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Fig.4 Example2,stabilizing an unstablesystem [L(s) = K(s + 1)/(s>+9s
—10)], where K = 10.
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Fig.5 Rootlocus of L(s) = K(s + 1)/(s*> + 9s — 10).

15 20

Consider a second example with one unstable pole. The objective
hereis to determinehow to modify the open-looptransferfunctionso
that the closed-loop transfer function will be stable. The open-loop
transferfunctionis givenby L(s) = K (s + 1) /(s> + 95 — 10). Equa-
tion (2) states ® = — (0.5P, + P_;)180 deg must be true for the sys-
tem to be stable. The open-loop poles are —10 and 1. Because there
are no poles on the imaginary axis and there is one unstable pole,
P,=0and P_; = 1. Thus, for a stable closed-loop system, we re-
quirethat ® = —180deg. The Nicholsplotof L(s) is showninFig.4
fora gainof K = 10. The initial phaseat w =01is ®; = —180deg. Of
course, this is only true if the gain is raised slightly such that the ini-
tial magnitudeis greater than 0 dB. If K =0, the initial phase is not
defined by this technique. If K < 10, then &, = —180 deg because
for s <0 the 0 dB crossing is nearest 360 deg. The nearest multiple
of 360 deg when the magnitude of L(s) is 0 dB is O deg. Thus, if the
gainis greaterthan 10, then ®; — &3 = —180+ 0 =—180deg asre-
quired for stability. The root locus of Fig. 5 shows this to be the case.

Conclusions

A simple method for applying Nyquist’s stability criterion on the
Nichols Chart has been presented. The approach is applicable to
open-loop systems with poles and/or zeros in the right-half plane.
The result is a method for evaluating not only the stability of ex-
isting controlled systems, but also for determining control design
objectives on the Nichols chart.
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Introduction

POWERFUL algorithm for the exact slow-fast decomposi-

tion of the algebraic Riccati equation of standard singularly
perturbed systems is developedin Ref. 1, so that the optimal control
and filtering tasks can be solved exactly and performed indepen-
dently in slow and fast time scales.>* In this Note, we show that the
same algorithm, under the appropriate assumptions is applicable to
the algebraic Riccati equation of nonstandard singularly perturbed
control systems (having singular fast subsystem matrix). Nonstan-
dard singularly perturbed systems are the modern research trend
in control theory of singular perturbations*~° The result obtained
for the decomposition of the algebraic Riccati equation is used in
this Note to obtain the exact pure-slow and pure-fast decomposi-
tion of optimal control and filtering tasks of nonstandard singularly
perturbed linear systems. Note that in the control literature only ap-
proximate results for nonstandard singularly perturbed systems are
available.

Before the results of Ref. 1 were available,control engineers were
able to decompose exactly only linear singularly perturbed systems
by using the celebrated Chang transformation.!” In Ref. 11 the non-
linear algebraicRiccati equation was decomposedinto slow and fast
algebraic Riccati equations with the accuracy of O(¢), where € is
a small positive singular perturbation parameter. Several real-world
examples donein Refs. 2 and 12-14 indicate that very often an O(€)
order of accuracy is not satisfactory. The results of Ref. 1 are, as a
matter of fact, the extended and improved results of Ref. 11. It can
be said that the results of Ref. 1 achieve the same goal as the results
of Ref. 11, but with perfect accuracy.

The goal of this Note is to show that the results developed in
Ref. 1 and the related work of Ref. 3 can be extended to nonstan-
dard singularly perturbed systems. It should be pointed out that
mechanical control systems in the modal coordinates'> displaying
slow and fast time scales are nonstandard singularly perturbed lin-
ear control systems—e.g., the linearized model of a flexible space
structure.'®

Conditions under which the first approximation of nonstandard
singularly perturbed control systems can be studied are established
in Ref. 8. Itis importantto point out that the results of Ref. 8§ produce
the O(e€) accuracy only. In contrast, the results of this Note produce
the exact solutionand preservethe slow-fastdecompositionfeatures
of Ref. 8.

Optimal Control of Nonstandard Singularly
Perturbed Linear Systems
A nonstandard singularly perturbed control linear system is rep-
resented by

X1 () = Ayx (1) + Axxp (1) + Bu(t)
(1)
€xXy () = Aszxi(t) + Asxa(2) + Bou(r)
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where x; () € W' are slow and x,(#) € R"? are fast system state
space variables,u () € R is a vector control input, and € is a small
positivesingularperturbationparameter. Matrices A; (i = 1,...,4)
and B;(j = 1, 2) are constant and of appropriate dimensions with
A, beingsingular. Singularityof A, indicatesthe nonstandardsingu-
larly perturbedlinear control system. In the case when the matrix A,
is nonsingular, we have the so-called standard singularly perturbed
control system.

With Eq. (1) a quadratic performance criterion to be minimized
is associated:

J= %/ [x" (1) Qx(t) +u” (t)Ru(r)] dt
0

0=>0, R>0 (2)

Note that the famous Chang transformation is not applicable to
singularly perturbedsystems having singular fast system matrix A,.
Also, the results of Ref. 11 are not applicable for the slow-fast
decomposition of the corresponding algebraic Riccati equation be-
cause they require nonsingularity of A;. However, in the following
we show that the results of Ref. 1 can be applied under certain as-
sumptions to both standard and nonstandard singularly perturbed
control systems.

Let P be the positive semidefinite stabilizing solution of the al-
gebraic Riccati equation correspondingto the optimization problem

defined in Egs. (1-2), i.e.,
ATP+PA+Q—PSP=0 p=| D Pl G
- " |ePl epy

where

A— Al A2
T A/eAs (1/e)A,

0, 0, qqul qlTCIzi|
= = 4
¢ [Q{ Q3i| |:q2qu q; 9 @

S = [ > WOzl _ ppogr, | B
(1/Z"  (1/€)S, (1/€)B,

The optimal control for Eq. (1) is given in terms of P as

u(t) = —R7'BTPx(t) = —F,x,(t) — Fox,(1)

Toy=[Tey L],  F=R'(B'P+BIPI) (5

Fy=R™"(eB] P, + B! Py)

The decompositionresults of Ref. 1 are summarizedin the following
lemma. We have also simplified and algorithmically organized the
main steps on the exact pure-slow and pure-fast decomposition of
singularly perturbed linear control systems originally obtained in
Ref. 1.

Lemma 1. Consider the closed-loop system

0 | (Ai—BF A —BF||x(®) ©)
€xy(t) A; — BF, Ay— BF, | | x(1)
There exists a nonsingulartransformation T such that

[x.\-(t)} _r [xl(t) L, B =@traPbinG
Xf(l‘) XZ(t) GXf(t):(bl +b2pf)Xf(t)
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where P, and P; are the unique solutionsof the exact pure-slow and
pure-fast algebraic Riccati equations given by

P\-al _a4P\-_a3+P\'a2P\' =0

(®)
where matrices a;, b;(i = 1, ..., 4) are obtained from
a, ap bl b2
:Tl —TzL, :T4+€LT2 (9)
as  dy b'; b4
with
A, -8 A, —Z
T, = ol T, = ;
_Ql _Al _QZ _A';
(10)
Ay, =ZT A, -5,
I; = |: T Ti| g L= T
-0, —4A —-0; —A;
The matrix L satisfies the Chang transformation equations
T4L—T3_€L(T1 —TzL):O
(1n

—H(T4 + GLTz) + T2 + G(Tl — TzL)H =0

The solution of the original global algebraic Riccati equation
[Eq. (3)] can be obtained from

P, 0 p, 0!
f

where
Q] Qz 1 eH
=Q=E E 1
[93 S24i| 1|:—L I—eLHi| W
with
L, 0 0 0 L, 0 0 O
0o o0 I, O 0o o0 I, O
E, = . E =
o I, O 0 0o 1, 0 O
0 0 0 €1, 0o 0 0 I,
(14)

The decomposition transformation 7' is given by

T =1, +11,P) (15)
with
I, In i
H3 H4

For standard singularly perturbed systems, the preceding lemma
is valid under the assumption that the slow and fast subsystems are
stabilizable-detectzle.'! Let

Ay = A, — AA] As, By = B, — A)A]'B,

q0 = q1 —CI2AZ1A3

then, the required assumption follows.

Assumption 1. The triples (Ag, By, qo) and (A4, B,, g,) are
stabilizable-detectle. For nonstandard singularly perturbed sys-
tems we need the following assumption.
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Assumption 2. The triples (A, /S5, /Q;) and (A4, By, q2) are
stabilizable-detectble. The matrices A,, S;, Q, are obtained in

Ref. 8 as
1 A.\' _S.\'
nh LT T, = _0, —A7 (17)

All stepsin the precedinglemma can be easily computed by using
MATLAB. The pure-slow and pure-fastalgebraic Riccati equations
[Egs. (8-9)] can be solved in terms of Lyapunov iterations, which is
in fact the Newton method for solving Egs. (8-9) as demonstrated
in Ref. 1. The initial conditions for the Newton method are ob-
tained from the O(¢)-approximate slow and fast algebraic Riccati
equations derived in Ref. 8, i.e.,

ATPO + POA+ 0~ POS P =0
(18)
0) ©0) (0) ) _
A{PO +POA+ Q05— PSPV =0

The unique positive semidefinite stabilizing solutions of the preced-
ing algebraic Riccati equations exist under Assumption 2. By the
implicit function theorem the unique solutions of the pure-slow and
pure-fastalgebraic Riccati equations [Egs. (8)] exist for sufficiently
small values of the small perturbation parameter €.

The Chang transformationequations [Egs. (11)] can be solved as
linear equations by using either the fixed point iterations or by the
Newton method. In addition, they can be solved by using the Taylor
series as demonstratedin Ref. 17 and by the eigenvector method of
Ref. 18.

Solvability of Egs. (11) requires invertibility of the matrix 74. In
addition, this matrix has to be nonsingularto preserve the slow-fast
decomposition of the corresponding state-costate variables, i.e., to
keep slow variables slow and fast variables fast.

In Ref. 8 the linear quadratic control problem of nonstandard
singularly perturbed systems is solved with the accuracy of O(¢) by
requiring nonsingularity of 7. The following lemma is established
in Ref. 8.

Lemma 2. The matrix Ty is invertible if and only if

rank[A, B,] = n,, rank[AZ DZT] =n, (19)
where D] D, = Q.

Lemma 2 produces the required conditions that assures invert-
ibility of 7, and applicability of results of Ref. 1 for solving the
algebraic Riccati equation of nonstandard singularly perturbed sys-
tems in terms of reduced-order pure-slow and pure-fast algebraic
Riccati equations. However, the stabilizability-detecability of the
triple (A4, B,, g,) also guarantees the invertibility of the matrix 7.
Thus, the lemma established in Ref. § states only another set of
conditions under which the matrix 7} is invertible.

Example 1. To compare the results of this Note and that of Ref. 8
and to demonstrate an improvement over the results of Ref. 8, we
have considered the following example:

0 04 0 0 0 0.524
A=lo ot “Tlosss ol MTlo o
0 0262 0
A=l o1 ] Br=1lo)
10 00
0, = o ol 0, = o ol

R=1, x©0) = 0 1 0]

In Table 1 we compare, for different values of the small singular
perturbation parameter €, the values for the approximate optimal
criterion Jy ro; obtained by using the methodology of Ref. 8 and the
optimal criterion values obtained by using the technique presented
in this Note. It can be seen from Table 1 that for very small values
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Table1 Comparison of two algorithms

€ Jopt Jwro2 Jopt — Jw ro2, %
0 3.1423 3.1423 0

0.01 3.2530 3.2548 0.06

0.05 3.7246 3.7780 1.43

0.1 4.3813 4.6392 5.89

0.25 6.8166 10.1217 48.5

of e the satisfactoryresults are obtained by both methods. However,
for relatively bigger values of € the results of Ref. 8 are not accurate.
Insuch cases, the reduced-orderslow-fast decompositiontechnique
proposed in this Note has to be used.

Kalman Filtering for Nonstandard
Singularly Perturbed Systems

A linear stochastic nonstandard singularly perturbed system is
represented by

xX1(t) = Apx (1) + Asxa (1) + Gw(t)
(20)
€Xy(t) = Asx (1) + Asxa(t) + Grw(1)

where w(t) represents an r-dimensional Gaussian zero-mean sta-
tionary white noise stochastic process with intensity matrix W > 0.
Matrices G| and G, are constant and of appropriate dimensions. It
should be emphasizedthatthe matrix A4 is singular,in contrastto the
Kalman filtering problem of standard singularly perturbed systems
where this matrix is nonsingular? With system (20) a measurement
equation is associated:

y() = Crxy (1) + Coxo (1) + v(1) 2D

where y(f) is a p-dimensional measurement vector, v(f) is a
p-dimensional measurement zero-mean stationary Gaussian white
noise stochastic process with intensity matrix V > 0, and C;, C,
are constant matrices of appropriate dimensions.

The Kalman filtering problemcan be studied by using duality with
the optimal control problem. In this case, the duality is achieved by
replacing matrices 7, T, T, T,, defined in Eqgs. (10), respectively,
by the following matrices:

AT —CTv-'c,]
Tl[: = T
| —G, WG —A,
AT —Ccrv-1a,]
TZF = - T
|-G, WG! —A,
(22)
AT -clv-'c,
T3F = T
| —G,WG! —4A; |
AT -CcIv-'a,]|
T4F = T
| —G,WG! -A, |

Using Egs. (22) we form the matrix dual to the matrix defined in
Eqgs. (18) as

—1 A\TF _C\T V\'C.\'
Ty, — T, T,'Ts, = \ ' (23)

_G.\' W\G\T _A.\'F
The following assumption is dual to Assumption 2.

Assumption 3. The triples (A,,, Cs, Gy), (A4, Cy, G,) are
stabilizable-detectadble.

Lemma 2 of Ref. 8 in the case of Kalman filtering of nonstan-
dard singularly perturbed linear systems should be replaced by the
following dual lemma.
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Lemma 3. The matrix Ty,, defined by Eq. (23), is invertibleif and
only if
rank[AZ CZT] = n,, rank[A; G>]=n, 24)
However, as pointed out for the regulator problem, the
stabilizability-detecability conditions imposed on the fast subsys-
temin Assumption 3 also guaranteenonsingularityofthe matrix 7y, .
According to the results of Ref. 3, the exact reduced-order, in-

dependent, pure-slow and pure-fast, Kalman filters driven by the
system measurements are given by

P T .
2,0 = (a1, +a, P,) 2,0 + K, y(0)

(25)
A T .
GXf(t) = (b]F +b2F PfF) Xf(l‘) + Kfy(t)
where the newly defined matrices are
alF azF

=(T,, — T, Ly

[afif: a4f:} ( " 2 F)
(26)

by, by,
= (T LyT
|:b3p by, ( 4r +€Lp 2F)

T

oo, +mr) e[S v @
T I A 1

The matrix Pr is obtained by using formula (12) with the solutions
of the pure-slow and pure-fast algebraic filter Riccati equations ob-
tained from

Pga,, —a4. P, —a3, + Pga,, P, =0

SF

(28)
PbelF - b4FPfF — b3, + PbeZFPfF =0
and with
ot _ [ @ om, m,
F Qs M, T,
I —eHrLr —€Hp
=ET E 29
2 |: LF I i| 3 ( )
where
I, 0 0 o0
0 0 I 0
E, = " 30
} 0 (/e)l, 0 0 (30)
0 0 0 I,
The Chang filter decoupling algebraic equations satisfy
Ty, Ly —Ts, —€Lp (T, — To, L) =0
(3D
~Hp(Ti, + €LiTo, ) + T, +€(Th, — T, Lp)He =0

The initial conditions for the Newton method for solving the
pure-slow and pure-fast algebraic Riccati equations are obtained,
respectively, from

) AT (©) — pO 0 —
I).)'F A.)‘F + A‘YF I).YF + WY I).YF VY I).YF =0
(32)
POAT + AP + G,WG] — PCIVTIC,PY) =0
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It can be easily shown that initial conditions are O(€) approxi-
mations of the exact solutions.

The optimal estimates obtained from Egs. (25) are related to the
optimal estimates of the state variables of Egs. (20) by the following
nonsingular transformation:

|:)?1(l‘)i| _ (HIF 4T, PF)T |:x,y(l‘)i| 33)

X, (1) xr()

Conclusions

We have shown that the standard exact slow-fast decomposition
method is applicable under certain assumptions to nonstandard sin-
gularly perturbed linear systems. In contrast to the O(€) accurate
results presently available in the literature, the presented method-
ology produces the exact solution to the linear quadratic optimal
control and filtering problems for this class of systems.
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