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and of the subsequent cycles varies to a lesser extent. The
heat stored within the system and the heat released from it
per cycle converge rapidly toward the stabilized cycle values.

6) The addition of interdigitated heat-conducting fins to
the heat-storage system reduces the g0 excursions at the end of
the melting. The energy stored in the material of the fins
cannot be neglected, but the additional degrees of freedom
provided by the choices of fin material, make it possible to
synchronize the thermal cycling of the system with orbital
cycles.
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Aerodynamic First-Order Method for Flexible Bodies
GEORGE F. MCCANLESS JR.*

Chrysler Corporation, Huntsville, Ala.

This paper develops an advanced method of computing aerodynamic forces that act on
flexible launch vehicles and missiles in supersonic flight. The procedure is an extension
of the rigid-body, first-order method. The equation of the perturbation velocity potential is
first expressed in rigid Cartesian coordinates. It is then transformed into flexible-body coordi-
nates to simplify the boundary conditions. The transformed aerodynamic boundary value
problem for flexible bodies is solved to yield the stream velocities at body surfaces. The
velocities then determine the surface pressures and hence the body forces. Sample calcula-
tions for a flexed cone and for a flexed Saturn V vehicle demonstrate that significant aero-
dynamic forces are induced by forebody flexing.

Nomenclature

a« = constants of the supersonic source strength derivatives,
fps

b{ = constants of the supersonic doublet strength deriva-
tives, fps

CAT = normal force coefficient
Cp = pressure coefficient
D = base diameter, ft
/ = supersonic source strength, ft2/sec
m = supersonic doublet strength, ft2/sec
M = Mach number
Mcg = pitching moment about the center of gravity, ft Ib
N = normal force, Ib
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N' — local normal force, Ib/ft
p = arbitrary point in space
q = dynamic pressure, Ib/ft2

r = radial coordinate in flexible-body coordinate system, ft
R = body radius, ft
s = dummy integration variable
U,u — velocities in the X and x directions, fps
V,v — velocities in the Y and r directions, fps
W,w = velocities in the Z and 6 directions, fps
x = flexible-body axial coordinate, ft
X,Y,Z = Cartesian coordinates, ft
Z = displacement of flexible-body axis in the cartesian

coordinate system, ft
a = local angle of attack, rad
ar = rigid-coordinate angle of attack, rad
/3 = Mach number parameter
7 = specific heat ratio
0 = flexible-body circumferential coordinate, rad
An,; = parameter defined by Eq. (25)
v — number of body stations
Sn.i = parameter defined by Eq. (26)
</> = perturbation velocity potential, ft2/sec
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$n,i = parameter defined by Eq. (24)
®n,i — parameter defined by Eq. (38)

Superscript
' = derivative with respect to x, I/ft

Subscripts
a,c = axial flow and cross flow
cg,cp = centers of gravity and pressure, respectively
^ j)U = body station indices
oo = freestream

Introduction

THE aerodynamic forces generated by the flexing of large
launch vehicles and missiles can cause catastrophic fail-

ures unless these forces are properly accounted for in the de-
sign of these vehicles and missiles. This paper develops an
advanced method of computing the aerodynamic character-
istics of flexible bodies in the supersonic regime. The need for
increased precision in determining the forces was established
in studies of vehicle flight dynamics by Papadopolous.1*2

Vehicle flexibility causes complex behavior of structures and
control systems. A portion of the increased complexity arises
because the aerodynamic forces that act at a body station de-
pend not only on the local angle of attack but also on the angles
of attack of upstream stations. Consequently, the deflected
shapes of the entire bodies must be considered in determining
aerodynamic loadings. A theoretical method for describing
the aerodynamic effects of flexing is needed, because it may
be impractical to construct a representative number of flexed
wind-tunnel models. The flexible-body aerodynamic forces
must be determined early in development programs, so that
they can be included in the design of structures and control
systems. Utilizing these design factors will prevent direct
structural failures and loss of control.

Previous calculations of the aerodynamic characteristics of
flexible bodies have been made with the slender-body method
as extended by Dahm.3 Unfortunately, its accuracy is lim-
ited and it does not account for variations in Mach number.
Another technique consists of modifying rigid-body aero-
dynamic force distributions. In this technique the local-nor-
mal-force derivatives of rigid bodies with respect to angle of at-
tack (a) are established by solving the boundary value prob-
lems of rigid bodies. The solutions are frequently determined
by the rigid-body, first-order method or the second-order,
shock-expansion method. The method of characteristics is
also used to obtain exact solutions of the nonlinear partial
differential equation of inviscid flow. Alternatively, the lo-
cal-normal-force derivatives of rigid bodies can be determined
experimentally. In both cases the local normal forces that
act on flexible bodies are determined by multiplying rigid-body
local-normal-force derivatives by the local a's of the flexible
bodies. Use of this technique implicitly requires the unrealis-
tic assumption that the local normal forces acting at a station
on a flexible body are the same as those which would exist at
this station if the forward portion of the vehicle were rigid.
Furthermore, it requires that the hypothetical rigid forward
portion be at the same a as the station being analyzed.

In the following sections an advanced method of computing
the aerodynamic forces that act on flexible bodies is developed
that includes the effect of Mach number variations. The
computation procedure is an extension of the aerodynamic
first-order method described by Ferri4 and Van Dyke.5 It
consists of determining solutions of the flexible-body boundary
value problems instead of modifying solutions of the rigid-
body boundary value problems. Solving flexible-body bound-
ary value problems consists of obtaining solutions of the par-
tial differential equation of the perturbation velocity potential
0 and then evaluating these solutions so that they satisfy the
flexible-body boundary conditions. This requires that the
surface velocities of the computed flow must be exactly tan-

gent to the body surfaces. However, the descriptions of the
tangency conditions at the surfaces of flexible bodies in rigid
cylindrical and cartesian coordinates are complex. To sim-
plify the descriptions of these boundary conditions, the
equation of </> is transformed from cartesian coordinate sys-
tems to the inherent flexible-body coordinate systems. The
boundary conditions are also expressed in the new systems.
The flexible-body coordinate systems are similar to cylindrical
systems; the principle difference is that the flexible centerlines
of the launch vehicles or missiles replace the rigid cylindrical
axes. The method is then developed to satisfy the partial
differentia] equation and the simplified boundary conditions
expressed in flexible-body coordinates. The solutions of these
transformed boundary value problems yield the $'s from
which the velocity components are obtained. The velocity
components are inserted in the exact pressure relation to yield
the pressures on body surfaces.

The computation procedure derived in this paper is appli-
cable to pointed bodies when the body cross flow is uniform
and the variations in a are due only to body flexing. The
derivation is for supersonic attached flow about bodies of
revolution, but the method can be used for bodies with fins by
increasing body diameter to generate forces equivalent to
those contributed by fins. The method, although developed
for computing steady-state aerodynamic forces, can be used
for determining the characteristics of slowly oscillating bodies
when the aerodynamic terms are virtually independent of
time. Each oscillating launch vehicle or missile must be stud-
ied as a separate case to establish the amplitudes and fre-
quencies over which this method is applicable.

Flexible Body Coordinates

Aerodynamic calculations of the flow about bodies consist of
determining solutions of boundary value problems. In this
section the inherent coordinate systems of flexible bodies are
developed from cartesian coordinates as shown in Fig. 1. The
partial differential equation of <t> is transformed into the new
coordinate system, and the boundary conditions are expressed
in them to simplify the boundary value problem.

Let us consider first the flexible-body boundary value prob-
lem expressed in the rigid X, Y,Z cartesian coordinate system
of Fig. 1. The perturbation velocity potential <f>(X, F, Z)
must satisfy the supersonic partial differential equation

= 0 (1)
and it must also satisfy the boundary conditions imposed by
the flexible body. Here the body nose is located at the origin
of the coordinate system and the flexible-body centerline,
which lies in the 7 = 0 plane, is distributed along the X axis.
The freestream velocity Um also lies in the F = 0 plane. De-
fine the rigid coordinate angle of attack ar as the angle formed
by the freestream velocity vector and the X axis. Then the
Uj V, and W velocity components in the Xy F, and Z direc-
tions are given by

V = c)^/dF (3)
W = C/oo sino:r + d$/dZ (4)

The inherent coordinate system of a flexible body shown in
Fig. 1 is next determined in terms of this cartesian system. In
addition, the equation of the perturbation velocity potential is
transformed into the new Coordinate system and the boundary
conditions are expressed in it. Consider a point p and pass a
plane through this point perpendicular to the flexible-body
centerline. The distance along the centerline to this plane is
the flexible-body axial (x) coordinate. The distance in the
constructed plane from this axial coordinate to the point p is
the flexible-body radial (r) coordinate. A line is defined by
the intersection of the constructed plane and the F = 0 plane.
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The angle between this line and the radial coordinate is the
flexible-body circumferential (6) coordinate. The flexible-
body coordinates (x,r,0) are given in terms of the rigidy-body
coordinates (X, F, Z) by the following equations, which are
restricted to cases where the deflections Z of the flexible-body
centerline and their derivatives, dZ/dX, are small

x = X + (dZ/dX)Z
r = [F2 + (Z - Z)2]1/2

6 = ta,n-i[Y/(Z - Z)]

(5)
(6)

(7)
Equation (1) is transformed into flexible-body coordinates

using the chain rule of partial differentiation and partial
derivatives from Eqs. (5-7):

bx* dr2

bx bx

To extend the aerodynamic first-order method it is necessary
that the form of the transformed equation of </> be identical to
the form of the equation when expressed in rigid cylindrical
coordinates. This requires that the right-hand side of Eq. (8)
must be negligible compared to the left-hand side. The term
on the right is negligible for launch vehicles and missiles be-
cause the derivatives of the body curvature with respect to
distance, b(b2Z/bX2)/bx, are small. From elementary beam
theory the derivatives of curvature of a flexing structure are
proportional to the shearing forces. Computations of the
derivatives of the curvature from the shearing forces show
that they are generally small. The requirement of negligible
values of the right-hand side of Eq. (8) yields the transformed
supersonic partial differential equation 0;

+ dr2 + !-**+ l-
~1~ r br "*" r2

520

v =:

The velocity components in the flexible-body coordinate
system are given by equations similar to those in the rigid-
body systems with .the local angles of attack a replacing the
rigid coordinate angles of attack ar. The u, v, and w velocity
components in the x} r, and 0 directions of the flexible-body
coordinate system are:

Jm cosa + b<t>a/bx + bfa/bx (10)
, sina cos0 + 50a/5r + 50c/5r (11)

w = -^ sina sin0 + (l/r)50c/50 (12)

where 0a and 0C are the axial-flow and cross-flow perturbation
potentials. The sum of these two potentials yields the total
perturbation velocity potential 0.

The potentials are also required to satisfy the boundary
conditions at the surface of the flexible body. Here the flow
at the body surfaces must be exactly tangent to the surfaces.
This requirement is expressed:

(dr/dx}R = (v/u)R (13)
where R is the body radius at station x. Substituting Eqs.
(10) and (11) yields:

/dr \ = /Easing
\ dX ) R \ Ua, CO

cos0 + 50a/5r + 50c/5r
cosa + b<t>a/bx (14)

This equation is exactly satisfied, if the two potentials satisfy
the following equations:

- - - - (15)\br/R \dx bx /R

. v (dr 1 50C\ / I 50C\sine*)* = [ —— —— - -^— ) - { — - ^— I (16)\dx cos0 bx / R \cos0 dr /R

Fig. 1 Flexible-body coordinate system.

The significance of the two equations in the flexible-body co-
ordinate system is that the first contains only 0a, which is in-
dependent of 0, and the second contains only 0C, which is,
however, dependent on 0.

First-Order Solution for Flexible Bodies

General axial and cross-flow perturbation velocity poten-
tials are given here. They are solutions of the supersonic par-
tial differential equation expressed in flexible-body coordinates
of 0, Eq. (9). The potentials are then evaluated so that they
also satisfy the flexible-body boundary conditions given by
Eqs. (15) and (16).

The following 0a has been shown to satisfy the equation of
0. It is obtained by integrating the supersonic source dis-
tribution along the body axis from the nose to the Mach cone
that emanates from the axis and intersects the point (x,r).

f(X ~

where /(O) = 0 for pointed bodies, because the body nose can-
not propagate disturbances upstream in supersonic flow. To
complete the solution of the boundary value problem, the
derivatives of the supersonic sources distribution /' must be
evaluated so that the boundary conditions at discrete points
along the surface of the body are satisfied. In determining
the derivatives at these points, the body surface is divided into
a sequence of body stations (Xi,rt) as shown in Fig. 2, with i —
1 designating the body nose. The following perturbation
velocities in the axial and radial directions at station n are
obtained by taking the derivatives of 0a:

f\Jcosh-K /'(*„- ,3rMcoshS)X

/(O)ds - - I]1'2 (18)

4'2

Fig. 2 Geometry of flexible bodies.
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Fig. 3 Normal force on rigid cone.

f(xn - f$rn coshs) X

coshs ds + - I]1/2 (19)

The last term in each of these equations is zero since/(O) =
0. Now let the source derivatives /' be constants over inter-
vals along the axis of the body according to the following rela-
tion:

f'(xn - frn coshs) = a< (20)

for values of s, such that

(£*_! - /fr*_i) < (xn •- prn coshs) < (xt - 0rt) (21)

To evaluate the constants an substitute the previous expres-
sions into Eqs. (18) and (19):

r / n

where the following definitions have been used:

(22)

(23)

(24)

(25)

(26)
The term \f/n>i is illustrated in Fig. 2. Inserting Eqs. (22) and
(23) into the exact tangency conditions given by Eq. (15)
yields the following equation for evaluating the constants of

, ' An,< = cosh ~yn,i — cosh

FIRST ORDER MET HOD
WIND TUNNEL DATA8

.4 6

DISTANCE RATIO, x/D

P3n,n + (dr/dx)nAn,n

(27)
Here a\ = 0, because of the properties of pointed bodies in
supersonic flow. The constants an are used in Eqs. (22) and
(23) to determine the perturbation velocity components gen-
erated by <t>a-

A similar procedure is used to determine the velocity compo-
nents generated by <t>c. It has also been shown6 to satisfy
the equation of <£. It is obtained by integrating the super-
sonic doublet distribution along the body axis from the nose to
the Mach cone that emanates from the axis and intersects the
point (x,r):
<£c(z,r,0) = -COS0-0 X

m(x — /3r coshs) coshsds (28)

where m(0) = 0 for pointed bodies in supersonic flow. The
supersonic doublet distribution m and its derivatives m' must
be evaluated so that the tangency conditions, given by Eq.
(16), are satisfied at discrete points on the body surface. To
evaluate these terms, determine the perturbation velocity com-
ponents at station n that are generated by <j>c by taking the
derivatives of <t>c:

f°
J co

m'(xn — Prn coshs) X

coshsds + m(0)cos0.(zw/0rj (29)

« ~ *• coshs) x

sin* _

coshsds (31)
The last term in each of the first two equations is zero since
m(0) = 0. Let the supersonic doublet distribution be repre-
sented by
w(xn — f$rn coshs), =

rn -6
L

coshs bj - 6y_i)^»,y_i
J

(32)

where the terms bt are constants over restricted intervals.
The derivative is given by

m'(xn - Prn coshs) = bt (33)
Both equations are valid for values of s, such that

(xt-i - /3/Vi) < (xn - $rn coshs) < (xt - 0r<) (34)
These equations are next substituted into Eqs. (29-31) to

initiate the evaluation of the supersonic doublet constants bn

EM.4 (35)

Fig. 4 Local normal foree distribution on rigid Saturn V.
(37)
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where tinti is defined as 0.08

- I)1'2 - (38)

and \l/n,iAn,'i, and Sn,i are defined by Eqs. (24-26). The de-
termination of the supersonic doublet constants bn are com-
pleted by substituting Eqs. (35) and (36) into the tangency
conditions given by Eq (16)

-2(17. sina)n - j8

bn = /3[2(dr/dx)nEn,n + f3(An,n
(39)

Because of the properties of pointed bodies in supersonic flow7

the strength of the derivatives of the doublet at the body nose
is zero and this results in 61 = 0. The cross-flow perturbation
components are determined by inserting these values of the
constants bn into Eqs. (35-37).

The total velocity components are determined by Eqs.
(10-12) using both the axial and cross-flow potentials. The
total velocity components are then used to evaluate the pres-
sure coefficient at the body stations. The exact expression
for the pressure coefficient is:

Cpn(6) = 1 + X

Mn2 + f«2 + Wn
:

U^ (40)

The local normal forces, the normal force, the pitching mo-
ment about the center of gravity, and the center of pressure
measured from the nose are given by

N ' = -2qrn C*Cj o

- V* N ' (Xn+

»?2 \

Meg =

XCP = Xcg - Mca/N

(41)

(42)

(43)

(44)

These equations are the solution of the flexible-body bound-
ary value problem expressed in flexible-body coordinates and
they constitute the first-order method for flexible bodies. It
is similar to the rigid-body first-order method with the local
angles of attack replacing the rigid-body angles of attack. It
is applicable to rigid bodies, since rigid bodies are special cases
of flexible bodies. The first-order method for flexible bodies
reduces to the extended slender body method when the slender
body restrictions are imposed. The method of this paper in-
cludes variations in Mach number and also includes the effects
of forebody deflection.

Results

The results of calculations made with the first-order method
for flexible bodies are described in this section. The objec-
tive of these calculations is to provide a basis for comparison
of the method with those previously in use and to determine
the nature of the aerodynamic forces generated by body flex-
ing. Results are given for a rigid cone and a rigid Saturn V
vehicle. Also included are results for a flexed cone and a flex-
ible Saturn V vehicle which illustrate the phenomenon of
aerodynamic forces induced by forebody flexing.

The local normal forces acting on a rigid cone have been
calculated. The method of this paper is applicable, since a
rigid body is a special case of a flexible body. Twenty-five
body stations were used in obtaining the results shown in Fig.
3. This large number of body stations is required by the

-0.04

—— FIRST ORDER METHOD
FOR FLEXIBLE BODIES

—-- EXTENDED SLENDER BODY
METHODS

—— -MODIFIED RIGID-BODY
METHOD OF
CHARACTERISTICS7

0.6 1.2 1.8

DISTANCE RATIO, x/D

2.4

Fig. 5 Local normal force distribution on flexible cone.

numerical integration technique used to compute the normal
force. Also shown are the results based on the slender-body
method and the method of characteristics. The results7 from
the latter method are exact solutions of the nonlinear equa-
tion of the velocity potential. The values computed by the
method of this paper are less than the values estimated by the
slender body method. However, they are in excellent agree-
ment with exact results.

Calculations have been made for a rigid Saturn V vehicle
without fins by the method of this paper. Sixty-nine body
stations were used. Figure 4 gives these results as well as the
results of wind tunnel tests.8 Agreement is good; the areas
of over-calculation compensated those of under-calculation.
The computed results appear to be "smoothed" versions of the
experimental results. The differences are caused by the
asymmetry in the regions of separated flow. Wind-tunnel
optical systems show that these regions are generated by the
frustum sections at moderate angles of attack. The calcula-
tions illustrate that this method gives valid results for rigid
launch vehicles.

A flexed cone shown in Fig. 5 has been analyzed. This
cone is selected because of its simplicity even though the inter-
section of its fore and aft portion is abrupt. Because of this
severe change in body slope, this problem does not strictly
comply with the requirement of negligible values of the right-
hand side of Eq. (8). The requirement could be met by re-
placing this cone with a similar one which has a more gradual
change in slope and the aerodynamic forces acting on the two
would be virtually identical. Calculations have been made
by this method using 25 body stations. These results and
those determined by the extended slender body method are
given in Fig. 5. It also shows the results obtained by the

-0.50E

— FIRST ORDER METHOD FOR FLEXIBLE BODIES
— MODIFIED RIGID-BODY FIRST ORDER METHOD V

M__ = 1.7

--0.25

4 6
DISTANCE RATIO, x/D

Fig. 6 Local normal force distribution on flexible Saturn
V.
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technique of using the method of characteristics to establish
the aerodynamic force distribution acting on a rigid cone and
then modifying the distribution for the flexible-body case.

Calculations for the fixed cone by the three methods yield
similar forebody force distributions. The slender-body
method gives larger forces than the other two methods. The
significant differences are displayed at the afterbody. The
method of this paper indicates that the forebody induces large
negative local normal forces on the afterbody. This phenom-
enon of aerodynamic forces induced by forebody flexing is
caused by the afterbody " straightening" the flow that has
been "turned" by the flexing of the forebody. The slender-
body method yields a negative "spike" at the intersection fol-
lowed by zero local normal forces on the afterbody. The
technique of modifying the rigid-body force distribution yields
no disturbance at the intersection and simply results in zero
local normal forces on the afterbody. Although the slender-
body method does give a spike, neither it nor the technique
of modifying the rigid-body force distribution demonstrate
the phenomenon of aerodynamic forces induced by forebody
flexing. The results of applying this method must be tem-
pered because of the abrupt intersection of the fore and aft por-
tions of the cone. However, this method is shown to provide
increased precision in computing flexible body forces and to
illustrate an aerodynamic phenomenon that is not indicated
by the previous methods.

Finally, the method of this paper has been used to compute
the aerodynamic forces acting on a flexed Saturn V vehicle
with fins. The results given in Fig. 6 are based on 69 body
stations. Flexible body results are also shown that were de-
termined by the technique of modifying the rigid-body force
distribution obtained by the rigid-body, first-order method.
In both cases an axially symmetric frustum is added to the
Saturn V vehicle to simulate the fin-shroud combination.
The local normal forces on the aft portion of the vehicle when
computed by the method of this paper are substantial. How-
ever, these forces are virtually zero when determined by modi-
fying the rigid-body force distribution. As in the previous
example, this illustrates the phenomenon of aerodynamic
forces induced by the forebody flexing which is caused by the
turning and straightening of the airstream. Applying the
first-order method for flexible bodies to a flexed launch vehicle
yields greater accuracy and also illustrates an aerodynamic
phenomenon that has been generally disregarded.

Conclusions and Recommendations

The preceding analysis and calculations have shown that
the transformation of aerodynamic boundary value problems
into flexible-body coordinate systems simplifies the boundary
conditions. This simplification facilitates the extension of
the first-order method to solve the flexible-body boundary
value problems. However, its application is restricted to
cases in which changes in curvature are small. The method
of this paper yields results which have greater accuracy than
those obtained by the extended slender-body method and by
the technique of modifying rigid-body characteristics. The
phenomenon of aerodynamic forces induced by forebody flex-
ing is caused by the turning of the airflow by the forebody and
its straightening by the afterbody.

It is recommended that the first-order method for flexible
bodies be extended to include the effects of separated flow,
and that the method of this paper be extended to include time-
dependent phenomena.
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