
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 20, No. 5, September–October 1997

Two-Dimensional Active Wing/Store Flutter
Suppression Using H1 Theory

Prasad V. N. Gade¤ and Daniel J. Inman†

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

An active method of decoupling the wing from store pitch inertia effects is presented for the wing/store � utter
suppression problem. The proposed active decoupler pylon involves the use of a piezoceramic wafer strut as an
actuator, which acts as a soft spring between the wing and the store. A two-degree-of-freedom typical section of
an airfoil is used to represent the structural model of an F-16 aircraft wing, and the � utter problem is studied in
incompressible � ow regime where the circulatory component of the aero loads is modeled using Jones’ approxima-
tion to the Theodorsen function. The aerodynamic effects on the store, however, are neglected, and a controller is
designed usingH 1 theory to make the closed-loopsystem robust to such unstructured uncertainties. Under a set of
design speci� cations quanti� ed as weighting functions, a mixed-sensitivity H 1 optimal control synthesis problem
is solved for the design of a controller. Singular-value Bode plots of robust stability and nominal performance
measures are used for the analysis of the closed-loop system.

Nomenclature
a = distance between elastic center and midchord
b = semichord length
g = structural damping
h = plunge displacement
i =

p
.¡1/

L1 = distance between top of strut to elastic center
` = distance between pivot point to elastic center
m p = mass of the piezoceramic wafer actuator
ms = mass of the store
mw = mass of the wing
r® = radius of gyration of airfoil
rµ = radius of gyration of pylon/store
s = Laplace variable
Ns = reduced frequency
U = freestream velocity
u = actuator input
x® = distance between elastic center and c.g. of wing
xµ = distance between c.g. of store to pivot point
x1; x2 = aerodynamic lag states
® = pitch angle of airfoil
° = tuning parameter used in weighting functions
1 = output multiplicative uncertainty matrix
µ = pitch angle of store relative to airfoil
¾ = minimum singular value
N¾ = maximum singular value
!h = natural frequency of plunging motion
!® = natural frequency of pitching motion of airfoil
!µ = natural frequency of pitching motion of store

Subscripts and Superscript

c = circulatory components
nc = noncirculatorycomponents
s = structural components
Q = transfer function without imaginary axis poles

Introduction

A TOPIC of current interest in the aeronauticalcommunity is the
� utter suppressionof high-performancecombat aircraftcarry-
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ing underwing stores. Fighter aircraft are required to carry several
combinations of external stores and perform maneuvers in a vari-
ety of � ight conditions. The increase in weight due to the addition
of store decreases the frequency of the � rst torsional mode of the
wing thereby bringing it closer to the fundamental bending fre-
quency.This couplingbetween bendingand torsionalmodes results
in a substantial decrease in � utter speed. Although passive meth-
ods such as structural and mass balance techniques have claimed
to alleviate � utter, the associated added weights generally result in
decreased aircraft performance. Moreover, the requirement on the
aircraft to carry several combinationsof storesmakes its implemen-
tation practically impossible. Although active control technology
also has weight penalties due to actuator mass and electronic hard-
ware, the � exibility it offers in addressing robustness issues via
modern dynamic feedback controllers places it at an advantageous
position relative to passive methods.

This paper uses one such modern robust control methodology,
namely, H1 theory, to investigate the robust stability and nominal
performance issues associated with aero and structural dynamics
uncertainties of a two-dimensional wing/store � utter suppression
model. Although store � utter problem is most critical around tran-
sonic speeds, this paper analyses it in incompressible� ow regime to
lay basic foundation for more advanced work in this � eld. Singular-
value plots of robust stability and performance measures as a func-
tion of frequency are used for the analysis.

Background and Motivation
Flutter can be alleviated by conventional passive schemes or by

the more advancedactive approaches.Passive methods typically in-
cludeadding mass ballast, relocatingstore location spanwise and/or
chordwise,or tuningthe pylonstiffnesscharacteristics.1¡3 However,
these methods are generally tailored to a speci� c con� guration and
fail to accommodatedifferentstoremass and locationcombinations.

Activemethods,on theotherhand,are relativelymore � exibleand
require mere change of control law to accommodate different store
combinations.One of the earliest known works on the feasibility of
using active control for wing/store � utter suppression was reported
by Triplett4 in 1972. His analytical study of an F-4 Phantom aircraft
wing/store con� guration involvedde� ecting aileronsin a manner to
produce aerodynamic forces that opposed the � utter causing aero-
dynamic forces. A number of investigators have made important
contributions to the � eld of active wing/store � utter suppression.5;6

In 1979 Harvey et al.7 investigated the feasibility of using adaptive
control for wing/store � utter suppression with this approach. Some
researchers proposed a slightly modi� ed version, which involved
feedingback signals from the accelerometersat the fore and aft end
of the store to electrohydraulic actuators to drive vanes attached
to the forward part of the store.8;9 The de� ected vanes generated
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counteractingaerodynamicforces that stabilized the store pitchmo-
tion. Hönlinger and Destuynder10 used linear quadratic regulator
control law to test the procedureon a Phantom F-4F wing/store con-
� guration. However, the effectiveness of these methods depended
largely on the accurate knowledge of counteractingunsteady aero-
dynamicforcesproducedby thecontrolsurfaces.This posesa partic-
ular problem especially in the transonic range where the theoretical
predictions of the unsteady aerodynamic coef� cients of the control
surfaces are least reliable.11

Triplett’s feasibilitystudy4 in 1972gained interest in the aeronau-
tical community and was soon followed by an Air Force contract to
evaluate the ability of a single wing/store � utter control scheme that
would be robust to several different store con� gurations.12 Instead
of usingcontrolsurface’s unsteadyaerodynamicsas in the earlier ac-
tive methods, Triplett et al.12 proposed to use a hydraulicactuator to
decouplethe store vibratorymotion from that of the wing. Although
the dynamic behaviorof this scheme worked quite well in restoring
bare wing � utter speed, the actuator’s inability to meet high-� ow-
rate requirements for the control of higher frequency perturbations
restricted its practical implementation.

In 1980,Reed et al.11 proposeda modi� ed versionof the approach
just described. Insteadof using a hydraulic actuator as a load carry-
ing tie, a passivesoft-spring/damper combinationwas used together
with a low-power active control system to maintain store alignment.
Their idea is based on the argument that instead of modifying the
aerodynamic forces, the frequencies associated with � utter critical
bending and torsion modes can be separated by making the wing
insensitive to store pitch inertia and eventuallyalleviate the adverse
coupling to a higher � utter speed. Some researchers13¡17 analyti-
cally analyzed this concept and successfullydemonstratedits use in
wing/store � utter suppression.

The design of the decoupler pylon mounted store consists of
pitch-pivot mechanism near the fore end that allows the store to
pitch relative to the wing surface. Near the aft end, a soft spring is
used to decouple the in� uence of store pitch inertia on wing torsion
modes. A low-frequency feedback control is used to prevent large
static de� ections and maintain alignment.The result is a substantial
increase in � utter speed, well beyond that of the bare wing. Based
on a feasibilitystudy,18 a decouplerpylonwas fabricatedby Clayton
et al.19 and was later successfully implemented on an F-16 aircraft
to increase the � utter speed.

Instead of passive soft-spring/damper elements as used by Reed
et al.11 to demonstrate their concept, the current approach proposes
an active decoupler pylon for the control of wing/store � utter sup-
pression. The proposed active isolation scheme, shown in Fig. 1,
serves two purposes. First, it decouples the wing dynamics from
the store pitch inertia effects, a primary source for bending-torsion
� utter in wing with external stores. Second, with the aid of a ro-
bust controller, it acts as an actuator that stabilizes and maintains
the performance characteristics of the closed-loop system in the
face of uncertainties at � utter speed. The active pylon consists of a
strut with series of thin circular plates laminated on opposite faces

Fig. 1 Wing/store piezostrut arrangement.

with piezoceramics.The poled directions of the piezoceramics are
aligned so that a voltage (control input) applied across the element
contractson one side and expandson the other. The plate bending is
then translated into an axial motion along the strut. The piezostrut
is designed such that its equivalent stiffness satis� es the Reed et
al. criterion11 of a soft spring system for isolation purposes, i.e.,
the store pitch to wing bending frequency ratio should always be
less than 1 for effective store � utter alleviation. The novelty in this
approach is the use of the strut as both a passive isolator as well as
an active actuator to maintain stability and performance. The cur-
rent active concept has two major advantages over other passive
schemes.11;18;19 Not only does the active decoupler make the sys-
tem more robust to various uncertainties, but it also has signi� cant
weight bene� ts because it gets away with all the hardware that is
requiredwith pneumatic springs and hydraulicdashpots.Moreover,
compared to that of a hydraulic actuator, the wafer actuator’s faster
time response to input command signals makes it suitable for store
� utter suppression problem.

It is proposed that this device will represent a signi� cant im-
provement in the much needed stroke length requirement over the
traditional stack actuator proposed by Gade and Flowers.20 Their
results on a wing/store model showed that piezo motors fail in pro-
viding the much needed stroke length for restoring the bare wing
� utter speed. Moreover, these actuators typically fail in tension be-
causeof thebrittlenatureof the piezoceramicmaterials.On the other
hand, the current bender-element type actuator, initially fabricated
and designed21 for use in a large � exible structure,behavesthe same
both in tension as well in compression.Several issues pertaining to
the actuator are yet to be quanti� ed, such as actuator dynamics, its
time response to input command signals relative to hydraulic actu-
ators, stroke length capability over traditional stack actuators, and
power requirements. At the time of writing, the dynamics of the
actuator has not been identi� ed and, hence, are not included.

In this paper, a controllerfor wing/store � utter suppressionmodel
of an F-16 aircraft with a GBU-8/B store con� guration is designed
using H1 theory. The wing is modeled using a two-dimensional
approximation of a typical section of an airfoil, and the store � utter
problemis studied in the incompressible� ow regime.The objective
is to designa closed-loopcontrol system that is robust to variousun-
certainties, such as store aerodynamics and other � exible structural
modes not taken into account in the model. Singular-value analy-
sis is used to assess the system’s nominal performance and robust
stability characteristics,in the face of such uncertainties.

Plant Description
The analytical model is restricted to a typical section of a thin

airfoil with an underwing store in two-dimensional incompressible
� ow. A sketch of the typical section together with the decoupler
pylon and the store is shown in Fig. 2. The plunging or bending
motion of the entire airfoil/store combination together with pitch
angles of the lifting surface, ®, and the store, µ , measured relative
to the undeformed wing constitute the three degrees of freedom of
wing/store model. Linear and torsional springs at the elastic center

Fig. 2 Schematic diagram of a thin airfoil and decoupler-pylon-
mounted store.
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are used to model the restraining forces to the vertical and angular
displacementsof the airfoil,whereas restraint to the pitchingmotion
of the store is provided by the decoupler pylon mechanism. Stan-
dard sign convention is used in which the plunging displacement
is measured positive downward, whereas a nose-up position of the
structure implies a positive pitching angle. The total lift on the air-
foil is de� ned positiveup whereas the pitchingmoment of the entire
airfoil about the one-quarter chord length point is positive in the
nose-up sense. Assuming no structural damping g, the equations of
motion in the Laplace domain is given by

Ms Rz C Ksz D
¡L

M

0

C
Qh

Q®

Qµ

(1)

where

z.t/ D fh=b ® µgT

is a vector of generalized coordinates in which the plunge motion
h of the airfoil is nondimensionalizedby its semichord length b to
enable easy comparison with the pitching motions. The left-hand
side of Eq. (1) consists of the mass and elastic terms of the airfoil,
the actuator, and the attached store and is given as
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The terms on the right-hand side of Eq. (1) correspond to the aero-
dynamics identi� ed as the lift L and the moment M . A method for
calculating the aerodynamic loads due to simple harmonic oscilla-
tions of a wing section in incompressible � ow was � rst given by
Theodorsen.22 The theory was then extended to arbitrary motions
byEdwards.23 His generalizedunsteadyaerodynamictheorydivides
the aerodynamicloads into noncirculatoryand circulatoryparts and
are expressed in the Laplace domain as

¡L

M

0

D ¡s2Mnc ¡ sCnc C sCc C Kc z.s/ (3)

where Mnc and Cnc are apparent additional mass and damping ma-
trices due to noncirculatory oscillations of the aerodynamic loads
given by

Mnc D

&$ 1 ¡a 0

¡a a2 C 1
8 0

0 0 0
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(4)

whereasCc and Kc matricescorrespondto thecirculatorypart,which
are further subdivided into

sCc C Kc D C .Ns/R[sS2 C S1] (5)

where

R D
¡2

2 a C 1
2

0

S1 D [0 1 0] S2 D 1 1
2

¡ a 0

In Eq. (5), C.Ns/ represents the complexTheodorsenfunction,where
Ns D b!i=U is a Laplace operator associated with nondimensional
time Ut=b. The effects of aerodynamics on the store, however, are
neglectedto make the analysissimpler.With the aid of multivariable
robust control techniques, the in� uence of unmodeled dynamics on

the stability and nominal performanceof the wing/store � utter sup-
pressionsystemis evaluatedin the following.The completeequation
of motions is recast into the form

s2.Ms C Mnc/ C sCnc C Ks z.s/ D C.Ns/R[sS2 C S1]z.s/ C Hu.s/
(6)

where u is the actuator input acting through the input matrix H D
[0 0 1]T due to the generalizedactuator forces Q i given in Eq. (1).
To complete the model in the Laplace domain, Jones’s24 second-
order rational approximation to the complex Theodorsen function
is used and is given by

C.Ns/ D 0:5.sb=U /2 C 0:2808.sb=U / C 0:01365
.sb=U /2 C 0:3455.sb=U / C 0:01365

(7)

A nonuniquestate-spacerepresentationof the Jones’approximation
for unsteady circulatory aerodynamic load can be obtained as
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(8)

The state-space representation of the structural equations and non-
circulatory components of the aerodynamic loads is given as
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From Eq. (8) it is evident that the circulatory aerodynamic loads
introduce two additionalstates, called the aerodynamiclags (x1 and
x2), which increase the total number of states to eight. The state-
space representationof the augmented system is given by

Px D Ax C Bu y D Cx C Du (10)

where

x D fh=b ® µ Ph=b P® Pµ x1 x2gT

and

A B

C D
D

&

6$
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¡1H

B2C1 A2 0

I 0 0

’
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(11)

The three primary outputs of interest consideredhere are the plung-
ing motion h, wing pitch ®, and the relative store pitch angle µ .
The state-space realization [Eq. (11)] is now in a form suitable for
applying modern control laws.

Uncertainty Representation
The dynamics of any physicalsystem can never be capturedcom-

pletely by mathematicalmodels. There are always errors associated
with the approximationsmade during the modeling process. These
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approximationsare made either due to lack of complete knowledge
of the system or due to dif� culty in modeling. For instance, the
plant described in the preceding section does not include actuator
dynamics and aero loads on the actuator and the store. During the
design of an appropriate controller, the robustness of the closed-
loop system in the face of these uncertainties and maintenance of
its nominal performance are, therefore, the primary objectives of a
control engineer.

In robust control literature, the mathematical representation of
uncertaintiesdue to such unintentionalexclusion of high-frequency
dynamics, generally take many forms,25 of which the most com-
monly used is the multiplicative uncertainty model. Depending on
where the errors are re� ected with respect to the plant, the uncer-
tainty is classi� ed into input or outputmultiplicativemodels. If 1.s/
representsa properand stableapproximationtransfer functionerror,
then the nominal plant [G.s/] perturbed with the output multiplica-
tive uncertainty model is given as

G¤.s/ D [1 C 1.s/]G.s/ (12)

By applying small gain theorem26 to the loop obtained using 1.s/,
the nominalplant G.s/, and the controllerK.s/ to be discussedlater,
the size of the multiplicative error 1. j!/ at each frequency can be
calculated.This principal gain plot then represents the relative per-
centagemagnitudeof the unstructuredperturbationsthat the system
will be able to withstand.

Mixed-Sensitivity Objective
In H1 control literature,27 it is common to � rst identify the ob-

jective functionswhose in� nity norm is to be minimized. Typically,
they are either single- or multitarget objectives involving sensitiv-
ity function S.s/, complementary sensitivity function T.s/, and/or
control-input constraint function U.s/. S.s/ is used for achieving
good stability margins whereas T.s/ is used for achieving robust-
ness for uncertainty in dynamic modeling.

This paper attempts to investigate the feasibility of designing
a H1 controller-based,closed-loop system that is robust to uncer-
taintiesdue to store aerodynamicsand other high-frequency� exible
structural modes that have been ignored. The designed closed-loop
system is also intended to have good performance characteristics
such as disturbance rejection, and insensitivenessto low-frequency
parameter variations. Changes in the center of gravity location of
store, mass, radius of gyration, etc., are some of the examples of
parameter variations that may occur in the wing/store � utter sup-
pression problem.

Mathematically, the objectives are equivalent to minimizing the
weighted sensitivityS.s/ and complementarysensitivityT.s/ trans-
fer matrices. Within the framework of H1 control theory, this im-
plies the minimization of the in� nity norm27

W1S

W2T 1

D
W1.I C GK/¡1

W2GK.I C GK/¡1
1

< 1 (13)

Here the loop is considered to be broken at the output where all of
the uncertainties are assumed to be re� ected. Based on given per-
formance requirements, frequency-dependentweighting functions
W1.s/ and W2.s/ can be appropriately chosen to give the designer
relatively more freedom to achieve the desired objectives. Because
it is unnecessary to minimize the effect of a cost function over a fre-
quency range in which its effect is least likely, low- and high-pass
� lters are generally used as weighting functions.Here the objective
is to � nd an admissible controller K.s/, which minimizes the given
weighted norm subject to the constraint that the closed-loopsystem
be stable.

H 1 Control Problem Formulation
In H1 control theory,a closed-loopsystem is usuallyrepresented

in the form of a two-port block diagram (as shown in Fig. 3), where
the input signal vector w consist of all exogenousinputs comprising
disturbances,noises, and model-error outputs D ; u is the controller
output;andy is a vectorof input signalsconsistingof measurements,
references, and other signals that are available for on-line control

Fig. 3 Block diagram of weighted mixed-sensitivity objective function.

purposes. Signal z D .z1; z2/ is a vector whose elements comprise
the cost functions given in Eq. (13).

Using linear fractional transformation theory,27 these weighted
cost functions are reformulated as

P.s/ D

&$z1

z2

y

’%
D

&$W1 ¡W1G

0 W2G

I ¡G

’%
w

u
(14)

whereP.s/ is thegeneralizedplantwith realization(Ap; Bp ; Cp; Dp )
and K.s/ representsthe H1 controller.The generalizedplant is then
described by a set of equations

Px D Apx C B1pw C B2 pu z D C1px C D11 pw C D12 pu
(15)

y D C2px C D21 pw C D22pu

where the system matrices are given by28
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Ap Bp

Cp Dp

D

&

6666666$

A 0 0 0 B

B1C A1 0 B1 ¡B1D

B2C 0 A2 0 B2D

¡D1C C1 0 D1 ¡D1D

D2C 0 C2 0 D2D
¡C 0 0 I ¡D

’

7777777%
(16)

and where x.t/ 2 Rn; w.t/ 2 Rm1 ; z.t/ 2 R p1 ; u.t/ 2 Rm2 ; and
y.t/ 2 R p2 .

The H1 controlalgorithmusedhere is basedon theonedeveloped
byGlover andDoyle (see Ref. 28). It is necessaryto checkfor certain
assumptions that are essential for applying the precedingalgorithm.
It is assumed that .Ap; B2p/ is stabilizable and .C2 p; Ap/ is de-
tectable,which are necessaryconditionsfor the existenceof stabiliz-
ing controllers.To ensurerealizabilityof the controller,it is assumed
that the rank conditions rank.D12p/ D m2 and rank.D21 p/ D p2 are
satis� ed. In addition, the rank conditions

rank
Ap ¡ j!I B2p

C1p D12 p
D n C m2 8!

rank
Ap ¡ j!I B1p

C2p D21 p
D n C p2 8!

(17)

together with stabilizability and detectability conditions guarantee
that the two Hamiltonianmatrices have no eigenvalueson the imag-
inary axis. In the event that any of the rank conditions are violated,
matrices A and/or D need to be modi� ed28 so that the behavior of
the plant is changed very little over the signi� cant range of fre-
quencies.

Simulation Results
The parameters in Table 1 approximately represent those of the

F-16 aircraft wing/store model with the GBU-8/B weapon system19

and are used for the current simulation.Figure 4 shows the bending-
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Table 1 Structural parameters

ms D 1027:6 kg (2265 lb) x® D 0:178 m (7.04 in.)
mw D 5:3 ms xµ D 0
m p D 1:361 kg (3 lb) ` D 0:223 m (8.8 in.)
r® D 0:635 m (25 in.) L1 D 0:223 m (8.8 in.)
rµ D 0:830 m (32.7 in.) a D ¡0:152
b D 1:12 m (44 in.) !h D 24:5 rad/s
!µ =!h D 0:55 !®=!h D 1:27

Fig. 4 Bending-torsion frequency coalescence vs air speed.

Fig. 5 Structural damping vs air speed.

torsion frequency coalescence trend as a function of air speed. The
� gure illustrates the effectiveness of the decoupler-pylon-mounted
wing/store system over a rigidly mounted store in increasing the
� utter speed. The frequencies at ground speed are those due to un-
damped, inertially coupled wing/store system, which are slightly
reduced due to the apparent additional mass contributed by non-
circulatory component of the aerodynamic loads [Eq. (6)]. As the
� ight speed is increased, the bending branch frequency for both the
rigid and the decoupler cases remains approximately equal to its
ground frequency, with a slight increase near the � utter speed. The
� rst wing torsionalmode frequencyfor the decouplercase,however,
decreasesrelativelyless than that correspondingto the rigid case be-
cause of the reduced store pitch inertia effects (due to the presence
of soft-springlikeactuator) and comes close to the bending branch
near the � utter speed. The result is an increase in � utter speed for
the decoupler-mounted store system. These branches do not coa-
lesce because of the presence of aerodynamic damping present in
the system.

The open-loop � utter speed, therefore, is predicted exactly from
the V –g plot by calculating the speed where dissipation energy
changes sign. The variation of bending and torsional mode struc-
tural damping as a function of air speed is shown in Fig. 5. It is
observed that for both torsional and bending modes, the damping
at � rst increases with air speed with the one corresponding to the
bending branch increasing much rapidly than the torsional branch.
At around 85–95% of the � utter speed, the torsional mode damping

suddenly decreases and approaches zero at the � utter speed. The
bending mode damping, however, continues to increase at a much
faster rate. The open-loop � utter speed where the torsional mode
damping changes sign is found to occur at U=b D 170 for de-
coupler case and U=b D 127 for rigid case. For comparison, the
� utter speed for a clean wing (without any store) is found to be at
U=b D 148. This represents a 14.86% increase in � utter speed with
decoupler pylon over that of a bare wing and 33.86% increase over
the rigidly attached case.

Therefore, the aim is to design an H1 controller that not only
stabilizes the system at � utter speed but also maintains stability
and nominal performancein the presenceof the unstructureduncer-
tainties discussed earlier. To design an H1 controller, appropriate
weighting functions have to be � rst selected to be included in the
generalized plant matrices [Eq. (16)]. The choice of weights is not
trivial; weights are generally chosen purely as tuning functions to
achieve the best compromise between con� icting objectives.How-
ever the selection is often guided by the need to reject unwanted
signals such as errors, noises, etc., in a certain range of frequencies.
Here the objective is to design a controller to achieve at least 10:1
reduction in the output errors (with respect to open-loop perfor-
mance) in the presence of low-frequency (<30 rad/s) disturbances.
This value of frequency is chosen so as to reject any unnecessary
signals that are in the close range of critical � utter frequency (»25
rad/s). This frequency range also includes some typical disturbance
frequenciessuch as those due to gusts (»6 rad/s), whose rejection is
an important objective in the design process of a robust controller.
For frequencies beyond 30 rad/s, a 40-dB/decade rolloff is desired,
which places the control loop bandwidth at approximately60 rad/s.
Such a steep rolloff ensures that the controller is proper. A closed-
loop bandwidthof 60 rad/s togetherwith a second-orderrolloff also
ensures acceptable noise attenuationand suf� cient stability margin
to tolerate variations in the loop transfer matrix magnitude, which
might arise due to unmodeled dynamics.

Based on the precedingdesign speci� cations,which quantify the
tradeoff between nominal performance and robust stability, the fol-
lowing weighting matrices are constructed:

W1.s/ D °
10.s=3674:2 C 1/2

.s=30 C 1/2
I3 (18)

W2.s/ D
.s C 30/2

s C 4500
I3 (19)

A singular-value Bode plot of W¡1
1 .s/ and W¡1

2 .s/ depicting the
design speci� cations for ° D 1 is shown in Fig. 6. The variable °
in W1 acts as a design parameter that is iteratively decreased until
the norm in Eq. (13) is no longer satis� ed. Physically, it gives rela-
tive importance to one of the two con� icting objectivesof Eq. (13),
without sacri� cing compromise between them. The hinfopt rou-
tine in PRO-MATLAB’s Robust Control Toolbox is used to � nd an
optimum value of ° for the plant and given set of weighting func-
tions,which after several iterationsis found to be 0.0996.Therefore,
the mathematicallyoptimum performance (and, hence, robustness)

Fig. 6 Bode plot of W ¡ 1
1 and W ¡ 1

2 .



954 GADE AND INMAN

speci� cation corresponding to °opt D 0:0996 has set the upper limit
for achievable design without sacri� cing the compromise between
their objectives. The resulting deviation of the singular-valueBode
plot of W¡1

1 .s/ for °opt D 0:0996 from its initial plot corresponding
to ° D 1 is shown in Fig. 6.

Robust Stability and Nominal Performance Issues
A singular-value suf� ciency test for stability robustness of a

closed-loop system subjected to uncertainty due to unmodeled dy-
namics is obtained by applying the small gain theorem26 to the loop
in the block diagram of Fig. 3. For H1 problem formulation, all of
the uncertaintiesdiscussed earlier are required to be re� ected at the
plant.28 Application of the small gain theorem to the loop (Fig. 3)
yields

N¾ .1/ N¾
³

GK
I C GK

´
< 1 (20)

FromEq. (20), it isclear thatthepercentagetoleranceboundsforout-
put multiplicativeperturbationscan be obtained directly by looking
at the singular-valueplot of the complementarysensitivityfunction.

Figure 7 shows the closed-loop, singular-value Bode plot of the
complementary transfer matrix T. j!/ as a function of frequency
!. The absolute value of the maximum singular value of the T. j!/
is found to be 16.42 dB, which implies that the closed-loop system
is capable of withstanding at least §330% plant uncertainty (with
errors re� ected at the output), without being destabilized.This mag-
nitude of stability margin is observed to be at the � utter frequency
(25 rad/s) where it is required to alleviate the effects of unmod-
eled dynamics, such as those due to wing/store aerodynamic and
other � utter critical uncertainties.For frequencies beyond 25 rad/s,
the percent tolerance bounds increase monotonically with the in-
crease in frequency.Large endurancemargins are necessary at such
frequencieswhere the effects of ignoring aileron degree of freedom
and other � exiblemodes includingsensorand actuatordynamicsare
more prominent. Figure 7 also demonstrates that the compensated
system has a nice noise attenuation property at the three outputs
h; ®, and µ , rejecting noise at high frequencies (>700 rad/s) by as
muchas 100 dB. On comparisonwith Fig. 6 [W¡1

2 .s/], it is clear that,
whereas at higher frequencies the desired 40-dB/decade rolloff rate
has been achieved, unnecessary noise attenuation is observed (for
output h) at lower frequencies where its effect on the closed-loop
response is typically negligible.

The characteristics of N¾ [S. j!/] that are necessary for tracking
step reference inputs and ensuring rejection of disturbances at the
system output are shown in Fig. 8. The simulation shows that the
disturbances entering at � utter frequency (25 rad/s) amplify the
closed-loop response of the output µ with a magnitude of less than
0.27 dB. On the other hand, the same disturbances at the output
h are rejected by 1.15 dB. This is to be expected as tradeoff be-
tween sensitivity and complementary sensitivity functions [S.s/C
T.s/ D I] because from Fig. 7 it is indeed clear that outputs ® and
µ attenuate noise by a large magnitude, sometimes unnecessary at

Fig. 7 Singular-valueBode plot of complementary sensitivity function.

Fig. 8 Singular-value Bode plot of sensitivity function.

Fig. 9 Magnitude response from disturbance input to output.

frequencies where its effect is least likely to occur. This shows that
perhapsby assigning unequalweights [as opposed to those given in
Eq. (18)] to W¡1

1 .s/, with those corresponding to outputs ® and µ
weighed more strongly, better disturbance attenuation might have
been achieved at those outputs.Nevertheless, for the low-frequency
range (<10 rad/s), where the effect of gusts are more prominent, the
plot shows that disturbances at outputs ® and µ never get ampli� ed
if not rejected. This plot also gives the measure of relative insen-
sitiveness to low-frequency wing/store parameter variations such
as change in the c.g. location xµ and radius of gyration rµ of the
store with � utter speed. A comparison of the open- and closed-loop
magnitude response from disturbance input to output is shown in
Fig. 9.

A sinusoidal input centered at 6 rad/s is used to model the dis-
turbance. The singular-value Bode plot in Fig. 9 indicates that the
closed-loop system has better rejection magnitude than the open-
loop wing/store model. At very low frequencies less than 1 rad/s,
the magnitudeis almost the same for open-and closed-loopsystems.
For frequencies beyond 1 rad/s and particularlyat � utter frequency
(25 rad/s), the closed-loop system rejects disturbancesby as much
as 25 dB more than that of the open-loop system.

Finally, the singular-value Bode plot of the controller (Fig. 10)
approximatelyshows the characteristicsof a � rst-order system with
a break frequency of 20 rad/s. A 17-state strictly proper controller
is obtained by solving the four-block mixed-sensitivity H1 prob-
lem. The controller has a large gain of 50 dB for frequencies less
than 5 rad/s and a bandwidth of 500 rad/s (as shown in Fig. 10).
These properties are required to be able to withstand sudden (ad-
ditive) perturbations in the outputs of the plant. But, in most appli-
cations, a controller with limited bandwidth is desired to prevent
pushing the actuators beyond their limits and to avoid the controller
exciting high-frequencydiscarded modes. It also facilitates digital
implementation wherein issues of sampling frequencies need to be
further taken care of.
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Fig. 10 Bode plot of H 1 controller transfer function.

Conclusions
An active decouplerpylon concept is presentedfor the wing/store

� utter suppressionproblem.A mixed-sensitivityminimizationprob-
lem is solved to design a H1 controller, and its effectiveness in
addressing the robust stability and nominal performance issues per-
taining to the store � utter problem is studied.The simulation results
indicate suf� cient tolerance margins to unstructured uncertainties
arising at high-frequencyranges due to discarded dynamics. In par-
ticular, the margin at the � utter frequencyappears to be satisfactory
where the effect on � utter speed is more prominent due to neglected
store aerodynamics and fuselage dynamics. Nice sensitivity prop-
erties are obtained at the outputs, although they have been under-
achieved in a certain range of frequencies. In particular, around
the � utter frequency, the relative angle between the wing and the
store shows sensitiveness to external output disturbances and low-
frequency parameter variations. Although its sensitivity magnitude
is not that large, it may pose a potential problem to the actuator’s
performance.Noise attenuationpropertiesat the three outputs show
overachievementof the objectiveat all of the frequencies.By appro-
priately emphasizing the frequency-dependent weighting functions
for each of the outputs, the problem of over- and underachievement
of the objectives can perhaps be addressed. The control law shows
favorable large gain and bandwidth typically required to withstand
sudden variations at plant output. Comparison with open-loop re-
sponse shows that the closed-loop system is able to withstand and
reject low-frequency disturbances and parameter variations. Over-
all, the H1 design techniquehas been successful in giving the con-
trol engineerrelativefreedomto address the tradeoffbetween robust
stability and nominal performance issues related to the wing/store
� utter problem.
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