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Robust Longitudinal Control Design Using Dynamic
Inversion and Quantitative Feedback Theory

S. Antony Snell* and Perry W. Stout’
University of California, Davis, Davis, California 95616

The objective is to design low-bandwidth control laws that yield robust performance over a wide flight envelope
in the presence of 20% model uncertainties. This is achieved by using a hybrid controller in which a second-
order dynamic inversion transforms the nonlinear angle-of-attack dynamics to linear time-invariant form, while
an outer loop, designed using quantitative feedback theory (QFT), ensures robust performance. The dynamic
inversion reduces the plant variations due to nonlinearity, which are traditionally treated as uncertainty in QFT.
The reduced uncertainty allows lower controller bandwidth for a given level of performance. The hybrid controller
design is applied to the unstable, nonlinear, short-period dynamics of the F-16 aircraft and compared with a
baseline QFT controller designed without dynamic inversion. Both designs provide satisfactory performance, but
the baseline QFT controller requires a bandwidth of around 4-8 rad/s, whereas the hybrid design has a bandwidth
of only about 1 rad/s, leading to reduced demands on the control hardware. The success of the dynamic inversion
depends strongly on the desired linear dynamics, and so recommendations are given on their selection.

Nomenclature

nondimensional pitch moment coefficient
nondimensional partial derivative of C,
with respectto «, ¢, and §,
nondimensional coefficient of x /z force
mean aerodynamic chord

moment of inertia about pitch axis
aerodynamic pitch moment, M = g ScC,,
mass )

= pitchrate, 0

dynamic pressure, $p V2

swept area of wings

body x and z components of velocity
magnitude of velocity

= aerodynamic force in body x, gSCy,,

= aerodynamic force in body z, ¢SCz,,
angle of attack, tan™! (w/u)
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I. Introduction

LTHOUGH it is unconventional, poststall flight provides air-

craft with a decisive advantage during close-in combat over
similar aircraft without such capabilities.! Designing control laws
for poststall flight is challenging because the prevailing dynamics
are uncertain and contain nonlinearities arising from both aerody-
namics and inertial coupling terms. Figure 1 shows that C,, for the
F-16 is a highly nonlinear function of angle of attack (AOA) and
8, when AOA exceeds 35 deg. This paper presents a method for
designing control laws for flight over a wide envelope including
poststall flight.

One approach to flight control is to design a single, linear con-
troller with sufficient robustness to provide good performance in
the presence of large variationsin aircraft dynamics. Powerful tools
exist to design robust, linear control laws, notably p-synthesis and
quantitative feedback theory (QFT). There is a rigorous mathemat-
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ical background for p-synthesis, but it still relies on the designer
to select appropriate penalty weightings and it yields controllers of
undesirably high order? In contrast, QFT>~° provides a fairly di-
rect path to robust control design for the single-inputkingle-output
(SISO) case. QFT has a history of flight control applications; for
example, Hess and Gorder’ use QFT to design a multi-input/multi-
output (MIMO) control law for wide envelope helicopter flight,
whereas Reynolds et al.® apply QFT to a highly maneuverablecom-
bat aircraft.

In the presentstudy, a fixed-gainlinear controller was constructed
as a baseline for comparison purposes. It was designed using an
extension of QFT to nonlinear systems* in which a set of linear
time-invariantequivalent (LTIE) models substitutes for the nonlin-
ear aircraft dynamics. One of the shortcomingsof using a fixed-gain
controlleris that it must be robust to large variations in aircraft dy-
namics over the whole envelope. This often requires high loop gain,
which can lead to poor performance in the presence of unmodeled
dynamicsand sensornoise. To address this problem, Horowitz® pro-
poses a nonlinear cancellationscheme to preconditionthe nonlinear
dynamics into a linear form before applying QFT, which permits
considerable loop gain reduction. This is similar to the hybrid de-
signs in this paper. The authors’ first attempt to address this issue'®
used a single gain proportionalto 1/V, which was placed in series
with the QFT compensatorto offset the gain variation caused by the
dependence of elevator effectiveness on V2. This reduces the size
of some uncertainty templates, permitting lower gain to be used at
high speed. However, the improvements were limited because, al-
though the high-frequency templates shrink, lower-frequency tem-
plates grow. This was explained by examining the linearized dy-
namics between §, and « (Ref. 10).

The conventionalapproachto controllaw synthesisfor flight over
a wide envelope is to schedule the linear controller gains as func-
tions of slowly varying parameters such as V. Gain scheduling with
respectto a more rapidly changing variable such as « can lead to sta-
bility problems.'" Furthermore, designing the schedules is usually
laborious and time consuming.

Dynamic inversion provides a systematic alternative to gain
scheduling.>~'* The multiple linearized models required for gain
scheduling are not needed because dynamic inversion applies di-
rectly to the nonlinear dynamic equations. The procedure is to re-
arrange the equations to compute the control inputs required to can-
cel the nonlinearterms and replace them with desirablelinear terms.
The choice of desired dynamics is critical to the success of this
method. It is also important that the mathematical model is an accu-
rate representationof the real aircraft, which is often not the case in
practice. Reference 14 suggests that dynamic inversion can perform
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Fig.1 F-16 pitching moment coefficient C,, as a function of a and &,.

well in the presence of perturbationsto the dynamics. However, this
robustness is often achieved by using high gains.

In this paper, low-bandwidthinner loops using dynamic inversion
are constructed to cancel the nonlinearitiesin the aircraft dynamics
and then QFT is applied to design an outer loop, which endows the
closedloop with robust performance. The two methods complement
one another: dynamic inversion reduces the size of the uncertainty
templates used in the QFT process because the plant variations due
to nonlinearity are conventionally treated as uncertainty. Reduced
template size allows reduced controller bandwidth for a given level
of performance. Meanwhile, the dynamic inversion can use lower
bandwidths because robustness to uncertainties is ensured by the
QFT design rather than by simply increasing the dynamic inversion
gains. References 15 and 16 describe a related technique in which
dynamic inversion is combined with p-synthesis.

An earlier paper used a first-order, dynamic inversion to linearize
the pitch rate ¢ dynamics only and then used QFT to design an
outer loop to control AOA.!” The dynamic inversion inner loop
used a gain on ¢ of only 3 rad/s, which is lower than conventional
dynamic inversion,'*~'* because the QFT provided robustness to
model uncertainty. Although a first-order inversion such as this was
easy to design and implement, it did not completely linearize the
AOA dynamics. Nonlinear terms due to lift force remained in the
« equation, and so the dynamics varied with changes in V and «.
Despite this, there was sufficientreductionin template size to realize
a worthwhile reductionin gain compared to the baseline linear QFT
design.

In the current study, a second-orderinversion of the & dynamics
is combined with an outer QFT loop with the objective of lower-
ing bandwidth further. The second-orderdynamic inversion almost
exactly linearizes the dynamics between the pseudoinput v and the
output «. This eliminates variation in the plant dynamics caused by
nonlinearitiesin the equations of motion, which reduces the size of
the QFT templates.

The remainder of this paperis as follows. First, QFT and dynamic
inversion are briefly introduced. Then the simplified short-period
model used to conduct simulations is presented. Specific details of
the control law designs follow. Finally, simulations are discussed
and conclusions are presented.

II. QFT

Further discussion of QFT may be found in Refs. 3-6. QFT was
originated by Horowitz® and has been successfullyapplied to highly
uncertain, linear time-invariant, SISO plants. There are extensions
of the idea to MIMO, nonlinear, and time-varying plants.*~® The
objective of QFT is to select a feedback compensator G(s) and
prefilter F(s) (Fig. 2) to ensure that the output response to a given
input falls within the set of acceptable time responses A for any
plant in the set of possible plants P. This is achieved by putting
specifications on 7y, (s), the closed-loop transfer function between
rand y.

Set of
Acceptable

Qutputs

S G oy | e A

— B T P -
_ Plants
Fig.2 Two-DOF nonlinear QFT control configuration.
From Fig. 2, it is seen that T}, (s) = T (s) F'(s), where
P(s)G(s)

T(s) = (1)

T 14 P(s)G(s)

First, G(s) is selected to ensure that 7' (s) is insensitive enough to
the possible variationsin P (s) so that T, (s) does not vary by more
than is allowed by the specification at each frequency. High gain in
G(s) such that PG(jw) > 1 at a given frequency causes T (jw)
to be close to unity regardless of perturbations in P(s). G(s) is
usually designed on the Nichols chart. At each selected frequency,
a connected region or template P is constructed, enclosing all of
the individual points produced by the plants included in P. The
larger the template, the more uncertainis the plant at that frequency.
The Nichols chart is convenientbecause the M curves are contours
of constant magnitude of 7 (jw) and also because multiplying all
of the elements in the template P by G (jw) simply translates P
on the chart; the size, shape, and orientation of P do not change.
Anideal G (s) providesjustenough gain to place a template between
two M curves corresponding to an acceptable magnitude variation
and no further. Finally, F(s) is designed using Bode magnitude
plots of T'(s) to ensure that T),(s) meets its frequency response
specifications.

When QFT is applied to nonlinear plants, the technique is
extended' by using LTIE systems, which most closely reproduce
the response of the nonlinear system to given inputs. LTIE models
of the aircraft are extracted using GOLUBEYV, an algorithm imple-
mented in MATLAB due to Golubev and Horowitz.!* GOLUBEV
takes the time histories of input and output signal pairs and numer-
ically determines a transfer function relating the two. Thus, a LTIE
model is not simply a linearization of the model about an equilib-
rium point, which is often only valid close to equilibrium. Instead, a
LTIE model may substitute for the dynamicsina much largerregion.
Inasmuch as the aircraft is a nonlinear system, a whole set of LTIE
models is required to accurately reproduce the nonlinear response
to arbitrary input signals. This set serves to define the set P, from
which templates P are constructed. Then QFT is used to design a
controller, which produces acceptableresponsesfor the whole set of
LTIE models. Schauder’s fixed-point theorem* guarantees that the
response of the nonlinear system will also be acceptable,as long as
the LTIE model, which characterizesthe nonlinearaircraftresponse
in a given maneuver, is included in P. The compensator resulting
from this design approach tends to be conservative because an ac-
curately determined nonlinearity may yield a widely scattered set of
LTIE models. The full extentof P depends on the spread of the LTIE
models. The number of models to include is not clear-cutbut should
include models correspondingto the most extreme maneuvers at the
most extreme parts of the operating envelope together with a cross
section of points closer to nominal conditions. The number of com-
binations can increase rapidly when there are several independent
model parameters to consider, so judgment must be exercised to
limit the number of model extractions needed to realistically char-
acterize P. For example, when the perturbed aerodynamic data are
used, three derivativesmay be perturbed up 20%, nominal, or down
20%. This yields 27 possibilities for each simulation run. However,
in perturbed simulations, only the extremes were chosen so that a
derivative was either +20 or —20% because it is the extreme values
that will have the largesteffecton the responses. Furthermore, rather
than perturbing the data for every simulation, only the simulations
on the limits of the templates with nominal data were rerun with
perturbed data.
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III. Nonlinear Dynamic Inversion

Dynamic inversion is a systematic method for designing con-
trol laws for nonlinear systems and has been proposed for flight
control.”>~* The basic idea is to solve for the control input re-
quired in the dynamic equations to give a specific output. It relies
on knowledge of the nonlinear dynamic equations alone rather than
linearizations about various operating points.

For example, consider the first-order nonlinear pitch dynamics

q=1r(q,V,35) 2

Equation(2)isrearrangedto solveforthe §,, whichyieldsthe desired
Gqes €xactly,

8, = fﬁl(q.dem q,a,V) 3)

This example is a first-orderinversion, where the controlinput §,
acts directly on the first derivative of ¢ . The state, «, is not controlled
directly using a first-order inversion because the elevator has only
a small effect on & caused by the small direct lift force it generates.
Direct lift control would require much larger elevator surfaces. In
conventional aircraft, such as the F-16, the elevator is configured to
produce large pitching moments to generate g directly. Therefore,
a first-order inversion may be used to compute the §, necessary
to produce g5, whereas a second, first-order inversion is used to
compute the commanded pitch rate g that yields the desired . This
approachis referred to as multiple time scaling and has been shown
to work well,!>=1416.17 a]though it requires some approximations.

In the present study, the authors construct a second-order, dy-
namic inversion control law, which uses the elevator input §, to
directly control the second derivative &. This is reasonable to do
because §, has a significant effect on & even though its effect on
« is small. This eliminates the need to control ¢ directly and also
promises more accurate control of AOA itself.

IV. F-16 Model

Nguyen et al."” give data for a six-degree-of-freedom (DOF),
nonlinear, rigid-body model of the F-16 aircraft, including tabular
aerodynamic data of force and moment coefficients for AOA from
—20 to +90 deg. The model used here is a short-period model
derived from those data with V set to a constant value in any given
maneuver, as discussed in Ref. 10:

1.19

. mgcos6 + Z
= —_— 4
*=q+ mV cosa (42)
g=M/I, (4b)
0=gq (4¢)

An algebraic expression for the thrust 7 is also obtained:
T=—-X+4+Ztana +mg(sinf — tana cosb) 5)

Equations (4a-4c) and (5) constitute the short-period model. The
three states, «, g, and 6, are augmented by elevator dynamics, mod-
eled as a first-orderlag with a time constant of 0.050 s. The elevator
deflection'? is limited to £25 deg with a slew rate limit of 60 deg/s.
The aerodynamic data are provided in the following form:

Cxoa = Cx(@,8.) + Cx, (@)q(c/2V) (62)
Czipa = Cz(@, 8.) + Cz,(a)q(c/2V) (6b)
Cooa = Cu(a, 8c) + Cp, ()q(c/2V) (6¢)

where Cx, Cz, and C,, are tabulated at 5-deg intervals in « and
for §, equal to —25, —10, 0,10, and 25 deg. These grid points are
sufficiently close so that linear interpolation can be used. Custom-
built, two-dimensional, table-lookup functions parameterized by «
and 8, were constructedto use these data directly. The entire model
was implemented using MATLAB.

V. Design Specifications
The objective of the flight control law is to allow the pilot to
control AOA accurately during high-AOA maneuvers. The design
specifications are given in terms of time-domain responses to test
signals involving various step changes in oy (). The set of ac-
ceptableresponses A is shown in Fig. 3 and includes first-order and

Angle of Attack, Degrees

0 ‘ 1 L 1 Il L
0 1 2 3 4 5 6

Time, seconds

Fig. 3 Set of acceptable time-domain responses to a 5-deg « step.
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Fig. 4 Equivalent acceptable closed-loop frequency responses.

moderately damped, second-order responses with less than 20%
overshoot. These responses are interpreted as bounds on the fre-
quencyresponseof 7y, (s), the closed-looptransferfunctionbetween
tgiex (1) and (1) (Fig. 4).

The difference between the upper and lower bounds in Fig. 4
yields a specification on the maximum allowable magnitude varia-
tions of 7}, (s): 0.32,0.76,2.47,5.99,11.1,22.3,and 34.4 dB at the
frequencies 1, 1, 1. 1,2, 4, and 8 rad/s, respectively.

VI. Baseline QFT Design

The short-period F-16 model is unstable, and so it was stabilized
using an inner ¢ loop before conducting the QFT design. The se-
lection of the feedback gain K, = —40 deg/(rad/s) is described in
Ref. 10. This g loop remained part of the baseline flight control law
shown in Fig. 5.

A. LTIE Models

LTIE models were obtained by using GOLUBEYV to fit transfer
functions between matched pairs of «(¢) outputand u(¢) input sig-
nals. The signal pairs must be such that « () is within the bounds
of A (Fig. 3). The method used to generate these signal pairs for
the baseline QFT controller was to substitute a high-gain controller
Gy (s) in place of Gpr(s) and setting Fyg(s) = Tyes(s) in Fig. 5.
An acceptable Ty (s) meeting the magnitude specifications of Fig. 4
causes the loop input, ag, () € A. The high loop gain forces the
actual a(t) to track ag(¢) so closely that it also falls within 4.
The input signal to the g loop, u(#), which is generated within the
high-gain « loop, is then paired with the acceptable output signal
a(t).
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Fig.5 Baseline o control configuration with inner ¢ loop.

The high-gain « loop is implemented merely to get input/output
signal pairs and has nothing to do with the final flight control law.
Gyg(s) is deliberately designed to give a high crossover frequency
(>10rad/s) so that the «a(¢) signal closely follows o (¢). Because
the relationship between u(#) and «(¢) is nonminimum phase, the
high-gaincontrollermustbe designed with care. Sometimes a differ-
ent high-gain controller must be designed for each flight condition,
but here two different high-gain controllers sufficed. The first was
effective for speeds from 78 to 150 m/s:

_—2481(s + 1)(s + 10)
Gug, (8) = G+ 50) (7a)

The second was used for the low-speedsimulationsat 53 and 62 m/s:

~ —8000(s + 1)?
Gug,(s) = TS6 150 (7b)

With the high-gain controllers implemented, 44 simulations of
pull-up and push-over maneuvers of varying severity were con-
ducted at the speeds 53, 62, 78, 97, 120, and 150 m/s to provide
reasonable coverage of the flight envelope. Nominal aerodynamic
data were used in each of these simulations. Uncertainty templates
were formed with nominal data, as will be described. Then eight
additional high-gain simulations were run for each of nine specific
flight conditions with the derivatives C,,,, C;, , and C,,, perturbed
by £20% to yield an additional 72 LTIE models. The nine flight
conditions selected for the perturbed simulations were chosen be-
causetheir nominal LTIE models had formed vertices of the nominal
templates.

B. Templates and QFT Design

The magnitudes and phases of all 116 LTIE transfer functions
were plotted on the Nichols chart at the design frequencies of in-
terest: 3, +. 3, 1, 2, 4, and 8 rad/s. These frequencies represent
the primary open-loop design region three octaves above and three
octaves below the desired, closed-loop bandwidth. Templates were
constructed as shown in Fig. 6, and one of the LTIE models was
selected as the nominal plant to provide the templates with handles.

Designing G (s) is straightforward. G (s) must move the handle
transfer function on the Nichols chart so that at each design fre-
quency the handle lies on or above the tracking boundary curves
and outside the overshoot M circle for that frequency. The track-
ing boundaries were computed by sweeping the templates across
the Nichols chart from 0 to —200 deg in 5-deg steps while mov-
ing them high enough vertically until they fit between a pair of M
curves with the same closed-loopmagnitude variationas allowed by
the specifications on 7, (s) discussed in Sec. V. The loci of points
swept out by the template handles as they traverse the Nichols chart
form the tracking bounds. A second, stability bound is the maxi-
mum allowable overshootboundary or M circle limit. This curve is
formed by translating the templates around the specified M circle
while tracing the locus of handle points.

The selected compensator is

Gomr(s) — —41,800[s% + 1.2(0.38)s + 0.382](s + 2.1) ®
QETRS) = s(s + 0.05)[s2 + 1.4(20)s + 202]

The source of the minus sign in Eq. (8) is the sign convention on
elevator deflection.

Figure 7 shows the effects of this compensator on the handle
transfer function and the templates. Most but not all of the perfor-
mance specifications were satisfied. The templates at é and % rad/s
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Fig.7 Compensated baseline templates PG(jw).

both meet their tracking bounds, which should give good, steady-
state command following. However, the %—rad/s template handlelies
slightly below its tracking bound, which may lead to slower than ex-
pectedsettlingtimes at some flight conditions. The higher-frequency
templates are not constrained by tracking bounds. It is also seen that
all except the 1-rad/s template remain outside the 1.58-dB (20%
overshoot) M circle. The small boundary violation by the 1-rad/s
template was a worthwhile sacrifice because it permits much lower
loop gain to be used, although it may lead to increased overshoot
for a few flight conditions.

Figure 7 shows that the templates cross over between 2 and 8
rad/s for most flight conditions. Because the desired closed-loop
bandwidth of T, (s) is about 1 rad/s, prefiltering is required. The
selected prefilter is

B (1.15)?
Foer(s) = s2 + 1.4(1.15)s + (1.15)2 ®

VII. Hybrid QFT Dynamic Inversion
Control Law Design

The hybrid design follows a procedure similar to the baseline
QFT design but, first, inner loops incorporating dynamic inversion
are constructed to linearize the AOA dynamics (as shown in Fig. 8).
Then a set of LTIE models is extracted from high-gain simulations
with the dynamic inversion control implemented. The LTIE mod-
els representthe dynamics between output () and the pseudoinput
v(t). Afterforminguncertaintytemplates fromthese new LTIE mod-
els, G(s) and F (s) are designed as for the baseline in Sec. VI.B.
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A. Desired Dynamics

Dynamicinversionenforces a desired linear relationshipbetween
the pseudoinput v(#) and the output a (7). This is represented by
the transfer function Pp(s) = a&(s)/(s), where the carets de-
note Laplace transforms of «a(f) and v(¢). The choice of Pp;(s)
is critical to the success of this method. In pure dynamic inver-
sion designs,'>™'* Pp(s) is usually selected as the final closed-
loop transfer function, which provides the nominal performance
(Sec. V). However, this choice may not produce satisfactory per-
formance when the plant is perturbed from nominal. Conversely, it
may turn out that this choice of Pp;(s) yields a higher bandwidth
than is necessary to provide robustness to the actual level of plant
uncertainties that may be present.

In this hybrid, QFT dynamic inversion design, Pp;(s) is selected
to have just enough bandwidth to ensure that variations in the mag-
nitude of Pp;(s) are smaller than the perturbations of the plant due
to uncertainty. The performance robustness in the presence of the
remaining perturbationsin Pp;(s) is ensured by using the compen-
sator G (s), and then the final closed-looptransfer functionis shaped
by prefilter F'(s), the usual two-DOF QFT approach.

The design of most aircraft is such that the natural dynamics
between 8, and & are second order. To ensure a realizable dynamic
inversion, Ppi(s) should also be at least second order. The actuator
deflection 4, is composed of both v and state feedback through the
dynamic inversion, and so it is important to limit the bandwidth
of the dynamic inversion. One idea might be to select Pp;(s) =
1/s2. The rationale is that the open-loop aircraft is unstable and so
putting the poles at s = 0 would require least effort. As will be
seen, this choice of Pp;(s) is especially bad. The dynamic inversion
can never be exact, and so the perturbed dynamics end up being
Poi(s) = (1 + &1)/(s + &)(s + &3), where the ¢ are caused by
uncertaintiesin the state equations. Small variationsin the locations
of the poles of the open-loop plant at any fixed flight condition
lead to large variations in the magnitude of Pp;(s) at low frequency
where |s| is small. This leads to a lot of scatter on the Nichols chart
in the presence of even these small perturbations. Furthermore, the
benefits of the two integratorsin Pp;(s) for zero steady-stateerrors
cannotbe relied upon because the ¢ shiftthe polesaway froms = 0.

A basic rule of thumb is to select Pp;(s) with stable poles having
the same magnitude as the poles of linearizations of the open-loop
aircraft. Consider the following linearization:

&= (Z,/Va+ 1+ (Z/V1q+(2Z,[V)s. (10a)

q =M, + M,q + M6, (10b)
where
qgSC qgScC qgSC
Za—q zo,7 Zqzq zq7 Zae=q Zs,
m 2mV m
and
M= qScC,, M- quZCmq _ qScC,,
“ Iy, T v, o 1y,

yy yy

This system has a characteristic equation,

5P —[(Zy/V)+MIs+(Z,/VIM,—[1+(Z,/V)IM, =0 (11

Suppose M, M, Z,, and Z, can vary by +=20% at any given flight
condition; then the poles can vary by approximately 20%. If the
poles of Pp;(s) are chosen much smaller than those of the plant, the
variation will be proportionallymuch larger. By studyingthe data in
Ref. 19, the following estimates were made: C,,, = 0.573, Cmq =
—6,Cz, = —4.58, and Cz, = 0. Combining these with the data
m = 9295kg, I,, = 75674 kg-m?, ¢ = 3.45m, and S = 27.87
m? yields poles at s = —5.04 and +1.38 for V = 150 m/s. These
poles scale in direct proportion to V so that for V. = 50 m/s the
poles are at s = —1.68 and +0.46. If Pp;(s) has stable poles of
similar magnitude to the open-loop poles, then the sensitivity of
the poles to perturbationsin the dynamics is about the same as the
open loop. Furthermore, such a choice has the important benefit of
approximating an optimal control in which the control energy is
minimized. Thus, the final choice for Pp(s) was

iw

= 12
D(s) s2+14s+1 (12)

Ppi(s) =

These dynamics actually satisfy the nominal closed-loop tracking
specification on their own withouta QFT loop. Rearranging Eq. (12)
yields the desired ¢ges,

Oges =V — lda —« (13)

B. Second-Order Dynamic Inversion

The dynamicinversionis carriedoutby solvingthe dynamicequa-
tions to find the elevatordeflection §, required to generate dges. This
is accomplished in two steps. First, the required pitch acceleration
Gges 18 found; then, 8, is determined.

Differentiating Eq. (4a) yields an expression for &,

&=—a+—q+—03 (14)

The effect of §, on « is small, and so the third term in Eq. (14)
is neglected in the dynamic inversion. However, the effect of ¢
predominates, and so Eq. (14) is rearranged to determine the ¢
necessary to give & = es:

R Y 1s)
qdes—ad/aq Ades Baa

Thus, if § = Gaes, then & = diges + £(7), where () is the small error
introduced by neglecting the §, term from Eq. (14), and the control
law can be made robust to such errors. The 8., which ensures that
4 = ques, 1s then obtained using a first-order inversion of Eq. (4b).

The implementationcommences with the « inversionto find Ges.

1) Current values of «, g, 8., and V are used in conjunction with
the tabular data to obtain C,, . Substituting into Egs. (6b) and (4a)
yields the current estimate of ¢.

2) The current value of « is perturbed £1 deg, and new values of
« are found to establish d« /d. Then, q is perturbedto find d&/dq,
which is usually close to unity.

3) The required g is found using Eq. (15) together with the
derivatives obtained from step 2. The « used in the right-hand side
of Eq. (15) is the value computed in step 1 rather than an actual
measurement.

Having found ¢, the g inversion solves for §, using a recursive
algorithm. This is necessary because the pitch moment data from
Ref. 19 are not affine in §, and a closed-form solution for §, is not
possible. Thus, §, is computed as follows.

4) Current values of «, ¢, V, and §, are used in conjunction with
the tabular data to obtain C,,, . Then the current estimate of ¢ is
obtained using Egs. (4b) and (6c¢).

5) The current value of §, is perturbed £1 deg and substituted
into Eq. (4b) to give new values of g4 and establish the value of
8q/93,.

6) Newton’s method is used to estimate §, required to produce
qd = qdes-

7) Current values of «, ¢, V, and the latest iteration of §, from
step 6 are used in conjunction with the tabular data to obtain C,
and a new estimate of ¢ is obtained using Eq. (4b).

Motal
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Fig.9 Dynamic inversion o responses 1/(s? + 1.4s + 1) without QFT.

8) If |¢ — gaes| < 0.001 rad/s?, the latest iteration on 8, is consid-
ered an adequate solutionand the iteration loop is exited. Otherwise,
the procedure returns to step 5.

The iterative nature of this algorithm causes simulation times
to increase by a factor of 4-6 compared with the linear controller
describedin Sec. VI.

Figure 9 shows responses of the aircraft to the test maneuver
with the dynamic inversion implemented on its own without the
QFT outer loops. Notice that the nominal responses (solid line) are
good and fall well within the specifications of Sec. V. However, the
perturbedresponses at 150 m/s are extremely scattered, completely
unsatisfactory,and border on instability. The raw dynamicinversion
described is not robust to model perturbations.

C. LTIE Models and Templates

In contrastto the high-gain controllerused to extractinput/output
signals in Sec. VI.A, here a high-gain dynamic inversion is used.
The algorithm of Sec. VIL.B is used with v given by

v = 100ca, — 990 — 12.6¢tey (16)

The term o, is an estimate of & computed within the dynamic
inversionalgorithm. Combining Egs. (13) and (16) yields dynamics
between ag and o as
als) 100
am(s) 82+ 14s + 100

an

This scheme worked well at all flight speeds and with perturba-
tions to the pitching moment data. Over 40 high-gain simulations
were conducted with the dynamic inversion inner loops closed us-
ing nominal aerodynamic data at speeds from 53 to 150 m/s and
with o steps ranging from —18 deg below trim to 32 deg above.
After completing this simulation series, an additional 40 simula-
tions were run, eight at each of the five flight conditions, which had
formed template extremities with the nominal data. These simula-
tions were conducted with the three derivatives C,,,,, C;, , and Gy,
perturbed 20% in all possible combinations to determine the sen-
sitivity of the dynamic inversion control law to differences between
the computational model used in the control law algorithm and the
actual aircraft dynamic equations.

LTIE models were extracted from each of these high-gain sim-
ulations using GOLUBEV. Transfer functions were fitted between
the v signal and «. The transfer function between these two signals
is nominally Ppi(s) = 1/(s> 4+ 1.4s + 1). The resulting templates
(Fig. 10) are much smaller than the baseline templates in Fig. 6,
which demonstrates the effectiveness of the dynamic inversion in
transforming the nonlinear dynamics to linear time invariant.

D. QFT Design with Dynamic Inversion
The design of a QFT controller for the & loop shown in Fig. 8
follows the same procedure as the baseline design except that the

Phase Angle, degrees

Fig. 10 Dynamic inverson uncertainty templates, 1/(s2 + 1.4s + 1).
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Fig.11 Compensated templates for 1/(s> + 1.4 + 1) dynamic inversion.

new templates of Fig. 10 are used in place of the templates from
Fig. 6. The effect of compensation on the templates is shown in
Fig. 11, where G(s) is

Gorn(s) = 300(s + 0.08)[s2 + 1.4(1.05)s + 1.052] 1
AT 755 4+ 0.02)[s2 + 1.4(16)s + 162]

The small template sizes allow a crossover of about 1 rad/s without
violating any design boundaries. The prefilter F(s) used with this
design has a bandwidth of about 3 rad/s because the system already
has a bandwidth of only about 1 rad/s:

9
F, = —_— 19
QFr(5) > +425+9) (19)
A second design for G(s) having higher gain was made with this
modified dynamic inversion structure. Its transfer function is given
by
1600(s + 0.12)[s*> + 1.4(1.05)s + 1.05%]

o) = T 000w + 1Laadys + 28] Y

This produces a crossoverabout 2 rad/s and yields improved perfor-
mance in the presence of plant perturbations. The baseline prefilter
given by Eq. (9) is used with this design.

Finally, as an exercise, dynamic inversion was applied with
Ppi(s) = 1/s%. This yielded the templates shown in Fig. 12. The
handle transfer functionis Ppi(s) = l/sz, denoted by an asterisk in
each template. The nominal templates (solid line) are much smaller
than the baseline templates in Fig. 6. However, when the 20% per-
turbations are included, the templates (dashed line) grow drastically
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Fig. 12 Uncertainty templates with 1/s> dynamic inversion.

bigger especially at low frequency. This is exactly what was pre-
dictedin Sec. VII.A and is proof that Py (s) = 1/s? is a bad choice.
The loop compensator with Pp;(s) = 1/s is

1900[s2 + 1.9(0.18)s + 0.182](s + 0.18)
52[s2 + 1.4(24)s + 242]

Gorr(s) = 21)

The main problem here is that high gain is needed to meet the
tracking boundary requirementsin the presence of the large magni-
tude and phase variationsat low frequency. This leads to a crossover
between 4 and 8 rad/s, which is even higher than the fixed-gain
baseline QFT design. Furthermore, any plant having the form 1/s?
requires additional phase lead near crossover, which is inconve-
nient. Notice also that, despite the fact that Pp;(s) is nominally a
double integrator, G g (s) still requires integrators to produce zero
steady-state errors.

VIII. Simulations

Figures 13-16 show the results of simulating a 20-deg square
pulse in ok of 5-s duration,commencing at time ¢t = 1 s using the
controller designs just described at various flight conditions with
both nominal and perturbed aerodynamic data. The nominal simu-
lations were conductedat speeds of 53, 62, 78,97, 120, and 150 m/s.
Only the results of perturbing the three derivatives, Cy,,,, Cy, , and
C,,» at 150 m/s are shown because it was found that perturbations
in the aerodynamic data have a more pronounced effect at 150 m/s
than at lower speeds. This was especially true with the dynamic
inversion designs because they use control inputs to cancel nomi-
nal terms in the dynamic equations. The aerodynamic terms, which
are proportionalto V2, are much bigger at higher speed, leading to
larger discrepancies between nominal and actual data.

Figure 13 shows the o response with the baseline QFT controllaw.
The solid curves denote the responses with nominal data, whereas
the dashed curves represent the 150-m/s perturbed data responses.
All of the responses remain tightly clustered and fall between the
two bounding curves adapted from Fig. 3.

The hybrid dynamic inversion with a bandwidth about 1 rad/s has
very precise nominal responses (solid line, Fig. 14). The perturbed
responses (dashed line) are more scattered than the baseline but re-
main close to the boundingresponsesand are consideredacceptable.
Figure 15 shows the responses for the modified dynamic inversion
with the 2-rad/s crossover. As expected, the perturbed responses are
clustered more tightly than those in Fig. 14, showing a correlation
between tracking precision and increased loop gain. The benefit of
using the QFT outer loops is seen by comparing these responses to
the raw dynamic inversion responses in Fig. 9.

Figure 16 shows a comparisonof the elevatorresponse of the three
controllers with nominal data at 150 m/s. Here the benefit of having
dynamic inversionis evidentby the gentler demands on elevator de-
flection. This contrasts with the oscillatory excursions produced by
the baseline controllaw. Elevator oscillations with the baseline QFT
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Fig.13 Baseline QFT control law o responses.
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25 T T T T T
Dash-Dot Lines: Perturbed Models

20

o - @y, degrees

0 Stars: QFT Step Response Bounds \ :
2 rad/sec Crossover Frequency \'§ el e
5 . . L . .
0 2 4 6 8 10 12

Time, seconds

Fig.15 Hybrid dynamicinversion and 2-rad/s bandwidth o responses.

were encountered at high speeds in Ref. 10. The oscillations result
from the high gainin the baseline compensator G (s ), whichis neces-
sary to meet tight specifications on the closed-loopa-response over
awide speedrange. The high gains provide performancerobustness,
but the loop gains become excessive at high speeds where control
effectiveness is also much greater. The hybrid dynamic inversion-
based control laws adjust for plant variation due to known nonlin-
earity so that the controller gain is reduced at higher speeds.
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Fig.16 Elevator deflections for baseline and hybrid dynamicinversion
control.

IX. Conclusions

Conventional QFT provides a means to design linear control
laws that are robust to wide variations in flight conditions. This
paper demonstrates a successful use of the technique in the base-
line design. A single linear compensator was designed for the F-16
short-period model that accurately controls o over a range of flight
speeds corresponding to a 9:1 variation in dynamic pressure and
+20% variations in the pitching moment derivatives. The 20-deg
pull-up maneuvers were well controlled at all speeds, but at the
highest speeds the elevatoroscillates severely, causing small ripples
in the pitch rate trace, which are almost undetectable in the AOA
history.

The results from the hybrid 1/(s? + 1.4s + 1) dynamic inversion
are very promising. The nonlinear aircraft dynamics map to small
templates on the Nichols chart, permitting very low crossover fre-
quencies to be used. The time histories resulting from this low-gain
(1-rad/s) dynamic inversion were prone to more variation due to
plant perturbations but remained acceptable in terms of the design
specifications. The lower gains permitted by the dynamic inver-
sion lead to less aggressive demands on elevator displacements and
rates compared to the high-bandwidth baseline design. The higher-
gain (2-rad/s) dynamic inversion design produced tighter tracking,
showing that the designer can readily alter the design to achieve
higher performance vs lower bandwidth. It was also shown that the
choice of desired dynamics Pp;(s) can be critical to the success of
the dynamic inversion. The effect of an ill-considered choice for
Ppi(s) was demonstratedin the case of Pp;(s) = 1/s%, whichyields
enormous low-frequency templates and requires high bandwidth
to recover the performance robustness. It was recommended that
Pp;(s) have stable poles with approximately the same magnitude as
the open-loop aircraft. This would require close to minimal control

energy from the dynamic inversion. Future work will apply these
ideas to MIMO systems.
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