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I. Introduction

T HERE has been a recent trend toward the use of small inexpen-
sive satellites for Earth and space exploration. In view of this,

it is desired to eliminate the use of expensive gyroscopes onboard.
There is, however, still a need to know the satellites’ angular rate
vector, especially for attitude control. Whereas the attitude deter-
mination task requires high-precision angular rate measurements,
low-precision angular rate measurements are adequate for control
loop damping. Similar necessity arises even in gyroscope equipped
satellites when performing high rate maneuvers whose angular rate
is outside of the range of the onboard gyroscopes.

Satellites usually utilize vector measurements for attitude deter-
mination. By the use of these vectors, it is possible to determine
the attitude of the satellite where the attitude can be expressed by
various attitudeparameterizations.To � nd the satellite angular rate,
one can differentiate the attitude in whatever parameters it is given
and use the kinematics equation that relates the derivativeof the at-
titude with the satellite angular rate and compute the latter.1 In fact,
this approach is being used in the solar, anomalous, and magneto-
spheric particle explorer (SAMPEX) satellite.2 Another approach
may also be adopted to the problem of angular rate computation
where the vector measurements themselves are differentiated.3¡6

Because the measured vectors and, thus, the attitude parameters are
noisy, the differentiation of the attitude introduces a considerable
noise component in the computed angular rate vector. To overcome
this noise, the computed rate components can be � ltered by a low-
pass � lter of the form G.s/ D .1=¿ /=.s C 1=¿/. This, however, in-
troduces a delay in the computed rate. An example of it is shown
in Fig. 1, which presents the angular rate components of the Rossi
x-ray timing explorer satellite (RXTE) that were computed and � l-
tered when the algorithm just mentioned1 was applied. (The RXTE
satellite was launched on 30 December 1995. The data used were
real magnetometer measurements, whose error standard deviation
was 1 mG, and sun sensor measurements,whose error standard de-
viation was 0.1 deg. We chose a segment of data starting 4 January
1996 at 21 h, 51 min, and 43.148 s. At this time the spacecraft per-
formed a slew maneuver about its z axis.) As will be discussed in
the ensuing, the delay can be eliminated when using an active � lter
such as a Kalman � lter. Note that the reference rates are gyroscope
measurements, and because these measurements are very accurate,
we call their output true angular velocity components.

As will be shown, the dynamics model of a spacecraft (SC) is a
nonlinear model; therefore, a linear Kalman � lter (KF) is not suit-
able,and some kind of a nonlinearestimatoris neededfor estimating
!. The extended KF (EKF) is, then, the natural choice.7 The EKF
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is based on linearizationabout estimated values; therefore,one may
expect convergence problems when the estimation error happens
to be large. Consequently, other � ltering approaches were sought.
One such approach is that of the extended interlaced KF (EIKF),6

mentioned before, where three linear KFs are run in parallel.
In this work we further investigate two � ltering methods for esti-

mating !, where the nonlinear problem is treated as a linear � lter-
ing problem. Although these methods use derivatives of the vector
measurements (similar to Refs. 3­ 6), the � lters are unique.They are
based on the ability to decompose the nonlinearangular rate depen-
dentpartof the satellitedynamicsequationintoa productof an angu-
lar rate dependentmatrix and the angular rate vector itself. They are
the pseudolinear Kalman (PSELIKA) and the continuous discrete
(CD) state-dependentalgebraic Riccati equation (SDARE) � lters.

II. Angular Rate Measurement
Let bn denote a column vector, whose elements are the compo-

nents of some nth abstract vector an when resolved in the body b
coordinate system, and let rn be a column vector, whose elements
are the componentsof the same abstract vector when resolved in the
reference i system. From vector kinematics it is known that

Pbn ¡ D i
b Prn D [bn£]! (1)

where the dot denotes a simple time derivative, [bn£] is the cross
product skew-symmetric matrix of bn , and Di

b is the matrix that
transforms vectors from the reference to the body coordinates.Note
that Di

b has to be known and that all elements of Eq. (1) other than
the satellite angular rate vector ! are known. De� ne

zn D Pbn ¡ Di
b Prn (2)

and

Cn D
0 ¡bnz bny

bnz 0 ¡bnx

¡bny bnx 0

(3)

Then Eq. (1) can be written as

zn D Cn! (4)

We realize that ! cannot be determined from Eq. (4) because Cn D
[bn£] is not invertible. We may, however, use zn as an input to
an estimator. The subscript n in Eq. (4) denotes the order of the
measured vector. We use the subscript k to denote a discrete time

Fig. 1 True and estimated � ltered RXTE angular rates components
obtained from Direction Cosine Matrix (DCM) differentiation and � l-
tration with ¿ = 40 s.
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tk , where the estimator performs a measurement update; thus, if at
time tk we use two vector measurements to update the � lter, then
we actuallyhave zk;1 and zk;2 . For simplicityof notationwe drop the
second subscript,noting that at each time point tk we may havemore
thanoneupdateor no updateat all. Also, to use z as a measurementin
an estimator,we need to add some white noise to the measurements
to account for measurement noise. Therefore, instead of Eq. (4)
we use

zk D Ck!k C vk (5)

III. Pseudolinear SC Dynamics Model
To implement the ordinaryPSELIKA and SDARE � lter, we need

to convert the SC nonlineardynamicsmodel that describesthe prop-
agation of ! into a model in which the nonlinear !-dependentterm
is decomposedinto a productof an !-dependentmatrix and ! itself.
To do this, consider the angular dynamics of a constant mass SC,
which is given in the following equation8:

I P! C Ph C ! £ .I! C h/ D T (6)

where I is the moment of inertia matrix, ! is the angular velocity
of the SC with respect to inertial space, h is the angular momentum
of the reaction wheels, and T is the external torque applied to the
SC. Because I is nonsingular,we may write Eq. (6) as

P! D I ¡1[.I! C h/£]! C I ¡1.T ¡ Ph/ (7)

De� ning

F .!/ D I ¡1[.I ! C h/£] (8a)

and

u.t/ D I ¡1.T ¡ Ph/ (8b)

Eq. (7) can now be written as

P! D F .!/! C u.t/ (9)

Note that the transformationof Eq. (7) to Eq. (9) was done to express
the nonlinear terms in the components of ! as a product of a matrix
and !, which led to the form shown in Eq. (9). It can be seen that the
path from Eq. (7) to Eq. (9) is not unique. It stems from the decom-
position of I! £ ! into [I !£]! not being unique. It can be shown
that there are eight possible ways to decompose the vector; conse-
quently, there are eight primary dynamics matrices that express the
angular dynamics of an SC; that is, we have Fi .!/ i D 1; 2; : : : ; 8
for which F1.!/! D F2.!/! D ¢ ¢ ¢ D F8.!/!, although

F1.!/ 6D F2.!/ 6D ¢ ¢ ¢ 6D F8.!/ (10)

Although there are only eight primary representations,one can gen-
erate in� nite secondary dynamics matrices as linear combinations
of the primary matrices by forming

Ei .!/ D
8

j D 1

®i; j F j .!/ where
8

j D 1

®i; j D 1

i D 1; 2; : : : ; ! 1 (11)

This can be easily proven when noting that

Ei .!/! D
8

j D 1

®i; j F j .!/! D
8

j D 1

®i; j f .!/

D f .!/

8

j D 1

®i; j D f .!/ (12)

The ability to form in� nite secondary dynamics matrices from two
basic matrices of nonlinear systems was already noted by Cloutier
et al.9;10 We concludethen that the representationof theSC dynamics
equation in the form

Px D F.x/x C u.t/ (13)

is notuniqueand that thereare exactlyeightdifferentways to express
the nonlinearSC dynamics equationby basic state-dependentlinear
equationsand in� nite secondaryequations.To accountformodeling
error we add a white noise vector w.t/ to the dynamics model given
by Eq. (9) and obtain

P! D F.!/! C u.t/ C w.t/ (14)

IV. Angular Rate Computation
When the dynamics equation [Eq. (14)] and the corresponding

measurement equation [Eq. (5)] have been obtained,we convert the
dynamics equation to a discrete form and obtain the couple

!k C 1 D F.!k /!k C uk C wk (15a)

zk D Ck!k C vk (15b)

We can now selecta suitableestimator to estimate!. Two estimators
are used: the PSELIKA and the SDARE � lters.

A. Pseudolinear Filtering
The PSELIKA � lter is an ordinary discrete KF in which the co-

ef� cients are functions of the estimated state. In the computation
of the estimate, we use the best available estimate to evaluate those
coef� cient. Therefore, whenever F.!k/ of Eq. (15a) is used, we
substitute!k by O!, the present availableestimate of ! at the time it
is needed.The estimated vs the true angular rate components,which
were measured by the satellite gyroscopes, are presented in Fig. 2.
By comparing the results presented in Fig. 2 to those presented in
Fig. 1, we realize that the PSELIKA algorithm performs quite well
and the estimates are obtained without a delay.

B. CD SDARE Filtering
Recently the use of the SDARE for nonlinear regulatorcontrol of

special systems was presented by Cloutier et al.9;10 Following the
duality between linear optimal controllerdesign and the linear opti-
mal estimator design, Pappano and Friedland11 and Mracek et al.12

suggestedanSDARE � lteringalgorithmfor specialcontinuous-time
nonlinearsystems.The special systems for which the algorithmwas
suggested are of the form

Px D F.x/x C u.t/ C w.t/ (16a)

z D C.x/x C v.t/ (16b)

where, as before, w.t/ and v.t/ are zero-mean white noise vectors,
whose covariance matrices are Q.t/±.t ¡ ¿ / and R.t/±.t ¡ ¿ /, re-
spectively. The SDARE � lter for these systems, as suggested in
Refs. 11 and 12, is

POx D F. Ox/Ox C u.t/ C K .Ox/[z.x/ ¡ C.Ox/Ox] (17a)

Fig. 2 True and estimated body rates using the CD SDARE � lter.
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where

K .Ox/ D PC T .Ox/R¡1.t/ (17b)

and where P is the solution of the following algebraic Riccati
equation:

F.Ox/P C P F T .Ox/ ¡ PC T .Ox/R¡1.t/C.Ox/P C Q.t/ D 0 (17c)

Our rate estimation problem is somewhat different. The main
difference between our problem and that handled in Refs. 11 and
12 is that their measurement equation was continuous and ours is
discrete. This implies that we have a CD-time � ltering problem.
(Another minor difference is that our measurement equation is lin-
ear.) The question is then: Is the continuousSDARE � lter also valid
for this case where the measurements are discrete? We maintain
that the SDARE � lter is valid for this case. Next we present the CD
SDARE � lter that suits our problem, and then we explain the logic
behind it. The CD SDARE is as follows.

Choose an approximate value for the initial estimate of the rate
vector. For example, in the absence of such initial estimate simply
choose O!0 D 0. Between measurements propagate only the state
estimate by solving the differential equation PO! D F. O!/ O! C u.t/
between tk and tk C 1 , where O!.tk / D O!k=k and O!k C 1=k D O!.tk C 1/.
When a measurement takes place at time tk C 1 , solve the following
algebraic Riccati equation for Pk C 1:

F. O!k C 1=k /Pk C 1 C Pk C 1 FT . O!k C 1=k /

¡ Pk C 1C
T
k C 1 R¡1

k C 1Ck C 1 Pk C 1 C Qk C 1 D 0 (18)

By the use of Pk C 1, compute the gain matrix

Kk C 1 D Pk C 1CT
k C 1 R¡1

k C 1 (19)

and � nally compute the updated state estimate

O!k C 1=k C 1 D O!k C 1=k C Kk C 1[zk C 1 ¡ Ck C 1 O!k C 1=k] (20)

To explain the suitability of this algorithm to the CD case, we
note the following:

1) In the case where both the dynamics and the measurementsare
continuous, the solution of the following matrix Riccati equation at
any time point tk C 1,

F. O!/P C P F T . O!/ ¡ PC T R¡1.t/C P C Q.t/ D PP (21)

yields the value of P at that time point.
2) If at a certain time point, tk C 1, P reaches steady state, the value

of P at that time point, denoted by Pk C 1 , solves the equation

F. O!k C 1=k /Pk C 1 C Pk C 1 FT . O!k C 1=k /

¡ Pk C 1C
T R¡1

k C 1C Pk C 1 C Qk C 1 D 0 (22)

The logicbehind the use of the last equationin the CD SDARE � lter
is that we assume that, although the measurements obtained and
processedbefore and at time tk C 1 were discrete,we can regard their
in� uenceas if they were continuous.In other words, we assume that
there is an entirely continuous system that is equivalent to our CD
system; therefore,we may apply Eq. (22) to obtain Pk C 1 . Of course,
the values of R.t/ and Q.t/ are not equal to the corresponding
Rk C 1 and Qk C 1 matrices, and as is the normal procedure of the
design of a KF, they have to be determinedby tuning. The estimates
of the angular rate components that were generated when the CD
SDARE � lterwas applied to the data usedbeforeare very similar but
slightly better than those generated by the PSELIKA � lter, which
are presented in Fig. 2.

V. Conclusions
We examined two new algorithms for estimating the angular rate

vector of an SC. The two algorithms were based on the ability to
decompose the nonlinear SC dynamics into a product of an angu-
lar rate dependent matrix and the angular rate vector itself. Using
this nonunique decomposition, the ordinary KF was applied suc-
cessfully. We named this algorithm PSELIKA. In addition, based
on this decomposition,a new variant of the SDARE � lter was intro-
duced, which we called CD SDARE.

The two algorithms were applied to real data obtained from the
RXTE satellite. The measurements on which the estimates were
based were derived from the differentiationof a three-axis magne-
tometer and sun sensor readings. When comparing the estimates of
the angular rate vector generated by these two � lters to the estimate
obtainedwhen passingthe derivativesthrougha simple low-pass � l-
ter, the advantage of using these � lters was obvious. The estimates
yieldedby the two algorithms introducedno delays,whereas the lat-
ter computational technique introduced either a considerable delay
or excessive noise. A comparison between the PSELIKA � lter and
CD SDARE � lter reveals that the estimates obtained by the latter
are less noisy than those obtained by the former. The advantage of
using these � lters vs the use of the EKF is in their robustness to
large error in the determination of the initial estimate and to model
mismatch; however, more work needs to be done on the comparison
between the PSELIKA and CD SDARE � lters themselves, but this
is beyond the scope of this Note.
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