the � lter stability was shown for the

linearized system. In this section, � lter robustness and stability is
shown for the nonlinear system with unmodeled dynamics. This
situation may arise when W is not chosen properly.Lu13 has shown
that the dual controlproblemachievesinput/output linearizationand
asymptotic tracking of any given trajectory if pi · 4. An analysis
of the robustness properties in the face of unmodeled dynamics for
pi D 1, W D 0, and square and nonsingular S( Ox) has also been
shown in Ref. 13. In this paper, the case of pi D 1, W 6D 0, and
S( Ox) 2 Rm £ 3 , where m · 3, is considered. The continuous output
estimate for pi D 1 is given by

OPy D L f (c) C S( Ox)d (30)

where

L f (c) ´
L f (c1)

...

L f (cm)

(31)

Suppose that the unmodeled errors are introduced into the output
estimate by

OPy D L f (c) C D L f (c) C [S( Ox) C D S( Ox)]d (32)

and suppose that L f (c) and D L f (c) for all x 2 X are bounded by

kL f (c)k · n1 , kD L f (c)k · n2 (33)

Furthermore, assume that D S( Ox) is represented by

D S( Ox) D d ( Ox)S( Ox) (34)

where d ( Ox) is a scalar, continuous function with bound given by
¡1 < d ( Ox) < n3. Assuming that the model errors and measurement
errors are isotropic leads to W D w I , and R D r I . Then, the matrix
inverse in Eq. (11) can be written (suppressing arguments) as

f[K S]T R¡1 K S C W g¡1 D f(v ¡ r ) I C C g¡1 (35)

where

C ´ (D t 2/ r )ST S (36a)

r D (D t 2/ 2r) tr(ST S) (36b)

v D w C r (36c)
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By the Cayley–Hamilton theorem, any meromorphic function of C
can be expressed as a quadratic in C (see Ref. 14), yielding

f(v ¡ r ) I C Cg¡1 D (1/ c )( a I C b C C C2) (37)

where

a D v2 ¡ r 2 C k (38a)

b D ¡(v C r ) (38b)

c D (v ¡ r ) a C D D w a C D (38c)

k D tr(adj C) D (D t 4/ r 2) tr[adj(ST S)] (38d)

D D (D t 6/ r 3) det(ST S) (38e)

Therefore, the error dynamics become

Pe D ¡(D t / r c )(1 C d )Qe C QPy ¡ L f ¡ D L f

C (D t 2/ r c )(1 C d )Q[L f ¡ QPy] (39)

where

Q ´ [a (SST ) C (D t 2/ r ) b (SST )2 C (D t 4/ r 2) b (SST )3] (40)

Now, de� ne a Lyapunov function V D kek2/ 2. Using the norm
inequality15 and the fact that

eT Qe ¸ 1
kQ¡1k

eT e (41)

(see the Appendix) leads to

PV · ¡2D t (1 C d )
r c kQ¡1k

V C keTkkQPy ¡ L f ¡ D L fk

C
D t 2(1 C d )

r c
keT kkQkkL f ¡ QPyk (42)

Next, using the well-known inequality ab · za2 C b2/ (4z) for any
a, b, and z > 0 and de� ning n ´ D t (1 C d )/ (r c ) yield

PV · ¡
2 n

kQ¡1k
C 4z V

C
kQPy ¡ L f ¡ D L f k2 C D t 2 n 2kQk2kL f ¡ QPyk2

4z
(43)

Substituting 4z D n / kQ¡1k leads to

PV · ¡
n

kQ¡1k
V C b (44)

where

b ´ kQ¡1k (1/ n )kQPy¡L f ¡D L f k2 CD t 2 n kQk2kL f ¡ QPyk2 (45)

Therefore, Eq. (44) can be solved to yield

V · V0 ¡
bkQ¡1k

n
exp ¡

n t

kQ¡1k
C

bkQ¡1k
n

(46)

where V0 ¸ bkQ¡1k/ n is requiredto maintain the inequality.De� n-
ing the bounds

h D inf(1 C d ) > 0 (47a)

kQPyk1 D max
t 2 [0,t f ]

m

i D 1

j QPyi j (47b)

and using the matrix norm inequality again leads to

kek ·
p

2
r c kQ¡1k

D t h
l 2

1 C
p

2D tkQ¡1kkQkl 2
2 (48)

where

l 1 D [kQPyk1 ¡ n1 ¡ n2] (49a)

l 2 D [h (n1 ¡ kQPyk1)] (49b)

Assuming that kSST k · s1 for all SST leads to the followingbound
on kQk:

kQk · a s1 C (D t2/ r)j b js2
1 C (D t 4/ r 2)s3

1 (50)

Also, tr(ST S) · 3s1 and det(ST S) · s3
1 , which leads to

r · (3D t 2/ 2r)s1 (51a)

k · (9D t 4/ r 2)s2
1 (51b)

D · (D t 6/ r 3)s3
1 (51c)

Substituting Eq. (51) into Eqs. (38) and (50) leads to the following
bounds on kQk and c :

kQk · w2s1 C
4wD t2s2

1

r
C

13D t 4s3
1

r 2
(52a)

c · w3 C 3w2D t 2s1

r
C

9D t 4s2
1

r 2
C

D t 6s3
1

r 3
(52b)

A bound on kQ¡1k is found by writing it as

kQ¡1k D c kfS[(D t 2/ r)ST S C w I ]¡1 ST g¡1k

· c k(SST )¡1kk[(D t 2/ r)ST S C w I ]k

· c k(SST )¡1kf(D t2/ r)kST Sk C wg (53)

Assuming that k(SST )¡1k · s2 for all SST leads to

kQ¡1k · c s2 (D t2/ r)s1 C w (54)

Therefore Eqs. (48), (52), and (54) de� ne the bound for the error
dynamics under unmodeled uncertainty. Similar results can be ob-
tained for 1 · pi · 4. The case where q > 3 can also be determined
using a Cayley–Hamilton expansionbut becomes increasinglycom-
plicated.

Numerical Stability
If the system is unobservable,then ST S is not full rank. However,

the � lter cancompensatefor thisby addingmoremodelcorrection.It
can be shown that the � lter remains for boundedmodeluncertainties
as long as

(v ¡ r ) a C D > 0 (55)

If ST S is not full rank, then D D 0, which leads to the following
condition:

v > (D t 2/ 2r) tr(ST S) (56)

Therefore, the � lter remains contractive as long as w > 0. This
condition is always met, but Eq. (56) can be used to help deter-
mine any numerical dif� culties (i.e., large values of r may produce
numerical dif� culties). One possible solution is to make r as large
as possible. However, then w will be adjusted to meet the covari-
ance constraint, so that the numerical dif� culties remain. Another
solution to this problem is to use smaller sampling interval, but this
may not be possible. A more practical solution is to utilize a U¡D
factorizationof Eq. (13) (see Ref. 16).

Cases
Case 1

Let pi D 1 for both the state and output systems. Equations (5),
(7), and (8) reduce to

z D D t H ( Ox) f ( Ox) (57a)

H ( Ox) ´
¶ Oy
¶ Ox

(57b)

K D D t I (57c)

S D H ( Ox)G( Ox) (57d)
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Therefore, the model error trajectory in Eq. (12) is given by

d D ¡D tfI ¡ W ¡1GT H T [H GW ¡1GT H T C D t¡2 R]¡1 H Gg

£W ¡1GT H T R¡1f Oy(t ) ¡ Qy(t C D t ) C D t H f g (58)

Equations (57) and (58) can be used to develop a predictive � lter
for a linear system given by

OPx D F Ox C Gd (59a)

Oy D H Ox (59b)

For the linear case Eq. (58) is similar to a linear estimator. This can
be shown by converting Eq. (59) into discrete form:

Oxk C 1 D U Oxk C C dk (60)

If the sampling interval in the discrete conversion in Eq. (60) is
equal to the measurement sampling interval (D t ) and if the � rst-
order approximationsof U ¼ [I C D t F] and C ¼ D tG are made,
then the following equation for dk is given:

dk D fI ¡ W ¡1 C T H T [H C W ¡1 C T H T C R]¡1 H C g

£W ¡1 C T H T R¡1f Qyk C 1 ¡ H U Oxk g (61)

Case 2
Consider the following system:

OPx1 D f1( Ox1, Ox2) (62a)

OPx2 D f2( Ox2) C G2( Ox2)d (62b)

Oy D c( Ox1) (62c)

with pi D 2. Equation (62a) usually de� nes the kinematics, and
Eq. (62b) usually de� nes the dynamics of a system. Equations (5),
(7), and (8) now become

z D D tL1
f C

D t2

2

¶ L1
f

¶ Ox1
f1( Ox1, Ox2) C

¶ L1
f

¶ Ox2
f2( Ox2) (63a)

L1
f ´

¶ c
¶ Ox1

f1( Ox1 , Ox2) C
¶ c
¶ Ox2

f2( Ox2) (63b)

K D (D t 2/ 2)I (63c)

S D
¶ L1

f

¶ Ox2
G2( Ox2) (63d)

Example
In this section,a simple example,which illustratesthe application

of the predictive � lter to a nonlinearmass-damper-springsystem, is
shown. Consider the following system17:

m Rx C b Px j Px j C k1x C k2x3 D 0 (64)

where b Px j Px j representsthe nonlineardamping and k1x Ck2x3 repre-
sents a linear spring with a nonlinear hardening effect. This system
can be shown to be asymptoticallystable by choosing the following
Lyapunov function17:

V (x) D 1
2
m Px2 C 1

2
k1x2 C 1

4
k2x4 (65)

which leads to

PV (x) D ¡bj Px j3 (66)

Therefore, the mechanical energy of the system converges to zero
for any initial condition. Using the predictive � lter approach, the

system model is modi� ed by the addition of a to-be-determined
unmodeled effect. The state-space representation is given by

OPx1

OPx2

D
Ox2

¡c1 Ox2j Ox2j ¡ c2 Ox1 ¡ c3 Ox3
1

C
0

1
d(t ) (67)

where c1 ´ b/ m, c2 ´ k1/ m , c3 ´ k2/ m, and x1 and x2 repre-
sent position (x) and velocity ( Px), respectively.For this system, the
model error is represented as an input to the mass-damper-spring
system. The measurements are given by

Qyk D x1(tk ) C vk (68)

where the variance of vk is de� ned as r . The lowest-order time-
derivative of Eq. (68) in which the model error � rst appears is two.
Therefore, the predictive � lter equations are given by Eqs. (62) and
(63), which is case 2. For this example, the determined model error
is given by

d D ¡ 2D t3

D t 4 C 4rw
Ox2 ¡

D t

2
c1 Ox2j Ox2j C c2 Ox1 C c3 Ox3

1

¡ 1
D t

QyD ¡ Ox1 (69)

where QyD ´ Qyk C 1. The case where w D 0 corresponds to the
feedback linearization case, yielding

OPx1

OPx2

D
0 1

¡2/ D t 2 ¡2/ D t

Ox1

Ox2
C

0

2/ D t 2
QyD (70)

The eigenvalues of the state matrix are given by

s1,2 D (1/ D t)(¡1 § j ) (71)

Therefore, the � lter’s dynamics are dependentonly on the sampling
interval.Also, this case representsa linear� lteron the measurements
only, so that no model error correction is added.

The true state history for this example is given using Eq. (67)
with d(t) D 0 for all t , c1 D 10, c2 D 0.1, and c3 D 3, and initial
conditions of x1(t0) D ¡0.1 and x2(t0) D 0.1. A plot of the true
states with these parameters is shown in Fig. 1. Measurements are
obtained by using a sampling interval of 0.1 s, and the standard de-
viation of vk in Eq. (68) is 0.0005.Model error is introducedinto the
system by perturbing c2 and c3 , which are chosen to be c2 D ¡100
and c3 D 40. Also, a weighting factor of w D 0.09 was determined
by satisfying the covarianceconstraintonce the � lter reached steady
state. Even though a signi� cant amount of error is present in the as-
sumed model, the predictive � lter is able to accurately estimate for
the states, as shown by Fig. 2. A plot of the actual and determined
model error histories is shown in Fig. 3. This example shows that
the model error cannot be represented by a zero-mean Gaussian

Fig. 1 True states.
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Fig. 2 Estimated states.

Fig. 3 Actual and determined model error histories.

Fig. 4 Sensitivity to initial condition errors.

process, as is assumed in the Kalman � lter. However, the predic-
tive � lter is clearly able to correctly determine the actual model
error in the system. Finally, the predictive � lter is tested for ini-
tial conditions errors. For this test, the assumed initial conditions
in the � lter are set to zero. Figure 4 depicts the � lter convergence
for this case. The predictive � lter is able to converge very quickly
(within 0.06 s). This example clearly shows that the predictive � l-
ter scheme provides robust performance in a nonlinear system for

both signi� cant errors in the assumed model and in the initial con-
ditions.

Conclusions
A predictive � lter was presented for nonlinear systems. Advan-

tages of the new algorithm over the extended Kalman � lter include
the following: 1) the model error is assumed unknown and is es-
timated as part of the solution, 2) the model error may take any
form (even nonlinear), and 3) the model error is used to propagate
a continuous model, which avoids discrete jumps in the state es-
timate. An example of this algorithm was shown, which estimated
the positionand velocityof a nonlinearmass-damper-springsystem.
Results using this new algorithm indicated that the real-time pre-
dictive � lter provides accurate estimates in the presence of highly
nonlinear dynamics and signi� cant errors in the model parameters.

Appendix: Matrix Norm Inequality
In this section, the inequality given by Eq. (41) is proved. The

vector e is � rst represented by

e D
m

i D 1

a i ui (A1)

where ui are the eigenvectors of Q and a i are some scalar coef� -
cients. Therefore, the product Qe is given by

Qe D
m

i D 1

a i k i ui (A2)

where k i are the eigenvalues of Q. Using the fact that

kek2 D
m

i D 1

a 2
i (A3)

leads to the following inequality:

k min

m

i D 1

a 2
i · eT Qe · k max

m

i D 1

a 2
i (A4)

Therefore, using the following identity:

k min(Q) D 1
k max(Q¡1)

D 1
kQ¡1k

(A5)

then the following inequality must hold true:

eT Qe ¸ 1
kQ¡1k

eT e (A6)
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