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Introduction

T HE state estimation of a nonlinear system is still an important
research subject. In some cases, the usual extended Kalman

� lter (EKF) produces large estimation errors and even diverges.
In this paper, a two-step � lter1;2 for a class of nonlinear systems
that consists of a linear dynamic model and a nonlinear measure-
ment model is introduced. In many practical systems, the statistical
properties of measurement noise are time varying and unknown
a priori. For this case, a statistical estimator can be used to de-
termine the mean and covariance of measurement noise online. A
modi� ed Sage­Husa time-varyingmeasurementnoise statisticales-
timator is integrated with the two-step � lter to produce an adaptive
two-step � lter (ATSF). Finally, the ATSF is applied to the bearings-
only measurement problem. Numerical comparisons of the ATSF
with the EKF and the adaptive EKF (AEKF) are made using this
application.

ATSF
Consider a nonlinear system

xk C 1 D U k xk C Bk uk C C kwk (1)

zk D F.xk ; tk/ C vk (2)

where xk is a state vector, uk is a control vector, and wk is a dynamic
noise vector. The measurement zk is expressed as a nonlinear func-
tion F.¢; ¢/ of the system state and time, plus measurement noise
vk . The vectors wk and vk are assumed to be white, Gaussian pro-
cesses with E[wk ] D 0, E[wk wT

k ] D Qk , E[vk ] D rk , E[vk vT
k ] D Rk ,

and E[wkvT
k ] D 0.

The two-step � lter1;2 is summarizedby the following set of equa-
tions: given the measurements

zk D F.xk ; tk / C vk D Hk yk C vk; k D 1; 2; : : : ; N

and the nonlinearity yk D fk.xk ; tk/, in general, choose

yk D
xk

F.xk; tk /

The � rst-step measurement update is

Oyk D Nyk C Pyk HT
k R¡1

k .zk ¡ Hk Nyk ¡ rk/; k D 1; 2; : : : ; N
(3)

Pyk D M¡1
yk

C HT
k R¡1

k Hk
¡1

(4)

where Myk D E[.yk ¡ Nyk /.yk ¡ Nyk/
T ], Pyk D E[.yk ¡ Oyk /.yk ¡

Oyk/
T ], and Nyk is the predicted vector of the state yk .
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The second-step measurement update (Newton­Raphson itera-
tive algorithm) is

Oxk;i C 1 D Oxk;i ¡ L¡1
Gk ;i

qT
k;i (5)

where i is the iteration number,

qk;i D ¡[Oyk ¡ f .Oxk;i /]
T P¡1

yk

@f
@xk xk D Oxk;i

(6)

LG k;i D
@f
@xk

T

xk D Oxk;i

P¡1
yk

@f
@xk xk D Oxk;i

(7)

Equation (5) can be iterated until Oxk;i C 1 ¡ Oxk;i ! 0. De� ne the co-
variance of the state xk as

Pxk D E .Oxk;i C 1 ¡ xk /.Oxk;i C 1 ¡ xk/
T

An approximate expression of Pxk is

Pxk D L¡1
G k ;i

(8)

The second-step time update is

Nxk C 1 D U k Oxk C Bkuk ; k D 1; 2; : : : ; N ¡ 1 (9)

Mxk C 1 D U kPxk U
T
k C C k Qk C

T
k (10)

where Mxk C 1 D E[.xk C 1 ¡ Nxk C 1/.xk C 1 ¡ Nxk C 1/T ]. The � rst-step
time update is

Nyk C 1 ¼ Oyk C f .Nxk C 1/ ¡ f .Oxk / (11)

Myk C 1 ¼ Pyk C @f
@xk C 1 xk C 1 D Nxk C 1

Mxk C 1

@ f
@xk C 1

T

xk C 1 D Nxk C 1

¡ @f
@xk xk D Oxk

Pxk

@f
@xk

T

xk D Oxk

(12)

where Myk C 1 D E[.yk C 1 ¡ Nyk C 1/.yk C 1 ¡ Nyk C 1/T ].
In Eqs. (3) and (4), rk and Rk are a priori unknown time-varying

meanandcovariance,respectively.Fora linearstateestimationprob-
lem, a well-knownmaximuma posteriori(MAP)measurementnoise
statistical estimator is the Sage­ Husa estimator,

Ork D 1
k

k

i D 1

[zi ¡ Hi Oyi;k]

ORk D 1
k

k

i D 1

[zi ¡ Hi Oyi;k ¡ r][zi ¡ Hi Oyi;k ¡ r]T

In adaptive � ltering, Sage and Husa replace Oyi;k approximatelywith
Oyi;i ¡ 1 to obtain a recursive estimator,

Ork D .1=k/[.k ¡ 1/Ork ¡ 1 C zk ¡ Hk Oyk;k ¡ 1] (13)

ORk D .1=k/ .k ¡ 1/ ORk ¡ 1 C "k "T
k ¡ Hk Pyk ;k ¡ 1 HT

k (14)

where "k D zk ¡Hk Oyk ¡ Ork . In fact, replacing Oyi;k with Oyi;i can induce
a modi� ed recursive estimator,

Ork D .1=k/[.k ¡ 1/Ork ¡ 1 C zk ¡ Hk Oyk ] (15)

ORk D .1=k/ .k ¡ 1/ ORk ¡ 1 C .I ¡ HkKk /"k"
T
k .I ¡ Hk Kk/

T

C Hk Pyk H
T
k (16)

where Kk D Pyk HT
k R¡1

k . Clearly, the modi� ed estimator is more ac-
curate than the original one. Moreover, in Eq. (16), the positive
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de� niteness of ORk is naturally guaranteedbecause only plus manip-
ulationoccursamong all of the positivede� nite matriceson the right
side. However, in Eq. (14), minus manipulation occurs among the
positive de� nite matrices on the right side, so that the positive def-
initeness of ORk may be destroyed by the large initial estimate error
and other accidents. In short, robustness of the modi� ed estimator
against some uncertainties is better than that of the original one.

Extending Eqs. (15) and (16) to the time-varying case produces

Ork D .1 ¡ dk /Ork ¡ 1 C dk.zk ¡ Hk Oyk / (17)

ORk D .1 ¡ dk/ ORk ¡ 1 C dk .I ¡ Hk Kk /"k "T
k .I ¡ HkKk /T

C Hk Pyk HT
k (18)

where dk D .1 ¡ b/=.1 ¡ bk/, 0 < b < 1, and b is referred to as a
forgetting factor.

RunningEqs. (3­ 12), Eq. (17), and Eq. (18) in the given sequence
constitutes an ATSF.

Application to Bearings-Only Measurement Problem
In the Cartesian coordinate system, using the Singer model,3¡6

the three components of the target acceleration are assumed to be
three independent Gauss­Markov stochastic processes. Then, the
discrete dynamic model, which depicts the relative motion between
the target and the missile,3;6 is

xk C 1 D U k xk C Bk uk C C kwk (19)

where

xk D [rxk ryk rzk vxk vyk vzk aT xk aT yk aT zk ]T

with the � rst three variables representing relative positions, the
second three variables representing relative velocities, and the
last three variables representing target accelerations. The control
vector is uk D [aM xk aMyk aM zk ]T . The dynamic noise vector
is wk D [wT xk wT yk wT zk ]T with E[wk ] D 0 and E[wkwT

k ] D Qk D
¾ 2I3 , where I3 is a 3 £ 3 identity matrix.

The dynamic coef� cients for Eq. (19) are

U k D
I3 1tI3 1=¸2.e¡¸1t C ¸1t ¡ 1/I3

03 I3 1=¸.1 ¡ e¡¸1t /I3

03 03 e¡¸1t I3

Bk D
¡.1t 2=2/I3

¡1tI3

03

; C k D
03

03

I3

where 1t is the time interval between measurementsand ¸ is deter-
mined from the bandwidth of the target acceleration.

The angle measurementsfor the three-dimensionalbearings-only
problem can be written as

zk D tan¡1
ryk

rx k
tan¡1 ¡rzk

r 2
xk C r 2

yk

1
2

T

C vk (20)

In Eq. (20), vk is measurement noise with

E [vk] D 0; E vk vT
k D Rk D 10¡8I2 C D¡1

k ¯k D¡T
k (21)

where ¯k D 0:1I2 , with I2 a 2 £ 2 identity matrix, and

Dk D
r 2

xk C r 2
yk C r 2

zk 0

0 r 2
xk C r 2

yk C r 2
zk

It is obvious that Rk is a time-varying matrix and unknown a priori.
Both wk and vk are white Gaussian processes, and E [wk vT

k ] D 0.

We apply the ATSF to the bearings-only measurement problem
described by the system (19) and (20) and test its performance
through numerical simulation.

Let

yk D
xk

F.xk; tk /
; My0 D

105I3 0 0

0 104I3 0

0 0 102I5

OR0 D 10¡8I2

and b D 0:98, where I5 is a 5 £ 5 identity matrix. Moreover, let
¾ 2 D 1 m2/s4, ¸ D 1, and 1t D 10 ms.

In both the elevation loop and the azimuth loop, a practical guid-
ance law7 associated with the augmented proportionalguidance7 is
used to generate the missile’s guidance command. For instance, in
the elevation loop, the guidance law is

aMel D N Vc Pq C .N=2/aTel C Fcrcq (22)

where aMel and aTel are, respectively, the missile and target acceler-
ations perpendicularto the current line of sight (LOS); q and Pq are,
respectively,the elevationangle and elevationangular rate; N is the
effectivenavigation ratio; Vc is the closingvelocity; rc is the target­
missile relative range; and Fc is a positive constant. By inducting
the term Fcrcq , this guidance law induces oscillatory motion of the
LOS angle to enhance observability of the bearings-only tracking
but without sacri� cing terminal effectiveness.7 In practical applica-
tions, the estimate values of a guidance � lter are used to calculate
rc, Vc, and aTel .

For comparison, the EKF and an AEKF that uses the modi� ed
Sage­Husa time-varying measurement noise estimator [Eqs. (17)
and (18)] to estimate rk and Rk in real time are also applied to the
bearings-only tracking problem under the same conditions as that
on the ATSF. Because the linearizationerror in measurementmodel
can be treatedas an additionalmeasurementnoise, the AEKF is able
to compensate for the bad in� uence of model error by estimating
and adjusting rk and Rk online. The EKF uses its estimate values to
calculate Rk due to Eq. (21) and assumes that rk is zero.

In the simulation, three typical launch scenarios are studied.
The � rst one is given by rx0 D 3500 m, ry0 D 15 m, rz0 D 10 m,
vx0 D ¡1100 m/s, vy0 D ¡1:5 m/s, vz0 D ¡0:5 m/s, and aT x0 D
aT y0 D aT z0 D 100 m/s2. In this scenario, both the elevation angle
and azimuth angle are small, and so the nonlinearityin the measure-
ment model is weak.

The second launch scenario is given by rx0 D 3500 m, ry0 D
1500 m, rz0 D 1000 m, vx0 D ¡1100 m/s, vy0 D ¡150 m/s, vz0 D
¡50 m/s, and aT x0 D aT y0 D aT z0 D 100 m/s2 , where the elevation
angle and azimuth angle are medium, which means that the nonlin-
earity in the measurement model is medium.

The third launchscenariois given by rx0 D 3500m, ry0 D 3000m,
rz0 D 2000 m, vx0 D ¡1100 m/s, vy0 D ¡300 m/s, vz0 D ¡100 m/s,
and aT x0 D aT y0 D aT z0 D 100 m/s2 , where the elevation angle and
azimuth angle are large, which means that the nonlinearity in the
measurement model is strong.

In all of the scenarios, assume that the initial estimate of the
� lters is Orx0 D 3000 m, Ory0 D 1200 m, Orz0 D 800 m, Ovx0 D ¡950 m/s,
Ovy0 D ¡100 m/s, Ovz0 D ¡100 m/s, and OaT x0 D OaT y0 D OaT z0 D 0 m/s2.

Apparently, for scenarios 1 and 3, the initial estimated error is
large,and for scenario2, the initialestimatederror is relativelysmall.
For each scenario, let the guidance ratios in Eq. (22) be N D 4 and
Fc D 0:4 and run a Monte Carlo simulationto calculatethe averaged
miss distances while feeding back the estimates of ATSF, AEKF,
and EKF to the guidance law. The results are listed in Table 1.

Table 1 Miss distances while feeding back � lters’ estimates, m

Filter Scenario 1 Scenario 2 Scenario 3

ATSF 0.026 0.022 0.015
AEKF 0.026 0.032 0.042
EKF 5.554 0.496 7.706
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Analyze the results in Table 1. In scenario1, although the nonlin-
earity in the measurement model is weak, the large initial estimated
error still produces a large initial linearizationerror. The EKF is not
able to deal with this error, and so it performs badly and the miss
distanceby using EKF is large.The AEKF is able to compensate for
the linearization error well in this weak nonlinear case, and so its
performance is good. Note that the observability of the state com-
ponents in the x axis is weak in this case, where the elevation angle
and azimuthangle are small. Becauseof this weak observabilityand
the weak nonlinearity of the measurement model, the advantage of
the ATSF over the AEKF is not re� ected by the simulation results in
as much as the miss distances indicate that the AEKF does as well
as the ATSF in this case.

In scenario2, where the nonlinearityin the measurementmodel is
medium, theEKF is still inferiorto theATSF andAEKF, althoughits
performanceis improvedover that in scenario1 for the relativesmall
initial estimated error. Because the nonlinearityin the measurement
model becomes stronger, the advantageof the ATSF over the AEKF
is indicated by the miss distances.

Scenario 3 is the worst case because of the strong measurement
nonlinearity and large initial estimated error. The EKF has no way
to deal with the linearization error, and so its performance is quite
bad in this worst case. By compensating for the linearization error
by adjusting the mean and covarianceof measurementnoise online,
the AEKF performs better than the EKF. Unfortunately, this com-
pensation is limited for improving the � ltering performance while
meeting this serious nonlinear case. In the � rst step � ltering of the
ATSF, the measurement model is linear, and the noise statistical es-
timator is able to estimate the mean and covarianceof measurement
noise, so that no model error exists. In the second step � lteringof the
ATSF, the Newton­ Raphson iterative algorithm is used to deal with
the nonlinearity in the measurement model, which is more effective

Fig. 1 Errors in range estimates of the ATSF, AEKF, and EKF for
scenario 3.

Fig. 2 Errors in velocity estimates of the ATSF, AEKF, and EKF for
scenario 3.

Fig. 3 Errors in acceleration estimates of the ATSF, AEKF, and EKF
for scenario 3.

in alleviating the bad in� uence of the nonlinearity. Moreover, the
iteration is apt to eliminate the in� uence of large initial error. There-
fore, the ATSF performs signi� cantly better than the AEKF and the
EKF in this strong nonlinear case.

The results of 100 runs of Monte Carlo simulation for scenario 3
are presented in Figs. 1­ 3, which compare the � lters’ performance
more obviously. The error in the range estimate at time step k
in Fig. 1, for example, is plotted by using the rms-type value6
p

.E[erxk ]
2 C E[eryk ]2 C E[erzk ]2/, where E[erxk ] is the averaged

value of the error in the estimate of the rxk over 100 runs of Monte
Carlo simulation. Similar rms-type quantities are plotted in Figs. 2
and 3. Figures 1­ 3 show that the estimated errors of the ATSF are
apparently smaller than those of the EKF and AEKF.

Conclusions
The ATSF for a class of nonlinear systems consisting of a lin-

ear dynamic model and a nonlinear measurement model is able to
determine the mean and covariance of measurement noise online,
so that it performs well in the cases where the statistical properties
are unknown a priori. The ATSF is applied to the bearings-only
measurement problem and performs dramatically better than the
EKF and the AEKF, especially while meeting strong measurement
nonlinearity and large initial estimated error.
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