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Orbit Computation with the Vinti Potential and Universal
Variables

BASSFORD C. GETCHELL*
National Security Agency, Fort Meade, Md.

When the Vinti potential and spheroidal coordinates are used in the solution of the equa-
tions of motion of an Earth satellite, the Hamilton-Jacobi differential equation is separable,
permitting computation of the free flight path in closed form. If the parameters are chosen
to include the effect of the Jz and Js terms of the Earth's gravitational potential, the Vinti
potential also allows for a major part of the effect of the term in J4. The model can serve as
an improved reference orbit in perturbation theory, or it can be used to compute moderately
accurate trajectories (extremely accurate over short time intervals) with a considerable saving
of machine time over numerical integration. The development in universal variables is valid
for orbits of eccentricity greater than unity as well as for periodic orbits. The main purpose
of this paper is to generalize the results of Vinti and others to include the nonperiodic cases.
Included is a description of a tested method for practical calculation of trajectories and a
numerical example for illustration.

Introduction

THE most accurate models of the Earth's gravitational
potential are obtained by analysis of the observed motions

of artificial satellites. Theories of motion that conform
closely to such models generally require the use of complicated
equations and lengthy calculations. Important simplifica-
tions can be obtained with a system that permits the separa-
tion of the Hamilton-Jacobi equation. The simplest of these
is the well-known solution of the two-body or Keplerian prob-
lem in equatorial polar coordinates, which is often used as a
reference orbit in perturbation theories. The Vinti1 potential
with spheroidal coordinates is the most accurate of the small
number of separable solutions proposed for this problem and
can be used without modification in many applications. As
a reference orbit it might have the advantage of permitting
the use of a first-order correction that would be unsatisfactory
with a less accurate model.

The integrals of motion of the two-body problem lead to
solutions in terms of trigonometric functions when the eccen-
tricity e is less than unity, and to the elementary hyperbolic
functions for e > 1. Neither solution is satisfactory when the
orbit is nearly parabolic. These inconveniences can be
avoided by the introduction of special "universal" variables
that preserve the same form of the solution in all cases.
The series expansions of the corresponding elliptic integrals of
the Vinti theory can likewise be generalized with the help of
universal variables. The resulting expressions have been
developed for their usefulness in numerical calculation, with
particular attention to the elimination of inaccuracies due to
indeterminate forms which occur with special inclinations and
eccentricities. Excluded from consideration are the nearly
linear trajectories with small latus rectum. Vinti7s solution
has no singularity at the so-called "critical inclination," cos/

Equations of Motion

Let x, y, z be the vehicle coordinates in a right-handed rec-
tangular equatorial system with x axis directed toward the
equinox of epoch. If a is the right ascension of the vehicle
the spheroidal coordinates p, <7, and a. are related to x, y, z by

D2 = x2 + y2 = r2 - z2 = (p2 + c2)(l - <72) (1)

x = D cosa, y = D sina, and z = pa — 5, where D > 0.
Here c and a are parameters of the Vinti potential

V = -M(P + 5o-)/(p2 + cV2) (2)
and fj, is the gravitation constant. For geocentric orbits c2 =
/2(1 — /3

2/4J2
3), and 5 = — J3/2/2. The energy integral is

(z2 + 2/2 + z2)/2 + V =
(Pip + Pi* + p3d:)/2 + V = ai (3)

where

Pl = P(P2 + C2<72)/(p2 + C2)

P, = V(p* + C2(72)/(l ~ <T2) (72)

and

p, = a(p2 + c2)(l - C72) = a,

The dots indicate differentiation with respect to time, and
pi, pz, and p3 are the generalized momenta. In addition to
the constants of integration a\ anda3, the separated Hamil-
ton- Jacobi equation furnishes a third #2, given by

c2) =
[o:32 (4)

(5)

The equations of motion are then

* - T = Ri + cWi,
and

12 = a + c2#3 - N3

where T, co, and 12 are the remaining constants of integration

R, = f" p*dp/F(Pyi*, F(p)u*p>Q

2 = «2 fp
J pi

= a^ f P
J pi

*, <* 2>o
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i = f a a*dv/G(<jyi\ G(o-)a > 0
J a

AT2 = a, f*
J a
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= a,

The limits pi and a are arbitrary, but specific values will be
assigned later.

where e = (1 + P7)1/2 and pi = p/(l + e). Since p and
\F(p) ]1/2 have the same sign the inequality can also be written
S(X) [F(p) ]1/2 > 0. The auxiliary variable W, corresponding
to the true anomaly, satisfies p = p/(l + e cosIF), p sinTF

Factoring of the Integrands

2«i/At, po = «2
2/M> and & = 1 — o . By re-

o)] (6)

Let 70 = 2«i/At, po = «2
2/

arrangement of Eq. (4),
'F(p) = /x[cWl ~ So) + (P2 + c2)(7oP2 + 2p -

and
£(0-) = n[-pQ(l - SQ) + (1 - <r2)(p0 + 25(7 + c27ocr2)] (7)
Some of the following processes diverge if pQ is very small.
The series of the text have been carried to enough terms to
give accuracy to the order of J2

3 when pQ > 1. Assume now
that

F(p) = M7i(7P2 + 2p - p)(p2 - 2AlP + £0 (8)
G(d) = »Sip<*(S + 2Pa - o-2)(l + Pl0- - QKT2) (9)

with 7i7 = 70, and SiS = SQ. Equating coefficients in Eqs.
(5) and (7) one obtains

71 = 1 + 7oAi (10)

pyi = Po — c27o + BiyQ — 4Ai7i (11)

Bl = cVS0p0/P7i (12)
A, = (c2-

When 7 > 0

W = tan-1[p1/2^/(pi - <?)], (Pi - (?) cosIF > 0
-TT< W <TT

(20)

If 7 < 0 let E = /3*1, where 0* = (~7)1/2. Then one can
show that
W = E + 2tan-1[esin#/{l + (1 - e2)1'2 - e cos#}] (21)

with —ir<W — E<Tr. Also

(7P2 + 2p -
giving

A = (M7i)~1/2[(pi +

dX =

+ eU(X)} +

(22)

(23)

and

By starting with Ai = 5i = 0 in Eqs. (10) and (11), a few
cyclic interations will give arbitrarily accurate solutions for
the constants of Eq. (8). A similar treatment of Eqs. (7) and
(9), with initial values of P = 0 and Si = 1 results in

Qi = -c2

P = («/PoSi) - SoPi/23!

= (po ~ c27o - SoPoCi)/(l ~

Evaluation of the R Integrals

u*;
few

3 for
and

(14)

(15)
(16)
(17)

N , ft / „ c c'\ / ̂  Ak 1"•-^"^ 'M^+^lSp^2,
If FO = IF, Vi = sinl^, and

Vk = [Vi co&~lW + (k - l)Ffc-2}A k = 2, 3,
and if IF0 = W, W, = (W + eVi)/p, and

r * ^ « i /Wk = \W + ̂  ̂ J e Vaypk

(25)

the .R integrals can be written

The universal variables2 are functions of X and 7, defined Rl = (^0~1/2[(pi + AJX + eU(X) +

(7(1) = C(l, 7) = 12(V2! + 7^2/4! + 72

£/(!) = $(X, 7) = 13(V3! + 7l2/5! + 72

>§(!)= 5(1, 7) = 1 + 7*7(1)

They^ satisfy the relationships S2 = 2(7 + 7<?2, /§' = 1 +
7(7, C' = §, and £/"' = C, where primes represent differenti-
ation with respect to 1. Since AI and #1 are small quantities
one can write

(26)
k = 0

(A3 - AlC
2)lF5 + (A4 - A2c2 + c4

Evaluation of the N Integrals

(p2 - 2A1P
«=o

(18)
Let

where

^o = 1
A, = (3A!2 -

Then jRi can be expressed as the sum of two integrals

#4 = (MTi)~1/2 I (7P2 + 2p — p)^1/2(p + Ai)J pi

(TP2 + 2p - p)-««
re = 2

Now introduce the independent variable 1 defined by

p = Pl + e(?(l), S(X)p > 0 (19)

Q = (P2 + S)1/2,
ft = (Pi + 2QlP)/(l + PXP - QLP2 - &Q2

gr = -/J/[l + (1 - W)1/2], a = P + gQ*
b = 1 + gP, D, = 1 + Pia - Qia2, A;i = m

/>i = [(1 - <72Q2)/Si£>5]1/2, m = (Q^2 - PJbg -

Introduction of the variable u defined by

a = (a + bQ sirm)/(l + gQ sin^), a cosu > 0 (27)

reduces N% to

AT2 = DI fU (1 - ki sin2^)-1/2^ (28)
J o

Since a, gr, and ki are small, A^i and Nz can be expanded in
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cosu

terms of the form,

Tk = Cu smku du, or TQ = u, Ti = 1 -

Tk = [(k — l)Tk-2 — cosu sin6"1^]/^, k = 2, 3, . . .

Letting

Co = a2, Ci = 2a6, C2 = b(b - 4ag)

C3 = b(ma - 2bg), C4 =• &W + m/2),

C5 = -mb2g, C& = 3m262/8

the ATi and JV2 integrals become

D 6
TVr •*->/l 'V~^ ^v /^t.m (29)

To evaluate A^3 compute

jSi = (6 — 0)/(l — a), |S2 = — (b -
Mk = ±(1 - /3*2Q2)1/2

with

M*a3 > 0, jfc = 1, 2, S* = sinu/2, C* = cos^^/2

Then introduce

giving
(C* - /3kQS*) cos^k > 0. k = 1, 2 (30)

- #$ siim) -

Then

03 * da
2

1 1 1
I - cr 1 + crj

can be expanded into series of terms with integrands like those
of Eq. (31) giving

(32)

where

[(6 - ag)/(b -
[(& - ag)/(b + - n2)(l

and A^4 consists of terms in Tk, k = 0, 1, 2. . .5. In the ex-
pressions for dio and cfeo, nk = m/ft2, D2 = 8/po(Si - /S0Qi),
and D3 = Qi + 2PiD2. Factors like Qj8/a2M i, which become
indeterminate for polar orbits, have been avoided by making
use of P = D2(l - S), 1 - Q2 = (1 - PD2)(1 - <S), and
1 — SQ = Si(l - D3)(l - >S), so that 1 - S can be cancelled
out of the denominator. Finally,

D 5
4

Analysis

Let Xty yoj ZQ, XQ, i/Q, and ZQ be position and velocity com-
ponents at time tQ. The spheroidal coordinates p, a, and a
can be found from Eq. (1). Then, omitting subscripts, «3 =
xy — yx and rf = xx + yy + 22. Also (F)1/2 = prr + (c2cr +
dp)z, giving a2 > 0 with the help of Eq. (4). With a\ from
Eq. (3) the polynomials can now be factored and all necessary
constants evaluated. The quadrant of u is found from

[(p — da)z — arr] cosu > 0 (34)

when £ = £0- A singularity at^e = 0, or Q = 0 can be re-
solved, when t = tQ, by setting Z = W = 0, or^ = 0.

The parameters p, 7, e, /, co, 12, and T7, where I = sin^Q
and a3 cos/ > 0, reduce to the corresponding Kepler elements
when c2 and 5 are zero. When 7 is negative the semimajor
axis is —1/7. Equations (10-17) can be rearranged to re-
cover, by iteration, the constants of integration cti, a^ and
a3 when p, 7, and / are known.

The problem of finding position and velocity when the time
is given can be solved when X is known. As a first approxi-
mation one can solve Kepler's equation

= pi! + eU(X) - (t, - T) = 0 (35)

<f>'o(!) = Pi + eC(X). By Newton's method, Xk+1 = Xk —
.$o(Xk)/$'-Q(%k), to an accuracy of 10~3 in X. The iteration
is then continued with

To compute

Wi + T - t, = 0, $'

start with R2 and set

(36)

CO + -/:
which can be inverted to find u = am (2*). Suitable formulas
are 901.00, 900.04, and 908.00 of Byrd and Friedman3

« =

2K

21/C!3/1024

- ^ (1 + 2s

and

am(z*) =
= o (m

X

sin[2(m + l)y*]

where T/* = iru/2K. With !, W, and u determined, one can
evaluate Ri and Ni. After convergence of the Newton itera-
tion compute Rs, A^3, a, p, and o-, and, finally, the inertial
position vector. If velocity components are required, com-
pute p = e£[7i(p2 - 2AlP + ft)1/2/(p2 + cV2)], and G(a)
from Eq. (9). Then a = ±£(o-)1/2/(p2 + c2o-2), with a cosu
> 0. Since

f) = [(I - o-2)pp - (p2 + c2)o-(j]/D and a = <*3/£>2

one can calculate velocity from

x = D cosa — ya, y = D sina + xa, z = ap + pa (37)

where

Z)4 = Dia3/2a2,

(T + ̂ ^o

gf, d2 = m/2, d3 =

= d4flf, 4 = 5m3/16

(33)
Numerical Tests

The formulas have been tested for a variety of cases with
the help of N. L. Bonavito and H. Walden of NASA God-
dard Space Flight Center, Greenbelt, Maryland, by using
numerical integration with J4 = — /2

2 + Jz2/Jz and all
higher harmonics zero. The value of /4 gives the best ap-
proximation to the Vinti potential and not to the Earth's.
This value was chosen to test how well the equations do what
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they are supposed to do, not how closely the result approxi-
mated an actual trajectory. Over 24 hr (^16 revolutions for
a close Earth satellite), the position differences between the
two programs remained less than 5 m. The small differences
are due to neglect of the higher harmonics in the numerical
integration and to truncation errors in the Vinti formulas.
The following example illustrates the use of the method of the
text.

Given: Distance unit = 6378.165 km, time unit =
806.8155985 sec, /x = 1, J2 = 0.0010823, J3 = -0.0000023,
XQ = 0.672, XQ = -0.01, yo = 0.896, yQ = 0, ZQ = 0, z0 = 1.4,
and £o = 0.

These values give: 7 = 0.1736148573, p = 2.4566030946,
/ = 89.67247152°, ft = 53.12964809°, T = 0.004899070359,
and e = 1.194362925.

At t = 180 min

x = -3.7629073618, x = -0.3012763526
xn = -3.7629073660

y = -4.9448301842, y = -0.3982878817
yn = -4.9448301895

z = 7.5913610280, z = 0.3578871053
zn = 7.5913611041

where xn, yn, %n are given by accurate numerical integration

X = 3.4972483479, S = 4.8731998933, G = 7.2770772026
U = 7.9253098881, W = 2.2492893566, u = 2.2563694937
Ri = 13.3801123374, R2 = 2.2488090913, R* = 0.0050762232
Ni = 0.8758514470, % = 2.2563173767, N3 = 3.1346170450
p = 9.8109774995, a = 0.7738702469, a = 4,0618988456

Conclusion

In addition to the use of universal variables in the evalua-
tion of Ri, the principal differences between this treatment
and other published versions are in the method of factoring
the polynomials, and in the handling of indeterminate forms
with special values of the eccentricity and inclination. For
comparison with other methods of computation, using per-
turbation theory, or numerical integration including higher
harmonics and other terms in the potential, one cannot get
close agreement by equating initial position and velocity vec-
tors as in the example. One should generate an ephemeris
with the comparison method and fit the Vinti process by least
squares. The principal difference will be due to neglect of
the sectorial harmonic /2,2 in the Earth's potential. For cir-
cular orbits this results in a cyclic error with a period of about
12 hr, which can be reduced by adding a sine term to the true
anomaly. The amplitude depends upon the inclination of the
orbit and the size of the semimajor axis. The rms error in
position is typically of the order of 1 or 2 naut miles.
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