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Conclusions
An explicit function associated with the invertibility of the non-

linear attitude controller with momentum management has been
obtained. The function is given in terms of the mass properties of
the spacecraft and the attitude of principal body axes relative to the
local-vertical,local-horizontalframe.The TEA were shown to occur
at orientations that are as far as can be from the singularity surface.
In fact, the TEA occur at local minima and maxima of the singular-
ity function.Knowledge of the singularityfunctionmay provide the
basis for development of an explicit method to avoid singularities
in the feedback linearized control law.
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Introduction

T HE design of � ight control laws, the veri� cation of perfor-
mance predictions, and the implementation of � ight simula-

tionsare all tasks that requirea mathematicalmodel for thedynamics
of an aircraft. This dynamic model is typically characterizedby co-
ef� cientsor parameterswhose numericalvaluesmust be determined
for various � ight conditionsof interest. Among the most important
of these are the parameters in the mathematicalmodels for the aero-
dynamic forces and moments, often referred to as the aerodynamic
coef� cients.1 Numerical values for these parameters are often � rst
derivedfromwind-tunneltestdata.However, thewind-tunnelcondi-
tions typically do not replicate the actual � ight environment. It is
desirable then to derive estimates for the aerodynamic coef� cients
directly from � ight test data.
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A number of parameter estimation methods, such as maximum
likelihood2 (ML) and linear regression,3 have been applied to de-
rive aerodynamic coef� cients from aircraft � ight test data. Filter-
based methods, such as the extended Kalman � lter4 (EKF), have
also been used with varying degrees of success (see bibliography
in Ref. 5). One advantage of the EKF approach relative to most
other approaches (including most ML formulations and essentially
all least squaresmethods) is that it places no linearity restrictionson
the form in which either the states or the parameters appear in the
dynamic equations describing the system. It also does not require
the parameters to be time invariant, nor does it require stability of
the system. Finally, the EKF produces estimates of the parameters
that approximatelyminimize the mean square error in the parameter
estimates themselves, as opposed to minimizing a cost function that
is based on matching the output variable behavior given a speci� c
input trajectory,which is whatmostML and least squares techniques
are designed to do.

The EKF approach, however, requires the designer to select the
statistical properties of the process and measurement noises and a
model for the parameter dynamics. Some of this information is typ-
ically unknown to the user, and this introduces a degree of freedom
in the EKF design that can be dif� cult to resolve. Furthermore, the
EKF produces time histories for each of the estimated parameters,
which is very useful if the time-varying nature of the parameters
is of interest. However, in most aircraft parameter estimation situ-
ations, a single numerical value for each parameter is desired, and
these must be derived from the EKF time histories.

This Note presents results from the applicationof the EKF to the
estimation of aerodynamiccoef� cients for both NASA’s X-31 drop
model and the high-angle-of-attackresearch vehicle (HARV) from
� ight test data, which is part of an ongoing effort to develop sys-
tematic proceduresfor the design of EKFs for parameterestimation.
The assumption of a � ctitious noise process, or pseudonoise, driv-
ing the parameter model is shown to improve the EKF parameter
estimates for the HARV. In addition, a residual correlationmethod6

(RCM), originally derived for the linear Kalman � lter,4 was used to
determine the appropriateprocess noise intensity and measurement
noise covariance matrices for this case.

The Note is organizedas follows.The next two sectionsintroduce
the aircraft dynamic equations and the EKF parameter estimator.
Then, the parameter estimation results for the X-31 drop model and
the HARV are presented and discussed. Conclusions follow.

Aircraft Dynamic Equations
The equations of motion for a rigid aircraft can be expressed in

the general state-space form1

Px.t/ D f[x.t/; u.t/; ³; t] C w.t/ (1)

where the state vector x usually consists of the linear velocity com-
ponents along the body axes u; v, and w; the angular velocity com-
ponents about the body axes p; q , and r ; and two Euler angles
(usually pitch and roll, ’ and µ ) that describe the orientation of
the body axes with respect to a � xed frame of reference. See, for
instance, Ref. 1 for a detailed version of Eq. (1). Note that among
the terms in Eq. (1) are the aerodynamic forces along the body axes
X; Y , and Z and the aerodynamic moments about the body axes
L ; M , and N , which depend on the aerodynamiccoef� cients of in-
terest. The vector ³ contains these parameters. The control input
u generally includes the control surface de� ections and possibly
some thrust-related variables. The vector noise process w, which
is assumed white with intensity Q.t/, represents unknown random
perturbation inputs driving the plant (process noise), e.g., perturba-
tion forces and moments arising from atmospheric turbulence.

The outputequationrepresentingthe availablediscrete-timemea-
surements is

z.k/ D h[x.tk /; u.tk/; ³; tk] C v.k/ (2)

where the output vector z typically includes some subset of the
following quantities: the total airspeed V [ D

p
.u2 C v2 C w2/],

the angle of attack ® [ D tan¡1.w=u/], the angle of sideslip
¯ [ D sin¡1.v=V /], the angular velocity components, the Euler
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angles, and the linear accelerations along the body axes (which
depend on the states and the current inputs). Sample index k cor-
responds to time tk . The vector noise sequence v, assumed white
with covariance R.k/, representsnoisecorruptingthe measurements
(measurement noise).

EKF for Parameter Estimation
The EKF is a recursivealgorithm that uses input informationand

output measurements with the assumed system and output models
[Eqs. (1) and (2)] and assumed values for the process and measure-
ment noise covariances Q and R to produce estimates of the states
and a predicted state estimation error covariance. When the model
given by Eqs. (1) and (2) is linear, the EKF reduces to the well-
known Kalman � lter.4 The detailed equations describing the EKF
algorithm can be found in Ref. 4.

Whenestimatesof the systemparametersaredesired,themodelof
Eqs. (1) and (2) is modi� ed by augmenting the state vector with the
parameters to be estimated.4 A state equation for the propagation
of the estimated parameters ³ e must then be assumed. Typically,
the parameters are assumed to be constant or driven by a � ctitious
random noise process, as

PO³e D wPN (3)

where wPN is a vector of zero-mean,white noise processes of inten-
sity QPN, known as pseudonoise.This assumptionis useful for mod-
eling time-varyingparameters when the parameter variation model
is unknown or to account for modeling errors by allowing the pa-
rameter time variation to compensate for the unmodeled dynamics.
The effect of thepseudonoiseassumptionis typicallyto speedup the
convergenceof the parameter estimates at the expense of increased
parameter error variance by keeping the � lter gains high.5

The values for Q and R (and QPN if parameter pseudonoise is
assumed) are needed for the EKF computation of the state and pa-
rameter estimation error covariance. For a � lter that is optimal in
the mean square estimation error sense, the true values of Q and
R should be used. However, different values for Q and R can be
selected by the EKF designer to improve the � lter performance,
e.g., to compensate unknown system dynamics.The need to specify
appropriate values for Q and R is probably the single most trou-
blesome characteristic of EKF-based parameter estimation. R can
often be obtained in a straightforward manner directly from the
measurements using a Fourier decomposition approach7 or from
the characteristicsof the instrumentationused. Q, however, is more
dif� cult to determine.

Methods to identify Q havebeenderivedfor the standardKalman
� lter.8 One of these, namely, the RCM,6 has been used here to deter-
mine Q for the HARV � ight data. The RCM employs the residual
sequencegeneratedby the EKF, possiblyunder inappropriateinitial
assumptions for Q and R, to produce improved estimates of Q and
R, which are then used in subsequent runs of the EKF.

The EKF satis� es the assumptions of the RCM only approxi-
mately, mainly because the augmented linearized system matrix F
is time varyingdue to its dependenceon the inputand statevariables.
The time-varying partition of F , however, asymptotically has little
in� uence on the residual covariance equations. This can be shown
by writing the residual covariance equations in partitioned form.
The time-varyingpartitionof F always appearsmultipliedeither by
the parameter partition of the Kalman gain or by the parameter par-
tition of the estimation error covariance matrix. Both the gain and
the error covariance partitions asymptotically tend to zero (when
QPN is zero),9 thereby reducing the in� uence of any time variation
in F on the residual covariance.

Results and Discussion
The EKF algorithmoutlined in the precedingsection was applied

to the estimation of aerodynamic coef� cients from � ight data for
the X-31 drop model and for the HARV.

X-31 Drop Model
The X-31 drop model is a fully instrumentedscaled versionof an

experimental supermaneuverable� ghter. It is carried by helicopter
to a prescribed altitude and � own by remote control.

The objective for the X-31 was to estimate the aerodynamiccoef-
� cients in the expressionsfor the lateral force Y and the roll and yaw
moments L and M from lateral maneuver � ight data. Based on pre-
vious analyses of the � ight data, linear expansions were considered
suf� cient to model the force and moments10 as

Y D S Nq cy0 C cy¯
¯ C cyp

Nbp=2V C cyr
Nbr=2V C cy±a ±a C cy±r ±r

L D S Nq Nb cl0 C cl¯ ¯ C cl p
Nb p=2V C clr

Nbr=2V C cl±a ±a C cl±r ±r

N D S Nq Nb cn0 C cn¯
¯ C cn p

Nbp=2V C cnr
Nbr=2V C cn±a ±a C cn±r ±r

(4)

where S is the wing surface area, Nq is the dynamic pressure, Nb is
the wingspan, and ±a and ±r are the aileron and rudder de� ections,
respectively. In Eq. (4), the ci j are the aerodynamic coef� cients of
interest.

The EKF estimation results presented subsequently correspond
to one � ight of the X-31 drop model at an average angle of attack
of approximately 36 deg. A Fourier series decomposition method7

was used to determinethe measurementnoise covariance R adopted
for the EKF. For this case, Q and QPN were assumed to be zero.

The EKF estimates of the lateral state variables (v; p; r , and ’)
showed good agreement with the measurements.The parameter es-
timate behavior, however, was mixed in character. The estimates
of the lateral force parameters generally showed poor convergence
characteristicsor converged to unrealistic values. However, the cal-
culated standard deviations of the estimation errors (square root of
the diagonal elements of the predicted error covariancematrix) de-
creased little from their assumed original values, showing that little
information on these parameters was present in the measurements.

On the other hand, the estimates of the parameters in the roll and
yaw moment expressions were good, as indicated by their conver-
gence characteristics together with a considerable decrease in the
computed error standard deviation.The results for the roll and yaw
moments also agreevery well with estimates from wind-tunneltests
and the results of using another parameter identi� cation technique,
modi� ed stepwise regression (MSR), on the same � ight data.10

Table 1 shows a comparison of results from these three sources.
For the EKF results, a single value for the parameter estimates and
the predicted error standard deviations (Std. dev.) was determined
by time averagingthe time historiesafter convergencehad occurred.

HARV
The HARV is a twin-engine, single-seat, � ghter aircraft, with

twin vertical tails and thrust vectoring capability. For this aircraft,
estimates of the aerodynamic coef� cients characterizing the longi-
tudinal and vertical forces X and Z and the pitching moment M
were sought. Linear expansions were used to represent X , Z , and
M , based on the analysis of Ref. 3:

X D S Nq cx0 C cx® ® C cxq Ncq=2V C cx±h ±h

Z D S Nq cz0 C cz®
® C czq Ncq=2V C cz±h ±h (5)

M D S Nq Nc cm0 C cm® ® C cmq Ncq=2V C cm±h ±h

where Nc is the mean aerodynamicchord lengthand ±h the horizontal
tail de� ection.

The EKF parameter estimation results presentedhere correspond
to a longitudinalmaneuverat angle-of-attackvalues rangingfrom23
to 30 deg. Similar to the X-31 case, the measurement noise covari-
ance R assumed for the � lter was estimated from the measurements
using Fourier series decomposition.7

Preliminary EKF results using the linear aerodynamicmodel (5)
and assuming zero for both Q and QPN exhibited two problems.
First, the residual sequence was not white, as it should be for a
properly operating � lter. Second, the convergenceof the parameter
estimates was poor even though their predicted error standard devi-
ations decreased signi� cantly, which ordinarily indicates good es-
timates. These problems can be caused by modeling errors coupled
with incorrect assumptions for the process noise intensity and/or
pseudonoise intensity.
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Table 1 Estimates of the X-31 lateral aerodynamic coef� cients

Source cl¯ clp clr cl±a cl±r cn¯
cn p cnr cn±a cn±r

WT ¡2:8E¡1 6:4E¡1 ¡6:5E¡1 ¡8:2E¡2 1E¡2 4:5E¡2 ¡9E¡1 5E¡1 ¡3:7E¡2 ¡7:5E¡2
MSR ¡1:37E¡1 3:1E¡1 ¡4:5E¡1 ¡3:52E¡2 2:1E¡3 6:6E¡2 ¡6:5E¡1 5:9E¡1 ¡2:7E¡3 ¡7:8E¡2

Std. dev. 2:6E¡3 1:5E¡2 3:8E¡2 7:8E¡4 5:9E¡4 6:1E¡3 3:5E¡2 8:9E¡2 1:8E¡3 1:4E¡3
EKF ¡1:464E¡1 3:55E¡1 ¡5:98E¡1 ¡4:48E¡2 1:014E¡2 4:2E¡2 ¡2:7E¡1 2:1E¡1 ¡2:89E¡2 ¡8:83E¡2

Std. dev. 7:4E¡4 5:6E¡3 9:3E¡3 3:1E¡4 1:8E¡4 2:0E¡3 1:6E¡2 2:2E¡2 8:7E¡4 4:3E¡4

Table 2 Estimates of the HARV longitudinal aerodynamic coef� cients

Source cz® czq cz±h cm® cmq cm±h

WT, ® D 27 deg ¡3:23 ¡3:1 ¡0:75 ¡0:31 ¡6:47 ¡0:98
min/max ¡3:24=¡3:06 ¡3:1=¡3:1 ¡1:03=¡0:6 ¡0:31=0:12 ¡7:05=¡5:88 ¡0:98=¡0:96

MSR, ® D 27 deg ¡2:59 ¡23:1 ¡0:85 ¡0:19 ¡11:7 ¡0:94
min/max ¡3:0=¡2:0 ¡32:3=¡17:7 ¡0:91=¡0:79 ¡0:27=¡0:12 ¡12:4=¡10:0 ¡0:94=¡0:90

EKF PNa, ® D 27 deg ¡2:52 48 ¡0:69 ¡0:273 ¡15:7 ¡0:92
Std. dev. 0.92 5 0.05 0.005 0.3 0.009

EKF Qb , ® D 27 deg ¡2:48 ¡5:42 ¡0:34 ¡0:25 ¡17 ¡0:83
Std. dev. 0.22 3.8 0.05 0.09 15 0.2

aPseudonoise assumed in the � lter. bRCM estimate of Q was used.

To correct this problem, a nonzero value for QPN was assumed
for the � lter. Rigorous methods to determine the appropriatevalues
for QPN are not currently available. For this application, based on
previous experience with the EKF,5 the diagonal elements of QPN

were set to the square of 0.1% of the nominal parameter value. Q
was set to zero when nonzero QPN was assumed.

In addition, the residual correlation method6 (RCM) was used
to obtain estimates of Q and R. The RCM estimate for R was
within an order of magnitude of the estimate obtained by Fourier
decomposition. When Q and R were set to the RCM estimates,
parameter pseudonoisewas not assumed.

The state estimates producedby the EKF with either pseudonoise
assumed or using the RCM estimates for the noise statistics im-
provedsubstantially,as indicatedby the residuals,which were much
closer to a white sequence. The convergence characteristics of the
parameter estimates also improved, with predicted error standard
deviations that re� ected more accurately the parameter estimate be-
havior.

Table 2 shows a comparison of wind-tunnel (WT) values and
MSR and EKF estimates for the HARV aerodynamic parameters.
As before, single EKF estimate values were calculated by averag-
ing the last segment of the parameter estimate time histories after
convergence occurs. The label ® D 27 deg indicates the average
angle of attack during this � ight. The wind-tunnel and MSR values
are from Ref. 3. Error standard deviation information was not spec-
i� ed in this source. The wind-tunnel and MSR parameter estimates
in Ref. 3 are given as a function of the angle of attack. Table 2
shows the values corresponding to ® D 27 deg. Additionally, Ta-
ble 2 shows the maximum and minimum parameter values for the
® range achieved during the analyzed � ight, to give an idea of the
strong variation of the HARV aerodynamic parameters with ®.

The EKF estimates shown in Table 2 exhibit a varying degree
of agreement with the wind-tunnel values. The agreement is better
for the tail effectiveness and the angle-of-attack coef� cients (es-
pecially when pseudonoise is assumed) and worse for cmq . When
pseudonoise is assumed, the magnitude and the sign of the EKF
estimate of czq are wrong relative to the wind-tunnel value. No-
tice that, for cmq and czq , the MSR estimates are also questionable.
These results indicate an identi� ability problem for the pitch rate
coef� cients, a problem that has also been discussed in Ref. 3.

Notice also that the predicted error standard deviation for the
pitch-momentaerodynamiccoef� cients is considerablylargerwhen
the estimated Q is used. This is due to the relatively large estimate
of the intensity for the plant noise corresponding to the pitch-rate
state equation.

Conclusions
The EKF has been used to estimate the coef� cients in models

for the aerodynamic forces and moments for two high-performance

aircraft from � ight data.The estimatesof the lateralmoment param-
eters for the X-31 drop model produced by the EKF are of quality
similar to those obtained with linear regression methods in terms
of the parameter estimate values and their indicated uncertainty, as
given by the correspondingpredictederror standarddeviations.The
EKF parameter estimates are also close to wind-tunnel estimates.
For the lateral force parameters of the X-31, however, the EKF es-
timates were unreasonable, especially when compared to MSR or
wind-tunnelvalues.However, the calculatederror covariancefor the
EKF gave a clear indication of the poor quality of the lateral force
estimates.

For the HARV, the results for the longitudinal parameters show
that a parameter pseudonoiseassumptioncan substantially improve
the effectiveness of the � lter, provided that an appropriate value is
chosen for the pseudonoise intensity matrix. A residual correlation
method was used to estimate the process noise intensity matrix.
The use of the estimated process noise intensity also improved the
behavior of the EKF estimates. For the HARV, the quality of the
estimates varied considerably among the parameters.
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