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Fuel-Optimal Periodic Control and Regulation
in Constrained Hypersonic Flight

Larry D. Dewell¤ and Jason L. Speyer†

University of California, Los Angeles, Los Angeles, California 90095-1597

Acceleration-constrained hypersonic � ight is examined in the context of optimalperiodic control and regulation.
Fuel-optimalperiodictrajectories are found thatyieldan 11%improvementover the best static cruise solution,with
a maximum vehicle acceleration of 5 g. These optimal periodic trajectories were implemented using a periodic
regulator in feedback form, which minimized the second variation of the cost. This regulator was extended to
account for a slowly varying system parameter (such as vehicle mass) and was shown to perform strikingly well in
the constrained hypersonic cruise problem.

I. Introduction

T HE � eld of optimal periodic control (OPC) is concerned with
the study of autonomous dynamic systems that exhibit cer-

tain periodic trajectories possessing a lower average cost than its
corresponding optimal steady-state solution. OPC has found im-
portant application in the fuel-optimal cruise problem for aircraft.
The notion that periodic � ight trajectoriesmay be fuel-optimalwas
� rst introducedby Edelbaum in 1955 (Ref. 1). Subsequentwork on
aircraft cruise focused on establishing the local optimality of the
steady-state cruise solution2;3; it was shown by Speyer4 in 1973
that, for a point-mass aircraft model, an extremal path that satis� es
� rst-order necessary conditions for local optimality, as well as the
Legendre–Clebsch condition, generally fails another second-order
necessary condition (the Jacobi test). This raised the question of
whether a more general notion of cruise, periodic � ight, could be
optimal instead. From this point, the 1980s saw a strong interest in
obtaining fuel-optimal periodic trajectories for aircraft models of
varying complexity.

This study builds on these foundations of OPC theory and fuel-
optimal periodic cruise in several important respects. First, fuel-
optimal periodic paths are found for a highly nonlinear, realistic
point-mass model and, second, exhibit dramatic fuel improvement
and � ight characteristics,which were not previouslyknown. In fact,
the particular structure of these resulting paths forced another ex-
tension to be made: the impositionof a mixed state/control inequal-
ity constraint taking the form of a maximum vehicle acceleration.
Third, these constrained optimal periodic trajectories were synthe-
sized into a usable controller by applying the optimal periodic reg-
ulator of Ref. 5, requiring new extensions and numerical aspects
related to the constraint.Finally, a slowly varying regulator was de-
rived for the general dynamic system exhibiting a slowly varying
system parameter and was applied to the hypersonic vehicle case
study by considering slow decrease in vehicle mass.

The results of this paper are presented in the following seven sec-
tions. Section II describes in detail the hypersonic vehicle model
used in the study and the inequality constraint that is imposed on
the model. Section III formally states the constrained OPC prob-
lem. Section IV states the � rst-order necessary conditions, which
an extremal must satisfy for constrainedOPC, and Sec. V describes
the extremal periodic paths obtained for the model given in Sec. II.
Section VI establishes second-order suf� cient conditions for local
optimality of the extremal solutionsof Sec. V, and Sec. VII presents
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the main results on constrained optimal periodic regulation, again
with application to the hypersonic vehicle case study.

II. Hypersonic Vehicle Model
The problemconsideredinvolvesa vehicle powered by airbreath-

ing enginesandcapableof cruiseat hypersonicspeeds.To reducethe
dimension of the problem, the motion of the vehicle is constrained
to be in the vertical plane. The vehicle is modeled as a point mass
moving relative to a nonrotating, spherical Earth. The forces acting
on the vehicle during such planar � ight are illustrated in the free-
body diagram of Fig. 1. The equations of motion for such a system
may be written as
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In this formulation, actual altitude h and range r have been nor-
malized by the scalar Fr to produce the dynamic state Nh and the
independent variable Nr . As is indicated in Fig. 1, the thrust force
T is assumed to have a nonzero thrust offset angle ®T due to ex-
haust expansion on the vehicle afterbody. The speed of sound a is
considered to be a constant normalization factor for velocity. The
point-mass model given in Eqs. (1–3) is more complex than that
used in previous studies of periodic hypersonic cruise, such as Ref.
6, because thrust is not assumed to be axial and no small angle
approximation for angle of attack ® is employed.

This model is implemented by specifyinganalytical relations be-
tween thrust, lift and drag, and the dynamic states. In the following
expressions, the various constant parameters associated with the
polynomialswere computedbased on a baselinehypersonicvehicle
model.7 The aerodynamic forces are written in terms of dynamic
pressure and the aerodynamic coef� cients as

T D STmax C .1 ¡ S/Tmin

L D 1
2
½M 2a2SbCL ; D D 1

2
½M2a2SbCD

Tmax D 1
2
½M2a2SeCTmax ; Tmin D ¡ 1

2
½M 2a2SeCTmin

This thrust model assumes linear dependence on a throttle setting
S 2 [0; 1] and includesan installationdrag penalty term Tmin , where
CTmin is assumed a positive constant. The reference areas Sb and Se
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Fig. 1 Free-body diagram of hypersonic vehicle.

for aerodynamic and propulsive forces, respectively, are assumed
constant. The lift and drag coef� cients are assumed to be related to
a Mach number dependent lift–drag polar

CD D d00 C d01 M C .d10 C d11 M /® C .d20 C d21 M/®2

and the lift coef� cient is related to angle of attack as

CL D b00 C b01® C .b10 C b11®/M

The maximum thrust coef� cient is assumed to be related to M and
® as

CTmax D C00 C C01® C .C10 C C11®/M C .C20 C C21®/M2

In addition to a model of vehicle dynamics, a propulsion system
model is necessary for the solution of fuel-optimal trajectories. In
this study, a simple linear relationship between thrust-speci�c fuel
consumption (TSFC) and Mach number is assumed:

TSFC D b0 C b1 M

so that the average fuel consumed from Nr D 0 to Nr f is given by

J D 1
Nr f

Nr f

0

S.Tmax ¡ Tmin/TSFC
MaF f cos °

³
1 C

Nh
NR0

´
dNr (4)

In Eq. (4), the installationdrag penalty appears and F f is a normal-
ization factor for fuel.

This paper will be concerned with the study of a certain class
of fuel-optimal � ight trajectories that obey the dynamic equation
(1–3) and which are optimal with respect to Eq. (4). This class of
trajectoriesis restrictedby requiring that the total accelerationof the
vehicle at any instant due to acting aerodynamic forces be bounded
from above. Thus, the following inequality constraint is imposed:

C. Nh; M; ° ; CL ; S/

D [T cos.® C ®T / ¡ D]2 C [T sin.® C ®T / C L]2

¡ Wgmax · 0 (5)

where gmax is a (usually integer) constant that prescribes the max-
imum vehicle acceleration (load factor) as a multiple of the local
acceleration of gravity.

The class of fuel-optimal trajectoriesof present interest is further
constrainedto be periodic in the aircraft dynamic states. That is, for
some Nr f 2 R > 0, it is required that

Nh. Nr f / D Nh.0/; M.Nr f / D M.0/; ° .Nr f / D ° .0/

Clearly, any steady-statecruise point also satis� es these constraints
for any Nr f > 0.

III. OPC Problem
In this section, the OPC problem is formally stated and solved in

a more general setting, while still maintaining some of the partic-
ular features (such as the mixed state/control inequality constraint)
exhibitedby the hypersoniccruiseproblemof the precedingsection.

Let the followingautonomous,nonlineardynamicsystembe con-
sidered:

Px.t/ D f [x.t/; u.t/; S.t/]; x.0/ D x0 (6)

with general associated average cost

J [x0; u.¢/; S.¢/; ¿ ] D 1

¿

¿

0

L[x.¾/; u.¾ /; S.¾ /] d¾ (7)

where x.t/ 2 Rn , u.t/ 2 Rm and S.t/ 2 R for all t 2 [0; ¿ ]. To sim-
plify the optimality conditions and to re� ect the hypersonic cruise
problem at hand, let the case of scalar control be taken, m D 1.
This assumption has no bearing on the applicability of the theory
for general m. Let the motion governed by Eq. (6) be required to
satisfy the following scalar inequality constraints at every t :

C[x.t/; u.t/; S.t/] · 0 (8)

0 · S.t/ · 1 (9)

where the scalar function S.t/ is assumed to appear linearly in f
and L but appears of higher order in C . The class of admissible
controls for u and S, denoted henceforth as U , is that of piecewise
continuous functions on R such that Eqs. (8) and (9) are satis� ed.
The OPC problem is to � nd control functions u.t/ and S.t/, initial
state x0 , and period ¿ such that J [x0; u.¢/; S.¢/; ¿ ] is minimized,
subject to Eqs. (8) and (9) and to periodicity of dynamic state

x.¿/ D x0 (10)

Let [x¤
0; u¤.¢/; S¤.¢/; ¿ ¤] be such a minimal solution to this OPC

problem. Two assumptions regarding the system and its OPC solu-
tion are made at the outset.

Assumption 1. The functions f : Rn £ R £ R 7! Rn , L: Rn £
Rm £ R 7! R, and C : Rn £ R £ R 7! R are at least twice contin-
uously differentiable in their arguments.

IV. First-Order Necessary Conditions
We are concernedwith weak local optimality, by which we mean

that [x¤
0; u¤.¢/; S¤.¢/; ¿ ¤] minimizes J for small variations in ini-

tial state, control, and period. That is, a variation in the cost away
from an extremal value J ¤, which results from an extremal set
[x¤

0; u¤.¢/; S¤.¢/; ¿ ¤] will be examined, being generally written in
the form

J D J ¤ C ± J C ±2 J C ¢ ¢ ¢ (11)

Conditions will be given that ensure that ± J D 0 and ±2 J > 0 for
small variations away from the extremal set. As will be seen, the
linear structureof the problemwith respectto S raises the possibility
of either singular or bang-bang (discontinuous) control. The � rst-
order necessaryconditionswill � rst be stated in general terms of the
minimum principle without any preassumed control structure. The
necessaryconditionswill then be specialized to the particularbang-
bang structure encountered in the present application study. (Note
here that the numerical optimization method employed in this re-
search did not presupposea control structurea priori.) In the second
variational analysis, it will be assumed that the control variations
are suf� ciently small so as not to change the overall structure of the
discontinuousextremal control S, that is, it will be assumed that no
new instants of discontinuouscontrolare added.Of course, this spe-
cial discontinuouscontrol structurewill require special treatment in
the secondvariationalanalysis to guaranteeweak controlvariations.

The conditions for optimality of [x¤
0; u¤.¢/; S¤.¢/; ¿ ¤] will be

stated in terms of a scalar Hamiltonian function Hde� ned as

H.x; u; S; ¸; ¹/ D QH.x; u; S; ¸/ C ¹C.x; u; S/ (12)

QH.x; u; ¸/ D L.x; u; S/ C ¸T f .x; u; S/ (13)

where ¸.t/ 2 Rn and ¹.t/ 2 R are Lagrange multipliers, with
¹.t/ ¸ 0 such that ¹.t/C[x.t/; u.t/; S.t/] D 0 (Ref. 8).

The � rst-order necessary conditions for a local solution to the
OPC problems are as follows. If [x¤

0; u¤.¢/; S¤.¢/; ¿ ¤] minimizes the
cost J [x0; u.¢/; ¿ ] subject to Eqs. (6–10), then

.u¤; S¤/ D arg min
.u;S/ 2 U

H.x¤; ¸¤; u; S; ¹/ (14)
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P̧ ¤.t/ D ¡HT
x [x¤.t/; u¤.t/; S¤.t/; ¸¤.t/; ¹¤.t/]

¸¤.¿/ D ¸¤.0/ (15)

H[x¤.¿ ¤/; u¤.¿ ¤/; S¤.¿ ¤/; ¸¤.¿ ¤/; ¹¤.¿ ¤/]

¡ J ¤ x¤
0; u.¢/; S¤.¢/ D 0 (16)

At any point ti of discontinuous S¤, the Weierstrass–Erdmann con-
ditions are satis� ed:

H¤ tC
i D H¤ t¡

i (17)

¸¤ tC
i D ¸¤ t¡

i (18)

Note that the notation H¤.t/ means that H is evaluated at [x¤.t/,
¸¤.t/, u¤.t/, S¤.t/, ¹¤.t/].

These conditions are standard and are given elsewhere.8;9 The
minimum principle of Eq. (14) is a very general optimality condi-
tion; we wish to specialize this condition to the present problem
structure. Because it is assumed that H is nonlinearly dependent
on the control u, this portion of the control satis� es a stationarity
condition for every t 2 [0; ¿ ¤],

Hu[x¤.t/; u¤.t/; S¤.t/; ¸¤.t/; ¹¤.t/] D 0 8 t 2 [0; ¿ ] (19)

Because of the af� ne dependenceof QHon S but generaldependence
of C on S, satisfaction of Eq. (14) results in a more complicated
structurefor S¤.¢/. Its structureis distinctlydependenton theactivity
of the constraint, as follows.

1) For the inactive constraint, C < 0, the extremal control S¤.¢/
may consist of arcs of purelybang-bangstructureand/or arcs of sin-
gular control. Equation (14) satis� ed along bang-bangarcs reduces
to8

S¤.t/ D arg min
S 2 f0;1g

f QH[x¤; u.x¤; ¸¤; S/; S]g (20)

Higher-order necessary optimality conditions may also be written
for singular arcs; Ref. 10 investigatessingular control in the context
of optimal periodic aircraft cruise. If extremal control is computed
numerically from condition (20) and it results that S¤ approaches
a high-frequency chattering solution, this indicates the onset of a
singular arc11 for which condition (20) is not valid. This condition
was used in the numerical computation of extremal solutions of
Sec. V, and no such chattering behavior was observed.

2) For the active constraintcase C D 0, however, Eq. (14) admits
intermediate values of S¤ via the condition

HS [x¤.t/; ¸¤.t/; u¤.t/; S¤.t/; ¹¤.t/] D 0 (21)

Condition (21) determines S¤ only when its solution is admissible
for the boundson S; such a case will be referred to as a constrained–

unconstrained (CU) arc. Otherwise, condition (21) cannot be met,
and C D 0 is satis� ed solelyby choiceof u¤, with S held at its upper
or lower bound; such a case will be referred to as a constrained–

constrained (CC) arc.
Finally, because the OPC problem is autonomous,condition(17)

implies that H¤ is a constant, even across instants of discontinuous
control, for any extremal solution.

V. Periodic Extremal Cruise Trajectories
In this section, an indirect method used to solve the constrained

OPC problem is outlined and the resulting periodic extremal path
is presented. As these results indicate, potentially signi� cant fuel
savingsmay be realizedby operatingon these periodic cruise paths,
even in the presence of a quite stringent constraint on maximum
aerodynamic load.

To assess the bene� t of the extremal trajectories, an optimal
steady-state cruise point must be found. This problem is a sim-
ple static, nonlinear programming problem, because the right-hand
sides of Eqs. (1–3) are set to zero and the scalar functional L is min-
imized subject to these equality constraints. Clearly, the constraint
on load factor does not enter into this problem. Because L and f are

linear in the throttle setting, S is necessarily on its upper or lower
bound as determined by the sign of @L=@S. Of course, this problem
may also admit a singular arc as a solution, resulting in a chatter-
ing cruise solution.12 The presence of a chattering solution during
the numerical solution is apparent if satisfaction of the maximum
principal of Eq. (20) results in the coalescing of switch points in
a small-time interval.11 This phenomenon was not observed in this
study. The static optimizationproblem was solved using a standard
algorithm.13 It was found that the optimal static cruise path yielded
a nondimensional fuel consumption of J ¼ 0:9351, with a fully
open throttle, S D 1. The values of the states and lift coef� cient
corresponding to this static path are shown in Figs. 2–4.

The periodic boundary value problem was solved in two steps.
First, an unconstrained Fletcher–Powell method (see Ref. 13) was
used to � nd the state–costateinitialconditionthatyieldedperiodicity
of only dynamic state, by minimizing a quadratic form of state
periodicityerror. Second, a constraintmanifold of periodicdynamic
state is traversed toward the minimum of the original cost J using
an accelerated gradient projection scheme.14 Note that the � ight-
path angle initial condition was held at ° .t0/ D 0 for the periodic
problem to be well de� ned. The numerical integration necessary
to perform these steps was done with an adaptive-stepsizeRunge–

Kutta integration scheme.13 The optimal periodic solution obtained
is illustrated in Figs. 5–7 for maximum aerodynamic load factor
of 5.0; the periodic fuel cost J of Eq. (7) for this solution was
0.8442, thus yielding an improvement over optimal static cruise
of 10.8%. The optimal period was found to be approximately 830
miles. Figure 2 illustrates the extremal periodic orbit by plotting
M against Nh; traversalover time is in the clockwise sense. The large
excursion in altitude causes the orbit to exhibit two distinct regions.
At highaltitude,aerodynamicforcesare small in comparisonto body

Fig. 2 Optimal periodic cruise: M vs h.

Fig. 3 Optimal periodic cruise: ° vs h.
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Fig. 4 Optimal periodic cruise: CL vs r.

Fig. 5 Optimal periodic cruise: S vs r.

Fig. 6 Optimal periodic cruise: load factor vs r.

forces; the aircraft thus follows a trajectory of constant energy. At
low altitude, aerodynamic forces are dominant. This separation of
� ight conditions is also apparent in Fig. 3, which gives � ight-path
angle and altitude, with traversal in time being in the clockwise
sense.

The controlsnecessaryto generatetheseperiodicpaths are shown
in Figs. 4 and 5. Because their behavior is quite complex in the
low-altitude regime, this interval is principally plotted, and the ac-
companyingthumbnail image gives an overall view of the function.
Figure 6 gives the load factor history, indicating the intervals for

Fig. 7 Time-invariant regulator: M vs h.

which the constraint is active. The initial phase of the periodic or-
bit is an unpowered glide from the maximum altitude. During this
maneuver, aerodynamic lift and drag forces affect the maximum
permissibleaccelerationon the vehicle;on this � rst constrainedarc,
throttle is still off, and the constraint is satis� ed entirely by mod-
ulation of lift coef� cient, as is indicated by the � rst drop in CL of
Fig. 4. The constraint becomes inactive in the region of minimum
altitude. Shortly after the minimum altitude point, engine throttle
jumps discontinuouslyto an intermediate value; during this phase,
both throttle and CL are jointly modulated to satisfy the load con-
straintandoptimalityconditions(19) and (21); this arc is an example
of the CU arc described in the preceding section. Finally, throttle
achievesits upperbound, forcing the constraint to be satis� ed solely
by CL , yielding a second CC arc. Finally, the constraint becomes
inactive as a result of higher altitude. Even though the optimality
conditionon S dictates that throttle remain open until a very high al-
titude,this thrustingcycle is effectivelyofmuchshorterduration,be-
cause the engines are assumed to be entirely airbreathingand, thus,
cannot impart signi� cant thrust to the vehicle for approximately
Nh > 0:4.

VI. Second-Order Suf� cient Conditions
In addition to the � rst-order necessary conditions, second-order

conditions for optimality of the periodic optimal control prob-
lem without mixed state/control inequality constraint have been
considered.9;15 Zeidan and Zezza15 considered a general periodic
problem in the calculus of variations and developed necessary con-
ditions based on the notion of coupled points for general boundary
valueproblems.The necessaryconditionswere later extended to the
optimal control problem in Ref. 16. Wang and Speyer9 established
necessary and suf� cient conditions based on the existence of solu-
tions to Riccatiequationsfor both singlyand in� nitely repeatedperi-
odic problems, using an extension of conjugate point theory arising
in � xed boundary value problems. Recently, second-order neces-
sary and suf� cient conditionshave been studied for general control
problems with mixed state/control inequality constraint17;18; these
conditions both involve the existence of a solution to a modi� ed
Riccati equation involving the tangent space of active constraints.
Inasmuch as suf� cient conditions are required for the regulator re-
sults of Sec. VII, only second-order suf� cient conditions for an
in� nitely repeated periodic process will be of concern here.

Suf� cient optimality conditions will be determined by consider-
ing variations in the initial state, extremal control u¤.¢/ along con-
tinuous subarcs, and period, which were determined in Sec. V. It
is assumed here that these variations are suf� ciently small that the
qualitative structure of S¤ does not change. That is, it is assumed
that the number of points of discontinuouscontrol is constant for all
variations suf� ciently small.

Small variations in x¤
0 and u¤.¢/ along continuous subarcs induce

variations in instants of discontinuous control, dti . In Sec. VI.A, it
will be shown that these dti are of the same order as the continu-
ous control variation, ensuring that they produce weak variations in
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the state. Section VI.B will examine the continuous intervals using
classical variational techniques. Finally, Sec. VI.C will bring these
results together in a statement of weak, second-order suf� ciency.

Before presenting these results, some assumptions necessary to
this section will be given. These assumptions are made more trans-
parent by de� ning a new control vector Qu in keepingwith the special
structure for S discussed earlier as

Qu 2 Rm.t/

Qu D u D CL 2 R1 if t 2 U or t 2 CC ) m.t/ D 1

Qu D
u
S

2 R2 if t 2 CU ) m.t/ D 2

First, a regularity assumption on the constraintmust be imposed.
Assumption 2. For each t for which C¤.t/ D 0, it holds that

C¤
Qu.t/ 6D 0.
Let the set =¤ 4D [x¤.¢/; u¤.¢/; S¤.¢/; ¿ ¤] be an extremal solution

to the OPC problem; thus, =¤ satis� es the � rst-ordernecessarycon-
ditions. A normality condition must also be imposed on =¤, which
is equivalent to a controllability condition of the linearized system
about .x¤; u¤; S¤/ de� ned on a tangent space of active constraints.17

Let i.t/ be an integer function such that i.t/ D 1 if C D 0, and
i.t/ D 0 if C < 0. Let C i.t/.t/ be de� ned as

C i.t/.t/
4D

C if i.t/ D 1

0 if i.t/ D 0

De� ne the subspace T .t/ µ Rm.t/ as

T .t/
4D Qu 2 Rm.t / : C i.t/

Qu .t/ Qu D 0 (22)

Let the columnsof the time-varyingmatrix Y .t/ 2 Rm.t/ £Rm.t / ¡ i .t/

be an orthonormal basis for T .t/, with Y .t/ D 0 if T .t/ D ;.
Consider the linear autonomous system

PÃ.t/ D f ¤
x .t/ ¡ f ¤

Qu .t/¯.t/C i.t /
x .t/ Ã.t/ (23)

where ¯.t/ is given by

¯.t/
4D

C i.t/
Qu .t/

T
C i.t/

Qu .t/ C i.t/
Qu .t/

T ¡1
if i.t/ 6D 0

0 if i.t/ D 0
(24)

This de� nition for ¯.t/ is well de� ned by Assumption 2. Let O8
denote the state transition matrix corresponding to Eq. (23). For
some t 2 [0; ¿ ¤], de� ne the following set in Rn:

Rt .¿
¤/

4D
t C ¿ ¤

t

O8.t C ¿ ¤; s/ f ¤
Qu .t/Y .s/´.s/ ds :

´.¢/ 2 L1 t ; t C ¿ ¤I R m.t/ ¡ i.t/ (25)

The following normality assumption is made.
Assumption 3. For every t 2 [0; ¿ ], it holds that Rt .¿ / D Rn .
In addition, satisfaction of a strong Legendre–Clebsch condition

is assumed.
Assumption 4. The extremal solution =¤ is such that there exists

a ± > 0 such that

[Y .t/]T H¤
Qu Qu.t/Y .t/ > ± Im.t / ¡ i .t/ (26)

for all t for which Y .t/ 6D 0, where Im.t / ¡ i .t/ is the identity matrix
of dimension m.t/ ¡ i.t/ £ m.t/ ¡ i.t/.

A. Variations in Corner Times
Let ti denote the instant in time at which the scalar control S.¢/

experiences a discontinuous change; this may occur for t 2 U via
switch condition (20), or at a corner between an unconstrained arc
and a CU arc. The discontinuityin S results in a discontinuityof the
control u. A perturbation ±u.¢/ in the continuous control about its
extremal u¤.¢/ results in a perturbationdti of time ti . In this section,
it will be shown that dti is the same order as ±u.t¡

i /, ensuring that
variationsdue to changesin ti are weak with respect to the state.The

present development is for discontinuous control on U ; discontin-
uous control on a U–CU corner follows a similar development and
yields the same result, with the constraint-augmentedHamiltonian
appearing.

Consider a control variation of the form ±u.t/ D ²´.t/ for t < ti ,
with ´ 2 L1[0; ¿ I Rm ] and ² a small number; this variation will
satisfy other conditions in the section to follow. The neighboring
extremal satis� es the Euler–Lagrange equations, written in the ab-
breviated form as

Py.t/ D F [ y.t/; u.t/; S] D K QHT

y [ y.t/; u.t/; S] (27)

where K is the fundamental symplectic matrix

K D
0 In

¡In 0

From the theory of solutions to ordinary differential equations, the
control variation produces a variation ±y away from its extremal so-
lutiony¤.¢/, which can be written to � rst order as ±y.t/ D ²z[tI ´.¢/].
The variationdti is a functionof ²; the objective here is to show that
the followingorder relation is satis� ed: dti D O.²/ as ² ! 0. From
the de� nition of ordering,19 we must show that

lim
² ! 0

dti
²

D lim
² ! 0

d.dti /

d²
D · < 1 (28)

where the rule of de l’Hospital was employed in the evaluation of
the limit. If such a · exists, then dti can be written as an asymptotic
series in ² as dti D ·² C O.²2/. Let the following weak regularity
assumption be imposed on the extremal solution S¤.

Assumption 5. For every instant ti of discontinuous control on
the extremal path S¤, the vector H¤T

y .t¡
i / is not K orthogonal to

H¤T
y .tC

i /; that is, H¤
y .t¡

i /KH¤T
y .tC

i / 6D 0.
It is shown in the Appendix that, if Assumption 5 holds, then ·

is indeed bounded and is given by

· D
H¤

y t¡
i ¡ H¤

y tC
i

H¤
y tC

i KH¤T
y t¡

i

¢ z[tI ´.¢/] (29)

thusestablishingthat dti D O.²/. By expandingthe variation±y.ti C
dti / D y.ti C dti / ¡ y¤.ti C dti /, one obtains

±y ti C dti D ±y.ti / C F ¤ t¡
i ¡ F ¤ tC

i dti

C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢ (30)

Upon substitution of Eqs. (29) and the expansion for dti into Eq.
(30), the variations can be related as

±y.ti C dti / D 8 tC
i ; t¡

i ±y.ti /

8 tC
i ; t¡

i D I C 1

H¤
y tC

i KH¤
y t¡

i

K ¢ H¤T
y t¡

i (31)

¡ H¤T
y tC

i ¢ H¤
y t¡

i ¡ H¤
y tC

i

A similar expansion procedure for the case of the U–CU arc yields
an identical form but with the constraint-augmented Hamiltonian
appearing.

The results of the Appendix also allow for an examination of the
convexityof thecost with respect to changesin instantsof discontin-
uous control. Using the established order relation for dti , Eq. (A7)
can be written as

d

³
@ J

@ti

´
D H¤

y tC
i F ¤ t¡

i ¡ F ¤ tC
i dti

C H¤
y tC

i ¡ H¤
y t¡

i ±y.ti / C O.²2/ D 0 (32)
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If ±¸.t/ is assumed linearlyrelated to ±x.t/ for t 6D ti by means of an
n £ n symmetric, time-varying matrix P.t/ as ±¸.t/ D P.t/±x.t/,
then Eq. (30) can be used to obtain

±¸.ti / D P.ti C dti /±x.ti C dti /

C H¤T
x t¡

i ¡ H¤T
x tC

i dti C O.²2/

D P tC
i ±x.ti / C H¤T

x t¡
i ¡ H¤T

x tC
i dti C O.²2/ (33)

Substitution of Eq. (33) into Eq. (32) and collection of terms mul-
tiplicative in dti yields

@2 J

@t 2
i

D ¸T fx t¡
i ¡ fx tC

i C Lx t¡
i ¡ Lx tC

i f t¡
i

C f t¡
i ¡ f tC

i

T
P tC

i f t¡
i ¡ f tC

i

¡ ¸T fx t¡
i C Lx tC

i f t¡
i ¡ f tC

i > 0 (34)

This expressionwas given in Ref. 20 for the case of pure bang-bang
control.

B. Variations on Continuous Subarcs
Let the set of variations ±= 4D .±x; ± Qu/ represent small pertur-

bations away from the extremal solution =¤. To develop suf� cient
conditions,we study the accessoryminimum problem(AMP): min-
imize

J2 D
¿ ¤

0

[±xT ± QuT ]
H¤

xx H¤
x Qu

H¤
Qux H¤

Qu Qu

±x

± Qu
dt (35)

subject to linearized dynamics

± Px.t/ D f ¤
x .t/±x.t/ C f ¤

u .t/±u.t/; ±x.¿ / D ±x.0/ (36)

and subject to the linearized constraint

C i.t/
x .t/±x.t/ C C i.t /

Qu .t/± Qu.t/ D 0 (37)

With Assumptions 3 and 4, the solution to AMP is given in terms
of an absolutelycontinuousLagrange multiplier vector ±¸.t/ 2 Rn ,
and satis� es the periodic Hamiltonian system

Px.t/

± P̧ .t/
D

A.t/ ¡B.t/

¡D.t/ ¡AT .t/

H .t/

x.t/

±¸.t/
(38)

where the n £ n matrices A.t/, B.t/ D BT .t/, and D.t/ D DT .t/
are functions of the system partial derivatives, with their functional
form for t 2 U, t 2 CU or t 2 CC. For t 2 U, they are given by

A.t/ D fx.t/ ¡ fu.t/ QH¡1
uu .t/ QHux.t/ (39)

B.t/ D fu.t/ QH¡1
uu .t/ f T

u .t/ (40)

D.t/ D QHxx.t/ QHxu.t/ QH¡1
uu .t/ QHux.t/ (41)

For t 2 CU, the matrices of H .t/ are given by

A.t/ D fx.t/ ¡ f Qu.t/H¡1
Qu Qu .t/ H Qux.t/ C µ.t/C T

Qu .t/

£ Cx.t/ ¡ C Qu.t/H¡1
Qu Qu .t/H Qux.t/ (42)

B.t/ D f Qu.t/H¡1
Qu Qu .t/ f T

Qu .t/ ¡ µ .t/C T
Qu .t/C Qu.t/H¡1

Qu Qu .t/ f T
Qu .t/ (43)

D.t/ D Hxx.t/ ¡ Hx Qu.t/H¡1
Qu Qu .t/ H Qux.t/ C µ .t/C T

Qu .t/

£ Cx.t/ ¡ C Qu.t/H¡1
Qu Qu .t/H Qux.t/

C µ .t/C T
x .t/ Cx.t/ ¡ C Qu.t/H¡1

Qu Qu .t/H Qux.t/ (44)

where the scalar function µ.t/ is given by

µ.t/ D 1

C Qu.t/H¡1
Qu Qu .t/C T

Qu .t/
(45)

Finally, for t 2 CC, H .t/ reduces to the degenerate form

A.t/ D fx.t/ ¡ fu.t/C¡1
u .t/Cx.t/ (46)

B.t/ D 0 (47)

D.t/ D Hxx.t/ ¡ Hxu.t/C¡1
u .t/Cx.t/

¡ C T
x .t/C¡1

u .t/ Hux.t/ C Huu.t/C¡1
u .t/Cx.t/ (48)

With the exception of the corner times fti g, the solution to Eq. (38)
may be expressedfor every t ¸ 0 in terms of a state transitionmatrix
8.t; 0/, which satis� es the differential equation

P8.t ; 0/ D H .t/8.t; 0/; 8.0; 0/ D I2n (49)

where I2n denoted the 2n-dimensional identity matrix. If the aug-
mented state/costate vector is de� ned as y

4D colfx; ¸g 2 R2n , then
±= can be described by ±y from this state transition matrix as
±y.t/ D 8.t; 0/±y.0/. The state variation can be carried across ti
using Eq. (31). The regulators derived in Sec. VII will rely strongly
on the spectral structure of 8.t ; 0/. This structure derives from the
fact that the monodromymatrix 8.¿; 0/ [and in generalany 8.t ; 0/]
is a symplecticmatrix. Propagation of a symplectic initial condition
acrossanygiven subarc is clearlysymplectic,due to the Hamiltonian
structure of Eq. (38) irrespective of the subarc. Moreover, simple
matrix algebra (omitted here) shows that 8.tC

i ; t¡
i / is a symplectic

matrix for both possiblediscontinuitytypes examined in Sec. VI.A.
The resultingsymplecticproperty for 8.¿; 0/ implies that its eigen-
values are symmetric about the unit circle.21

Of course, the time-varying matrix P.¢/ satis� es a generalized
Riccati equation.17 In terms of the Hamiltonian matrices appearing
in Eq. (38), P.¢/ satis� es

PP.t/ D ¡P.t/A.t/ ¡ AT .t/P.t/ C P.t/B.t/P.t/ ¡ D.t/ (50)

In the case of the hypersonic cruise problem, differential equation
(50) reduces to a Lyapunov differential equation for t 2 CC. In
addition, P.¢/ is discontinuousat each ti ; this discontinuity can be
written in terms of 8.tC

i ; t¡
i / as

P tC
i D 821 tC

i ; t¡
i C 822 tC

i ; t¡
i P t¡

i

£ 811 tC
i ; t¡

i C 812 tC
i ; t¡

i P t¡
i

¡1
(51)

C. Suf� cient Conditions
Having established this particular structure of the second vari-

ation, local suf� ciency of the constrained OPC problem may now
be addressed. As was stated earlier, attention is focused on the in-
� nitely repeated periodic process. The second variation appearing
in Eq. (11) may be written as

±2J D lim
k ! 1

1
k¿

±xT
0 d.k¿/

0 H¤T
x

H¤
x ¡H¤

x f¤
t D 0

±x0

d.k¿/

C
k¿

0

.±xT ± QuT /
H¤

xx H¤
xu

H¤
Qux H¤

Qu Qu

³
±x

±u

´
dt

C
k

j D 1

l

i D 1

³
@ 2J

@t 2
i

´
dt 2

i . j¿/ (52)

where l is the number of instants of discontinuouscontrol on [0; ¿ ].
For second-order suf� cient conditions, let the extremal solution

[x¤.¢/; u¤.¢/; S¤.¢/; ¿ ¤] be an extremal solution to the constrained
OPC problem that satis� es Assumptions 1–5. In addition, suppose
the following.
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1) There exists a real, symmetric, periodic solution P.¢/ propa-
gated on t 2 U and t 2 CU by the mixed Riccati/Lyapunov differ-
ential equation (50).

2) If ti is a point of discontinuous control, then the following
convexity condition @2J=@t 2

i > 0 is satis� ed.
3) The monodromy matrix 8.¿; 0/ possesses no unit magnitude

eigenvalues beyond the coupled pair at unity.
Then [x¤.¢/; u¤.¢/; S¤.¢/; ¿ ¤] is a weak local minimum of the in-

� nitely repeated constrained OPC problem.
Remark. The proof of these conditions will not be given here,

is given completely in Ref. 22, and parallels directly the results of
Ref. 9 for the unconstrained case if the mathematical structure of
Ref. 17 is utilized.

VII. Optimal Periodic Regulation
For the development of the rest of this paper, it is assumed that

the extremal periodic trajectoryobtainedsatis� es the suf� cient con-
ditions for local optimality; this is required in order to compute the
periodic feedback gains. A confusing aspect of regulation about
periodic solutions is the difference a running time on the actual
regulated system and an index time on the periodic path, which
identi� es the point about which state variations are de� ned. In the
following sections, the running time will be denoted by ¾ and is, of
course, monotonically increasing. The index time associated with
the periodic solution will be denoted by t and is ¿ periodic.

A. Constant-Parameter Optimal Periodic Regulator
In Ref. 5, a regulator was derived using variational calculus in

which u of Eq. (6) is given as a feedback control on a variation
±x.t/, providing exponential convergence to the periodic orbit =¤

to � rst order while minimizing the second variation of the perfor-
mance index (7). The extensionof these results to the presentcase of
a mixed state/control inequality constraint is straightforward. The
optimal periodic regulator will be brie� y reviewed, its extension to
the constrained case established, and its performance on the hyper-
sonic vehicle studied.

The results of Ref. 5 for the unconstrained case will now be re-
viewed.Letting the variationin Lagrange multiplier ±¸.t/ be related
to ±x.t/ by ±¸.t/ D P.t/±x.t/ and expandingEq. (19) about the ex-
tremal periodic path =¤ yields

±u.t/ D QH¡1
uu .t/ QHux.t/ C f T

u .t/P.t/ ±x.t/ (53)

The particular choice of control variation ±u.¢/ in Eq. (53) ensures
that the second variation ±2J of the periodic cost is extremized with
respect to ±u.¢/. It remains to properly de� ne the variation ±x.t/
because any point on a periodicpath could be regardedas a possible
point of reference (which is hereafter referred to as the index point).
De� ne the following matrix concatenationof vectors:

V .0/

W .0/
D

v1.0/ ¢ ¢ ¢ vn.0/

w1.0/ ¢ ¢ ¢ wn.0/
(54)

where [vT
1.0/; wT

1.0/]T D [ f T .0/; ¡ QHx.0/]T is the primary eigen-
vector of the unity eigenvalue of 8.¿; 0/, and

v1.0/ ¢ ¢ ¢ vn.0/

u1.0/ ¢ ¢ ¢ wn.0/
D [e2.0/ ¢ ¢ ¢ en.0/] ¢ 0 (55)

where fe2.0/ ¢ ¢ ¢ en.0/g are the eigenvectorsof 8.¿; 0/ correspond-
ing to those eigenvalueswithin the unit circle and 0 is such that the
right-handside of Eq. (55) is real.Then thismatrixspansan invariant
subspace of 8.¿; 0/

8.¿; 0/ ¢
V .0/

W .0/
D

V .0/

W .0/
X (56)

where X possessesoneunityeigenvalueandn¡1 eigenvalueswhose
magnitudes are strictly less than 1.

This stable, invariantsubspace for 8.¿; 0/ can be propagatedfor-
ward in time to be invariant for 8.t C ¿; t/ by invoking the Floquet

theorem.23 The state transition matrix of any linear system with pe-
riodiccoef� cientsmay be written in terms of a matrix exponentialas

8.t ; 0/ D R.t/e
NGt (57)

where R.t/ is a 2n £2n periodicmatrix functionand NG is a 2n £2n
constantmatrix. It can be shown that thecolumnsof the time-varying
matrix

V .t/

W .t/
D R.t/

V .0/

W .0/
(58)

form an invariant subspace of 8.t C ¿; t/ and produce the same in-
variant form X as in Eq. (56). The existence of this stable, invariant
subspace for every t 2 [0; ¿ ] suggests a method for choosing the
index point t such that ±x.t/ D x.¾ / ¡ x¤.t/ [as propagated by the
Hamiltoniansystem(38)] convergesto zero as ¾ ! 1. Let ±x.t/ be
written in terms of thecolumnvectorsof V .t/ as ±x.t/ D V .t/±®.t/,
where ±®T .t/ D [±®1.t/, ±®T

n ¡ 1.t/]T 2 Rn . It is shown in Ref. 5
that, if t is chosen such that the resulting ±x.t/ has the property
that ±®1.t/ D 0, then x.¾/ is exponentially convergent to x¤.¢/ as
¾ ! 1. The following convergent computational algorithm was
also given to compute this index point:

dtk
4D ±®1.tk/ D 0T

1 .tk /[x ¡ x¤.tk/]; tk C 1 D tk C dtk (59)

where 01.t/ is the � rst column of the inverse of V T .t/.
The control variation ± Qu.t/, thus, can be written as a feedback on

±x.t/ of the form

± Qu.t/ D Gux.t/±x.t/ (60)

The gain vector Gux.¢/ is a function of =¤, and its form depends on
whether t 2 U, t 2 CC, or t 2 CU. For t 2 U,

Gux.t/ D ¡H¤¡1
uu .t/ H¤

ux.t/ C f ¤T
u .t/P.t/ (61)

For t 2 CC, feedback is not generally applicablebecause CL is cho-
sen entirely by satisfaction of constraint. For t 2 CU,

Gux.t/ D ¡H¡1
Qu Qu .t/ HQux.t/ C µ.t/C T

Qu .t/

£ Cx.t/ ¡ C Qu.t/H¡1
Qu Qu .t/H Qux.t/ ±x.t/

C f T
Qu .t/ ¡ µ.t/C T

Qu .t/C Qu.t/H¡1
Qu Qu .t/ f T

Qu .t/ P.t/ (62)

This expression gives the entire control vector Qu.¢/, which solves
the accessory minimum problem and which satis� es the equality
constraint to � rst order. To satisfy the constraintexactly, only a sub-
set of this control may be used for optimization,with the remaining
elements chosen to satisfy the constraint. This approach was taken
in the present study, with CL computed based on feedback and S
determined by the constraint.

To implement the regulator for the hypersonic cruise problem, a
means of predicting on-line the variation in throttle switch time is
necessary. Using the semigroup property of transition matrices, dti
may be rewritten (to � rst order) as

dti D
H¤

y t¡
i ¡ H¤

y tC
i

H¤
y tC

i KH¤T
y t¡

i

¢ 8 t¡
i ; 0 ¢ 8¡1.t ; 0/ ±y.t/

(63)
The row vector inside the braces of Eq. (63) is a constant for a given
extremal solution; thus, knowledge of 8.t ; 0/ for t < ti allows for
a prediction for the variation in switch time.

With these additional considerations, the autonomous optimal
periodic regulator was implemented on the hypersonic vehicle case
study.The regulatorwas implementedon an extremal solutioncom-
puted for gmax D 6; thus, the nominal trajectory possessed a larger
maximum altitude than Figs. 2–6 but was otherwise structurally
identical.The Riccati solution P.¢/ and 8.¿; 0/ were computed for
this solution and satis� ed the suf� cient optimality conditions. The
performance of the regulator is shown in Figs. 7 and 8. The regula-
tor was simulated through about four and a half cycles. The results
show a rapid initial convergencerate, evenwith the presenceof load
constraint and with a rather large initial state perturbation.
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Fig. 8 Time-invariant regulator: ° vs h.

B. Slowly Varying Regulator
The regulator of the preceding section possesses the additional

advantageover other possible regulation schemes by also minimiz-
ing the second variation of the cost away from its extremal value,
while also providing rapid convergence, even for relatively large
initial state deviation. As with all aspects of OPC theory, however,
this regulator assumes that system parameters are time invariant.
This assumption is never generally true, but in problems of aircraft
cruise, this assumption is logically baseless, as vehicle mass de-
creases monotonically with fuel consumption, a model of which
is included in the problem through the formulation of cost. There-
fore, it is desirable to consider how OPC theory may be applied
to slowly varying systems. Of course, extremal solutions of peri-
odic state and control do not exist for time-varying systems; in the
case of regulation,however, the problemof drivinga slowly varying
system to a quasiperiodic solution may be posed, where this target
trajectory traverses a family of extremal periodic OPC solutions on
the slow time scale. In Ref. 5, an optimal periodic regulator was
derived, which provided convergence to an extremal periodic path
corresponding to a time-invariant parameter variation. It will turn
out that the form of the feedback controller for this slowly varying
problem will be identical to this constant–parameter perturbation
regulator, but with the parameter varying slowly. A marked differ-
ence from Ref. 5, however, will be the presence of the constraints
and a prediction of a proper variation in corner times as a function
of both state variation and parameter change.

We concernourselves with regulationof a slowly varying system
of the form

Px.¾ / D f [x.¾ /; u.¾ /; S.¾ /; m.³ /]; x.0/ D x0 (64)

where the scalar parameter m is assumed to vary on the slow time
scale de� ned by ³ D ²¾ , with 0 < ² ¿ 1. In the implementationof
this regulator, it is assumed that the OPC problem has been solved
to obtain the pair f y¤.¢/; u¤.¢/g for a nominalvalueof the parameter,
e.g., m0. It is further assumed that a periodic direction vector 1Oy.¢/
is known that describes changes on the extremal periodic orbit for
small constant variations in m, by the equation y¤.¾ I m0 C dm/ D
y¤.t; m0/ C 1Oy.t/ dm. This family direction can be computed as in
Ref. 5 by solving two linear differential equations on the nominal
periodic path. The accessory minimum problem is now formulated
with theextremalsolutionaboutwhichvariationsaremadechanging
on the slow scale according to m.³ /. The solution to this problem
solves a Hamiltonian system analogous to Eq. (38) but depending
on two time scales, as

± Py.t ; ³ / D H .t; ³ /±y.t; ³ / (65)

where the overdot represents the total derivative. The solution
to Eq. (65) may be written in terms of a state transition matrix
8.t; 0I ³ /, which is dependent on the slow time scale. This matrix
can also be written in terms of the Floquet theorem as

8.t ; 0I ³ / D R.t; ³ /e NG.³/t (66)

where, for a � xed ³ , the matrix R.¢; ³/ is periodicof period¿ .³ /. In-
troducingthe transformation±y.t ; ³ / D R.t; ³ /±z.t ; ³ /, one obtains
upon substitution the following differential equation in ±z:

±Pz.t ; ³ / D [ NG.³ / ¡ ² OG.t ; ³ /]±z.t; ³ / (67)

where OG.t; ³ / D R¡1.t ; ³ /R³ .t; ³ /. This transformed system may
now be solved using a multiple time scale procedure.19 Let the so-
lution to Eq. (67) be written as an asymptotic expansionof the form
±z.t ; ³ / D f0.t; ³ / C ² f1.t ; ³ / C ¢ ¢ ¢, where each fi is a bounded
function of t and ³ in R2n . Substitution of this form into Eq. (67)
and equating like powers of t yields

O.1/ :
@ f0

@t
¡ NG.³ / f0.t ; ³ / D 0 (68)

O.²/ :
@ f1

@t
¡ NG.³ / f1.t; ³ / D ¡ OG.t; ³ / f0.t; ³ / ¡ @ f0

@³
(69)

Let s > t . From Eq. (68), f0.s; ³ / may be written to � rst order in
² as

f0.s; ³ / D e NG.³ /.s ¡ t/±z.t; ³/ D e NG.s ¡ t/V .³ /±k.t; ³ / (70)

where ±z.t; ³ / was written in terms of the slowly varying basis set
V .³ /. By examining the solution to Eq. (69) using the solution to
Eq. (68), a condition on ±k.t; ³/ can be found such that the asymp-
totic expansion for f is uniformly valid. Though the manipulations
are laborious (they are omitted here but are contained in Ref. 22),
the result is analogous to the time-invariant regulator: ±k.t; ³ / must
be such that

±k.t ; ³ / D
±ks.t ; ³ /

0
D

±kn ¡ 1
s .t; ³ /

±kn
s .t; ³ /

0
& (71)

Re� ecting the solution for ±z.t; ³/ through the transformationma-
trix R.t; ³ / with this structure for ±k.t ; ³ / yields the following:

±x.t ; ³ /

±¸.t; ³ /
D R.t; ³ /

v.1/

11 .³/ ¢ ¢ ¢ v.n ¡ 1/

11 .³ /

v.1/

21 .³/ ¢ ¢ ¢ v.n ¡ 1/

21 .³ /
±kn ¡ 1

s .t; ³ /

C º.t; ³ /
f ¤.t; ³ /

¡H¤
x.t; ³ /

±kn
s .t ; ³ / (72)

where º.t; ³ / is a general nonzero scalar function. Convergence to
the slowly varying family =¤.³ / of extremal periodic solutions to
order O.²/ thus requires that ±x.t; ³/ have no component in the
direction of f¤.t ; ³ /.

This condition, familiar from Sec. VII.A, is still not imple-
mentable in a feedback control setting because only the nominal
periodic path =¤.0/ is available to form the state variation via the
index point algorithmgiven in Sec. V. Let tdm denote the index point
associated with orbit =¤.m C dm/ for a given state vector x, and let
t denote the index point associatedwith =¤.m/ for the same state x.
Through an order analysis, it is easily shown that tdm and t differ
at most by O.dm/. This can be shown by expanding the � rst-order
approximation for tdm appearing in Eq. (59):

tdm D t C 0T
1 .tdmI m C dm/ x ¡ x¤.tdmI m C dm/ (73)

in termsofm. This fact implies that, to � rst order in stateperturbation
and dm,

±x.tdm I m C dm/ D ±x.tI m/ ¡ 1Ox.tI m/ dm (74)

Expanding the stationarity condition Hu. y; u; m C dm/ D 0 with
Eq. (74) and tdm D t C O.dm/ and retaining principal terms yields
a feedback control for the slowly varying regulationproblem of the
form

u D u¤.tI m/ C Gux.tI m/±x.tI m/ C Gum.tI m/ dm.³ / (75)
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Fig. 9 Slowly varying regulator: M vs h.

Fig. 10 Slowly varying regulator: ° vs h.

where the form of Gux is identical to that given in Sec. VII.A and
the vector gain Gum is given on the unconstrainedarcs by

Gum .tI m/ D ¡H¡1
uu .t/ f T

u .t/[1 O̧ .t/ ¡ P.t/1Ox.t/] C Hum .t/

(76)
and on the CU constrained arc by

Gum .tI m/ D ¡H¡1
uu .t/ f T

u .t/ ¡ µ .t/C T
u .t/Cu.t/H¡1

uu .t/ f T
u .t/

£ [1 O̧ .t/ ¡ P.t/1Ox.t/] C Hum.t/ ¡ µ.t/C T
u .t/Cu.t/H¡1

uu .t/

£ Hum .t/ C µ.t/Cu.t/Cm .t/ (77)

A full implementationof the regulator in the presence of discon-
tinuous control requires a � rst-order predictionof the change in the
corner time from ti .m/ to ti .m C dm/. The form for this prediction
may be again derived by an expansion of the Weierstrass–Erdmann
condition as in the Appendix, here accounting for the parameter
perturbation.The prediction dti takes the following form:

dti D
H¤

y t¡
i ¡ H¤

y tC
i

H¤
y tC

i KH¤
y t¡

i

[±y.ti / C 1Oy.ti / dm]

C
H¤

m t¡
i ¡ H¤

m tC
i

H¤
y tC

i KH¤
y t¡

i

dm (78)

This regulator was implemented on the present hypersonicvehi-
cle case study by considering the vehicle weight (or mass) fraction
as the slowly varying parameter, that is, dW=W0 . The simulation
presentedwas performed for ² D ¡3:0£ 10¡3; this choice assumes

that the vehicle mass relative to gross takeoff mass decreases by
3% across every periodic cycle of the extremal solutions of Sec. V.
The results of the simulation are shown in Figs. 9 and 10. After an
initial strong regulation phase to the neighborhood of the nominal
solution, the regulated system begins to traverse a family of peri-
odic extremal trajectories of increasing energy. Note that the orbit
is almost invariant at low altitude; this is because, in regionsof high
atmospheric density, aerodynamic forces greatly dominate the ve-
hicle body forces, suggesting that the orbit is rather insensitive to
mass changes at low altitude.

VIII. Conclusions
The theoryof optimal periodic controland regulationwas applied

to realistic, vertical-plane hypersonic � ight under an acceleration
constraint. An optimal periodic cruise trajectory was found using
a complex, nonlinear point-mass model, which yielded more than
10% improvement over optimal static cruise, with maximum ve-
hicle acceleration constrained to be below 5 times that of gravity.
The nature of the periodic cruise trajectories offers other advan-
tages beyond their fuel optimality, including lower surface heating,
due to a high-altitudequenchingphase. An optimal periodic regula-
tor was implemented for this case study, demonstratingremarkable
convergenceto the extremal periodic path, in spite of the active ac-
celeration constraint during regulation. Finally, the regulator was
extended to accommodate the slow decay in vehicle mass, which is
ignored under classical OPC theory.

Appendix: Order Relation for Corner Times
To establish the order relation, we examine the Weierstrass–

Erdmann optimality condition for time instant ti C dti of discontin-
uous control resulting from a control variation of the form ±u.t/ D
²´.t/. This is given by

QH y.ti C dti /; u .ti C dti /
C ; S D 1

¡ QH y.ti C dti /; u .ti C dti /
¡ ; S D 0 D 0 (A1)

Consider � rst an appropriateexpansionof the � rst term in Eq. (A1).
We � rst expand as

QH y.ti C dti /; u .ti C dti /
C ; S D 1

D QH¤ .ti C dti /
C C QH¤

y .ti C dti /
C ±y.ti C dti /

C O k±y.ti C dti /k2;
66±u .ti C dti /

C
662

(A2)

where QH¤
u[.ti C dti /

C] D 0 was used. We wish to expand further in
terms of dti . Using the fundamental theorem of calculus, one can
write

QH¤
y .ti C dti /

C

D QH¤
y tC

i C
.ti C dti /

C

tC
i

PQHy[ y¤.t/; u¤.t/; S D 1] dt

D QH¤
y tC

i C a¤
0 dti C a¤

1 dt 2
i C ¢ ¢ ¢

where the integral has been written as an asymptotic expansion
in powers of dti . A superscript asterisk appears on the expansion
coef� cients to indicate that they are a function only of y¤ and u¤ and
not dti . For example, a¤

0 can easily be written as

a0 tC
i D QH¤

yy tC
i ¡ QH¤

yu tC
i

QH¤ ¡1
uu tC

i
QH¤

uy tC
i F ¤ tC

i

With this expansion and noting that QH¤ is a constant, Eq. (A2) can
be written as

QH y.ti C dti /; u .ti C dti /
C ; S D 1

D QH¤ tC
i C QH¤

y tC
i C a¤

0 dti C a¤
1 dt2

i C ¢ ¢ ¢ ±y.ti C dti /

C O k±y.ti C dti /k2;
66±u .ti C dti /

C
662

(A3)
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Turningour attention to the second term of Eq. (A1), this can also
be expanded as

QH y.ti C dti /; u .ti C dti /
¡ ; S D 0

D QH t¡
i C PQH t¡

i dti C b1 dt 2
i C ¢ ¢ ¢

In this expansion, b1 is not evaluated on the extremal path and is
at most O.1/ with respect to ² as ² ! 0. Expanding these terms
further, we have

QH t¡
i D QH¤ t¡

i C QH¤
y t¡

i ±y.ti / C O.²2/

where QH¤
u.t¡

i / D 0 was used. Noting that PQH.t¡
i / is at most O.²/,

we obtain an expansion of the second term as

QH y.ti C dti /; u .ti C dti /
¡ ; S D 0 D QH¤ t¡

i

C QH¤
y t¡

i ±y.ti / C O.²2/ C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢ (A4)

We have now expanded both terms of Eq. (A1) such that dti
appears explicitly in integer powers and ordering is performed with
gauge functionsof ² . Before substitutinginto Eq. (A1), we note that
±y.ti C dti / can be expanded as

±y.ti C dti / D ±y.ti / C F ¤ t¡
i ¡ F ¤ tC

i dti

C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢ (A5)

This equation is easily veri� ed by using the de� nition ±y.ti Cdti / D
y.ti C dti / ¡ y¤.ti C dti / and expanding.Equation (A5) implies that

O k±y.ti C dti /k2;
66±u .ti C dti /

C
662

D O.²2/ C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢ (A6)

We are now in a position to substitute Eqs. (A3) [with the order
relation (A6)], (A4), and (A5) into Eq. (A1) to obtain

QH¤
y tC

i C a¤
0 tC

i dti C a¤
1 tC

i dt 2
i C ¢ ¢ ¢ ¢ ²z[ti I ´.¢/]

C F ¤ t¡
i ¡ F ¤ tC

i dti C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢

C O.²2/ C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢ ¡ ² QH¤

y t¡
i z[ti I ´.¢/]

C O.²2/ C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢ D 0 (A7)

Operating on both sides of this equation by d=d² gives

a¤
0 tC

i

d.dti /

d²
C 2a¤

1 tC
i

d.dti /

d²
C ¢ ¢ ¢ ¢ ²z[ti I ´.¢/]

C F ¤ t¡
i ¡ F ¤ tC

i dti C O.²/ dti C O.1/ dt 2
i C ¢ ¢ ¢

C QH¤
y tC

i C a¤
0 tC

i dti C a¤
1 tC

i dt2
i C ¢ ¢ ¢

£ z[ti I ´.¢/] C F ¤ t¡
i ¡ F ¤ tC

i

d.dti /

d²
C O.1/dti

C O.²/
d.dti /

d²
C O.1/ dt 2

i C 2O.1/ dti
d.dti /

d²
C ¢ ¢ ¢ C O.²/

C O.²/
d.dti /

d²
C O.1/ dti C O.1/ dt 2

i C 2O.1/ dti
d.dti /

d²

C ¢ ¢ ¢ ¡ QH¤
y t¡

i z[ti I ´.¢/] C O.²/ C O.²/
d.dti /

d²

C O.1/ dti C O.1/ dt 2
i C 2O.1/ dti

d.dti /

d²
C ¢ ¢ ¢ D 0 (A8)

If Eq. (A8) is multiplied out, a linear equation in d.dti /=d² is ob-
tained, e.g., p.²/[d.dti /=d²] C q.²/ D 0. The single real root to
this equation tends to in� nity if and only if p.²/ ! 0 as ² ! 0.
However, inspection of Eq. (A8) yields that

lim
² ! 0

p.²/ D QH¤
y tC

i F ¤ t¡
i (A9)

lim
² ! 0

q.²/ D H¤
y tC

i ¡ H¤
y t¡

i (A10)

Thus, Assumption5 guaranteesthat dti D ·² CO.²2/, with · given
by Eq. (29).
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