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I. Introduction

LTHOUGH the research on unmanned aerial vehicles (UAVs)

goes back to the last decade, the UAV control has a rich
literature with different control techniques. Conventional approaches
to UAV flight control involve dynamics linearization about a set of
preselected equilibrium conditions or trim points. Then, many linear
control techniques, such as proportional integral derivative or linear
quadratic regulator controllers, can be applied. However, these ap-
proaches suffer from performance degradation when the aircraft
moves away from a design trim point. Hence, gain scheduling is
usually required to obtain acceptable performance. The main draw-
back of this approach is the severe tradeoff between control perfor-
mance and the number of required trim points.

To overcome some of the limitations and drawbacks of the previ-
ous linear approaches, a variety of nonlinear flight control techniques
have been developed. Among these, feedback linearization [1],
model predictive control [2], dynamic inversion [3], adaptive control
[4], robust control [5], backstepping [6], and nested saturation [7]
techniques have received much of the attention and showed great
promise. In actual flight and aerospace applications, the separate
inner- and outer-loop approach is more commonly taken because it is
usually simpler and results in good flight performance. In designing
these practical controllers, the conventional conceptual separation
between the position (outer loop) and the orientation (inner loop) is
made. Most existing inner- and outer-loop controllers suffer from the
lack of stability analysis and robustness with respect to model inver-
sion errors and coupling terms. Our objective is to design a multiple-
input/multiple-output nonlinear flight controller that performs well
in practice while ensuring the asymptotic stability of the closed-loop
system.

In this Note, we present the main steps for designing a hierarchical
flight controller using the inner- and outer-loop control scheme. The
proposed control system is based on the nonlinear model of rotorcraft
UAVs and considers a system’s nonlinearities as well as coupling
between the rotational and translational dynamics. By exploiting its
structural properties, the standard mathematical model of rotorcraft
UAVs has been transformed into two cascaded linear subsystems that
are coupled by a nonlinear interconnection term. Partial passivation
design has been used to synthesize control laws for each subsystem,
thereby resulting in an outer loop with slow dynamics that controls
the position and an inner loop with fast dynamics that controls the
orientation. The asymptotic stability of the entire connected system is
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proven by exploiting the theories of systems in cascade. The resulting
nonlinear controller is thus easy to implement and tune, and it
guarantees the asymptotic stability of the closed-loop system.

II. Nonlinear Hierarchical Controller:

Design and Stability

The dynamics of small and lightweight rotorcraft UAVs such as
the quadrotor helicopter can be represented by the following mathe-
matical model [7,8], in which rotor dynamics, gyroscopic effects,
and blade flapping can be neglected because they do not affect the
overall dynamics of the system:

1
~uRe, — ge,

{ £= M
M@)ij + COp. i = W)t

&= (x,y,z) and n = (¢, 0, ¥) are the rotorcraft position and orien-
tation, respectively. # € R and 7 € R? are the applied thrust and
torque vector. The body inertia matrix is denoted by J € R** and the
mass by m € R. The pseudoinertial matrix M is defined as M(n)=
W(n)"JW(), and the matrix C is given by C(n, 1) = —W ()" J¥(n)
+W(n)sk(¥(n)n)JY(n). The sk operation is defined here from R? to
R¥3, such that sk(x) is a skew-symmetric matrix associated to the
vector product sk(x)y := x x y for any vector y € R>. R € R*>3 and
W € R¥3 are the rotation matrix and Euler matrix:

cOcyr  spsOcyr — cohsyr  cpsOcyr + spsyr
R=| cOsyy s¢psOsy + copcy  copsOsiyr — sy
—s6 spct copct
and
1 0 —sin 6
W) =0 cos¢p cosBsing
0 —sing cosBcos¢

where s(x) and c¢(x) are abbreviations for sin(x) and cos(x).

Controller design for nonlinear system (1), which is subject to
strong coupling, offers both practical significance and theoretical
challenges. In this Note, the control design for rotorcraft UAVs is
addressed by transforming nonlinear model (1) into two linear
systems coupled by a nonlinear term.

Because the attitude dynamics in Eq. (1) is a fully actuated mech-
anical system for 0 # kmr/2, it is exact feedback linearizable. In fact,
by considering the following change of variables

T=JYmT+Y'Co. 2
system (1) can be written in the following form:
% =Ly(cos¢sinfcos ¢ +singsiny), ¢=7,
¥ = Lu(cos ¢ sin fsin Y — sin pcos ¥), 6=1, 3)
Z=Lycosfcos¢— g, 1]}=f¢

Now we apply the backstepping principle to transform system (3)
into two subsystems in cascade. In contrast to the complexity of
standard backstepping approaches, the control strategy considered in
this Note is very simple and easy to implement and has been effective
in a very broad range of aerospace applications.

Let us first define a virtual control vector o € R? as follows:

w=T(u,¢g 04 V) = %MR(Q% 04.Va)e. — ge. “4)
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where (.): R? — R is a continuous invertible function. Physically,
the control vector p corresponds to the desired force vector. Its
magnitude is the thrust u produced by the rotors, and its orientation is
defined by the body attitude (¢, 6, ¥). ¢,, 0, and ¥, in Eq. (4) are
thus the desired roll, pitch, and yaw angles.

By recalling Eq. (4), the components of p are given by

o = Lu(cos ¢, sin 6, cos Y, + sin ¢, sin ¥,))
My = ";u (cos ¢, sin 6, sin Y, — sin ¢, cos Yry) (5)
M, =Lucosf,cospy— g

where (jiy, iy, jt,) are the force vector components along the
X-Y-Z axes that are needed for tracking some reference position
trajectory. These desired control inputs are computed by the outer-
loop controller. They are then used to compute the desired force
vector magnitude and orientation, (u,¢,, 0,;) = f*'(ux,p,y,p,z),
that is,

u=m¢@+wé+0h+gf

by = sin~! (m My SINYg—[Ly COS ‘//,1) (6)
o= (Hx COSUatpty sin gy

0, = tan (—M;+g )

The desired yaw angle v, is given by the user or by some high-level
guidance system.

Because the desired angles (¢, 6,, ¥,) are the outputs of the
orientation subsystem, they cannot be assigned or provided instan-
taneously. They are thus considered as reference trajectories for the
inner-loop controller. Therefore, we define the following attitude
error vector e = (e,,e;)" € R® such that e, =n—1, and
ey =1—1g-

Now, by replacing (¢.60,v) in Eq. (3) with (¢, + e, 0, +
eg, ¥, +ey) and exploiting some useful relations between
trigonometric functions, such as

{sin(a + b) = sin(a) + sin(b/2) cos(a + b/2) ™

cos(a + b) = cos(a) — sin(b/2) sin(a + b/2)

the rotorcraft translational dynamics (3) can be written in the
following form:
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The rotorcraft control problem is thus formulated as the control of
two linear subsystems that are coupled by a nonlinear term
A(u,ny4, e,). It can be controlled using partial or full passivation
design [9].

In partial-state feedback designs such as the one used here, the two
linear subsystems are controlled independently (u = a(x, ;) and
T = B(e,#,)). The problem is thus to stabilize the e subsystem
without destroying the global asymptotic stability (GAS) property of
the x subsystem. In this case, the interconnection term A(u, 14, e,))
acts as a disturbance on the x subsystem and must be driven to zero.
Such partial-state feedback designs are of interest because of their
simplicity, especially for implementation on physical systems.
However, it is difficult to prove the GAS property for the entire
connected system.

In full-state feedback designs, the interconnection term plays an
active role in controlling the x subsystem. In this case, the orientation
error e in Eq. (9) is treated as an additional input for the x subsystem.
This results in a relatively simple stability analysis, but at the expense
of the control law complexity.

In this Note, we consider the partial-state feedback design. The
control objective is thus to synthesize the control laws (x, &,) and
7(e, 1j,) such that the tracking errors y and e will asymptotically
converge to zero.

A. Control and Stability of Systems in Cascade

The idea behind the inner—outer-loop control scheme is to design
two independent controllers for the y and e subsystems without
considering the interconnection term A(u, 14, e,)). As mentioned in
the Introduction, this procedure simplifies the control design and
results in simple and efficient control laws. However, the stability of
the connected closed-loop system and its robustness with respect to
A(u,n,4, e,) have not been proven. Therefore, the main contribution
of this Note is the analysis of the controller stability and robustness
with respect to the interconnection and coupling term A(u, 74, €,).

i= :;M[(COS ¢d sin ed cos 1//d + sin ¢d sin wd) + hx(¢d7 9117 ¢d~ €¢, €y, e]//)] = My + iuhx()
¥ = sul(cos ¢y sin O, sin Yy — sin ¢, cos Y) + hy(Bys Oas Vas €45 €6, €y)] = by + uhy () (®)
£ = Luleos 6,co5 dy + h.(Bs. 64, 4. €9)] — g = 112 + Luh.()

m

The components of the interconnection vector h(¢z, 0, Vg4,
ey, €, €y) € R? are composed of the multiplication and summation
of sin(.) and cos(.) functions.

By defining the position-velocity tracking error x = (§ — &, v —
v,)T € R and recalling Eqgs. (3) and (8), we can write

X =Aix+ By — &) + LuH(n,, e,)
A(ung.ey) (9)

FGoa)
é=Aye + By (T —ij,)

where H(ny, ¢,) = (0,0,0, /1, h,, h)7. The matrices A; € R®,
B, € R®3, A, € R%® and B, € R® are defined as follows:

Much work has been done on the stability analysis of systems in
cascade [9,10]. One of the most important theorems on the stability of
systems in cascade is the following theorem expressed by Sontag
[101.

Theorem I: If there is a feedback i = a(x, &,) such that y =0 s
an asymptotically stable equilibrium of x = f(x, a(x, &,)), then any
partial-state feedback control T = f(e, 7j,) that renders the e sub-
system equilibrium e = 0 asymptotically stable also achieves asym-
ptotic stability of (x, e) = (0, 0). Furthermore, if the two subsystems
are both GAS, then, as 1 — oo, every solution (x(7), e(t)) either
converges to (x, e) = (0,0) (GAS) or is unbounded.

Therefore, the stability of the connected system (9) will be ensured
if we choose stabilizing feedbacks 1 = «(x, &,) and T = B(e, ij,)
and prove that all the trajectories (x(7), e(f)) are bounded.
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One of the major tools usually used to show the boundedness of
connected system trajectories is the input-to-state-stability (ISS)
property [10]. The ISS property is a strong condition that is often
difficult to verify. Indeed, the verification of the ISS property for
system (9) is very difficult due to the complexity of the inter-
connection term A(u, 14, e,,). Consequently, we propose a theorem
that guarantees the GAS of the connected system (9) provided that
the interconnection term A(u, 14, ¢,) satisfies some relaxed con-
ditions. This theorem is inspired by Theorem 4.7 on page 129 of
Sepulcre et al. [9].

Theorem 2: Let u = a(y,&,) be a stabilizing feedback for the
nonconnected subsystem y = f(x, i, &;). Let T = B(e, 1j,) be any
C!' partial-state feedback such that the equilibrium point e = 0 is
GAS and locally exponentially stable (LES). Suppose that there exist
a positive constant ¢; and one class-/C function y(.), differentiable at
e = 0, such that

IAGE eIl = v(lle, DIl for [[x] = e (11)

If there exist a positive semidefinite radially unbounded function
V(x) and positive constants ¢, and c3 such that, for || x| > c¢»,

{zyﬂx,a(x,é;)) <0

v a2
1155 HExll = esV(x)
X
then the feedbacks p = a(x,é'd) and 7 = B(e,7j,) guarantee the
boundedness of all the solutions of Eq. (9). Furthermore, if x =
F(x, a(x, &) is GAS, then the equilibrium point (x, e¢) = (0, 0) is
GAS.
Proof: The proof of Theorem 2 is given in the Appendix.

B. Control Law Synthesis and Closed-Loop System Stability Analysis
Here, we apply Theorems 1 and 2 to synthesize two control laws
for the UAV transformed model given by Eq. (9). Theorem 2 is used
to prove the asymptotic stability of the connected closed-loop
system. The control design can thus be achieved in three steps:

1) Choose the control law . = a(x, &,) that guarantees the global
exponential stability (GES) of the x subsystem without the
interconnection term A(x, e,).

2) Choose the feedback 7 = f(e, 7j,) such that the e subsystem is
GES.

3) Prove that system (9) satisfies the conditions stated in
Theorem 2. In fact, we need to prove that the interconnection term
A(, e,) satisfies growth condition (11).

Because the x and e subsystems are linear, we can use simple
linear controllers such as proportional derivative or proportional inte-
gral derivative. Therefore, we synthesize two intermediary control
laws

T=—-K,e+1i, K, RS

such that the matrices A, = A, — B,K, and A, = A, — B,K, are
Hurwitz.

By substituting Eq. (13) into Eq. (9), the closed-loop system is
given by

{X=AXX+A(X,€U) (14)

e=A,e

Although A, and A, are Hurwitz, the asymptotic stability of closed-
loop system (14) cannot be directly deduced because of the
interconnection term A(y, ¢,). Thus, we apply Theorem 2 to prove
the asymptotic stability of connected closed-loop system (14).
Because A, and A, are Hurwitz, the x (without the interconnection
term) and e subsystems are GES, which is stronger than the GAS
property. The GES of the x subsystem implies that there exist a
positive definite radially unbounded function V(x) and positive

constants ¢, and c¢; such that, for | x| > c,, g—;AXX <0 and
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I ‘3—; Hxll < ¢3V(x). Therefore, condition (12) of Theorem 2 is
satisfied.

Now it remains to be shown that the interconnection term A (. e,,)
satisfies growth restriction (11) of Theorem 2, and this is the most
difficult part.

The norm of the interconnection term A(x, e,) can be expressed as
follows:

IAG e = luCOMH (X el = 3 luCOly/ h: + k3 + k2 (15)

where

(Ol = mlln(0) + gell = mJi2 + 1 + (. + )

Before proving the boundedness of the interconnection term
A(x. e,), we need the following two Lemmas.

Lemma 1: Assume that the desired trajectories &,(f) = (x (1),
v4(1), z4(¢)) and their time derivatives are bounded and L; = ||&, || -
Then, there exist positive constants r and k; such that the collective
thrust feedback u( ) satisfies the following properties:

for || x|l = r

for x|l < r (16)

flxl.
ool = {2

Lemma 2: There exists a positive constant k, such that the coupling
term H(y, e,) satisfies the following inequality:

[H(x. el < kalley | a7

The proofs of Lemmas 1 and 2 are given in the Appendix.
From Lemmas 1 and 2, we can write that, for || x|| > r, we have

luH O < kil xllkalle || = Klle, [ (18)

where k = k;k, is a positive constant.
Finally, we obtain the following inequality:

IAGe el = Jllull < y(le, DIl for xll =+ (19

where y(e,) =% e, || is a class-K function.
Thus, all the conditions of Theorems 1 and 2 are satisfied and the
GAS of the equilibrium point (x, ¢) = (0, 0) is then guaranteed.
Remark I: The final control inputs u € R (thrust) and 7 € R3
(torque) are computed using Egs. (2) and (6) and they are expressed
as follows:

{u=m|u<x,éd)+gez|| =ml|—K, x+E,+ge.l
T=JU(T+ U Cp )i =JW(n)(—K, e +ii,) + U C(n.0)n
(20)

The block diagram of the overall controller is shown in Fig. 1.

III. Flight Tests and Experimental Results

To evaluate the performance of the proposed nonlinear controller,
we have built a miniature (700 g) aerial platform [11] with onboard
microprocessor and navigation sensors, and we have performed real-
time flight tests with various mission scenarios. Here, we demonstrate
the ability of the developed control system to achieve accurate
waypoint navigation and perform automatic takeoff, trajectory
tracking, hovering, and automated landing. In this test, a set of four
waypoints were chosen and desired trajectories (£,(f), v, (1), ¥4(t))
were generated in real time by the guidance system [11].

In Fig. 2, we can clearly observe that the rotorcraft passed suc-
cessfully through all the waypoints. The real trajectories are almost
identical to the reference trajectories, thereby demonstrating the
good performance of the proposed controller. From Fig. 2c, we can
also see that, despite low-cost sensors, we have achieved an accurate
height control (£1.5 m) even during relatively high-speed flight
(5 m/s).
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IV. Conclusions

We have described the design of a practical nonlinear controller
that exploits the model structure of rotorcraft unmanned aerial
vehicles. The asymptotic stability property has been proven for the
connected closed-loop system, and the performance of the proposed
flight controller has been evaluated in real-time flight tests. We
have also demonstrated the ability to provide effective waypoint
navigation and trajectory tracking capabilities to small and low-cost
systems such as the mini quadrotor helicopter.

Appendix: Proofs
I. Proof of Theorem 2

Let (x(0), (0)) be an arbitrary initial condition, and let V() be a
semidefinite positive function. By recalling Egs. (11) and (12), then
for || x|l = max(c,, c,) we have the following inequalities:

<

. A% v v A%
409, —ﬁf(-) +5A(.) = @A(') = HW H Al =
=0

v
== vUle, DXl = esV GO v lle,lD (A1)
Ix

Because the equilibrium point e, = 0 is GAS and LES, then ||e
converges to zero exponentially. This implies that

ylle, (D) = y(lle,(0e 1) = yi(lle, ()™

where a is a positive constant and y; (.) is a class-AC function.

il

Now, the derivative of V() satisfies

V(0 = esVO0ri(lle, e, for || x|l = max(cy, cs)

We define a positive constant as ¢ = c3¥;(|le,(0)]]). Thus,

V() = Ve, for | x [ max(ey. )

This relation proves the boundedness of V(x) because

V() < V©0)eli % < (e, )V (x(0))

for some y,(.) € K.

Because V() is radially unbounded, the boundedness of V()
implies the boundedness of || x||-

Therefore, the GAS of the equilibrium point (y,e) = (0,0)
follows from Theorem 1.

II. Proofs of Lemmas 1 and 2

Boundedness of |u(x)|: Let us recall the expressions of the thrust u
and the feedback p.

{Iu(x)l = mlln(x.€) + gesl| A2)

H(x:60) = —Kexe — Koxo + 64

Let A¢ >0 and A, > 0 be the maximum values of the K and K,
eigenvalues, respectively. Thus, we write
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lu(x)| = mllges + &, — Kexe — Kool

m(g + &4l + Aellxell + Aullxol)

< m(g + Ly + max(he, 2o) (el + x001)
m(g + Ly) + mmax(Ag, A,) V2|xl

A IA

IA

because

(el + 1xD? = lxell® + Txoll® + 2l xell ol
= 2lxell? + lxl®)

which implies that

el + ol < V24/Ixell® + ol = V21l

Setting ¢ 2 m«/zmax()\g, Ay), we get

mg + mL
0l = i+ L)+l = o 555 4 )

= c(r+1xh.
mg + mL,

where r =
c

From these inequalities, we deduce that

killxll. forall [[x| = r
GOl = {klr, for all ||x|| <r (A3)

where k; = 2c¢.

Boundedness of ||H(.)||: We had ||H(x, e,)|| = \/h% + h3 + hZ,
where the components (4., h,, h,) are functions of sin(arg) and
cos(arg). The argument arg may be ¢, e5/2, ¢, + €4/2, 0,4, €5/2,

Od =+ 89/2, wd? ew/2, and wd + 6¢/2
Letus recall some trivial inequalities that are exploited to prove the
boundedness of |H(x, e,)||:

|sina| < lal, |sina| <1 and |cosal <1

1
lal|b| < E(lal +|bl), forla] =1 and |b| =1

1
lallbllel = 5 (lal + |b] +[c]),  for |a] =1

bl <1 and |e| <1 (Ad)

By writing the exact expressions of (/,, i, h,) and doing some
mathematical calculations, it is possible to show that

ha] =< crllesl + legl + leyl). b2 < culef + €5+ €))
iy < callesl + legl +ley). 15 < cs(ef + €5+ €))
|ho| < cs(leol + leg),  h2 < colef + €5) (A5)
where ¢, ¢,, c3, ¢4, Cs5, and cg are positive constants.
Proof: We will now show that the component /_ verifies the
inequalities in Eq. (A5). By following the same steps, it is easy to
show that the other components /. and &, also satisfy the inequalities

in Eq. (AS).
Let us first write the exact expression of /_, which is given by

h, = cos ¢ [—sin(eq/2) sin(6,; + €4/2)]
+ cos 0,[—sin(ey/2) sin(¢y + e,/2)]
+ [ sin(eq/2) sin(6, + eq/2)][— sin(ey/2) sin(@y + e,4/2)]
(A6)

By using inequalities in Eq. (A4) and keeping only the sin(ey/2) and
sin(e,/2) terms, one can write
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h,

< |sin(ep/2)| + |sin(ey/2)| 4 | sin(e,/2)]| sin(ep/2)]
= 3(sin(eg/2)| + | sin(ey/2)]) = 3(leg| + legh)
= cs(legl +legl).  with ¢ =3 (A7)
By computing the square of the previous function and considering
that 2|ey||ey| < ef + €5, one can write

h? < c3(ef + el + 2leglley]) < 2¢3(ef + €3) < colef + €3)

9

with ¢g=2c3 =2

After some mathematical developments, we can prove that the
norm of the interconnection term H(.) verifies the following
inequalities:

IH(x, el = \/h: + h% + h?

=< \/04(e§ + ei, + elzp) +cs(ed + eé —+ ez,/,) +co(ed + eé)

= \/(04 + ¢s+co)eg + (cy +cs + co)eg + (cy + cs)el,

= \/(04 + cs+co)eg + (ca +cs 4 cleg + (ca + cs 4 co)ey,
<kle,|l with k=./cq+cs+cq (A8)

and this ends the Proof.
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