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Nomenclature

ai = axis of rotation for gimbal i
Cy
x = coordinate transformation from frame x to frame y

Fgi = force of gravity action on body i
Hxy = angular momentum vector of body x about point y
Ix = inertia tensor of body x
px = translational momentum vector of body x
rxy = vector from point y to point x
Tdi = disturbance torque on body i (Td represents the sum

over all bodies)
Tggi = gravity gradient torque on body i (Tgg represents the

total for all bodies)
Tmi = control torque on body i
vx = inertial velocity of point x
_x = time derivative of terms in x in the localized frame
�i = rotational angle of ith gimbal
� = vector of reaction wheel speeds
!x = angular velocity vector of coordinate frame x with

respect to the inertial frame
!xy = angular velocity vector of coordinate frame x with

respect to frame y

I. Introduction

T HE problem of controlling a multibody spacecraft that must
maintain pointing requirements for each of its bodies is

addressed. The spacecraft model considered in this Note consists of a
main body, a solar panel connected by a two-axis gimbal system, and
a three-axis reaction wheel control system. The main body of the
satellite is required to maintain a specific orientation with respect to
the local-vertical/local-horizontal (LVLH) frame of the body. The
solar panel is required to maintain sun-pointing throughout the
operation of the spacecraft. Control of the main body orientation is
accomplished primarily by reaction wheels. The solar panel pointing

requirement is achieved primarily through the use of the two-axis
gimbal system. Use of feedback linearization and Lyapunov’s direct
method allows the synthesis of a simple nonlinear control law,
ensuring that tracking accuracy is maintained for each body [1,2].
The implementation of this control requires knowledge of the states
of the system. The spacecraft model is assumed to have star trackers
as sensors for attitude measurement and angle encoders for
measurement of the gimbal angles and rates. The implementation of
the feedback control clearly requires a state-estimation technique,
not only to smooth the star-tracker measurements, but also to
determine the angular velocity of the main body.

State estimation for gyroless spacecraft has received much
attention recently [3–6]. This research is motivated by several
factors. Failure or degradation of gyros during a flight can result in
the loss of a spacecraft or the cancellation of an important mission.
Rate gyros may also be too expensive for some spacecraft designs.
Improvements in star-tracker accuracy and the rate of data
acquisition have made it possible to begin using these as a means to
obtain the angular velocity of the spacecraft. This is generally
accomplished byuse of some formof aKalmanfilter [4,7–9].Most of
the research on spacecraft attitude estimation also deals with the
estimation of angular velocities of single-body spacecraft. For these
cases, it is not difficult to obtain the partial derivatives necessary for
the linearization approach of the extended Kalman filter (EKF). The
problem of a multibody spacecraft is more difficult. Although the
EKF is able to estimate states if the system is linearized, it will be
more sensitive to stronger nonlinearities in the system.

Using the unscented Kalman filter (UKF) eliminates the need to
take the partial derivatives necessary for the linearization approach of
the extended Kalman filter [10–12]. The unscented filter uses a set of
sample points, sometimes called sigma points, to map the probability
distribution more accurately than the linearized mapping used by the
EKF. This filter will be used to obtain the state estimates required by
the full-state feedback control used to accurately orient the spacecraft.

This Note is divided as follows. First, the development of the
equations of motion for the multibody satellite is outlined in Sec. III.
These equations are put into a form that is compatible with the theory
behind the UKF, as well as with the control design methodology. The
development of the control strategy is discussed next. Immediately
following is the presentation of the unscented Kalman filter
implementation in Sec. IV. Also in this section, an algorithm for the
implementation of the filter is presented. Section V presents the
simulated response of the dynamic systemunder the combined control
law and state estimator. A motivating example comparing the
responsesof theEKFandUKF is presented for the attitude and angular
velocity estimation of the main body of the spacecraft. Furthermore,
the performance of the UKF will be demonstrated when the attitude,
angular velocity, gimbal rates, and gimbal angles are to be estimated.

II. Equations of Motion

The spacecraft model considered is composed of two rigid bodies.
The first body (hub) must be pointed accurately throughout the orbit
of the satellite. The second body is a panel thatmust face the sun at all
times to provide power to the satellite. These pointing objectives
must be satisfied simultaneously. The mass and inertia properties of
these bodies are of equivalent orders of magnitude, meaning that the
effects of the moving solar panel cannot be treated as a small
disturbance. Furthermore, unlike the satellite studied in Agrawal and
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Palermo [7], the center of mass of the spacecraft relative to the
geometric center of the hub is constantly in motion, due to the
movement of the solar panel. The result is that the expressions for the
rotational dynamics of the spacecraft also include translational
dynamics terms. Figure 1 displays a simplified diagram of the
spacecraft. The bodies are connected at point P through a two-axis
gimbal mechanism. Point A is an arbitrary point of reference fixed to
the hub and it is not necessarily the center of mass of the hub or of the
entire spacecraft. The equations of motion are expressed using three
coordinate systems. The A-frame, located at A, is fixed to the hub
(body 1) and it also serves as a reference coordinate system for many
other purposes. The second coordinate system, the P-frame, is
located atP and its use is described in the following section. The third
coordinate system, the B-frame, is located at point B, the center of
mass of the solar panel (body 2).

A. Kinematics

Beforewederive the equations ofmotion of the system,we present
the kinematicmodels for the attitude of the spacecraft. ThisNote uses
Euler parameters to represent the attitude of the hub of the satellite. If
the angular velocity of body 1 is given by !1, then the differential
equation governing the attitude quaternion is given by [13]

_q� 1
2
B�q�!1 (1)

where

B �q� �

�q1 �q2 �q3
q0 �q3 q2
q3 q0 �q1
�q2 q1 q0

2
664

3
775 (2)

These kinematic equations uniquely determine the attitude of body 1
with respect to the Earth-centered inertial frame (ECI), given its
angular velocity and initial attitude. A set of two gimbal angles
describes the orientation of the solar panel (body 2) with respect to
the hub. The reference frame located at P in Fig. 1 represents the
intermediate coordinate axis obtained after the first gimbal rotation
with respect to the primary reference frame. This coordinate frame is
unique because when expressed in this intermediate frame, the
angular velocity of body 2 with respect to body 1 (!21) is indepen-
dent of the gimbal-angle values and depends only on their respective
rates. Assume that the first gimbal rotation (with magnitude �1) is
about the y axis of the A-frame (also the same y axis as the P frame)
and the second rotation (�2) is about the x axis of the P-frame (also
the x axis of theB-frame). The orientation of theP-framewith respect
to the A-frame and the orientation of the B-frame with respect to the
P-frame are given by the following transformations:

C p
a �

cos �1 0 � sin �1
0 1 0

sin �1 0 cos �1

2
4

3
5 Cb

p �
1 0 0

0 cos �2 sin �2
0 � sin �2 cos �2

" #

(3)

The defined gimbal rotations yield the following expression for
angular velocity of the second body with respect to the first,
expressed in the B-frame:

�C b
p

_�2
_�1

� �
�!21 (4)

In the preceding expression, �Cb
p is a matrix containing the first two

columns of Cb
p. The two sets of differential equations presented in

this subsection allow for the determination of the attitude of body 1
and body 2, given their respective angular velocities. The angular
velocity vectors of the two bodies can be obtained by integrating the
dynamic equations of motion.

B. Dynamics

The equations of motion used to model the spacecraft dynamics
are derived with respect to point A. Translational and angular
momenta of the two bodies are represented by using the notation and
derivation of Hughes [14]. The angular momentum of body 1 also
includes the contribution due to reaction wheels.

p 1 �m1�va � r1a �!1� (5)

H 1c1 � �Ic1!1 � Iw� (6)

p 2 �m2�va � rpa �!1 � r2p � �!1 �!21�� (7)

H 2c2 � Ic2�!1 �!21� (8)

In the preceding expression, va refers to the inertial velocity of
point A and r1a designates the vector from A to the center of mass of
body 1. The angular momentum terms H1c1 and H2c2 refer to the
angularmomentumof bodies 1 and 2 about their respective centers of
mass. The terms p1 and p2 refer to the translational momentum of
each body. The termsm1 andm2 represent the masses of each body.

The vector fromA toP is denoted by rpa. Note that �Ic1 designates the
moment of inertia of body 1 about its center of mass with the wheels

locked. The inertia tensor �Ic1 can be rewritten as �Ic1 � Ic1 � Iw,
where Iw is a matrix containing the axial moment of inertia of each
wheel along its diagonal. The inertia tensorIc2 is the inertia tensor for
body 2, written about its center of mass. In the preceding expression
as well as in those that follow, the vector quantities can be expressed
in any frame. When implementing the equations of motion in a
simulation, it is important to ensure that each expression contains
terms in the same frame. The equations are presented here in this
form for compactness. The angular and linear momenta of the
composite body about A are given by the following:

H ta �H1c1 � r1a � p1 �H2c2 � r2a � p2 (9)

p t � p1 � p2 (10)

The vectorHta is the angular momentum of the entire system (body 1
and body 2), pt is the translational momentum of the system, and r2a
represents the vector from A to the center of mass of body 2.
Proceeding further, equations of motion for the composite body can
be written as follows [14]:

_�H ta ��!1 �Hta � va � pt � Tgg � rta � Fg � Td � Tm1 (11)

_p t ��!1 � pt � Fg � Fd (12)

where �Hta �Hta � Iw�!1 ��� and rta is the vector from A to the

center of mass of the entire system. In the preceding expression, _�Hta

refers to the derivative of �Hta with respect to the A-frame. The
reaction wheel equations of motion are written as follows:

I w� _!1 � _�� � Tm1 (13)

The derivatives in the preceding expression are taken with respect to
the A-frame. Finally, to complete the set of equations of motion, we
find the angular momentum of the second body about point P:

c.m. of body 1

A P

B

c.m. of body 2

x

y

z

x
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Reaction wheels 
(along x, y, and z)
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Fig. 1 Simplified diagram of the spacecraft.
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H 2p �H2c2 � r2p � p2 (14)

_H2p ���!1 �!21� �H2p � vp � p2 � Tgg2

� r2p � Fg2 � T0m2 � Td2 (15)

The velocity of pointP is dependent strictly on the velocity at pointA
and the angular velocity of body 1 through the relationship
vp � va � rp1 �!1. The vector T

0
m2 is a vector containing the two

solar-panel control torques and a reaction torque. To extract the
necessary equations of motion, we can take the dot product of these
equations, with the two vectors describing the gimbal-angle
rotations. In the actual implementation, the vectors in these equations
are expressed in frame B. Taking the dot product of each of these
vectors with the equations of motion yields

� �Cb
p�T _H2p �� �Cb

p�T ���!1 �!21� �H2p � vp � p2 � Tgg2

� r2p � Fg2 � Td2� � Tm2 (16)

In the preceding expression, Tm2 � � �Cb
p�TT0m2 and is composed of

the two gimbal control torques corresponding to each gimbal axis.
Determining the equations of motion in terms of derivatives of the
states themselves ( _!1, _va, etc.) requires expansion of the derivatives
of the various momenta. This task is not trivial and the results are
lengthy. As a result, the details are not included here, but can be
found in a previous work [15]. By expanding these equations and
substituting for _va, we can express the attitude dynamics in the
following form:

M ��� _x� f�x;q;�;�� � u (17)

whereM is amatrix that depends on rigid body parameters, aswell as
on the gimbal angles given by

M ���

�
Icm �Ca

bI2p�m2r
�
tp�Ca

br2p��� �Cb
p

� �Cb
p�T �Ca

bI2p�m2r
�
tp�Ca

brtp���T � �Cb
p�T
�
I2p�

m2
2

mt
r�2pr

�
2p

�
�Cb
p

2
4

3
5

(18)

where �	�� is the cross-product matrix, Icm is the inertia tensor of the
entire system about its center of mass as expressed in the A-frame,
I2p is the inertia of the second body about pointP as expressed in the
B-frame, and rtp is the vector from point P to the c.m. of the entire
body. The term u� �Tm1;�Tm2� is the control torque vector,

�� ��2; �1�T , x� �!1; _��T , and � is a vector of states such as va that
are not attitude parameters, but appear in the attitude dynamics due to
attitude-orbit coupling. Herein it is assumed that the measurements
of these additional states are known perfectly.

C. Control Law

The satellite attitude control law is designed using a feedback
linearization approach [2]. The stability of this approach can be
proven in a Lyapunov framework when all states are known
perfectly. A control law that feedback-linearizes the system given in
Eq. (17) takes on the following form:

u � f�x;�;q;�� �M���
�
_xd �K1�x � xd� �K2

��
� � �d

� ��
(19)

In the preceding expression, �	�d denotes a desired value of a variable.
In this manner, xd denotes the desired angular velocity of body 1 and
the desired gimbal rates (which can be obtained by taking derivatives
of the pointing constraint). Although it is not explicitly shown, it is
important to realize that xd should be expressed in the same frame as
xwhen the control law is implemented. The control gainmatricesK1

and K2 are diagonal matrices that can be designed to give desired
closed-loop system properties. The term �� (a three-element vector)

refers to the last three terms in the error quaternion, which describes
the rotation between the actual attitude with respect to LVLH and the
desired attitude with respect to LVLH. This is given by [16]

�q0
��

� �
�

qd0 qd1 qd2 qd3
�qd1 qd0 qd3 �qd2
�qd2 �qd3 qd0 qd1
�qd3 qd2 �qd1 qd0

2
664

3
775qlvlh (20)

where qlvlh is the actual attitude of the spacecraft with respect to the
LVLH attitude, and qdi represents the ith element of the desired
attitude with respect to LVLH. The term �q0 is the scalar portion of
the error quaternion, which, in our notation, is the first term of the
quaternion. The evolution of this error quaternion is governed by the
following differential equation:

� _q0 ��1
2
��T!e � _�� 1

2
��q0!e � �� �!e� (21)

If the control law (19) is implemented (assuming that system is
known perfectly) then the following closed-loop error dynamics are
achieved:

_! e �K1!!e �K2!��� 03�1 ��e �K1�
_�e �K2��e � 02�1

(22)

Each of the gain matrices in the preceding equations are taken to be
diagonal. The error in the angular velocity of the spacecraft is given
by the term!e �!1 � !d, and the error in the gimbal angles is given
by the vector�e � � � �d. In the absence of disturbances, the control
law results in a decoupled stable response. The gimbal-angle
response is given by a second-order dynamic system. Stability of this
control law can be proven in a straightforwardmanner through use of
Lyapunov stability theory. For various methods of accomplishing
this, see [13]. The control law requires full-state feedback, but the
angular velocity of the spacecraft is not measured. As a result, state
estimation will be required for successful implementation.

III. Unscented Kalman Filter

This section will describe the implementation of the UKF state-
estimation algorithm, the measurement model, the method used in
dealing with the quaternion normalization, and how the system
dynamics can be put in the proper form for the implementation into
the UKF framework. The details of the unscented Kalman filter will
not be included here, because s the theory behind the UKF is well
known in the literature [10,12,17,18]. The research implementation
of the algorithm follows that presented in Crassidis et al. [11], but
with a different dynamic model. The UKF uses a dynamic system of
the form

x �f�k�1 � g�x�f�k ;uk� (23)

with measurements given by

y k � h�x�f�k � (24)

where x�f�k denotes the set of states associated with the filter. It is
important to note that these are not necessarily the same states
associated with the control.

A. State Propagation

Section III provides the information necessary to develop the
nonlinearmodel that will be used to propagate the states estimated by
the UKF. This model must be put into a form that is compatible with
the UKF; namely, in an expression in the form of Eq. (23). Once the
derivatives in Eqs. (11), (12), and (16) are expanded so that they are
explicitly dependent on the state variables and their time derivatives,
we can couple these with the kinematic relationships in Eqs. (1) and
(4) to determine an expression of the form

_q� 1
2
B�q�!1 (25)
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_���g (26)

M ��� _x� f�x;q;�;�� � u (27)

The mass matrix in this expression is invertible, and so there are no
singularities in the dynamics. The UKF will be used to estimate the
vector of filter states given by

x �f� � �qT �2 �1 !T1
_�2 _�1 �T (28)

where !1 � �!1x !1y !1z �T . The estimator estimates the
components of !1 in frame A. By inverting M in the dynamic
equations of motion, we can write the dynamics of the filter states as
the following:

_x �f� � g�x�f�;u� (29)

where the x�f� vector was defined in Eq. (28). The function g is given
by

g �x�f�;u� �
1
2
B�q�!1

�g

M�1���f�x;q;�;�� �M�1���u

2
4

3
5 (30)

The states in the � vector are again assumed to be known perfectly,
and therefore are not treated as filter states. In the actual
implementation of thefilter, these states are propagated between each
time step, along with the filter states themselves, to simplify the
process. These states, however, are not used in any of the update laws
for the filter. This expression can be put into the form of Eq. (23) by
numerically integrating the preceding expression between time steps
to form a discrete system.

B. Measurement Model

The satellite analyzed in this Note does not have gyroscopes to
measure the angular velocity of the spacecraft. The measurements
available are the spacecraft attitude (from a star tracker), the gimbal
angles, and the gimbal rates. The spacecraft attitude measurements
will be assumed to be in the form known as theQUESTmeasurement
model [19]:

~b i �A�q�ri � �qi (31)

whereA�q� is a 3 � 3 coordinate transformationmatrix. The vector r
is a fixed reference vector and themeasurement noise associatedwith
the ith noise vector, �qi, can be approximated as a zero-mean
Gaussian process with a noise covariance given by Rqi � �2i 13�3.
Theremay bemultiple vectormeasurements used. For cases inwhich
the gimbal angles and rates are estimated, the gimbal angles and rates
are also included as measurements. The gimbal rates and angles are
assumed to be of the following form:

~y g � ��T
g �T �T � �g (32)

where the �g is zero mean and has a covariance of
Rg � diag��2�; �2�; �2� ; �2��. When only the attitude and angular
velocity of the hub are to be estimated, the measurement vector yk is
given by

~y k � � ~bT1 	 	 	 ~bTm �T (33)

wherem is the numberofmeasurement vectors providedby the attitude
sensors. The measurement noise in this case has a covariance of

R k � �Rk �
Rq1 03�3 . . . 03�3

..

. . .
. ..

.

03�3 . . . 03�3 Rqm

2
64

3
75 (34)

When the filter is required to measure the attitude and angular velocity
of the hub, as well as the gimbal angles and rates, the following input
vector is used:

~y k � � ~bT1 	 	 	 ~bTm ~yTg �T (35)

This measurement noise in this case has a covariance of

R k �
�Rk 03m�4

04�3m Rg

� �
(36)

C. Quaternion Normalization

It is well known that when using a quaternion attitude
representation, any updates produced from the estimator can violate
the quaternion unit-norm constraint. Although it is still possible to
use an additive approach for updating the quaternion [20], it is
desirable to update the quaternion in such a way that it is
automatically unit norm. This can be accomplished by using the
quaternion representation for state propagation, but transforming this
to an unconstrained attitude representation for the update, as in
Crassidis and Markley [11]. The methodology used in this Note
involves the update of an error quaternion. At each time step before
an update is performed, the following error quaternion is defined:

�q�k �i� � q̂�k �i� 
 �q̂�k �1���1 i� 1; . . . ; 2n� 1 (37)

where q̂�k �1� is the preupdate quaternion estimate (the estimate from
the last step). If we represent the quaternion by
q̂�k �i� � � q̂0�i� �̂�i� �T , then the inverse operator is defined as
�q̂�k �1���1 � � q̂0�1� ��̂�1� �T . The preupdate error quaternion
corresponding to i� 1 will always be �q�k �1� � � 1 0 0 0 �T .
The rest of the values are errors in rotations with respect to the mean
of the distribution. These error quaternions will be used in the update
law. The error quaternion is represented as

�q�k �i� �
��q�0 �k�i�
���k �i�

� �
�

�����������������������������������������
1 � ����k �i��T���k �i�

p
���k �i�

� �
(38)

The error quaternion can now be represented in terms of the three

components of ���k �i�. From here, we can redefine the ��i�k term that
is used to determine the statistical properties of the propagated

distribution. The postupdate estimate of the state vector,x�f�k , is given

by �x̂�f�k ��, which is defined as

�x̂�f�k �� � �
�1�
k �

���k �1�
�!̂1��k �1�
��̂g��k �1�
�̂
�
k �1�

2
664

3
775 (39)

Therefore, the quaternion terms used to propagate the equations of
motion must be converted to error quaternions after propagation.
From here they can be updated and the sigma points can be added.
After the state estimate has been updated using the most recent
measurements and the sigma points have been added, the actual
attitude quaternion must be determined from the updated error
quaternions. This is accomplished by using the definition of the error
quaternion:

q�k �i� � �q�k �i� 
 q�k �1� (40)

From this point, we are back to propagation. In this manner, the
quaternion update is performed without violation of the norm
constraint. Unfortunately, this is only true when k���k �i�k � 1. If
this condition is violated, the error quaternion �q�k �i�will not be unit
norm. This can be satisfied by ensuring that initial covariance
estimates are set correctly. It is important that the error in the initial
quaternion estimates also be small enough to prevent this from
occurring.

D. Filter Algorithm

An overview of the steps required for implementation of the filter
will be presented here.
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1) Use the initial state covariance matrix to build an initial set of
sigma points. For all states except for the attitude quaternion, add
these points to the initial estimates of the states. For each set of sigma
points, find the associated error quaternion and find the associated
attitude quaternion using Eq. (40).

2) Propagate each set of state vectors (2n� 1 sets) to the next time
step using Eq. (29).

3) Find the error quaternion associated with each sigma point set
using Eq. (37). The rest of each�k�1�i� can be obtained directly from
the propagated states.

4) Find the properties of the propagated distribution (P�k�1 etc.)
and update the states and covariance.

5) Build a new set of sigma points for the states. Find the new
attitude quaternion associated with each set using Eq. (40). Return to
step 2.

IV. Results

Two sets of results are presented in this section. The first set
compares the response of the UKF to that of the EKF for the given
multibody dynamics, in which the states to be estimated are only
attitude and angular velocity. The second set highlights the
performance of theUKF itself when it is required to estimate attitude,
angular velocity, gimbal rates, and gimbal angles.

A. Motivation for Using UKF over EKF

In this section, we show a situation that can occur when using the
EKF for feedback control. For this example, the EKF and UKF are
both required to estimate only the inertial attitude and inertial angular
velocity of body 1. It is assumed that the gimbal angles and rates are
known perfectly. The system is required to maintain sun-pointing
during a body-1 LVLH attitude reorientation maneuver from q�
� 1 0 0 0 �T to q� � 0:5 0:5 0:5 0:5 �T . The measurements
for the estimator come from a vector measurement with variance
�q � 0:0015. The errors in the estimates for the quaternion and
angular velocity of body 1 are shown in Fig. 2. During this
reorientation, the gimbal anglesmust undergo large changes between
two extreme values. This introduces a large degree of nonlinearity
into the system during these periods of rapid transition. The system
moment of inertia undergoes a large change in its off-diagonal
values. The principal eigenvalues and eigenvectors also experience
large changes. As a result, the EKF is not able to retain accuracy over
the course of the simulation. Although this behavior is not observed
for every type ofmaneuver, it is an important case because it displays
the strength of the UKF even in the face of large changes in system
behavior (as long as these are modeled). The orbit of the spacecraft is
elliptic, with angular velocities ranging between 4 � 10�4 and
7 � 10�4 rad=s. The errors experienced by the EKF during the
maneuver can be as high as 10% of the actual angular velocity. This
type of error leads to chatter and possibly even loss of control of the
spacecraft and is therefore unacceptable. This motivates the use of
the UKF for the feedback scheme.

B. Full System Response

In this section, we demonstrate the response of the UKF when
it is also required to estimate the gimbal angles and rates of the
system. The problem of estimation of the gimbal rates and angles
presents an added difficulty because many of the inertia terms and
distance vectors in Eqs. (11) and (16) depend on them. When the
gimbal angles are not being estimated, they can be treated as an
input and the linearization used by the EKF is straightforward.
Including the gimbal angles in the state vector makes the
linearization required by the EKF a very painful process. This could
be alleviatedwith the use of a numerical linearization scheme, but the
implementation of this requires n (or more) recalculations of the
derivative vector f. In terms of number of computations, this is nearly
equivalent to the propagation of half of the sigma points required by
the UKF (on the order of n2) when using a first-order Euler
integration. In addition, there is still the propagation of the
covariance matrix. The ability of the UKF implementation to

perform without requiring linearization makes it an attractive choice
for situations such as these. As a result, this section details only the
UKF implementation.

The state estimator is required to determine the spacecraft attitude,
the angular velocity of body 1, the gimbal-angle rates and gimbal
angles from measurements of the spacecraft attitude, and gimbal-
angle and rate measurements. These are all assumed to be noisy
measurements and are assumed to be on the same update frequency.
These state estimates will be used to implement a feedback control
scheme that is capable of achieving pointing objectives for both
bodies.

The following set of figures will display the results of this
simulation. Figure 3 shows the error between the real and estimated
quaternion, as well as the error between the real and estimated
angular velocity of body 1. The 3 � � bounds in these figures are
shown for the smallest of the three variables, to reduce clutter. The
values were nearly identical in all the cases tested. The filter
convergence occurs within 0.1 orbits. The convergence is not as fast
as that observed when the gimbal angles were assumed to be known.
This is a result of the addition of more complexity to the filter.
Figure 4 shows the error response of the gimbal angles and rates. The
accuracy of these values is important becausemany of the parameters
in the feedback control law (such as the inertia tensor) depend upon
the gimbal angles. If the estimates of these values are inaccurate, then
the control will not be able to converge accurately, due to errors in
parameter values.
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Figure 5 demonstrates the convergence of the control law. The
system is given an initial tracking error and is required tomaneuver to
the desired attitude over the course of one orbit. Figure 5
demonstrates the ability of the control law to achieve accurate
tracking even when state feedback information is provided by a state
estimator instead of from actual state measurements. The figure
depicts the convergence of the hub to the desired LVLHpointing and

the tracking error of the gimbal angles with respect to their desired
values. The gimbal-angle tracking error iswithin�0:5 deg. Figure 6
shows the gimbal-angle values throughout the maneuver. The
gimbal angles are required to vary over a large range throughout an
orbit. Figures 5 and 6 show that the tracking error in the gimbal-angle
response occurs at points at which the gimbals are required to
undergo a large change in value very quickly. This is particularly true
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Fig. 9 Comparison of theoretical and Monte Carlo covariance eigenvalues 7–10.
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Fig. 8 Comparison of theoretical and Monte Carlo covariance eigenvalues 4–6.
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Fig. 7 Comparison of theoretical and Monte Carlo covariance eigenvalues 1–3.
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of �1. The inertia tensor and the total center of mass vector undergo
large changes with respect to �1 when the �2 gimbal has a larger
value. Comparing Figs. 5 and 6 shows that the errors also occurwhen
the �2 gimbal attains its maximum and minimum values. This also
occurs when the �1 gimbal rate is at a maximum. These gimbal-angle
and gimbal-rate conditions result in the behavior of the system
becoming “more nonlinear.” Figure 4 demonstrates that these
gimbal-angle and gimbal-rate requirements also have effects on the
performance of the UKF. These figures demonstrate the success of
the UKF in performing accurate state estimation for a complex
nonlinear dynamic system. Furthermore, it demonstrates the ability
of the UKF to be successfully used in a feedback control scheme.

To verify that the filter is performing accurately, we consider the
covariancematrix as estimated by the filter and the covariancematrix
as estimated by Monte Carlo simulation. These matrices should be
very close to one another (if the UKF is estimating properly). The
Monte Carlo covariance estimates at each time step are obtained by
first finding the error between the real and estimated states at each
time step tk. These are then used to find the covariance matrix by
using the following:

P mc�tk� �
1

Nmc

XNmc

i�1
~x�tk� ~x�tk�T (41)

where ~x is the error between the real and estimated states and Nmc is
the number of simulations used in theMonte Carlo test. Each of these
simulations is computed using different random initial conditions.
As a comparison of the Monte Carlo and estimated covariances, we
look at the eigenvalues of each of these covariance matrices. The
eigenvalues of the matrices give some measure of the size of each of
the ellipsoids defined by each of the covariance matrices. Although
these do not give any orientation information, they can at least help
determine if the UKF is accurately representing the size of the
covariance ellipsoid. Figures 7–9 show the time evolution of
eigenvalues of the covariance matrices. Eigenvalues 1–3 closely
correspond to the error quaternion states. The eigenvectors for these
values lie almost completely in the space spanned by the error
quaternion states. Eigenvalues 4–6 correspond almost exclusively to
the angular velocity states, eigenvalues 7–8 correspond to the
gimbal-angle states, and eigenvalues 9–10 correspond to the gimbal
rates. Although the eigenvalues are not identical, they are within the
same order of magnitude in all cases, and their behavior matches
relatively well. The theoretical values are conservative, but this is to
be expected for numerical simulation. These results show that the
filter is performing accurately and that the results obtained are
characteristic of the filter behavior.

V. Conclusions

This Note presented the design of a state-estimation and feedback
control scheme for a multibody satellite in an elliptic orbit about the
Earth. The satellite is composed of two bodies. One body of the
satellite must maintain a fixed pointing attitude with respect to the
LVLH frame and the other must maintain sun-pointing. The
feedback control scheme requires information about each system
state, but the satellite does not use gyroscopes for angular velocity
measurement. An unscented Kalman filter is used to determine the
angular velocity of the primary body for use with the feedback
control law, as well as to reduce the noise levels in the signals. An
example is presented that demonstrates the ability of the UKF to
accurately estimate states in the presence of nonlinearity when the
EKF is unable to maintain accuracy. For this reason, the UKF is used
to provide state estimates for the nonlinear feedback control. The
performance of the unscented filter is analyzed for the case when the
attitude of the hub and angular velocities of both the bodies are

estimated. The complexity of this problem renders it ideal for the
implementation of the UKF because it does not require linearization
of the system.
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