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Influence of Staging on Re-Entry
Trajectory Characteristics
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Nomenclature
a = acceleration
B = ballistic coefficient, weight/(drag coefficient) (reference

area)
D = constant in heating rate expression, Eq. (21)
g = acceleration of gravity
K = (exponential approximation for py=0/po)
n = exponent in heating rate expression, Eq. (21)
qQ = cold-wall, stagnation-point heating rate
V = velocity
y = altitude
p = constant in density approximation, p c^ KpQe~Py
y = flight path angle referenced to the local horizon
p = density
Po = U.S. Standard Atmosphere sea level density
%£$ = functions defined by Eqs. (2, 12, and 17), respectively

Subscripts
/ — initial point of atmospheric reentry
E,P — ejected body and parent body, respectively
sep = at separation altitude

Introduction

NUMEROUS situations exist in which two joined bodies
re-enter the Earth's atmosphere and at some point

along the trajectory separate; e.g., a radioisotopic, thermo-
electric generator may separate from a spacecraft, or a fuel
capsule may separate from a generator. The objective of
this Note is to define the influence of the parent body and
the separation point on the aerodynamic loading and the
heating experienced by the ejected body.

Aerodynamic Analysis
Alien1 has developed an analytic solution to the equations

of motion for a re-entry body by neglecting the gravity term
and by assuming that the ballistic coefficient B and the flight
path angle 7 are constants. This technique provides a good
approximation of the actual motion unless 77 is very small
or the velocity decreases to a point where it influences B.
For usual re-entry configurations the deceleration and heating
pulses occur prior to any influence of V on B. Under these
conditions, the differential equation of motion has a solution
of the form

InF = — £ + const (1)
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Fig. 1 Comparison of exponential and 1962 U.S. Standard
atmosphere density ratios.

Received September 5, 1969; revision received December 15,
1969.

* Staff Member, Reentry & Space Sciences Division. Associ-
ate Fellow AIAA.

where

£ == gKpQe~l3y/2/3B shi7 (2)

With K = 0.75 and ft = -g-o~oTT> ^ne exponential approxima-
tion for density agrees with the 1962 U.S. Standard At-
mosphere2 density within ±15% for 100,000 < y < 260,000
ft (Fig. 1), which includes the region of the re-entry decelera-
tion and heating pulses. For a single stage trajectory, the
boundary condition defining the integration constant, as
formulated by Alien, is V = F/ at y = 456,000 ft (75 naut
miles). The exponential term becomes vanishingly small
and is neglected at this altitude. Thus,

V = (3)

and the expressions for deceleration, maximum deceleration,
and altitude of peak deceleration are, respectively,

-a = VI'2(gKPo/2B)e-^~2

3 swy)/2e—amax =

(4)

(5)

(6)

These same solutions are applicable to the initial section of a
staged re-entry trajectory.

Let us consider a two-body system re-entering in unison
until separation occurs instantaneously at altitude ysev.
The parent body experiences no discontinuity in VP or yp.
The ejected body is permitted a step change from yP to yE
at separation, but \V\ remains the same; i.e., \VE\ — \VP\
is a constraint for the model. This model permits one to
integrate the equation of motion in two steps to achieve a
solution for each section of the trajectory. Figure 2 illus-
trates the model for two cases: ye > yp, and yE < yp. At
separation, VE = VP + AV. Resolving VE and VP into
their components and introducing the constant speed con-
straint, \VE\ — \Vp , one sees that

JE - yp = ±2 sin-

For small AV/V, AV/V « sin(AV/V), and

yE - yp = ±AV/V(rad) = ±(180/ir)(AV/V)(deg) (8)

For Sect. II (see Fig. 2) of the trajectory involving the ejected
body, the same differential equation and the solution [Eq.
(1)] are applicable. However, the integration constant is
now evaluated for the boundary conditions y = ysep, V =
Vsep, so that:

integration const = lnVsep + (9)
where ^,sep is evaluated for y = ysep. But since Vsep =
VP (= VE immediately prior to separation), Vsep may also
be defined in terms of trajectory section / parameters as

Vsep =

and hence,

(10)

(11)

LOCAL HORIZONTAL

Fig. 2 Model for two-body system.
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where
f = ̂ >8cp _ £PiSep (12)

(13)

(14)

(15)
Note that we are assuming, for convenience, that a single
atmosphere approximation (K and ft) spans both sections of
the trajectory. A further simplification is obtained by ex-
pressing ysep in terms of the altitude of V^max. Thus,

?/sep = 2/U,«max + A2/8ep (16)

where yE,amaK is given by (15). Incorporation of these
modifications in Eqs. (11 and 13-15) is done simply by re-
placing f in these equations by

APPROXIMATE THEORY
T—————T

= i [I - { (BE sinyP)} ] (17)

The influence of staging on the ejected body is conveniently
defined in terms of the characteristics that the same body
would experience on a nonstaged reentry trajectory. Divid-
ing the staged trajectory velocity and decelerations (ex-
pressed in the new equations containing e^ or e2^) by the
nonstaged values of the same parameters defined by Eqs.
(3-5), we obtain

VE/V = e* (18)

= e2* (19)

a#/a = (V#/V)2 (20)

The ratio of the maximum decelerations is also given by (19)
or (20), since the ratio is independent of altitude following-
separation.

Aeroheating Analysis

A reference configuration commonly used for evaluating
the reentry trajectory heating rate is a 1-ft-radius hemi-
sphere, for which the cold-wall, stagnation-point heating-
rate may be expressed as1-3-4

go = Z>p1/27» (21)

On substituting the density approximation and the velocity
from Eq. (3), the g0 experienced on Sec. / of the re-entry
trajectory is

go =
Then

occurs at

= DVi»[(ftB s'my)/nge]u*

(22)

(23)

2/max.0 = ft-1 ln(ngKP()/ftB s'my) (24)

By conducting a treatment similar to that just carried out,

( 8 SINY)E> ( B S I N Y ) p ( B S I N 7 ) p > ( B S I N Y L
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Fig. 3 Typical re-entry behavior.

Fig. 4 Comparison of velocity and deceleration ratios.

the ratio of the heating rate experienced by an ejected body
on Sec. II of its re-entry trajectory to the heating rate ex-
perienced by a similar body (same B siny) on a nonstaged
reentry trajectory is

a / n — f>^' f9^\y_QE/ */0 — & \^"J)

where \t/' is given by (17), except that Aysep is replaced by
p, the latter being measured from Thus,

is mathematically equivalent to Vi/V [Eq. (18)] if Aysep is
measured from the altitude of peak heating rather than the
altitude of peak deceleration.

Discussion and Comparisons with Numerical Results

The re-entry trajectory characteristics expressed by V, a,
and go have been defined for a body which is ejected or sep-
arated from a parent body at an arbitrary point along the
reentry trajectory. An analysis of Eqs. (18, 19, and 25)
affords the following observations for three cases:
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Fig. 5 Comparison of heating rate ratios.

Case 1: If BE $I&JE = BP sinyp, then VE, &E, and qoE
are the same as would be experienced on a nonstaged tra-
jectory for the same B siny.

Case 2: If BE siny^ > BP sinyp, then VE, aE, and qOE are
less than would be experienced on a nonstaged trajectory for
the same B siny (= BE siny^).

Case 3: If BE sinyE < BP sinyP, then V^, a#, and qQE are
greater than would be experienced on a nonstaged trajectory
for the same B siny (= BE sinyE).

These relations are illustrated graphically in Fig. 3 for
typical re-entry behavior. The solid lines represent the
nonstaged trajectory for B siny = BE siny^ (case 1). The
long-dashed curves represent case 2; the short dashed curves,
case 3. Points A and B, for cases 2 and 3, respectively,
represent situations where separation occurs before the
altitude of peak deceleration or peak heating rate for the
ejected body is reached; i.e., a#max and qoEm^ are experienced
following release. Points C and D represent the similar
situations where 7/sep is below the computed altitude of peak
deceleration or peak heating rate for the ejected body. In
this event, aE and q$E decrease monotonically with time
following release.

Figures 4 and 5 compare these theoretical approximations
(the curves) with solutions (points for ySQp) provided by a
digital program5 (which numerically integrates the complete
equations of motion) for Vi = 24,000 fps and for (B siny)#/
(B siny)P = 10, 1.25, 0.8, and 0.1. Separation altitudes
investigated spanned the range from above the peak heat-
ing rate to below peak deceleration. For each value of (B
siny)E/(B siny)P, computer trajectory solutions were calcu-
lated for y/s of 10°, 1° and 0.1° to cover the range from
steep ballistic or launch abort re-entry to shallow orbital
decay reentry. Whereas the approximate theory indicates
that the V, a and go ratios are constant following separation,
the computer solutions indicate that the ratios tend to
approach unity with increasing time following separation.
The approximate theory does, however, provide a good

correlation of the ratios at yaep, and it quite adequately indi-
cates the influences of the various parameters involved.
It is apparent that the influence of the staging process on the
velocity, deceleration, and stagnation point heating rate
increases as separation is delayed along the trajectory (i.e.,
as A?/Sep decreases to negative values) or as the disparity in
B siny values for the ejected and parent bodies increases.
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Nomenclature
A,Ai = area elements on cylinder surface
B,F,H = B(B\F(B\H(B\ Eqs. (6, and 8), respectively
6,61 = one half length of longitudinal area elements
C,D — solution constants, see Eq. (11)
E = emissive power
li — see Ref. 3
go = net heat loss at position zero
r — cylinder radius
Te — temperature at position 0
e = interior surface emissivity to (and absorptivity for)

infrared radiation
6 = position around cylinder (see Fig. 1)
cr = Stefan-Boltzmann constant
0,0i - see Ref. 3

Introduction

ni^HERE is presented the derivation of a simple expression
J- for the radiation heat transfer around the interior of a

long cylinder in terms of the emissivity e of the surface. It
is assumed that e is constant over the entire surface and that
all reflections are diffuse. Also, the temperature distribution
is assumed independent of length.

One of the immediate applications for this result is in deter-
mining radiant heat transfer in STEMs.1 Often in the
thermal analysis of conventional STEMs the radiant heat
transfer can be neglected, as it is small compared to conduc-
tion around the metallic cross section. However, some re-
cent STEM concepts2 have an overlapping type contact
across which the conduction is poor, thus necessitating the
consideration of radiation heat transfer.

Specifically we will find an expression for B(G) which is the
proportion of radiation emitted from a longitudinal area
element at position 0 on the cylinder interior (Fig. 1) which,
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