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Introduction

HE state estimation of a nonlinear system is still an important

research subject. In some cases, the usual extended Kalman
filter (EKF) produces large estimation errors and even diverges.
In this paper, a two-step filter'? for a class of nonlinear systems
that consists of a linear dynamic model and a nonlinear measure-
ment model is introduced. In many practical systems, the statistical
properties of measurement noise are time varying and unknown
a priori. For this case, a statistical estimator can be used to de-
termine the mean and covariance of measurement noise online. A
modified Sage-Husa time-varying measurement noise statisticales-
timator is integrated with the two-step filter to produce an adaptive
two-step filter (ATSF). Finally, the ATSF is applied to the bearings-
only measurement problem. Numerical comparisons of the ATSF
with the EKF and the adaptive EKF (AEKF) are made using this
application.

ATSF
Consider a nonlinear system
Xi+1 :(Dkxk + Buy +rka (D)
z = Flxp, 1) +wi ()

where x; is a state vector, #; is a control vector, and w; is a dynamic
noise vector. The measurementgz; is expressed as a nonlinear func-
tion F(-, -) of the system state and time, plus measurement noise
vi. The vectors w; and v, are assumed to be white, Gaussian pro-
cesses with E[w;]1=0, E[w,w! =0y, E[v]=r:, E[v,v[1=R;.,
and E[wvi 1=0.
The two-step filter!? is summarized by the following set of equa-
tions: given the measurements
z = F(xy, ) + v = Hyy, +vy, k=1,2,...,N

and the nonlinearityy; =f; (x;, t;), in general, choose

— Xk
Y= P 1)

The first-step measurement update is

5’k:J_’k‘i‘PkakTRk_l(Zk—Hk.)_’k—rk)a k=12,...,N
(3)
—1
P, = (M, +H[RH,) 4)

where Myk = E[(vk _J_’k)(yk —J_’k)T], Pyk = E[(vk —f’k)@k -
)71, and y, is the predicted vector of the state y,.
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The second-step measurement update (Newton—Raphson itera-
tive algorithm) is

Xpipr = Xpi — LEAI.,,-‘IkT.i )
where i is the iteration number,
. . o of
Gii = =k —fE&D P — ©)
dx; Xp =Xp i
T
aof . of
Gri = T Pykl_ 7)
x|, . x|, .
Xk =Xk i Xk =Xk i

Equation (5) can be iterated until X, ; , | — X;; — 0. Define the co-
variance of the state x; as

P, = E[(»’z'k.wl = X)Xy _xk)T]
An approximate expression of P, is

P, =L, ®)

G i
The second-step time update is

ik+1=®k.§k+Bkuk, k:1,2,,N—1 (9)

MXk+l = (DkPXk(DkT + erkrkT (10)
where M, ., = E[(x41 —%x4 1)@k 1 — %4 1)7]. The first-step
time update is
Vi1 B I+ f ) —f (&) (1)

T
af af
M, A =P, + o Mleax—
k1 Xk 1 =Xk 41 k+1 Xt | =Xk 41
T
a a
_f I (12)
0xy . Xy .
Xk =Xk Xk =Xk

where My, | = E[(e1 —Fi+ )01 — Yo+ )" 1.

In Eqgs. (3) and (4), r; and R, are a priori unknown time-varying
mean and covariance,respectively.Foralinear state estimation prob-
lem, a well-knownmaximuma posteriori(MAP) measurementnoise
statistical estimator is the Sage—Husa estimator,

. Iy R
ry = E Z[Zi —H,y; ]

im1
L&
R, = T Z;[Zi —Hyiy—rllz; —Hyi, —rl”

In adaptive filtering, Sage and Husareplace y; ; approximately with
¥ii_1 to obtain a recursive estimator,

o= 1/0)[(k — Div_1 + 2z — HiJri—1] (13)
R, = (1/0)[(k— DR, +eef —HP,, H{| (14)

where €, =z; — Hy; — ;. In fact, replacingy; ; with y; ; can induce
a modified recursive estimator,

P =(1/k)[(k—1);'k—1 +zk_ij;k] (15)
Ry = (1/b)[(k - DR,_, + (I — HK)ee] I — HK)'
+H.P, H] | (16)

where K; =P, H'R;'. Clearly, the modified estimator is more ac-
curate than the original one. Moreover, in Eq. (16), the positive
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definiteness of Ry is naturally guaranteed because only plus manip-
ulation occurs among all of the positive definite matrices on the right
side. However, in Eq. (14), minus manipulation occurs among the
positive definite matrices on the right side, so that the positive def-
initeness of R; may be destroyed by the large initial estimate error
and other accidents. In short, robustness of the modified estimator
against some uncertaintiesis better than that of the original one.
Extending Eqgs. (15) and (16) to the time-varying case produces

o = (1 —drc—y + di(zi — Hix) 17
Ry = (1—d)R,_, + d[d — HiK)eel I — HK)"
+HP, H! | (18)

where d, =(1 —b)/(1 —b*), 0<b <1, and b is referred to as a
forgetting factor.

RunningEgs. (3-12), Eq. (17), and Eq. (18) in the given sequence
constitutes an ATSF.

Application to Bearings-Only Measurement Problem

In the Cartesian coordinate system, using the Singer model >~6
the three components of the target acceleration are assumed to be
three independent Gauss—-Markov stochastic processes. Then, the
discrete dynamic model, which depicts the relative motion between
the target and the missile,>® is

Xiey1 — (Dkxk +Bkuk + kak (19)
where
T
Xp=[ru Tw Ta Va Up Uz Arg Ary Arzl

with the first three variables representing relative positions, the
second three variables representing relative velocities, and the
last three variables representing target accelerations. The control
vector is uy, =[apy. Ay ayx]". The dynamic noise vector
is wi =[wrg wry wrxl” with E[w,]=0and E[w,w] ] =0 =
o0’I;, where I; isa3 x 3 identity matrix.

The dynamic coefficients for Eq. (19) are

Iy Atl;  1/2%(e*2 +0At — 1D
Q=10 I, 1/x(1 — e )4
0, O e
— (AP 03
B, = —Atl; , I.=1|0;
0; I

where At is the time interval between measurements and A is deter-
mined from the bandwidth of the target acceleration.

The angle measurements for the three-dimensionalbearings-only
problem can be written as

T

+ Vi (20)

In Eq. (20), v, is measurement noise with
Elv;,]=0, E[wv[] =R, =10"L+D;'8D;" (1)

where 3, =0.11,, with I, a 2 x 2 identity matrix, and

\/r,gk+r)27k+rzzk 0
Dk:

2 2 2
0 rxk + ryk + rzk

Itis obvious that R, is a time-varying matrix and unknown a priori.
Both w; and v, are white Gaussian processes, and E [w) va] =0.
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We apply the ATSF to the bearings-only measurement problem
described by the system (19) and (20) and test its performance
through numerical simulation.

Let
10°, 0 0
y —[ i } M,=| 0 10, 0
k= s yo = 3
F(x, 1
G 1) 0 0 10

R, = 107%1,

and b=0.98, where Is is a 5 x 5 identity matrix. Moreover, let
02=1m?/s*, A=1,and At =10 ms.

In both the elevation loop and the azimuth loop, a practical guid-
ance law’ associated with the augmented proportional guidance’ is
used to generate the missile’s guidance command. For instance, in
the elevation loop, the guidance law is

ame = NV.g + (N /2)ara + Fereq (22)

where ayy and ar are, respectively, the missile and target acceler-
ations perpendicularto the current line of sight (LOS); ¢ and g are,
respectively, the elevationangle and elevationangularrate; N is the
effective navigationratio; V. is the closing velocity; r, is the target—
missile relative range; and F, is a positive constant. By inducting
the term F.r.q, this guidance law induces oscillatory motion of the
LOS angle to enhance observability of the bearings-only tracking
but without sacrificing terminal effectiveness.’ In practical applica-
tions, the estimate values of a guidance filter are used to calculate
r., V., and arg.

For comparison, the EKF and an AEKF that uses the modified
Sage-Husa time-varying measurement noise estimator [Egs. (17)
and (18)] to estimate r; and R, in real time are also applied to the
bearings-only tracking problem under the same conditions as that
on the ATSF. Because the linearizationerror in measurement model
can be treated as an additionalmeasurementnoise, the AEKF is able
to compensate for the bad influence of model error by estimating
and adjustingr, and R, online. The EKF uses its estimate values to
calculate R; due to Eq. (21) and assumes that r; is zero.

In the simulation, three typical launch scenarios are studied.
The first one is given by r,y=3500 m, rp=15 m, r,p =10 m,
vy =—1100 m/s, v,o=—1.5 m/s, vy=—0.5 m/s, and ar,=
aryo =ar; =100 m/s%. In this scenario, both the elevation angle
and azimuth angle are small, and so the nonlinearityin the measure-
ment model is weak.

The second launch scenario is given by r,, =3500 m, r, =
1500 m, r,o=1000 m, vyo =—1100 m/s, vyo=—150 m/s, v,o =
—50 m/s, and ar,o =ar,n = ar,p =100 m/s*, where the elevation
angle and azimuth angle are medium, which means that the nonlin-
earity in the measurement model is medium.

The third launch scenariois given by ry = 3500 m, r,o = 3000 m,
7,0 =2000 m, v,y =—1100 m/s, v,y = —300 m/s, v,o = —100 m/s,
and ar, = ary = ar; = 100 m/s?, where the elevation angle and
azimuth angle are large, which means that the nonlinearity in the
measurement model is strong.

In all of the scenarios, assume that the initial estimate of the
filters is 7y = 3000 m, 7y = 1200 m, 7,p =800 m, 0,y = —950 m/s,
0,0 =—100 m/s, 0,9 = —100 m/s, and ay o = ay,o = dr, =0 m/s”.

Apparently, for scenarios 1 and 3, the initial estimated error is
large,and for scenario2, theinitialestimatederroris relatively small.
For each scenario, let the guidance ratios in Eq. (22) be N =4 and
F, =0.4 and run a Monte Carlo simulationto calculatethe averaged
miss distances while feeding back the estimates of ATSF, AEKF,
and EKF to the guidance law. The results are listed in Table 1.

Table1 Miss distances while feeding back filters’ estimates, m

Filter Scenario 1 Scenario 2 Scenario 3
ATSF 0.026 0.022 0.015
AEKF 0.026 0.032 0.042
EKF 5.554 0.496 7.706
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Analyze the resultsin Table 1. In scenario 1, although the nonlin-
earity in the measurement model is weak, the large initial estimated
error still produces a large initial linearization error. The EKF is not
able to deal with this error, and so it performs badly and the miss
distance by using EKF is large. The AEKF is able to compensate for
the linearization error well in this weak nonlinear case, and so its
performance is good. Note that the observability of the state com-
ponents in the x axis is weak in this case, where the elevation angle
and azimuth angle are small. Because of this weak observabilityand
the weak nonlinearity of the measurement model, the advantage of
the ATSF over the AEKF is notreflected by the simulationresultsin
as much as the miss distances indicate that the AEKF does as well
as the ATSF in this case.

Inscenario2, where the nonlinearityin the measurementmodel is
medium, the EKF is stillinferiorto the ATSF and AEKEF, althoughits
performanceis improvedoverthatin scenario 1 for the relative small
initial estimated error. Because the nonlinearityin the measurement
model becomes stronger, the advantage of the ATSF over the AEKF
is indicated by the miss distances.

Scenario 3 is the worst case because of the strong measurement
nonlinearity and large initial estimated error. The EKF has no way
to deal with the linearization error, and so its performance is quite
bad in this worst case. By compensating for the linearization error
by adjusting the mean and covariance of measurementnoise online,
the AEKF performs better than the EKF. Unfortunately, this com-
pensation is limited for improving the filtering performance while
meeting this serious nonlinear case. In the first step filtering of the
ATSF, the measurement model is linear, and the noise statistical es-
timator is able to estimate the mean and covariance of measurement
noise, so that no model error exists. In the second step filtering of the
ATSEF, the Newton—Raphson iterative algorithmis used to deal with
the nonlinearity in the measurement model, which is more effective
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Fig. 1 Errors in range estimates of the ATSF, AEKF, and EKF for
scenario 3.
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Fig.2 Errors in velocity estimates of the ATSF, AEKF, and EKF for
scenario 3.
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Fig.3 Errors in acceleration estimates of the ATSF, AEKF, and EKF
for scenario 3.

in alleviating the bad influence of the nonlinearity. Moreover, the
iterationis apt to eliminate the influence of large initial error. There-
fore, the ATSF performs significantly better than the AEKF and the
EKF in this strong nonlinear case.

The results of 100 runs of Monte Carlo simulation for scenario 3
are presented in Figs. 1-3, which compare the filters’ performance
more obviously. The error in the range estimate at time step k
in Fig. 1, for example, is plotted by using the rms-type value®
J(Ele., > + Ele.,* + Ele., ]"), where Ele,,] is the averaged
value of the error in the estimate of the r,;, over 100 runs of Monte
Carlo simulation. Similar rms-type quantities are plotted in Figs. 2
and 3. Figures 1-3 show that the estimated errors of the ATSF are
apparently smaller than those of the EKF and AEKF.

Conclusions

The ATSF for a class of nonlinear systems consisting of a lin-
ear dynamic model and a nonlinear measurement model is able to
determine the mean and covariance of measurement noise online,
so that it performs well in the cases where the statistical properties
are unknown a priori. The ATSF is applied to the bearings-only
measurement problem and performs dramatically better than the
EKF and the AEKF, especially while meeting strong measurement
nonlinearity and large initial estimated error.
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