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This paper considers cooperative path planning for aerial munitions during the attack phase of a mission against
ground targets. It is assumed that sensor information from multiple munitions is available to refine an estimate of the
target location. Based on models of the munition dynamics and sensor performance, munition trajectories are
designed that enhance the ability to cooperatively estimate the target location. The problem is posed as an optimal
control problem using a cost function based on the variances in the target-location estimate. These variances are
computed by fusing the individual munition measurements in a weighted least-squares estimate. Solutions to the
problem are found using a direct-shooting method. These solutions are compared with trajectories developed by an
alternative suboptimal feedback-guidance law. This feedback law produces solutions with far less numerical expense
and with a performance very close to the best known solutions. The reduction in target-location uncertainty
associated with these trajectories could enable the attack of targets with greater precision using smaller, cheaper

munitions.

L.

ESEARCH is in progress on the cooperative control of air

armament designed to detect, identify, and attack ground
targets. One class of this type of armament is wide-area search
munitions, which can be deployed in an area of unknown targets.
Current development is focused on possibilities of enhancing
munition capabilities through cooperative control. This paper
presents a new concept for developing trajectories that enhance
munitions’ capability to cooperatively estimate target locations. The
concept uses a second munition in the local battle area to help
improve the target-location estimate during an attack. After the attack
is completed, the second munition can continue its own mission.
Although many guidance methods do not require full knowledge of
the target state, an accurate estimation of the target location can be
important for reasons such as impact-angle shaping.

The tasks of intercepting a chosen target and estimating the
target’s location can represent competing requirements in the path
planning of a munition. In a general sense, the problem posed here is
to plan a path to a target while simultaneously estimating that target’s
location. This can be considered a simultaneous-localization-and-
planning (SLAP) problem. Whereas SLAP problems can be studied
for a single agent, many interesting behaviors emerge when coopera-
tive agents are considered.

Important work exists in the literature on the two related problems
of cooperative search [1-3] and the design of optimal trajectories for
single observers [4—12]. Much of the work in optimal trajectories has
focused on bearings-only measurements of a target, often related to
sonar applications. Speyer et al. studied homing-missile trajectories
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to improve missile—target relative-state estimation in the presence of
radar glint [4]. Fawcett investigated the impact of maneuvers on the
Cramer—Rao lower bound for the target-state estimate [6]. Frew and
Rock investigated a method to minimize a measure of the estimate
error covariance [11].

Other works, by Grocholsky [13] and Ousingsawat and Campbell
[14], have combined these features in the study of optimal trajec-
tories for cooperative observers. These works have focused on the
reconnaissance of a target, relating the performance index to the
quality of the target-location estimate at the end of the mission or a
time interval. The work presented here differs from those previous
works by focusing on cooperative attack rather than cooperative
reconnaissance. Distinguishing features of the current work include
fixed boundary conditions, a free final time, and a cost function that
encourages reduction in uncertainty early in the mission.

Several related topics have also been studied that capture aspects
of both cooperative search and trajectory design. Dohner et al. used a
Lyapunov approach to drive a vehicle swarm to an uncertain target
location while simultaneously maintaining swarm spacing to ensure
observability of the target [15]. Passino et al. developed a distributed
cooperative search algorithm in which decisions were made to
minimize a cost function representing several subgoals, such as
covering areas of large uncertainty and minimizing overlap with
other agents [16]. It is noteworthy that the problem considered in this
paper, trajectory design to enhance target-location estimation, is in
some ways the dual of another problem that has received consid-
erable attention, that is, trajectory design to minimize detection by an
enemy radar [17-20]. Pachter et al. considered another related
problem that used cooperative vehicles to project phantom tracks to
an enemy radar [21,22].

This paper extends the field of optimal observer trajectories to the
cooperative-attack application. The other main contribution of this
paper is the development of a suboptimal feedback-guidance law for
cooperative path planning. The motivation for this approach is to
capture the properties of the optimal trajectories with a guidance law
that can be used in real-time implementation. In the following
section, models for the munition motion and sensor performance are
presented, and the SLAP trajectory design is posed as an optimal
control problem. Next, two different solution methods are presented:
direct shooting and suboptimal feedback guidance. Finally, the
performance of a target-location estimation algorithm is evaluated
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along the SLAP trajectories and compared with alternative
trajectories.

II. Problem Description

The following developments will describe a problem involving
two munitions and one target in a two-dimensional plane. A
generalized form of the problem, however, could include larger
numbers of targets and munitions in three dimensions. The state of
each munition is given by its position in two-dimensional space,
x,=[x; y;]"and x, =[x, ¥,]". A constant-speed kinematic
model is used to describe the motion of the munitions. The heading
angles of the munitions are ¥, and V,, and the speed of each
munition is v.

X,=vcosy,, X,=vcosy,, Yy, =vsiny;, y,=vsiny,
ey
x; =1f,(¥). ief{l,2} @

Here, the heading angles are treated as control variables.
Additionally, each munition is considered to carry a sensor that is
capable of measuring the target location in the xy plane. Again, the
end goal will be to design trajectories that improve the estimation of
the target location. Therefore, a model is needed for the sensor
measurements and their uncertainties. The target’s position is
described by x; =[x; yr]|’. The measurement of this target

location by each munition, Z, =[X;; Jr,;]' and
Z, =[%r, 721", is modeled as follows:
X =xr +w,1(0,0,), Xro =x7 +w,5(0,0,,) 3

yra=yr +w,;(0,0,,), Vro=yr +w,,(0,0,,)

The measurement errors from the first munition are assumed to be
independent of the errors from the second munition. The x and y
measurement errors from each individual munition, however, are
treated as correlated Gaussian random variables with 0 mean and
standard deviations of o, and o,;, where i € {1,2}. It is these
uncertainties that will drive the trajectory design, and they can be
selected to model a particular sensor design.

The error in the target-location measurements from an individual
munition is treated as following a O-mean jointly-Gaussian
distribution that is uncorrelated in the downrange and cross-range
directions, relative to the true target and munition locations. The
errors in these directions, w,;(0, 0,;) and w,;(0, 0..;), can therefore
be treated as independent Gaussian random variables. The standard
deviations in the downrange and cross-range directions are modeled
as functions of the range from the munition to the target:

04:=0.1r;, 0., =0.01r; “4)
This models a sensor that is more accurate when close to the target
and more accurate in the transverse direction than in the radial
direction. Although Eq. (4) is a general model, it is motivated by the
characteristics of vision sensors. The uncertainty in the measurement
of the target location by the ith munition is illustrated in Fig. 1.

From the downrange and cross-range variables, the errors and the
covariance matrix in the x and y coordinates can be found:

Wy, | | cos®; sinG; || wy;
[wy,,-]_[—sinei cos@i][wa,—] ©)

2
O.: Oy,
X1 xy,i
P =
2
Oxy,i Uy.i

cosf; sin6; |[ o3, O cosf; —sinb; ©
| —sin 0; cosb, 0 o2, || sinf;, cosé,

c,

(x; 7)',')

Fig. 1 Measurement of the target by the ith munition and the associated
error probability ellipse.

Here, 0, is the bearing angle of the target relative to the ith munition.
The range and bearing angle for each target-munition pair are
computed as follows:

ry= \/(xT - xi)2 + (7 — yi)2 @)

6, = tan' ((yr — y,)/ (xr — x;)) (8)

The significance of Eq. (6) is that it models the quality of the
measurements from the ith munition based on its position relative to
the target.

The measurements provided by both munitions can be fused into a
single instantaneous estimate of the target location. This is done
using a weighted least-squares estimator (WLSE) [23,24]. The
measurements of the target location from each munition are grouped
into a measurement vector: Z={[X;, ¥7, X7, ¥ro]'. This
produces a linear measurement model in terms of the target location:

z =Hx; +w 9)

1 o1 0]
H = [O 1 0 1] ’ W= [wx.l wy.l Wy wy.Z ]T
(10)

Here, w is the vector of measurement errors. The covariance of this
error vector is given by arranging the covariances from each

munition:
Py 0
R = [ 0 Pz] 11

The instantaneous WLSE of the ith target location and the associated
covariance are given as follows:

%,=(HTR'H)"'H'R"'Z (12)
P =(HR'H)"' (13)

Considering the first of Egs. (10), the WLSE reduces to the
following:

o X _ T . 1=
XT:|:5};i|:(P11+P21) l(Pllzl“‘lezz) (14)
More important for the current purposes, the covariance of this
combined estimate is related to the individual covariances of the
measurements from each munition:

_ U)% ny _ —1 —1)—1
P_[U’W of]_(Pl +P;h) (15)
The covariance P now models the quality of the combined target-
location estimate based on the positioning of the two munitions
relative to the target. For cases with more than two munitions, similar
expressions can be developed combining the measurements of each
of the munitions. Additionally, for cases with multiple targets,
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corresponding expressions can be used for the covariance of each
target-location estimate.

The task of designing trajectories for the munitions to enhance the
estimation performance can now be posed as the following optimal
control problem. Consider the state vectorx =[x, y; X, y»]|.
The heading angles of the munitions can be organized into a control
vector: u = [y, v, ]". The state vector evolves according to the
state equation found by grouping Eq. (2): x = f(u) = [fTf]]". For
boundary conditions, the initial positions of the munitions will be
considered a given, and the final position of munition 1 is required to
be the target location:

x(tp) = xr, yilte) =yr (16)
The final position of munition 2 is free.

The goal will be to find the trajectories that minimize the following

cost function, which is based on the WLSE covariance:

U3
J= / (02 + 02)dt (17
0

The variances of each target location are functions of the states
describing the munition configuration. Clearly, this cost function
emphasizes the uncertainty over the entire trajectory. Previous works
have used performance indices related to the uncertainty at the end of
the trajectory or a specified interval [13,14]. Compared with those
alternative indices, the cost function used here encourages reduction
in uncertainty earlier in the trajectory. It is also noted that other cost
functions could be based on the determinant or other metrics of the
covariance matrix.

The above conditions have not accounted for limitations in the
field of view of the vehicle sensors. This assumes either a sensor that
has an unlimited field of view or is gimbal mounted to view a target
regardless of the vehicle orientation and heading. A sensor that is
fixed mounted on the vehicle, though, may only offer a limited field
of view relative to the vehicle heading. In this case, a hard constraint
can be enforced on the trajectory of the ith munition to keep the target
in view. The field-of-view angle is labeled 2¢ and is illustrated in
Fig. 2.

Two inequality constraint functions can be enforced to keep the
target in the field of view of the ith munition. For example, the
following constraints keep the target in the field of view of
munition 1:

=y -0 —¢=0, o=-¢,+60,-¢=<0 (18)
Note that the bearing angles are functions of the states and the
heading angles are the controls.

Based on this description, the optimal control problem is posed to
solve for ¥, (1), ¥,(1), and ¢ to minimize Eq. (17) subject to Egs. (2),
(16), and (18) (unless neglected) and given initial conditions. This
problem is nonconvex. Equations (16) (integrations of the nonlinear
state equations) are nonlinear functions of v, (¢). Additionally, the
numerical integration of Eq. (17) for constant heading angles and
several candidate values of tr shows that the cost function is
nonconvex with respect to the final time, even though these candidate
trajectories do not necessarily satisfy the boundary conditions [25]. It
is noteworthy that these features associated with the attack problem,

Fig. 2 Heading angle, field-of-view half-angle, and bearing angle of the
ith munition relative to the target.

free final time and fixed boundary conditions, are contributing
factors to the nonconvexity of the problem.

For cases with more than two munitions or more than one target,
the terminal conditions could be specified by prechosen target—
munition attack pairings. The final states for any munitions not
assigned a target would be free. For multiple targets, the cost function
could be augmented by summing the additional variances from their
target-location estimates. For complex scenarios with many targets
and munitions, difficulty may arise in the application of the field-of-
view constraints. It may be desirable to let targets pass in and out of
the field of view of some munitions.

For any scenario, the solution of the problem produces munition
trajectories designed to reduce the uncertainty in the target-location
estimates. Note that, in a real implementation, the use of the true
target positions as boundary conditions would not be possible. These
must be estimated, which is the motivation behind the problem in the
first place. Here, though, the true locations are used to illustrate the
concept and potential benefit of these trajectories.

In the following sections, two different solution methods are
presented along with several illustrative examples. In each example,
munition 1 is assigned to attack the target and munition 2 is free to
assist in the estimation of the target location. A munition speed of
v = 300 ft/s and a half field-of-view angle of ¢ = 45 deg are used.

III. Solution by Direct Shooting

In a previous work, the solution to the aforementioned optimal
control problem by the indirect method was considered [26]. That
method introduced the costates for the problem and derived the
associated costate equations from the necessary conditions for an
optimal solution. The initial values of the costates were then
numerically found using the fsolve package in MATLAB®. In this
section, the solution by a direct-shooting method will be described.
The problem is converted to a discrete optimization problem by
assuming the controls are piecewise constant. The total mission time,
tr, is divided into ten equal increments. This defines ten switching
times, including the initial time, at which the munition heading
angles are adjusted: #; = (i — 1)t/10. The heading angles of the
munitions are held constant over each increment. The resulting
optimization problem, therefore, has a dimension of 21: ten heading
angles for each munition and the final time.

Given a candidate solution, the state equations can be solved
analytically (due to the choice of piecewise constant controls) and the
boundary conditions can be evaluated. Additionally, the cost
function can be evaluated with arbitrary accuracy through numerical
integration. For the version of the problem applying field-of-view
constraints, the original continuous constraints were discretized by
applying them only at the beginning of each time increment:

ci=vY1(t) —60,(t) —¢ =0,

Civio=—Y1(t) + 0,(1;) —¢ <0,

Ciyao = Va(t;) — 62(1;) —p < 0,

Cipzo=—Yo(t) +0,(t;) —9p <0 fori=1,...,10

19)

The constrained optimization problem was solved using a
sequential quadratic programming approach with the fmincon
package in MATLAB®. Figure 3a shows the resulting trajectories
for initial conditions of x;(0)=0ft, y,(0)=-2000 ft,
x,(0) =100 ft, and y,(0) = —2000 ft. The target is located at
xp = yr = 0 ft. Neglecting any field-of-view constraints, this is
referred to here as problem 1. The marks along the trajectories in the
figure indicate the 10 switching times #;. The converged solution has
acostofJ = 1.597 x 10* s - ft>, as shown in Table 1, and a final time
of t; = 8.194 s. These trajectories are very similar to the solution
obtained for this problem by the indirect method in [25], and the cost
is within 0.27% of that solution. The cost associated with the indirect
solution is also shown in Table 1 for comparison.

Munition 1 intercepts the target at ¢ as required by the boundary
conditions, but munition 2 also approaches the target very closely.
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Fig. 4 Direct-shooting trajectories: a) problem 3, and b) problem 4.

Intuitively, this is because the measurement errors from either
munition are reduced as the munition closes the range with the target.
Instead of traveling directly to the target, however, both munitions
sweep out in the d=x directions near the initial time. This gives the
munitions differing perspectives on the target, allowing them to
compensate for the relatively large downrange errors in each other’s
measurements.

In the trajectories for problem 1, both munitions sweep out
aggressively such that the target would be out of their fields of view
during the initial stages of the trajectories. To correct for this,
problem 2 is posed to enforce that both munitions keep the target
within view. Problem 2 is identical to problem 1 in all other aspects.
The converged solution for this problem results in J = 1.675 x
10* s - ft*> and ¢ = 7.874 s, and the corresponding trajectories are
shown in Fig. 3b. The trajectories found here are qualitatively
different than the indirect solution found for this problemin [25]. The
current trajectories are more symmetric than the solution in [25].
Additionally, the cost found here is almost 1.4% lower than that
solution, indicating that the indirect solution was only a local
optimum. It is further noted that the direct method converges to a
solution similar to the indirect solution for initial guesses in the
neighborhood of that solution.

Next, a different initial condition can be considered with
munition 2 moved to an initial position of x,(0) =0 ft and

v,(0) = 2000 ft. Instead of starting near munition 1, munition 2 now
starts on the opposite side of the target relative to munition 1. The
resulting trajectories are shown in Fig. 4a as problem 3. The cost for
these trajectories is J = 1.897 x 10* s - ft*> and the final time is
tr = 8.323 5. The trajectories for the two munitions are nearly
symmetric about the x axis. Similar to problem 1, the munitions
sweep to the side to obtain differing viewpoints before closing in on
the target. The cost found here is within 0.24% of the solution found
by the indirect method [26].

The solution for these initial conditions when applying the field-
of-view constraint is shown as problem 4 in Fig. 4b. The cost
associated with this solution is J = 1.993 x 10* s - ft> and the final
time is 7, = 7.884 s. Again, these trajectories are qualitatively
different than the solutions found in [25], as they are more symmetric
about the x axis. Additionally, the cost is 1.4% lower than the
solution found by the indirect method, indicating that solution was
only a local optimum.

IV. Suboptimal Feedback Solution

The example optimal solutions in Sec. III illuminated two
behaviors. These optimal trajectories attempted to close the distance
from the munitions to the target and maneuvered the munitions
toward orthogonal perspectives of the target. These behaviors are

Table 1 Costs in s - ft? for sample problems

Method Problem 1 Problem 2 Problem 3 Problem 4
Indirect 1.593 x 10* 1.698 x 10* 1.893 x 10* 2.022 x 10*
Direct shooting 1.597 x 10* 1.675 x 10* 1.897 x 10* 1.993 x 10*
Feedback guidance 1.594 x 10* 1.693 x 10* 1.894 x 10* 2.017 x 10*
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Fig. 5 Relative angle between munitions’ lines of sight: a) for two

possible locations of munition 2, and b) for various locations of
munition 2.

intuitively consistent with the sensor model and cost function used in
the problem statement. The identification of these trends, however,
motivates the development in this section of a feedback-guidance
law that reproduces these behaviors.

The identified behaviors can be expressed in the following
suboptimal feedback-guidance laws.

Y, =0, + k,(8) sin(§ — r/2)
Yy = b6 — ky(6) sin(é — 7/2)
where § = 6, — 6, (mod ) (20)

The angle § is the relative angle between the munitions’ lines of sight
and is illustrated in Fig. 5. In the guidance law for each munition, the
two terms correlate to the two identified behaviors: the 6; term guides
the munition toward the target, closing the range, and the term
proportional to sin(§ — 7/2) maneuvers the munition to a
perspective orthogonal to the other munition. Setting k, # k,
allows one munition to be more responsible for the perspective
maneuvering; however, the examples in this work will consider
ki = ky = k(8) > 0. Establishing the guidance law in Eq. (20)
reduces the problem to choosing the relative importance of the two
behaviors, that is, selecting the gain k(8). This gain is written in
general as a function of § to allow the weighting to vary with the
relative angle.

Before illustrating the use of Eq. (20), it will be demonstrated that
the trajectories generated by the feedback guidance are guaranteed to
intercept the target. The desired condition for munition 1 to strike the
target can be expressed as (x; —xy) = (y; —yr) = 0. It will be
convenient, however, to describe the evolution of the system in terms
of polar coordinates:

ri= (i —xp)* + (i —yr)? x; —xp = —r;cosb;
2D
0; = tan™! (:;71)“;) Vi — yr = —r;sin 6,
0 . : :
N ——munition 1
. |- - ~munition 2
\ | o targeti
-5001 N
\\
\
= \
= 1000} \
> 1
1
I}
1
-15001 K
-2000——= : - . .
-1000 -500 0 500 1000

x (ft)
a)

In these coordinates, the behavior of r; will be investigated. The
range rate is taken considering the equations of motion in Eq. (2):

= /) —xp)x + () — yp)y] = —veos(y, — 6,) (22)
Next, the guidance law in the first of Eqs. (20) is substituted:
71 = —vcos(k(d) sin(§ — 1/2)) (23)

Because —1 < sin(6 — 7/2) < 1, ; <0 for any value k() < 7/2.
Simulation has shown that larger values of k can indeed drive the
system to be unstable. It is noticed, however, that for values of k near
7/2, 7, approaches 0 as § approaches 0 or 7. Because trajectories that
asymptotically spiral toward the target are undesirable, this condition
will be further investigated.

The equation of motion for the angle 6; is given by the following:

éi = (v;/r;) sin(0; — ¥;) (24)

The undesirable condition of spiraling trajectories would give a
bearing angle that is continually changing. Equation (24) shows,
however, that the bearing angle is constant for ; = 6;,. From
Eq. (20), this condition is satisfied when § = /2. The equation of
motion for § can be used to show that § = /2 is a globally
asymptotically stable equilibrium point.

Substituting the guidance law gives the following expression for &:

§ = (v,/r,) sin(—k(8) sin(§ — 7/2))
— (vy/ry) sin(k(8) sin(é — 7/2)) (25)

The Lyapunov function V = (§ — 7/2)? is chosen. It is seen that V
equals 0 at§ = /2 and V < 0 for all other values of §. Therefore, the
trajectories generated by the feedback guidance will asymptotically
converge to configurations with § = /2 and constant bearing
angles.

The performance of the feedback guidance will now be evaluated
by applying Eq. (20) to problems 1 and 2. The feedback performance
could be tested using a rigorous search for the optimal form of k, but
here a form for k was selected through judicious tuning. For
problem 1, a form of k(§) = 1.21|sin(§ — 7/2)| was chosen. This
nonlinear gain gives greater emphasis on the perspective
maneuvering when § is near 0 or 7 and reduced emphasis as &
approaches 7r/2. This gain satisfies the stability condition because
k(8) < m/2 for all values of 6. The resulting trajectories are shown in
Fig. 6a. The resulting costisJ = 1.594 x 10* s - ft? and the final time
is 1 = 8.051 s. Although suboptimal, the cost here is within 0.05%
of the cost found using the indirect method.

Applying field-of-view constraints to the feedback-guidance law
is accomplished in a straightforward manner by placing bounds on
the second term of Eq. (20). Note that such bounds do not invalidate
the interception guarantee already demonstrated, because they do not

0 . . :
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*y{ o target1
-500( N
—_ \‘
£ _1000} '
> 1
!
7
-1500} /!
~2000— : — :
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Fig. 6 Feedback-guidance trajectories: a) problem 1, and b) problem 2.
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change the sign of Eq. (23). For the solution of problem 2, the choice
of k = 0.95 # k(§) generates the trajectories shown in Fig. 6b. The
associated cost is J = 1.693 x 10* s-ft> and the final time is
trp =7.757 s. This cost is within 1.1% of the cost found using the
direct-shooting method.

Problems 3 and 4 can also be investigated using the feedback
guidance with the same gain settings as problems 1 and 2,
respectively. The resulting trajectories are shown in Fig. 7. For
problem 3, the cost is J = 1.894 x 10* s - ft? and the final time is
tr = 8.151 s, which is within 0.07% of the cost found using the
indirect method. For problem 4, the cost is J = 2.017 x 10* s - ft?
and the final time is 1 = 7.797 s, which is within 1.2% of the cost
found using the direct-shooting method.

These results show that the feedback-guidance law can be tuned to
obtain a performance very close to the best known solution for some
particular problems. A main benefit of the feedback law is that it can
be used to quickly generate trajectories for various initial conditions.
Implementation only requires the evaluation of Eq. (20) at each time
instant. Good performance can be achieved for a large variety of
initial conditions with a single gain value. Figure 8 demonstrates
trajectories generated by feedback guidance with & = 0.95 and the
field-of-view constraints enforced for a selection of different initial
conditions.

V. Estimation Performance

The impact of the SLAP trajectories on the target-location
estimation can now be evaluated. Although the trajectories were
designed using a cost function based on the variances from a
continuous WLSE algorithm, the estimation performance will be
evaluated using a recursive weighted least-squares estimation

(RWLSE) algorithm with discrete measurement updates. First, the
algorithm will be operated for a single munition following a
trajectory from the initial condition straight to the target location
(STT trajectory). Second, the estimation is performed for two
munitions both following STT trajectories. Finally, the algorithm is
implemented using two munitions following the field-of-view
constrained feedback-guidance trajectories presented in Sec. IV. In
each case, noisy measurements were simulated using the
measurement model in Eq. (4).

The munition sensors were assumed to collect measurements of
the target location at a rate of 10 Hz. The RWLSE algorithm operated
as follows to determine the estimate and the uncertainty at the kth
time step [23,24]. The current estimate is computed as follows:

K;=P_ H'(HP,_ H" +R)"' (26)

7 =% + Ky (@, — HE", 27

The current covariance matrix is computed as shown:

2
PF[% %ﬂ=@a+Mme' (28)

2
Oxy.k Uy,k

To compare the estimation performance along the different
trajectories, the area of the 1o uncertainty ellipsoid in the target-
location estimate can be used as a metric. At the kth time step, this is
given by the product of & with the square root of the product of the
eigenvalues of P,. In particular, the ellipsoid size at (1 — 2) s will be
highlighted. Although 7 is different for each trajectory, at this point
in time munition 1 is roughly 600 ft from the target.

Using the initial condition of x, (0) = 0 ft and y,(0) = —2000 ft,
the STT trajectory has a flight time given by ¢ = 6.67 s. Using a
single munition on an STT trajectory, at (£ — 2) s the 1o uncertainty
ellipse has an area of 81.5 ft?, as shown in Table 2. For x,(0) =
100 ftand y,(0) = —2000 ft, adding measurements from munition 2
on an STT trajectory reduces the uncertainty to 39.7 ft>. When the
two munitions follow the SLAP trajectories shown in Fig. 6b,
however, the area is reduced to 8.0 ft2.

The error histories for a sample simulation with noisy
measurements and 3o error bounds (+30, , and +30, ) generated
by the RWLSE algorithm are shown in Fig. 9. Figure 9a shows the

Table 2 Uncertainty ellipsoid areas in ft?
at (fx — 2) s for sample problems

Method Problem 2 Problem 4
STT: single munition 81.5 81.5
STT: two munitions 39.7 40.8
SLAP: two munitions 8.0 8.3
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Fig. 9 Estimation errors with x,(0) = 100 ft and y,(0) = —2000 ft: a) STT, and b) SLAP trajectories.
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Fig. 10 Estimation errors with x,(0) = 0 ft and y,(0) = 2000 ft: a) STT, and b) SLAP trajectories.

errors in the x and y estimates of the target location using the STT
trajectories. Figure 9b show the errors using the feedback-guidance
trajectories. Clearly, both trajectories give a similarly good
performance in estimating the x component of the target location, but
the SLAP trajectories provide much better estimation of the y
component.

Moving munition 2 to the initial condition of x,(0) =0 ft and
¥,(0) = 2000 ft obviously does not change the results when only the
measurements from munition 1 are considered. For the cases with
two munitions, however, the uncertainty areas at (f; —2) s are
40.8 ft* for the STT trajectories and 8.3 ft? for the SLAP trajectories.
For these initial conditions, the error histories for a sample simulation
with noisy measurements and 30 error bounds generated by the
RWLSE algorithm are shown in Fig. 10.

These results give an indication of the impact of trajectory design
on estimation performance. Significantly, for either initial condition,
adding a second munition to help in the target-location estimation
without paying attention to trajectory design improves performance
to approximately half of the uncertainty achieved with a single
munition. Careful use of the SLAP trajectories, however, further
reduces the uncertainty to less than one-quarter of what is achieved
using the STT trajectories. The SLAP trajectories benefit both from
being delayed, which allows collection of more measurements, and
from their paths, which improve the quality of the measurements.

VI. Conclusions

The results in Sec. V demonstrate the impact that careful trajectory
design can have on target-location estimation. Adding a second
munition when following straight-to-target trajectories does
significantly improve estimation performance. The use of the

simultaneous-localization-and-planning trajectories, however, re-
veals further improvement. Furthermore, the complexity and cost of
the second munition and communication between the two has
already been accepted in taking the first step. The second step of
following the simultaneous-localization-and-planning trajectories
only requires careful trajectory design.

The development of a feedback-guidance approach brings the
concept of cooperative attack closer to realistic implementation. The
suboptimal feedback only requires evaluation of the guidance laws at
each time step without the numerical search for solutions required by
indirect and direct solution methods to the optimal control problem.
Additionally, the demonstrations of global stability and excellent
performance indicate strong potential for the feedback-guidance
approach.

Improvements in estimation performance such as those
demonstrated here could have a significant impact on munition
design and cost. More accurate target-location estimation could
allow for more accurate strike capability or the ability to attack
targets that are difficult to detect. It is anticipated that the reduction in
uncertainty early in the trajectory could be critical for the precision
strike of these difficult targets; however, further work is needed to
demonstrate the impact of these estimation enhancements on
guidance and control performance. Combined, these effects could
enable the use of smaller, cheaper munitions against targets in
cluttered environments while limiting collateral damage.
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