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A novel method for designing notch � lters to attenuate structural responses that show signi� cant cross-coupling
(between axes) is presented. This approachdiffers from the conventionalmethods in that it is a single-step procedure
that enables notch � lters of each sensor path to be designed independently of those in other sensor paths while
guaranteeing the stability margin requirements. As a result, this approach can result in a less conservative design
as compared to the conventionalmethods. This paper describes the procedure in the context of the coupled lateral-
directional axes of an aircraft—the objective being to gain stabilize the structural response uniformly so as to meet
the MIL-F-9490D speci� cations. An example is given to illustrate the power of this method.

Nomenclature
C11 = controller transfer function from roll rate to aileron
C21 = controller transfer function from roll rate to rudder
C22 = controller transfer function from yaw rate to rudder
C23 = controller transfer function from lateral acceleration

to rudder
L i = loop transfer function
NYENV = envelope used for design of N yF notch � lters

in Design 1
NYENV1 = envelope used for design of N yF notch � lters in � rst

iteration of Design 2
NYENV2 = envelope used for design of N yF notch � lters in

second iteration of Design 2
N y = lateral acceleration,g
N yF = lateral acceleration notch � lters
PENV = envelope used for design of PF notch � lters

in Design 1
PENV1 = envelope used for design of PF notch � lters in � rst

iteration of Design 2
PENV2 = envelope used for design of PF notch � lters

in second iteration of Design 2
PF = roll rate notch � lters
P11 = plant transfer function from aileron to roll rate
P12 = plant transfer function from rudder to roll rate
P21 = plant transfer function from aileron to yaw rate
P22 = plant transfer function from rudder to yaw rate
P31 = plant transfer function from aileron to lateral

acceleration
P32 = plant transfer function from rudder to lateral

acceleration
p = roll rate, deg/s
RENV = envelope used for design of RF notch � lters

in Design 1
RENV1 = envelope used for design of RF notch � lters in � rst

iteration of Design 2
RENV2 = envelope used for design of RF notch � lters

in second iteration of Design 2
RF = yaw rate notch � lters
r = yaw rate, deg/s
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jZ j = absolute magnitude of a complex number/array Z
jZ jdB = magnitude in dB of a complex number/array Z
±a = aileron input
±r = rudder input
³d = denominator damping coef� cient of notch � lter
³n = numerator damping coef� cient of notch � lter
!d = denominator natural frequency of notch � lter
!n = numerator natural frequency of notch � lter

I. Introduction

F OR � ghter aircraft with feedback control laws, stability mar-
gins for any loop need to be determinedwith other loopsclosed.

This complicates the design of notch � lters for structural responses
that have coupling between axes, e.g., the lateral and directional
axes. Notch � lters in multiple sensor paths affect stability mar-
gins. A direct design to meet the stability margins in this case leads
to an ill-conditioned and complex nonlinear optimization problem
especiallybecause each sensor path can have multiple second-order
notch � lters. In practice, notch � lters for coupled-axisresponsesare
designed through ad hoc methods by taking one sensor loop at a
time and verifying the margins at each stage. This process not only
involves considerable trial and error but can also lead to a very con-
servative design. In this paper an alternative one-shot procedure is
evolved, so that notch � lters for each individual sensor path can be
designed independentlyof those in other sensor paths while ensur-
ing that the requirements on the overall stability margins are met.
Also, this method turns out to be less conservative than the ad hoc
procedures. The notch � lters are designed to meet stability margin
requirements as stated in MIL-F-9490D.1 Cheng and Hirner2 dis-
cussed a constrainedoptimizationprocedureused in the notch � lter
design process, but it is limited to design of the � lters in a single
loop.This paperpresents a design process that can be used to design
notch � lters in each loop for a multi-input/multi-output system; the
process guarantees that the gain margins are met. In this paper the
design process is illustrated through the design of notch � lters for
the coupled lateral-directionalaxes of an aircraft. The paper is or-
ganized as follows. The design procedure is evolved in Sec. II. In
Sec. III, an example is used to illustrate how the conservativeness
in the design can be reduced. Section IV discusses the conclusions.

II. Design Procedure
In this section, we describe a systematic approach to notch � l-

ter design. The design procedure for the notch � lters of the lat-
eral/directional axes of an aircraft, which is a coupled-axis system,
is described. It is assumed that the phase informationof the aeroser-
voelastic transfer functions (in the structural frequency range) is
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unavailable or unreliable, and it is therefore necessary to gain sta-
bilize all of the � exible modes of the aircraft uniformly. It is also
assumed that the structural modes are well separated from the rigid
body modes so that gain stabilization is feasible. For multiloop sys-
tems, MIL-F-9490D1 suggests that the gain margin for every loop
be determined while keeping the other loops closed at their nomi-
nal values, and the notch � lters be designed so that this margin is
in excess of 8 dB. (In this paper the margins are designed to be in
excess of 9 dB.) It is standard practice to design the notch � lters
after the rigid body control laws have been designed or are in a
mature stage of their development.These control laws are designed
based on an aeroelastically corrected representation of the aircraft
rigid body dynamics. The corrections to the rigid body dynamics
can be approximated before reliable aeroelastic data are available.
Because the structural response data are not available in the early
stages of the design, a certain budget in the rigid body stability
margins is provided for the introductionof notch � lters. The major
effect on the rigid body stability margins because of the inclusion
of notch � lters is on the phase margins. This is because of the phase
lag introduced by the notch � lters at the rigid body gain crossover
region. The � lters, however, do not contribute much magnitude at
the lower frequencies. Hence, the notch � lters have to be designed
with a predeterminedconstraint on their phase lag at the rigid body
gain crossover region.

Figure 1 shows the block schematic of the lateral-directionalaxes
of the aircraft with the controller.For the class of aircraft being con-
sidered, yaw rate and lateral acceleration are not fed back to the
aileron, and therefore C12 and C13 are zero. However, it is straight-
forward to modify the analysis presented next to account for these
feedback as well.

If the aileron and rudder loops are both broken at the actuator
consolidationpoints, the multivariableloop transfer functioncan be
represented as shown in Fig. 2, where

L1 D C11 P11 PF ; L2 D C11 P12 PF

L3 D C21 P11 PF C C22 P21 RF C C23 P31 N yF (1)

L4 D C21 P12 PF C C22 P22 RF C C23 P32 N yF

The transfer function for evaluating the aileron margin with the
rudder loop closed is then given by the following expression:

Ty1u1 D L1 C [L2 L3=.1 ¡ L4/] (2)

Similarly, the transferfunctionfor evaluatingthe ruddermargin with
the aileron loop closed is then given by the following expression:

Ty2u2 D L4 C [L2 L3=.1 ¡ L1/] (3)

Fig. 1 Schematic of aircraft lateral-directional plant and controller.

Fig. 2 Schematic of loop transfer functions.

Thus the design requirements are met if

jL1 C [L2L3=.1 ¡ L4/]jdB · ¡9 dB

jL4 C [L2L3=.1 ¡ L1/]jdB · ¡9 dB

or equivalently, if

jL1 C [L2 L3=.1 ¡ L4/]j · 0:3548
(4)

jL4 C [L2 L3=.1 ¡ L1/]j · 0:3548

in the structural frequencies range with the constraint on the phase
lag of the notch � lters at the rigid body gain crossover frequency.
Note that the stability margins are evaluated only at the actuator
consolidationpoints.

Now

L1 C
L2L3

1 ¡ L4
· jL1j C

jL2jjL3j
j1 ¡ L4j

· jL1j C
jL2jjL3j

j1 ¡ jL4jj

Thus Eqs. (4) are satis� ed if

jL1j C
jL2jjL3j

j1 ¡ jL4jj
· 0:3548.D m/

(5)

jL4j C
jL2jjL3j

j1 ¡ jL1jj
· 0:3548.D m/

It canbe seen thatEqs. (5)representa moreconservativerequirement
on the notch � lters than Eqs. (4).

Suppose jL i j · a, where 0 < a < 1 .i D 1; 2; 3; 4/. [Even though
the stabilityof one loop is determinedwith the other loop closed, this
will not lead to a conditional stability situation for the loop under
investigation(conditionalstability being de� ned as the result of the
loop assumed to be closed being actually opened—e.g., because of
a sensor failure), because scalar sums are taken in Eqs. (5). In fact,
the margins will be better in such a case.] Then,

jL1j C
jL2jjL3j

j1 ¡ jL4jj
· a C

a ¤ a

1 ¡ a

jL4j C
jL2jjL3j

j1 ¡ jL1jj
· a C

a ¤ a

1 ¡ a

or equivalently

jL1j C
jL2jjL3j

j1 ¡ jL4jj
·

a

1 ¡ a
(6)

jL4j C
jL2jjL3j

j1 ¡ jL1jj
·

a

1 ¡ a

Now Eqs. (5) are satis� ed if [a=.1 ¡ a/] · m or

a · [m=.1 C m/] D .0:2619 ¼ ¡11:64 dB/ (7)

Thus, we can translate the requirements in Eqs. (5) to requirements
on the loop transfer functions L i .i D 1; 2; 3; 4/:

jL i jdB · ¡11:64 dB

However, one can note that the terms L2 and L3 always occur to-
gether as a product term in Eqs. (5). Hence the requirements on
L1; L2; L3, and L4 can be rewritten as

jL1jdB · ¡11:64 dB; jL2jdB C jL3jdB · ¡23:28 dB
(8)

jL4jdB · ¡11:64 dB

The structural � lters can now be designed so that the magnitude
of L1; L2; L3, and L4 satisfy Eqs. (8), which in turn implies that
Eqs. (4) are satis� ed.
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Now we determine envelopes for the design of each of the notch
� lter banks. For each of the plant-controller combinations men-
tioned in Eqs. (1) (i.e., C11 P11; C11 P12; C21 P11 , C22 P21; C23 P31,
C21 P12; C22 P22 , and C23 P32), the maximum envelope, which is
the superset for all � ight conditions of each plant-controller pair,
is determined. (This plant data include aeroelastic effects for all
� ight conditions.) These are then referred to as mC11 P11 , mC11 P12,
mC21 P11 , mC22 P21 , mC23 P31 , mC21 P12 , mC22 P22 , and mC23 P32 , re-
spectively.

From the � rst requirement in Eqs. (8), we have [from Eqs. (1)],

jmC11 P11jdB C jPF jdB · ¡11:64 dB (9)

Similarly, from Eqs. (1), we � nd that the second requirement in
Eqs. (8) leads to

.jmC11 P12 PF jjmC21 P11 PF C mC22 P21 RF

C mC23 P31 N yF j/dB · ¡23:28 dB (10)

However, because

jmC11 P12 PF jjmC21 P11 PF C mC22 P21 RF C mC23 P31 N yF j

· jmC11 P12 PF jjmC21 P11 PF j C jmC11 P12 PF jjmC22 P21 RF j

C jmC11 P12 PF jjmC23 P31 N yF j (11)

it is possible to satisfy Eq. (10) by satisfying the following inequal-
ity:

.jmC11 P12 PF jjmC21 P11 PF j C jmC11 P12 PF jjmC22 P21 RF j

C jmC11 P12 PF jjmC23 P31 N yF j/dB · ¡23:28 dB (12)

Distributing equally between all three of the preceding terms, the
requirement on L2 and L3 is satis� ed if the following are true:

jmC11 P12 PF jdB C jmC21 P11 PF jdB · ¡32:82 dB

jmC11 P12 PF jdB C jmC22 P21 RF jdB · ¡32:82 dB (13)

jmC11 P12 PF jdB C jmC23 P31 N yF jdB · ¡32:82 dB

One can convert these to explicit requirements on the three sets of
notch � lters as follows:

jmC11 P12jdB C jPF jdB C jmC21 P11jdB C jPF jdB · ¡32:82 dB

jmC11 P12jdB C jPF jdB C jmC22 P21jdB C jRF jdB · ¡32:82 dB

jmC11 P12jdB C jPF jdB C jmC23 P31jdB C jN yF jdB · ¡32:82 dB
(14)

Again distributingequally and rearranginggives the followingcon-
ditions:

.jmC11 P12jdB C jmC21 P11jdB/ ¤ 0:5 C jPF jdB · ¡16:41 dB

jmC11 P12jdB C jPF jdB · ¡16:41 dB

jmC22 P21jdB C jRF jdB · ¡16:41 dB

jmC23 P31jdB C jN yF jdB · ¡16:41 dB

From the third requirement in Eqs. (8), we have [after substituting
from Eqs. (1)],

jmC21 P12 PF C mC22 P22 RF C mC23 P32 N yF jdB · ¡11:64 dB
(15)

Note that

jmC21 P12 PF C mC22 P22 RF C mC23 P32 N yF j

· jmC21 P12 PF j C jmC22 P22 RF j C jmC23 P32 N yF j (16)

Thus distributing equally between the three terms, we � nd that
Eq. (15) is satis� ed if the following are met:

jmC21 P12jdB C jPF jdB · ¡21:18 dB

jmC22 P22jdB C jRF jdB · ¡21:18 dB (17)

jmC23 P32jdB C jN yF jdB · ¡21:18 dB

Equations (9), (14), and (17) are used to determine envelopes for
the p; r , and N y notch � lters. The conditions on the p notch � lter
can be grouped together as follows:

jmC11 P11jdB C jPF jdB · ¡11:64 dB

.jmC11 P12jdB C jmC21 P11jdB/ ¤ 0:5 C jPF jdB · ¡16:41 dB

jmC11 P12jdB C jPF jdB · ¡16:41 dB

jmC21 P12jdB C jPF jdB · ¡21:18 dB

From these an envelope PENV for the p notch � lter design can be
determined such that

PENV C jPF jdB · ¡11:64 dB (18)

where

PENV D maxfjmC11 P11jdB; .jmC11 P12jdB C jmC21 P11jdB/ ¤ 0:5

C 4:77; jmC11 P12jdB C 4:77; jmC21 P12jdB C 9:54g (19)

Similarly, the requirements on the r notch � lter can be grouped
together as follows:

jmC22 P21jdB C jRF jdB · ¡16:41 dB
(20)

jmC22 P22jdB C jRF jdB · ¡21:18 dB

From this one can determine an envelope RENV for the r notch
� lter design such that

RENV C jRF jdB · ¡11:64 dB (21)

where

RENV D maxfjmC22 P21jdB C 4:77; jmC22 P22jdB C 9:54g (22)

Finally the requirementson the N y notch � lter are groupedtogether:

jmC23 P31jdB C jN yF jdB · ¡16:41 dB
(23)

jmC23 P32jdB C jN yF jdB · ¡21:18 dB

This results in an envelope NYENV such that the N y notch � lter
has to satisfy

NYENV C jN yF jdB · ¡11:64 dB (24)

where

NYENV D maxfjmC23 P31jdB C 4:77; jmC23 P32jdB C 9:54g (25)

Designing notch � lters for the envelopes PENV, RENV, and
NYENV guarantees that the design requirements in Eqs. (4) are
satis� ed. However, the converse is not true. Thus, if one cannot de-
sign notch � lters within these constraints for the three preceding
envelopes, one cannot conclude that no notch � lter exists satisfy-
ing Eqs. (4). The reason for this is the assumed “equal” distribu-
tion between terms while arriving at the envelopes, thus leading to
unnecessarily conservative requirements. In the next section, it is
illustrated through a design example how the preceding envelopes
can be modi� ed to reduce the conservativeness in the design to a
large extent.
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III. Discussions
A. Example to Illustrate this Design Procedure

Assume an aircraft with a digital controller, the controller op-
erating at 80 Hz. The magnitudes of P11; P12; P21, P22; P31; P32,
C11; C21; C22 , and C23 are all available for various � ight conditions,
from which the requisite plant-controllermaximum envelopes can
be determined.These are shown in Figs. 3–10. The maximum mag-
nitude for each of these plant-controller envelopes over the entire
frequency range is given in Table 1, along with the � lters that have
to attenuate these terms. Subsequently,PENV, RENV, and NYENV
are determined from Eqs. (19), (22), and (25), respectively. In this
example, it is assumed that PF comprises threedigital � lters and one
analog � lter, RF comprises three digital � lters, and N yF comprises
two digital � lters.

Fig. 3 ±a-p-±a loop (mC11P11).

Fig. 4 ±r-p-±a loop (mC11P12 ).

Table 1 Maximum magnitude values
of the various plant-controller envelopes

Maximum magnitude
Term value, dB Filter

mC11 P11 24.26 PF
mC11 P12 9.05 PF
mC21 P11 34.54 PF
mC21 P12 21.42 PF
mC22 P21 20.60 RF
mC22 P22 16.72 RF
mC23 P31 ¡2.99 N yF
mC23 P32 ¡14.11 N yF

Fig. 5 ±a-p-±r loop (mC21P11 ).

Fig. 6 ±a-r-±r loop (mC22P21).
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Fig. 7 ±a-Ny-±r loop (mC23P31).

Fig. 8 ±r-p-±r loop (mC21P12 ).

It is assumed that the rigid body control laws have already been
designed, and while determining the rigid body stability margins, a
certain budget had been provided for the phase introduced by the
notch � lters. Assume the rigid body gain crossover frequency to be
1 Hz and the budget provided for the phase introducedby the notch
� lters to be 15 deg in each sensor path. Hence it is required that, at
1 Hz, the phase-lagcontributionof each bank of notch � lters should
not exceed 15 deg. This is required to ensure that the designed rigid
body stability margins are not violated.

In this example, we perform two designs. The � rst design is per-
formed to meet the gain margin requirements with the phase lag
constraints being satis� ed; this is presented in Sec. III.B. The sec-
ond design (presented in Sec. III.D) is performed to show how the
amount of phase lag introduced by the notch � lters at the lower
frequencies can be controlled.

Fig. 9 ±r-r-±r loop (mC22P22 ).

Fig. 10 ±r-Ny-±r loop (mC23P32 ).

B. Discussion of Design 1
The design problem is formulatedas three independentoptimiza-

tion problems as follows:
1) Determine the coef� cientsof the set of notch � lters comprising

PF so as to minimize the phase lagat 1 Hz contributedby these� lters
with the constraint that Eq. (18) is satis� ed, PENV being de� ned as
in Eq. (19).

2) Determine the coef� cientsof the set of notch � lters comprising
RF so as to minimize thephaselagat 1 Hz contributedby these� lters
with the constraint that Eq. (21) is satis� ed, RENV being de� ned
as in Eq. (22).

3) Determine the coef� cients of a set of notch � lters comprising
N yF so as to minimize the phase lag at 1 Hz contributed by these
� lters with the constraint that Eq. (24) is satis� ed, NYENV being
de� ned as in Eq. (25).
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Table 2 Notch � lter coef� cients obtained from Design 1

Filter Transfer function

1 C 2 ¤ .0:046=95:0/s C .s=95:0/2

1 C 2 ¤ .0:421=61:8/s C .s=61:8/2

PF notch � lter ¡ 1
.PF ¡ 1/

1 C 2 ¤ .0:038=84:1/s C .s=84:1/2

1 C 2 ¤ .0:369=84:1/s C .s=84:1/2

PF notch � lter ¡ 2
.PF ¡ 2/

1 C 2 ¤ .0:036=158:4/s C .s=158:4/2

1 C 2 ¤ .0:278=116:8/s C .s=116:8/2

PF notch � lter ¡ 3
.PF ¡ 3/

1 C 2 ¤ .0:079=162:7/s C .s=162:7/2

1 C 2 ¤ .0:659=162:7/s C .s=162:7/2

PF notch � lter ¡ 4
.PF ¡ 4/

1 C 2 ¤ .0:090=93:7/s C .s=93:7/2

1 C 2 ¤ .0:251=90:4/s C .s=90:4/2

RF notch � lter ¡ 1
.RF ¡ 1/

1 C 2 ¤ .0:051=78:3/s C .s=78:3/2

1 C 2 ¤ .0:164=52:8/s C .s=52:8/2

RF notch � lter ¡ 2
.RF ¡ 2/

1 C 2 ¤ .0:802=250:0/s C .s=250:0/2

1 C 2 ¤ .0:802=42:8/s C .s=42:8/2

RF notch � lter ¡ 3
.RF ¡ 3/

1 C 2 ¤ .0:861=126:4/s C .s=126:4/2

1 C 2 ¤ .0:990=119:4/s C .s=119:4/2

N yF notch � lter ¡ 1
.N yF ¡ 1/

1 C 2 ¤ .0:105=84:8/s C .s=84:8/2

1 C 2 ¤ .0:302=67:9/s C .s=67:9/2

N yF notch � lter ¡ 2
.N yF ¡ 2/

Fig. 11 PENV and individual notch � lter sections of PF—Design 1.

The notch � lters are designed using a constrained opti-
mization program available in a MATLABTM toolbox,3 viz.
“constr.m.” Each notch � lter is designed to possess the structure
[.s=!n/2 C .2³ns=!n/ C 1]=[.s=!d /2 C .2³d s=!d/ C 1]. The digital
� lters are represented in the s domain; however, the design of the
digital � lters is done in the digital domain. The digital � lters in
the z domain are obtained by a Tustin transformation (no prewarp-
ing). Thus each � lter has four unknowns ³n; ³d ; !n , and !d (all of
which are determined by the optimization program) with the con-
straints ³n < ³d I !d < !n . (These are essential constraints to ensure
the notchlike structure of the � lter). Additionally, bounds are im-
posed so that ³n; ³d 2 [0:01; 1] and !n ; !d 2 [40, 250 rad/s]. Finally,
the notch � lters are constrainedsuch that the overall magnitudecon-
tributionof all of the notch � lters in a sensor path at any frequencyis
less than 0 dB, although individual notch � lter sections are allowed
to have magnitudes in excess of 0 dB.

After a suitable set of initial conditions is chosen, the notch � l-
ters are obtained from the optimization program. These are rep-

Fig. 12 RENV and individual notch � lter sections of RF—Design 1.

Fig. 13 NYENV and individualnotch � lter sections of NyF—Design 1.

resented in Table 2. As previously mentioned, the � lters are de-
signed in the digital domain, with the z-domain representation be-
ing obtained through a Tustin transformation with no prewarping;
e.g., PF notch � lter ¡ 1 has the equivalent z-domain representation
.0:404z2 ¡ 0:372z C 0:372/=.z2 ¡ 1:154z C 0:559/. Figures 11–13
show the envelopes PENV, RENV, and NYENV, respectively.Also
plotted on Figs. 11–13 are the magnitude plots of the individual
notch � lter sectionscomprising the PF ; RF , and N yF banks, respec-
tively. With these notch � lters, the aileron and rudder loop margins
are calculated,as in Eqs. (2) and (3). Note that the margins incorpo-
rate the foldbackdue to the digital controller.The plots of thesemar-
gins are shown in Figs. 14 and 15, respectively.From these � gures,
it is evident that in both the cases the loop magnitudesare attenuated
by at least9 dB at all frequenciesin the structuralrange, thus satisfy-
ing the gain margin requirements.The phase lag contributed by the
PF ; RF , and N yF banks at the rigid body gain crossover frequency
of 1 Hz is found to be 11.56, 14.32, and 3.45 deg, respectively. It is
evident that each of these are within the 15-deg phase lag budget.
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Fig. 14 Aileron loop margin—Design 1.

Fig. 15 Rudder loop margin—Design 1.

Thus the design requirements have been met, and they have been
met in a single step.

C. Comparison of this Design Procedure with Other
Ad Hoc Design Methods

The ad hoc notch � lter design methods, however, may require
several iterationsbefore they meet the MIL margin requirements.A
typical ad hoc method would adopt the following procedure:

1) Break the roll rate sensor loop at the sensor point and, keeping
the yaw rate and N y sensor loops open, design the PF bank so as to
meet the MIL margin requirements for the roll rate sensor loop.

2) Break the rudder loop at the actuator point and, keeping the
aileron loop open while using the PF bank designed from Eqs. (1),
design the RF and N yF banks so as to meet the MIL margin require-
ments for the rudder loop.

It is evidentthat in theprecedingad hocprocedureit is notpossible
to designthe RF and N yF banks independentlyof the PF bank.Thus
one could encountera situationwherein, after performingstep 1 and

Fig. 16 PENV2 and individual notch � lter sections of PF—Design 2.

Fig. 17 RENV2 and individual notch � lter sections of RF—Design 2.

designing a PF bank, step 2 shows that no design exists for the RF

and N yF banks (which meet the MIL margin requirements) using
the PF bank obtained from step 1. In that case, step 1 would have
to be redone, and an alternative PF bank obtained and then used in
step 2. In this way, several iterations would have to be performed
before a set of PF ; RF , and N yF banks are obtained that ensure the
MIL margins are met.

The advantage of the method presented in this paper (and ex-
plained in Sec. II) over the ad hoc method is that it enables the three
notch � lter banks to be designed independently of each other and
thus meet the MIL margins in a single step.

However, as mentioned in the last section, the construction of
PENV, RENV, and NYENV, which forms the basis for the design
method presented in this paper, is conservative. If it is not possible
to design notch � lter banks using these envelopes, it does not neces-
sarily mean that no notch � lter design exists that meets the margin
requirementswhile also satisfying the constraintson phase lag. We
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subsequently show how it is possible to modify the construction
of the PENV, RENV, and NYENV envelopes. This can serve the
following purposes:

1) If it is found that no notch � lter design exists (satisfying the
constraints on phase lag) for the original (conservative) envelopes,
then using the modi� ed envelopes and performing the design pro-
cedure with these envelopes, enhance the possibility of obtaining a
successful design.

2) If a successful design has been obtained using the original
(conservative) envelopes, then by using the modi� ed envelopesand
performing the design procedurewith these envelopes, it is possible
to have some control over the amount of phase lag introduced by
the � lters at the lower frequencies (i.e., it is possible to reduce the
phase lag of one � lter bank, at the cost of increasing the phase lag
in some other � lter bank).

D. Discussion of Design 2
The manner in which to modify the PENV, RENV, and NYENV

envelopes depends on the speci� c plant-controller data. We shall
continue to use the data presented in Figs. 3–10. Because we have
already achieved a successful design for these data, we shall illus-
trate how to modify the envelopes to achieve the second objective
discussed in the preceding section.

A study of Figs. 3–10 and Eq. (19) shows that the third term in
Eq. (19) does not contributeto PENV at all, and is in fact well below
PENV. It is found that this term is at least 14 dB less than PENV at
all frequencies.Therefore, if we add 14 dB to this term, it becomes
possible to subtract 14 dB from each of the last two equations in
Eqs. (14), thus reducing RENV and NYENV. The new envelopes
become

PENV1 D maxfjmC11 P11jdB; .jmC11 P12jdB

C jmC21 P11jdB/ ¤ 0:5 C 4:77; jmC11 P12jdB

C 18:77; jmC21 P12jdB C 9:54g (26)

RENV1 D maxfjmC22 P21jdB ¡ 10:77; jmC22 P22jdB C 9:54g
(27)

NYENV1 D maxfjmC23 P31jdB ¡ 10:77; jmC23 P32jdB C 9:54g
(28)

The design steps 1, 2, and 3 are then redone using PENV1,
RENV1 , and NYENV1 in lieu of PENV, RENV, and NYENV, re-
spectively. Doing so, we get the phase lag contribution (at 1 Hz)

Table 3 Notch � lter coef� cients obtained from Design 2

Filter Transfer function

1 C 2 ¤ .0:036=82:2/s C .s=82:2/2

1 C 2 ¤ .0:373=62:6/s C .s=62:6/2

PF notch � lter ¡ 1
.PF ¡ 1/

1 C 2 ¤ .0:039=95:5/s C .s=95:5/2

1 C 2 ¤ .0:411=95:3/s C .s=95:3/2

PF notch � lter ¡ 2
.PF ¡ 2/

1 C 2 ¤ .0:032=156:6/s C .s=156:6/2

1 C 2 ¤ .0:393=106:8/s C .s=106:8/2

PF notch � lter ¡ 3
.PF ¡ 3/

1 C 2 ¤ .0:077=164:7/s C .s=164:7/2

1 C 2 ¤ .0:496=164:7/s C .s=164:7/2

PF notch � lter ¡ 4
.PF ¡ 4/

1 C 2 ¤ .0:014=102:1/s C .s=102:1/2

1 C 2 ¤ .0:016=101:5/s C .s=101:5/2

RF notch � lter ¡ 1
.RF ¡ 1/

1 C 2 ¤ .0:058=83:8/s C .s=83:8/2

1 C 2 ¤ .0:098=63:5/s C .s=63:5/2

RF notch � lter ¡ 2
.RF ¡ 2/

1 C 2 ¤ .0:759=249:9/s C .s=249:9/2

1 C 2 ¤ .0:762=44:1/s C .s=44:1/2

RF notch � lter ¡ 3
.RF ¡ 3/

1 C 2 ¤ .0:223=154:1/s C .s=154:1/2

1 C 2 ¤ .0:818=104:6/s C .s=104:6/2

N yF notch � lter ¡ 1
.N yF ¡ 1/

1 C 2 ¤ .0:111=87:3/s C .s=87:3/2

1 C 2 ¤ .0:267=65:7/s C .s=65:7/2

N yF notch � lter ¡ 2
.N yF ¡ 2/

of the notch � lter banks PF ; RF , and N yF to be 11.56, 11.17, and
0.33 deg, respectively.

Thus, RF now has a lower phase lag than before. The phase lag
contributionof the N yF bank is quite low and has in fact decreased
further from the original design (that used NYENV). As an addi-
tional modi� cation, we could further reduce the phase lag contribu-
tion of both the PF and the RF banks by increasing the phase lag of
the N yF bank. In this example, we allow the phase lag contribution
(at 1 Hz) of the N yF bank to be approximately7 deg. To ensure that
this happens, we solve the following optimization problem.

Determine a set of notch � lters in the N yF bank that minimize

NYENV1 C jN yF jdB

with the constraint that the phase lag (at 1 Hz) contributed by N yF

is at most 7 deg. A set of notch � lters is determined, and with this
set, it is found that

maxfNYENV1 C jN yF jdBg D ¡26:7 dB

Fig. 18 NYENV2 and individualnotch � lter sections of NyF—Design 2.

Fig. 19 Aileron loop margin—Design 2.
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Fig. 20 Rudder loop margin—Design 2.

from which it can be inferred that approximately 15 dB can be
added to each of the two terms constituting NYENV1 in Eq. (28).
As a result [from Eqs. (16) and (17)] 3 dB can be subtracted from
each of the terms involving mC21 P12 in PENV1 and mC22 P22 in
RENV1 . Consequently, the � nal envelopes become

PENV2 D maxfjmC11 P11jdB; .jmC11 P12jdB

C jmC21 P11jdB/ ¤ 0:5 C 4:77; jmC11 P12jdB

C 18:77; jmC21 P12jdB C 6:54g (29)

RENV2 D maxfjmC22 P21jdB ¡ 10:77; jmC22 P22jdB C 6:54g
(30)

NYENV2 D maxfjmC23 P31jdB C 5:77; jmC23 P32jdB C 24:54g
(31)

The design steps 1, 2, and 3 are then redone using PENV2,
RENV2, and NYENV2. The phase lag contribution (at 1 Hz) of
the notch � lter banks for this design are 11.17, 10.93, and 6.62 deg
in the PF ; RF , and N yF banks, respectively. Comparing this with
the phase lag contributions obtained at the end of Design 1 (which
were 11.56,14.32,and3.45 deg, respectively), we � nd that thephase
lag of both the PF and RF banks has decreased further, with a sub-
sequent increase in the phase lag of the N yF bank. The new set of
notch � lters is de� ned in Table 3. Figures 16, 17, and 18 show the
envelopes PENV2, RENV2, and NYENV2 , respectively.Also plot-
ted on these � gures are the magnitude plots of the individual notch
� lter sectionscomprising the PF ; RF , and N yF banks, respectively.
With these notch � lters, the aileron and rudder loop margins are
calculated, as in Eqs. (2) and (3), and their plots shown in Figs. 19
and 20, respectively.From Figs. 19 and 20, it is evident that in both
the cases the loop magnitudes are attenuated by at least 9 dB at all
frequencies in the structural range, thus satisfying the gain margin
requirements.

IV. Conclusions
This paper describesa new approach to the designof notch � lters.

This method is useful when the structural response (that needs to be
attenuated) shows multiaxis cross coupling. It is possible to design
the notch � lters (to satisfy the gain margin requirements) in such
a situation in a single-step procedure by reducing a complex op-
timization problem to several independent optimization problems.
This can be done because it is possible to convert the gain margin
requirementson each loop into equivalentgain margin requirements
on each of the individual notch � lter banks. Subsequent design it-
erations can then be done (if required) to redistribute the amount
of phase lag injected by the notch � lters among the different sensor
paths at the lower frequencies (i.e., the low-frequency phase lag in
one or more sensor paths can be reduced at the cost of increasing
the same in the other sensor paths).
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