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Development of Structural Uncertainty Models

Mark E. Campbell¤ and Edward F. Crawley†

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The development and utilization of an uncertainty model for structures that undergo a change in operational
environment is presented. The motivatingapplicationis the developmentof an on-orbit (0-g) uncertainty model for
structural control based solely on ground (1-g) modeling and experimentation, although other applications can be
used. A parametric uncertainty model (mean errors and bounds on modal parameters) is developed for a nominal
environment and then localized to speci� c degrees of freedom (mass and stiffness uncertainties) using a � rst-order
sensitivity method. The nominal mass and stiffness uncertainties are then projected into a modi� ed environment
to create an analogous,modi� ed uncertainty model. The middeck active control experiment is introduced to verify
the prediction of a space-based uncertainty model.

I. Introduction

M ANY engineering applications require prediction of system
dynamics and uncertainties based solely on modeling and

testing in an environment that is different than its eventual use:
modeling and testing of wings and rotorcraft in a wind tunnel prior
to � ight, redesignof a structurebasedona nominaldesign,andmod-
eling and testing of space structures on the ground. In addition, the
required accuracy of these models is usually very high. For exam-
ple, a high-precision space telescope must utilize a high-authority
control design, which in turn requires a very accurate model of the
dynamics to ensure stability and performance.The objective of this
work is to develop an accurate description of a structural system
(model and uncertainties) in both a nominal and modi� ed environ-
ment, based solely on modeling and experimentationin the nominal
environment.

Two common approaches exist for model development: analyti-
cal models based on geometric and material properties and system
identi� cation based on measured input–output data. Although a � -
nite element model (FEM) is a physical description of the system,
it is usually large and requires a model update step to be relatively
accurate.A measurementmodel is a singlemodel � t to a set of input–
output data and is more accurate than the FEM. The measurement
model, however, gives a nonphysical input–output description of
the system, introducing unwanted effects such as multiple modes.
Whereas both methodologies have their bene� ts and drawbacks,
both also rely on a single set of data (for updating or � tting) used to
represent the structure in a linear manner. The actual parameters of
all structural systems, however, usually vary due to effects such as
joint pretension, damping, sensor noise, and nonlinearities. There-
fore, the most accurate and useful descriptionof a structural system
is a linear model and model of uncertainties.

Figure 1 shows the process for the developmentof an uncertainty
model for a structural system in both a nominal and a modi� ed en-
vironment.An FEM is developedand updatedusing open-loopdata
to obtain good accuracy, whereas additional dynamics for sensors,
actuators, time delays, etc., are appended to create an input–output
model. Using a large number of identi� cation experiments, a set of
measurement models is found. By comparing measurement mod-
els and the FEM-based input–output model, a nominal uncertainty
model consisting of mean errors and bounds on critical parameters
is developed. Finally, using the nominal and modi� ed FEMs and
the nominal uncertainty model, a modi� ed uncertainty model can
be predicted. It is noted that the FEM is used as the � nal linear
model description because it is physical in nature and is linear, and
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the derivation of a model of modal uncertainties is easier because
there are no multiple modes.

The developmentof an accurate modi� ed uncertainty model is a
complex blending of analytical modeling and updating, identi� ca-
tion, probabilityanalysis,and � nite element error localization.Error
localization techniques1¡3 attempt to localize errors to speci� c de-
grees of freedom using measured frequenciesand mode shapes and
an FEM. Sidhu and Ewins4 developed the most well-known error
localizationmethod, called the error matrix method,4;5 where a sys-
tem is � rst reduced to the measured degrees of freedom, and errors
in the � exibility matrix are identi� ed and then inverted to � nd the
measured stiffness errors. The sensitivitymethod6;7 expresses mass
and stiffness error matricesas a functionof physicalparameters and
calculates � rst-order sensitivities. The force balance method8 ex-
amines the system for large eigensystemresidues using (expanded)
experimental mode shapes and frequencies, thus indicating errors
at speci� c degrees of freedom. There are also frequency-domain
methods that build an error matrix as a function of frequency.9;10

One of the most thorough examinations of the repeatability of
ground and space hardware is the Middeck 0-g Dynamics Experi-
ment (MODE).11 On the ground and in space, variations in modal
parameters were examined as functions of disturbance force am-
plitude, joint preload, reassembly, shipset (different hardware), and
suspension. Collins et al.12 assume statistical properties for mod-
eling parameters in order to iteratively localize uncertainties. This
is very similar to the sensitivity method, except the variances are
chosen to re� ect the user’s con� dence in the parameter estimate.
Hasselman et al.13;14 group together generically similar structures
into three databases, an example of which is research models of
large (truss type) space structures. The databases can then be used
to create a probability model of a space structure, consisting of a
mean model and distribution of modal errors.

The approach of this paper is as follows. First, an assessment
of structural modeling uncertainties is given to understand what
types of errors must be captured in the uncertainty model. Then,
the developmentof the nominal uncertaintymodel is presented,fol-
lowed by the sensitivity-method-based projectionprocess to predict
the modi� ed uncertaintymodel. Finally, the middeck active control
experiment, a Shuttle � ight experiment, which � ew on STS-67 in
March 1995, is introduced to experimentally verify the prediction
of a modi� ed uncertainty model using two distinct examples.

II. Assessment of Modeling Uncertainties
A thorough understandingof all possible modeling uncertainties

in a structural system is very important to both the development of
a nominal uncertainty model and the prediction of a modi� ed un-
certainty model. All uncertainties can be divided into the general
groups of linear and nonlinear.Within these groups, � ve subgroups
can be de� ned: physical, modeling, coupling, testing, and nonlin-
earities. Table 1 gives a summary of these uncertainties,along with
their type (mean and/or variance) and capturability,or the ability to
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842 CAMPBELL AND CRAWLEY

Table 1 Types of structural modeling uncertainties listed as mean and/or variance in type and ease or dif� culty
to capture them in a physical uncertainty model

Uncertainty Capturable

Group Subgroup Type Mean Variance Easy Dif� cult

Linear Physical modeling Material
p p

Geometric
p p

Modeling method Discretization
p p

Incorrect element physics
p p

Unmodeled dynamics
p p

Coupling Boundary conditions
p p p

Joints/attachments
p p p

Actuator/sensor dynamics
p p

Time delays
p p

Gravity
p p p

Aerodynamic
p p p

Controller
p p p

Testing procedure Sensor/process noise
p p p

Sensor bias
p p p

Nonlinear Weak
p p p

Strong
p p p

Fig. 1 Development process for system and uncertainty models.

localize an uncertainty to a physical mass/stiffness uncertainty as
either easy or dif� cult.

Physical modeling uncertainties are those where the physics of
the systemhas been capturedcorrectly,but a numberof themodeling
parameters are in error. These uncertainties,which are traditionally
treated with updating techniques, can be divided into two smaller
groups: material uncertainties, such as the modulus of elasticity,
density,etc., and geometricuncertainties,such as areaand inertia (or
their primitives such as radius and width), etc. These uncertainties
are also the easiest to be captured because they are usually constant
(mean error uncertainty). Modelinguncertainties,on the other hand,
are those errors in which the physics of the hardware has not been
represented correctly, including discretization issues, selection of
correct element types, or unmodeled boundary conditions.Because
the physics has not been captured correctly, these uncertainties are
usually quite dif� cult to localize.

Coupling dynamics are those dynamics that are usually not mod-
eled with � nite elements and must be coupled in after the solution is
found. The physics of the couplingdynamics is assumed to be mod-
eled correctly, and only the parameters of the coupling dynamics
are in error. (If the physics is not modeled correctly, the uncertain-
ties are in the modeling method subgroup.) Coupling dynamics can
include boundary conditions, joints/attachments, actuator and sen-
sor dynamics, time delays, and many other types, which are not de-
tailedhere.These dynamicscan easily lead to mean or evenvariance

errors. For instance, if a structure is on a suspension system, every
test may have slightly differentboundaryconditions.There are also
other coupling dynamics that are termed external and are a func-
tion of the system environment. This includes gravity effects and
aerodynamic effects and applying a closed-loop controller.

The testing procedure can also introduce uncertainties into the
development of a system model. Issues, such as noise, bias, and
ampli� er gains of different sensors, along with the actual param-
eter estimation method can all impede accurate measurements of
the system. A strain gauge, for example, is a sensor that is very
dependent on the attachment to the system. For small noise and
bias uncertainties, these can be represented using the uncertainty
model. Large bias errors, however, cannot be representedas a linear
physical change to the system.

Nonlinearities act on every system in some form: material prop-
erties, stiction,dead band stiffness in joints, and changingboundary
conditions such as loss of tension in a cabled suspension system.
Strong nonlinearitiesonly degrade the localizationprocess and usu-
ally require a nonlinear model, in addition to the FEM. If they are
weak, or can be made weak by the addition of another component
such as a closed-loopcontroller,these types of nonlinearitiescan be
represented using variance uncertainties.

III. Uncertainty Model Development
The uncertaintiesdescribed in the preceding section demonstrate

that, when comparing a linear model with a structural system, both
mean and varianceerrors exist. It is proposedto describethese errors
using a stochastic uncertaintymodel, made up of a linear mean and
bound (variance) on each of the parameters.

A. Problem Formulation
The nominal system dynamics can be described using an FEM:

MN RqN C CN PqN C K N qN D 0 (1)

where MN 2 RnN £ nN and KN 2 RnN £ nN are the mass and stiff-
ness matrices, respectively, and qN is a vector of nN physical de-
grees of freedom. Assuming proportional damping, an nN -degree-
of-freedom, linear structuralgeneralizedeigenvalueproblemcan be
solved,

¡MN 8N 3N C KN 8N D 0 (2)

where 3N 2 RnN £ nN and 8N 2 RnN £ nN are the eigenvalues and
eigenvectors given by

8N D [ÁN1 : : : ÁN nN
]; 3N D diag[¸N1 : : : ¸N nN ]

(3)

In addition, the eigenvectors are mass normalized, or

8T
N MN 8N D I ; 8T

N KN 8N D 3N (4)
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Fig. 2 Steps for the development of a modi� ed uncertainty model.

The FEM is assumed to be an accurate representationof the hard-
ware, such that the mean error and variance uncertainties can then
be de� ned using a � rst-orderperturbation to the nominal system, or

QMN D MN C 1MN ; QKN D K N C 1KN

Q3N D 3N C 13N ; Q8N D 8N C 18N

(5)

where the tilde refers to the linearmodeldescriptionof the hardware,
i.e., data.

Assuming the nominal eigenvectors8N are a suf� cient set of ba-
sis vectors describing the hardware dynamics, changes in the eigen-
vectors,18N , can be written as a linear combinationof the original
eigenvectors,

18N D 8N 9N (6)

It is assumed that all nN eigenvaluesand eigenvectorsof the model
are available.This assumptioncan be easily relaxed,althoughhigher
frequency eigenvectorscreate a suf� cient basis for representing the
eigenvalue perturbations, even though they might not be accurate.
An analogous formulation of these equations can be developed for
the modi� ed system.

Figure 2 shows the approach for the uncertainty localization and
projection process, given in four steps. 1) Given an FEM and data
sets for the nominal system, an uncertainty model is developed, in
the formof meanand covarianceuncertaintiesof theeigenvaluesand
eigenvectorsbetween the model and hardware. 2) These uncertain-
ties are localizedto speci� c physicaldegreesof freedomof theFEM,
in the form of mean error and covarianceuncertaintiesof the physi-
cal mass and stiffnessmatrices.3) A mapping of degreesof freedom
between the nominaland modi� ed systemsis used to createthe mass
and stiffness uncertaintiesof the modi� ed system. 4) The modi� ed
FEM is used to project the mapped mass and stiffness uncertainties
andpredicttheuncertaintymodel for themodi� ed systemin the form
of mean and covariance uncertainties of the eigenvaluesand eigen-
vectors. Each of these steps is examined in the following sections.

B. Step 1: Development of Nominal Uncertainty Model
The � rst step in this compilationof methods is the developmentof

the nominal uncertaintymodel. A set of tests is needed to accurately
measure each of the uncertainties itemized in Table 1. This can be
done by varying test parameters such as using different actuators,
sensors, disassembly/reassembly, time between tests, disturbance
levels, and adding a nonstructural change such as a servo system.
By testing each of these parameters, a large databaseof the nominal
systemresponseis created, thusmeasuringeach of the uncertainties.

An identi� cation/parameterestimationmethodis thenused to � nd
parameter estimates for the measured frequencies(eigenvalues) and
eigenvectors of the system. This technique must parameterize the
FEM and component models (sensor, actuator, time delays, etc.)
separately and must allow easy extraction and combinationof mea-
sured modal parameters. Once the parameters are identi� ed, the
nominal uncertainty model is created by calculating mean and co-
variance errors of critical parameters of the system. For the FEM,
this is given as

E
vecf1¸N i g
vec1ÁNi

; cov
vecf1¸Ni g
vec1ÁNi

(7)

A complete explanation of this procedure is given in Ref. 15.

C. Step 2: Uncertainty Localization
With the nominal uncertainty model, the next step is to localize

the FEM uncertainties to speci� c degrees of freedom. A � rst-order
sensitivitymethod whose roots can be traced back three decades6;12

is used. The method described here, however, develops a complete
uncertaintylocalizationstrategy that not only uses � rst-order sensi-
tivities, but also addresses problems such as systematically choos-
ing update parametersand handlingan insuf� cient numberof modal
measurements. In addition, the technique is adapted for the local-
ization of variance uncertainties, as well as mean errors.

Enforcingthe structuraleigenvalueproblemfor the truedynamics
of the nominal hardware

¡ QMN
QÁNi

Q̧
Ni C QKN

QÁN i D 0 (8)

by substituting Eqs. (5) and (6) into Eq. (8) and premultiplying by
ÁT

N i and ÁT
N j yield

1¸N i D ÁT
N i [1K N ¡ ¸Ni 1MN ]ÁNi (9)

[¸Ni ¡ ¸N j ]ÃN ji D ÁT
N j [1K N ¡ ¸N j 1MN ]ÁNi (10)

The mass and stiffness perturbations are assumed to be in the
form

1KN D
kN

j D 1

® j K j ; 1MN D
m N

j D 1

¯ j M j (11)

where K j and M j are macroelements, ® j and ¯ j are scale factors
that represent the relative size of each macroelement, and kN and
m N are the total number of macroelements for the nominal system.
A discussionof these macroelements is given subsequently.Substi-
tutingEq. (11) into Eqs. (9) and (10) and rearranging,the eigenvalue
and eigenvector errors are

1¸Ni D
kN

j D 1

ÁT
N i K j ÁNi ® j ¡ ¸Ni

m N

j D 1

ÁT
Ni M j ÁNi ¯ j (12)

1ÁN i D
kN

j D 1

&

6$ nN

k D 1
k 6D i

ÁT
Ni K j ÁN k

¸N k ¡ ¸Ni
ÁNk

’

7%
® j

¡
m N

j D 1

&

6$ nN

k D 1
k 6D i

¸N k
ÁT

Ni M j ÁN k

¸Nk ¡ ¸Ni
ÁNk ¡ ÁT

Ni M j ÁN i

2
ÁN i

’

7%
¯ j (13)

These equations are linear in terms of the macroelemental scale
factors ® j and ¯ j . Therefore, all of the measured errors can be
written in the form

vecf1¸Ni g
vec1ÁNi

D SN

®N

¯N

(14)

where SN is a sensitivity matrix.
A weightedpseudoinverseis used to calculatethemacroelemental

scale factors

®N

¯N

D [WN SN ]CWN
vecf1¸Ni g
vec1ÁNi

(15)

where the plus superscript refers to the pseudoinverseand WN is a
diagonal weighting matrix

WN D diag
c¸N i

k¸N i k
;

cÁ Ni j

kÁN i j k

and c. / are relative con� dence factors. For this case, the nominal
parameter bounds give a measure of con� dence in the estimate,
such that a large bound indicates an estimate that varies widely
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and might not be accurate. Therefore, the con� dence factors are
inversely proportional to the bounds:

c¸N i D
k¸Ni k
¸Ni

; cÁ Ni D
kÁNi j k
ÁNi j

(16)

Because the macroelemental scale factors are linear in terms of
the measured nominal uncertainty model, the expected value and
covariance can easily be calculated:

E
®N

¯N

D [WN SN ]CWN E
vecf1¸Ni g
vec1ÁNi

(17)

cov
®N

¯N

D [WN SN ]C WN cov
vecf1¸N i g
vec1ÁN i

[WN SN ]CWN
T

(18)

D. Step 3: Mapping
The physical mass and stiffness uncertainties correspond to par-

ticular degrees of freedom; therefore, they can then be mapped to
the modi� ed system. For instance, suppose there is a truss structure
with a plate that has a 5% mass error. If the plate is also in the
modi� ed structure, the mass error of the correspondingdegree(s) of
freedom is also 5%. Under this assumption, a mapping of degrees
of freedom is created TM N , or

qM D TM N qN (19)

In addition, because a number of macroelements only exist in the
nominal system, such as the modeling of gravity effects in 1 g, the
scale factors can be mapped as well:

®M D T® ®N ; ¯M D T¯¯N (20)

It follows that the mass and stiffness errors for the modi� ed system
are given by

1K M D
kM

j D 1

® j TM N K j T
T
M N ; 1MM D

mM

j D 1

¯ j TM N M j T
T
M N

(21)

E. Step 4: Uncertainty Projection
The next step is to � nd the modi� ed eigenvalue and eigenvec-

tor uncertainties in terms of the mass and stiffness uncertainties.
An analogous derivation of the sensitivity equation, given in Eqs.
(12–14) for the nominal system, can be developed for the modi� ed
system using the macroelements in Eq. (21):

vecf1¸Mi g
vec1ÁMi

D SM

®M

¯M

(22)

The expected mean and covariance are then easily calculated in
terms of the measured uncertainties of the nominal system:

E
vecf1¸Mi g
vec1ÁMi

D PM N E
vecf1¸Ni g
vec1ÁNi

(23)

cov
vecf1¸Mi g
vec1ÁMi

D PM N cov
vecf1¸N i g
vec1ÁNi

P T
M N (24)

where

PM N D SM

T® 0

0 T¯

[WN SN ]CWN

The mean errors and bounds for the critical parameters, i.e., un-
certainty model, of the modi� ed system can then be computed. The
eigenvector mean errors N. / and bounds O. / are computed directly:

1ÁMi j D E[1ÁMi j ]; 1ÁMi j D 3 ¢ var[1ÁMi j ] (25)

where var [ ] denotes the variance,or the diagonalof the covariance
matrix. Note that the scaled standard deviation allows the user to

adjust the conservatism of the bounds. Whereas the eigenvalue un-
certainties can be found similarly, more meaningful uncertainties
are in frequencies. Assuming the eigenvalue error is small com-
pared to the eigenvalue, a � rst-order Taylor expansion can be used
to calculate the mean errors and bounds on the frequencies

1 f Mi D
E[1¸Mi ]

2 fM
; 1 f Mi D 3 ¢

p
var[1¸Mi ]

2 fMi

(26)

Uncertaintiesin couplingdynamicsare usually identical in the nom-
inal and modi� ed environments.Damping uncertaintiesare usually
quite dif� cult to project. Therefore, the modi� ed damping uncer-
tainties are usually chosen as highly scaled versions of the nominal
damping bounds, thus being very conservative.

IV. Practical Implementation
Many times, methods are developed that work well for simple

problems,butpracticalapplicationof such methods is severelylack-
ing. This section describes development of nominal and modi� ed
uncertainty models in a practical experiment, speci� cally address-
ing issues such as sensors,macroelements, practical algorithm, and
accuracy of the uncertainty model.

A. Number of Sensors
In most practical applications, measurement of all degrees of

freedom is not possible.Many error localizationmethods, however,
require measurement of all degrees of freedom, reduction of the
original system,or expansionof experimentalmode shapes.Reduc-
tion of the original system leads to errors and error locations that are
suspect.5 There is no general correlation between the actual mode
shape and the accuracy of the expanded mode shape.16 The sensi-
tivity method is one of the only methods that does not reduce or
expand and that can use a subset of system measurements. In this
work, the nominal uncertainty model is based on incomplete infor-
mation: the number of measured frequencies is less than (or equal
to) the number of FEM modes ( QnN · nN ); the number of distinct
actuatorsand sensors (measured mode shapes) is less than (or equal
to) the number of FEM degrees of freedom (rN · nN ).

B. Number of Macroelements
The localizationof the nominaluncertaintymodel utilizesa pseu-

doinverse [as shown in Eq. (15)]. Although the weighting in the
pseudoinverseis important,ensuringthat Eq. (14) is overdetermined
(more knowns than unknowns) is the primary factor in determin-
ing the accuracy of the pseudoinverse. The pseudoinverse of an
overdeterminedsystem is a classical least squares problem where a
weighted quadratic error eN ,

eN D E
vecf1¸Ni g
vec1ÁNi

¡ SN E
®N

¯N

(27)

is minimized. For the underdeterminedcase, other constraintsmust
be added to the problem because there are more unknowns than
knowns. In this work, Eq. (14) is overdetermined if the number
of macroelements is less than or equal to the number of measured
errors, or

kN C m N · .rN C 1/ ¢ QnN (28)

C. Types of Macroelements
Macroelements are user-de� ned matrices that attempt to span

the space of all possible modeling errors. Therefore, many types
of macroelements exist. Factors that in� uence the choices include:
the number and location of the measurements, the number and type
of modes, the types of uncertainties that may exist, and the size
of the FEM. Because the practical case of requiring the number of
macroelementsis less thanor equal to thenumberofmeasurederrors
is considered [Eq. (28)], three different types of macroelements are
de� ned: subelements, elements, and groups of elements.

Subelement-basedmacroelements are those errors that lie within
the physical parameters of the particular � nite element, such as
modulus of elasticity, density, and even gravity effects.17 Errors
in most coupling dynamics (except for gravity effects) are not
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localized, but must be parameterized and estimated in the identi� -
cation procedure.15 Element-based macroelements are those errors
that lie in different � nite elements. A single macroelement can be
formed that is the summationof all subelementerrors corresponding
to a � nite element. This macroelement can then be used to localize
errors to that element, even if the subelement errors are distinct.

Macroelements as groups of elements are those errors that lie in
an area of the structure. Because a � ne FEM mesh is required to
eliminate discretization errors, all degrees of freedom are usually
not experimentally measured. Therefore, it is useful to group � nite
element errors into one macroelement. The simplest grouping pro-
cedure is using insight from themodelingprocess.For instance,if an
element is split into two equivalent elements to obtain a � ner mesh,
errors in these two � nite elements can be grouped together into one
macroelement for localization. A second method for grouping can
also be used, which is a functionof the experimentalmeasurements.
If a large areaof the structuredoesnot containactuatorsor sensors, it
is usuallydif� cult to localizeerrors to thesedegreesof freedom.Tak-
ing a term from the control systems community, the element errors
may be unobservable.Mathematically, these unobservableelement
errors manifest themselves as singularities in the sensitivitymatrix.
Therefore, macroelements (as well as sensor/actuator placement)
can be developed such that the sensitivity matrix in Eq. (14) is full
rank and well conditioned.

D. Practical Algorithm
The most accurate error localization utilizes subelement macro-

elements. Because of this, and with the constraint that the number
of macroelements is less than the number of measured uncertainties
[Eq. (28)], a special three-step procedure is used: 1) localize with
macroelements: groups of elements, reduce number of macroele-
ments; 2) localizewith macroelements:elements, reduce numberof
macroelements; and 3) localize with macroelements: subelements,
reduce number of macroelements.

The uncertainties are � rst localized to areas of the structure, us-
ing macroelements based on groups of elements. The number of
macroelements is reduced by throwing out those macroelements
thatdonot contain largemodelingerrors.This reductionis described
subsequently.The remainingmacroelementsare then dividedto cre-
ate element-based macroelements. A similar procedure is used in
steps 2 and 3, resulting in localizederrors within each � nite element
parameter such as modulus of elasticity and density. Note that the
strategy could start with step 2 or 3, depending on the number of
measured errors.

The reduction is accomplished by examining the quadratic least
squares cost of the pseudoinverse,

J D eT
N W 2

N eN (29)

where eN is the error in Eq. (27) and WN is the weighting matrix in
Eq. (15). Figure 3 shows a sample plot of the normalized cost as a

Fig. 3 Example of the reduction of macroelements using the weighted
least squares cost.

function of the number of macroelements used (12 total). At each
step, each macroelement is eliminated, and the cost is evaluated.
The macroelement that reduces the cost the least is then eliminated.
This procedure is repeated until only one macroelement is left. This
reduction procedure gives a rough ordering of the importance of
the macroelements to the pseudoinverseand, therefore, a minimum
number.

E. Accuracy of Uncertainty Model
Althoughthedevelopmentof a practicalalgorithmforuncertainty

modeling is fairly complete, there were a number of assumptions
that should be addressed. First, the assumption that the macroele-
ments in Eq. (11) accurately represent the errors of the system is
important. Reference 18 gives a summary of how each of these un-
certainties affect the localizationprocess.Examining Table 1, those
uncertainties termed dif� cult to capture, such as modeling method,
cannot be accurately represented by a physical mass and stiffness
uncertainty,as in Eq. (11). To successfully identify and localize un-
certainties, the following steps must be taken to reduce the effects
of these types of uncertainties.

1) Re� ne the � nite element mesh to prevent discretization and
joint/attachment errors.

2) Understand the physics of the system such that correctelement
types are used.

3) Completely model boundary conditions and actuator and sen-
sor dynamics.

4) Understand all coupling effects and their impact on the FEM.
5) Understand all nonlinear effects, including modeling highly

nonlinear components.
Although this list is usually quite dif� cult to complete, these un-

certainties need to be small for the process to work well. If these
precautionscannot be met, the only other recourse is to increase the
scaling on the bound factors in Eqs. (25) and (26), thus creating a
more conservativeuncertainty model.

For the other uncertainties,termed easy to capture,only the phys-
ical parameters can clearly be representedusing physicalmacroele-
ments. Most coupling dynamics are parameterizedin the identi� ca-
tion process and are not localized. One exception to this is gravity
effects, for which subelement-based macroelements can be devel-
oped. It is assumed that testing uncertainties sensor and process
noises are small or could be made small within the parameter esti-
mation procedure using methods such as averaging. The effects of
weak nonlinearitiesunfortunatelyare dif� cult to quantify and eval-
uate. Therefore, it is assumed that these can be modeled within the
parameter bounds.

A second important assumption that is made is the model is an
accurate descriptionof the hardware, as given by Eq. (9). To evalu-
ate this, a second-order term of the eigenvalue perturbation expan-
sion is considered. The method is assumed to be valid when the
second-order term is less than 20% of the � rst-order terms. For the
eigenvalue error, this is written as

.1¸i /
2

¸i
> 0:2 ¢ 1¸i or 1 fi < 0:1 ¢ fi (30)

Although the mean errors in frequencies are usually larger than
10%, these can be reduced by using the mean errors in a traditional
iterative updating technique in order to ensure Eq. (30) is met and
the system can, indeed,be representedusinga � rst-orderexpansion.
The parameter bounds, however, cannot be updated. Therefore, the
parameter bounds should be within those set in Eq. (30).

V. Small-Order Example
Figure 4 shows a small-order example used to analyze the tech-

niques developed and to add insight to the uncertainty localization
and projectionmethods. It is a planar systemwith four tubularcross-
sectioned struts and three concentrated mass/inertia collars. There
are eight beam elements and eight nodal points with 3 degrees of
freedom for each (vertical, horizontal, and rotational) giving 24 de-
greesof freedom.The mass and stiffnessmatrices for these elements
are standard displacement-based two-dimensional beam elements.
The mass matrix is chosen to be in consistent form. The L shape
couples the vertical and horizontal displacements.
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Table 2 Summary of small-order example, uncertainties simulated
in the form of a normal variable with mean and standard deviation

errors [(¢ ) = N( D ((¢ ))), ¾ D ((¢ ))]

Frequencies, Hz

Nominal Modi� ed
Uncertainties, % Measurements (cantilevered) (free)

E2 D N .5; 2/ First four frequencies 3.1 0.0
L4 D N .¡5; 0/ u1; u3; u5; u7 18.2 0.0
r6 D N .¡5; 2/ 43.1 0.0
m67 D N .3; 0/ 72.8 22.3

97.3 44.8
120.2 83.3
131.2 110.3

Table 3 Localization results of the mean errors in mass
and stiffness matrices of small-order example, % error

Stiffness Mass

Entry Actual Local Entry Actual Local

1 ¢ 1 2.4 2.2 7 ¢ 7 ¡2.6 ¡2.7
2 ¢ 2 2.4 2.2 8 ¢ 8 ¡2.6 ¡2.7
3 ¢ 3 2.4 2.2 9 ¢ 9 ¡7.7 ¡8.0
8 ¢ 8 7.7 7.8 10 ¢ 10 ¡0.2 ¡0.2
9 ¢ 9 2.6 2.6 11 ¢ 11 ¡0.2 ¡0.2
11 ¢ 11 7.7 7.9 12 ¢ 12 ¡0.1 ¡0.1
13 ¢ 13 ¡2.6 ¡2.4 13 ¢ 13 ¡2.6 0.0
14 ¢ 14 ¡7.7 ¡7.7 16 ¢ 16 2.6 2.6
16 ¢ 16 ¡4.9 ¡4.6 17 ¢ 17 2.5 2.6
18 ¢ 18 ¡7.7 ¡7.7 18 ¢ 18 2.9 2.8
Average residual 0.1 Average residual 0.1

Fig. 4 Small-order example: cantilevered L beam.

The nominal system is the cantilevered con� guration, whereas
the modi� ed system is a change in operational environment to the
free-free con� guration, shifting frequencies by 20–50%. (Note the
damping is proportional and 1% for all modes.) The free-free con-
� guration has nine nodal points and 27 degrees of freedom. Table 2
gives a summary of the simulated problem, including the system
measurements and uncertainties (both mean and varying) that are
introduced. The simulation entails sampling the stochastic uncer-
tainties and introducing them into the nominal and modi� ed models
to create a set of cases for the true systems. The mean and variance
of both the mean error and variance uncertainties in both the nom-
inal and modi� ed systems were calculated. For this simulation, 10
cases were run.

A two-step localization procedure was used. Table 3 shows the
actual and localizedresults for a few entries in the mass and stiffness
matrices. In most cases, the physical errors are predictedquite well.
An overall mass mean error of 2.35% is reduced to 0.1% (for those
entries in error), and a stiffness mean error of 3.98% is reduced to
0.1%. The localized results of the variance uncertainties showed
comparable results. Because the physical mass and stiffness uncer-
tainties are localized quite well, the prediction of the modi� ed un-
certainty model (and, therefore, the projection method) is expected
to be quite accurate. Figure 5 shows the results of the prediction of
the modi� ed FEM frequencies,using 10 simulated cases. Note that
each point is normalized by the corresponding modi� ed FEM fre-
quency.Each simulated case is within the predictions,indicatingan
accurate predictionof the modi� ed uncertaintymodel, even though
only four modes and mode shapes were measured.

Fig. 5 Frequency prediction results for the small-order example.

a) MACE Con� guration I 1-g

b) MACE Con� guration II 0-g

Fig. 6 MACE test article.

VI. Experimental Veri� cation
The Middeck Active Control Experiment (MACE) was designed

to be a reusabledynamicsandcontrollaboratoryfor the investigation
of issues associated with a change in operational environment of
a � exible spacecraft from ground- to space-based operations. An
extensive set of modeling and control experiments were performed
on the test article during 14 days of on-orbit operations while on
STS-67 in March 1995 (Ref. 19). Note that a matrix method was
used to develop the 0-g uncertainty model for the MACE � ight,20

whereas the sensitivity method was developed after the � ight to
improveon inadequaciesin the matrix method, i.e., the use of partial
information.

Figure 6 shows two con� gurations of the MACE test article that
were utilized. The � rst is MACE Con� guration I, which contains
a straight bus (as shown in 1-g in Fig. 6a). Figure 6b shows Con-
� guration II, which contains an L bus (as shown in 0-g in Fig. 6b).
Note that Con� guration II was not tested on the ground. Because
there were multiple con� gurations of the MACE test article � own
on STS-67, the prediction of uncertainty models can be tested on
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Table 4 Summary of model and data parameters of the two experimental MACE examples

Property Con� guration I 1-g Con� guration I 0-g Con� guration II 0-g

Degrees of freedom (DOF), n.¢/ 678 480 480
FEM modes 375 280 280
Measured DOF, r.¢/ 17(9 XY , 8 Z ) 17(9 XY , 8 Z ) 17(9 XY , 8 Z )
Measured frequencies, Qn.¢/ 24(14 XY , 10 Z ) 24(14 XY , 10 Z ) 24(14 XY , 10 Z )
Data sets 16 12 4
Stiffness elements 99 69 69
Mass elements 59 32 32
Concentrated spring elements 9 0 0
Concentrated mass elements 39 33 33

two distinct examples for experimental veri� cation. The � rst ex-
ample is MACE Con� guration I in 1-g to Con� guration I in 0-g,
thus testing a change in gravity environment. The second example
is MACE Con� guration I in 0-g to Con� guration II in 0-g, thus
testing a change in con� guration.

A. MACE Con� guration I 1-g to 0-g
The � rst example is usingMACE Con� gurationI in 1-g to predict

the uncertaintiesfor MACE Con� guration I in 0-g. This example is
motivated by those spacecraft that can only be tested on the ground,
prior to � ight. For MACE, this example was the basis for most con-
trollers developed prior to � ight. Because of the removal of gravity
and suspension degrees of freedom, this prediction is quite a chal-
lenging task.

The FEM for thenominalsystem(Con� gurationI in 1-g) contains
nN D 678 degrees of freedom, and 375 modes are retained. There
are 16 data sets available for identi� cation, producing rN D 17
measured degrees of freedom (9 in XY axes C 8 in Z axis) and
QnN D 24 measured frequencies (14 in XY axes C 10 in Z axis).
This gives 230 measured modal uncertainties in the MACE 1-g
uncertainty model (140 in XY axes C 90 in Z axis). The FEM for
the modi� ed system (Con� guration I in 0-g) contains nM D 480
degrees of freedom, while 280 modes are retained. There are 12
data sets available for identi� cation, producing rN D 17 measured
degrees of freedom (9 in XY axes C 8 in Z axis) and QnN D 24
measured frequencies (14 in XY axes C 10 in Z axis). A summary
of the speci� c parameters of this example is given in Table 4.

Because there are 230 measured nominal uncertainties and 206
elements in the nominal 1-g FEM, only two steps of uncertainty lo-
calization are required: at the element and at the subelement levels.
Two differentforms of subelement-basedmacroelementswere used
for this example, based on beam parametersand gravityparameters.
Because most of the beam elements contain tubular cross sections,
there are six physical parameters that could be used to developing
macroelements:modulus of elasticity 1E , density 1½ , length 1L,
radius 1r , thickness 1t , and Poisson’s ratio 1º . For this exam-
ple, only 1E , 1½, and 1L are used as macroelements, giving two
independentmass and two independent stiffness subelements. The
other threeuncertaintiescanbe approximatedusingcombinationsof
these macroelements, assuming that the primary modes of interest
are bending. The second type of subelement-based macroelement
is a function of the gravity modeling.17 The primary gravity effects
are gravity stiffening and initial sag in the Lexan beam elements,
gravity stiffening in the gimbals, and tensioning in the suspensions
cables. Because these effects are modeled as a superposition to the
stiffness element, macroelements can be developed that are also at
the subelement level.

Step 2 (localization of the nominal uncertainties) revealed that
most uncertainties lay within the physical and gravity parameters
of the Lexan beam elements. Surprisingly, there were few localized
uncertainties in the suspension cables, where very large gravity ef-
fects exist in the tensioningof the cables. This may be a result of the
lack of measured suspensionmodes and degreesof freedom. Step 3
(mapping) included mapping of test article degrees of freedom but
not suspension degrees of freedom into 0-g, thus giving

TM N D [I480 0480 ¢ 198] (31)

In addition, the gravity macroelements were not mapped into 0-g.

Fig. 7 Results of MACE 1-g to 0-g frequency uncertainty model
prediction.

Fig. 8 MACE 0-g FEM, 0-g FEM shifted by predicted mean errors,
and three sets of data.

Figure 7 shows the predicted and actual results for the modi� ed
0-g frequencies. The prediction of mean errors and bounds is ex-
cellent for all but the 2.26- and 9.46-Hz modes. In addition, there
are one or two data points outside the predicted bounds. For each
of these data points, the parameter estimate had not converged in
the identi� cation process because the parameter is nearly unobserv-
able or uncontrollable.With more time-domaindata, theseestimates
would be within the predicted ranges as well.

To show the results of the mode shape predictions, Fig. 8 shows
transfer functions from primary X gimbal to primary X rate gyro
using: the 0-g FEM, the 0-g FEM shifted by the predicted mean
errors of the modi� ed uncertainty model, and three 0-g data sets.
Although similar, there are two important regions of improvement
of the shiftedmodel. First, at high frequency,the 56.97-Hzmode has
been predicted correctly, whereas there is a 15% error in the FEM.
Second, the prediction of the 17.84-Hz mode of the shifted model
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Table 5 Variations between 1-g and 0-g and Con� guration I
and Con� guration II cases as predicted by the FEM

and as measured in the data; large deviations
between FEM and data indicate large modeling errors

Con� guration I
1-g to 0-g, % to Con� guration II, %

1-g
frequency,
Hz FEM Data FEM Data

2.24 ¡1.1 ¡7.8 ¡4.6 ¡8.0
4.60 18.9 17.7 ¡53.0 ¡43.4
9.79 3.3 2.4 13.6 11.1
16.19 0.4 4.1 ¡18.3 ¡17.8
17.82 ¡0.1 1.7 0.5 1.3
24.89 ¡0.5 2.9 ¡4.5 ¡3.7
39.41 ¡0.3 0.0 26.9 19.7
48.84 ¡0.6 4.2 8.8 13.1
49.01 ¡1.3 ¡0.9 28.6 25.4
56.16 ¡1.4 7.8 0.5 12.4

Fig. 9 Results of the MACE Con� guration I to Con� guration II
frequency uncertainty model prediction.

has correctly changed the sign of the FEM residue, thus matching
the actual residue of the data sets.

Although the prediction of the MACE 0-g uncertainty worked
well, the 2.26- and 9.46-Hz frequencies are troublesome. The pri-
mary reason for these discrepancies are that these two modes are
highly coupled with gravity.Although one objective of this process
is to differentiatebetween hardware and gravity modeling errors, in
reality this is quite dif� cult to do. Gravity effects can usually only
be accurately modeled and updated by using a large number and
different types of sensors.17 This is becausegravity effects are mod-
eled by a superposing addition to the stiffness matrix. For MACE,
only 17 of the 678 degrees of freedom were measured, and many
of these sensors were on large, stiff members of the system (gim-
bal, reaction wheels) rather than on the � exible parts of the system
(struts). Table 5 shows a summary of the shift in frequency from
1-g to 0-g as predicted by the FEM and as measured in the data.
Numbers that are closed indicate a high degree of accuracy in the
modeled gravity effects.For some modes, such as 4.60 Hz, the FEM
predicts the changes quite well. For other modes, however, such as
17.82, 24.89, and 56.16 Hz, the predictedchange is incorrect in sign
and magnitude. In subsequent simulations after the MACE � ight,
the addition of more sensors improved the gravity modeling and
improved the predicted estimates of the errors of these modes.

B. MACE 0-g Con� guration I to Con� guration II
The second example is using MACE Con� guration I in 0-g to

predict the uncertainties for MACE Con� guration II in 0-g. This
example is motivated by those systems that must be tested in a
con� guration that is different than its eventual use. This example
is much simpler than the preceding example because there are no
modeled suspension and gravity effects.

The nominal system (Con� guration I in 0-g) has available 12
data sets and 134 measured modal uncertainties for the nominal
uncertaintymodel (80 in XY axes C 54 in Z axis). For comparison,
the modi� ed system (Con� guration II in 0-g) has available only 4
data sets. Con� guration II was developed by simply rotating those
degrees of freedom in the bottom part of the L con� guration (Fig.
6b). Therefore, the mapping of degrees of freedom is given by

TM N D
I360 0360 ¢ 120

0120 ¢ 360 T120
(32)

where T120 is a rotation matrix.
Figure 9 shows the predicted and actual results for the modi� ed

Con� guration II frequencies.All but two points (8.41 and 17.60Hz)
lay within the predicted uncertainty model. In each of these cases,
the parameter estimate again had not converged. Table 5 shows a
summary of the shift in frequency from Con� guration I and Con-
� guration II as predicted by the FEM and as measured by the data.
Although the magnitude is not always correct, the general trends
are very good. This shows that the overall modeling of the MACE
test article is very good, thus improving the accuracy of predicting
the remaining small uncertainties. In addition, this example reiter-
ates that the 1-g to 0-g MACE example is quite dif� cult because
of the gravity modeling and could be improved with more system
measurements.

VII. Conclusions
A set of methods to identify structural uncertainties between a

model and hardware in a nominal environment and to predict an
uncertaintymodel in a modi� ed environmenthave been developed.
A summary of the many uncertainties that may exist in a structural
system is given. The sensitivity method, because of its ability to
handle incomplete measured uncertainties, is used to localize un-
certainties to speci� c degrees of freedom. A practical algorithm is
presented,which limits the number of mass and stiffness uncertain-
ties and uses a layered approach to localize uncertainties in groups
of elements, then in elements, then in subelements. A small-order
sample problem showed the method worked well in predicting and
identifying both mean and variance uncertainties in the mass and
stiffness matrices using a subset of measured modes and degrees of
freedom.

Two examples of the MACE system were used to experimentally
verify the prediction of a modi� ed uncertainty model. The MACE
1-g to 0-g example performed quite well, but with small residual
errors, which were a result of a lack of sensors for gravity mod-
eling update. The MACE 0-g Con� guration I to Con� guration II
prediction results were very accurate,primarily because the MACE
system was well modeled, and there were no gravity effects in the
problem. Overall, the development and prediction of structural un-
certainty models is mature enough to use for applications such as
model prediction, closed-loop control, and structural redesign.
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