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Extension of Equivalent Angle-of-Attack Method
for Nonlinear Flowfields

MJ. Hemsch* and J.N. Nielsenf
Nielsen Engineering & Research, Inc., Mountain View, California

Recent experimental results show that the control effectiveness of a missile fin in supersonic flow at moderate to
high angles of attack is a strong nonlinear function of freestream Mach number, body incidence angle, fin bank
angle, and fin deflection angle. Analysis of the experimental results using an Euler finite-difference computer code
with flow separation, together with the equivalent angle-of-attack concept, indicates that the observed nonlineari-
ties are due to the variation of local dynamic pressure and local Mach number around the missile body alone. The
nonlinearities are shown to be a strong source of control cross-coupling for high Mach number, high angle-of-
attack combinations. The analysis suggests a relatively simple yet comprehensive approach for accurately
accounting for these nonlinear effects. The impact of the results on missile aeroprediction methods is discussed.

Nomenclature
a = body radius
yR = aspect ratio of wing alone
CN — normal-force coefficient of fin / in the presence of a

circular body, referenced to fin planform area
CN = normal-force coefficient of wing alone
D = body diameter
Kw = Beskin up wash factor
K+ = sideslip factor
Mc = cross flow Mach number, M^ sinac
Mj = Mach number at a point in the body flowfield
Mf = local Mach number in presence of body alone

averaged over exposed span of fin [Eq. (5)]
MOO = freestream Mach number
<?/ = dynamic pressure at a point in the body flowfield
q^ = local dynamic pressure in presence of body alone

averaged over exposed span of fin [Eq. (4)]
q^ = dynamic pressure of the freestream
sm = semispan of fin
V^ = freestream velocity
x/D = distance aft of nose tip in (cylindrical) body

diameters
a = angle of attack
ac = angle between body axis and wind velocity vector
aeq, = equivalent angle of attack of fin /; i.e., angle of

attack of wing alone which gives same normal-
force coefficient as that of fin i

<*eq/
 = equivalent angle of attack of fin i if all

fins are undeflected
8j = deflection of fin i, positive when the leading edge

is rotated toward the leeward side of the body
(Aa)^ = average angle of attack induced on fin i by vortices
X = fin taper ratio
Ajf = fin deflection factor
<f> = roll angle of fin i measured from the horizontal

plane, positive windward
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Introduction

RECENTLY, engineering methods have been developed
for estimating fin (or wing) forces and moments in the

presence of a missile body and other fins with sufficient
accuracy to predict lateral and control characteristics up to
high angles of attack.1"4 The methods use systematic data
bases, vortex tracking and the equivalent angle-of-attack («eq)
concept.

It is the purpose of this paper first to present experimental
results5 which show that the control effectiveness of a missile
fin in supersonic flow at moderate to high angles of attack is a
strong nonlinear function of freestream Mach number, body
incidence angle, fin bank angle and fin deflection angle, sec-
ond to show that the observed nonlinearities are a strong
source of control cross-coupling for high Mach number, high
angle-of-attack combinations, and third to demonstrate with
the help of a Euler code and the a concept that the observed
nonlinearities are due to the variation of local dynamic pres-
sure and local Mach number around the body alone. Finally, a
simple but comprehensive approach is presented for accu-
rately accounting for the nonlinearities and the impact of the
results on missile aeroprediction methods is discussed.

Review of the aeq Concept
It will be convenient for the discussion in the following

sections to review the aeq concept.3 The concept is used to
estimate the nonlinear force and moment coefficients of fins
mounted on bodies by relating the fin coefficients to those of a
wing alone composed of two of the same fins joined at their
root chords. The aeq for fin / is obtained from solution of the
equation

CNw(^) = CNF(B)i[ac^i,81_4,a/sm,(^a)v] (1)

Equation (1) by itself is not very useful. What is needed is a
way to relate the parameters in the argument lists of the
functions so that a change in one or more of the parameters
can be related to a change in aeq and hence to a change in
CN . Using the notion of "average" velocity components
seen by the fin of interest (fin /) and drawing extensively on
slender-body theory, we derived in Ref. 3 the following rela-
tionships:

tana = A'^tanaccos<|>/

j4_
&
— K<i>tanac sinac sin^ cos ̂

(2)
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and

(3)

The assumptions involved in the derivation of Eqs. (2) and (3)
and a discussion of the many uses of the approach are given in
the reference. Note that for the purposes of the discussion to
follow that it is implicit in the aeq concept as set forth in Ref.
3 that the local dynamic pressure and local Mach number in
the region occupied by a fin do not differ significantly from
the freestream values. For these conditions and the assump-
tions of slender-body theory, A7/ is dependent only on the fin
span-to-body diameter ratio.

Review of the Data
The data which will be presented were obtained with the

model shown in Fig. 1. Only one fin (fin 2) was deflected. The
fins have clipped delta planforms with a wing-alone aspect
ratio of 2 and a taper ratio of 0.5. The airfoil section is a
symmetric double wedge with a uniform thickness-to-chord
ratio of 6%. The span-to-body diameter ratio is 2. The wing-
alone curves to be used for the discussion are given in Fig. 2
and are taken from Ref. 6. The wings used to obtain the data
given in Fig. 2 have modified double wedge airfoil sections.

Typical normal-force coefficient data are presented as a
function of bank angle in Fig. 3 for the deflected fin for a
body incidence angle of 20 deg. There are three features which
should be noted. First, for the zero deflection curves, the
maximum value of the normal-force coefficient is displaced

2/3 D

Fig. 1 Schematic of model used for control tests.
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Fig. 2 Normal-force coefficient for
wing.

\= 1/2 clipped delta
Fig. 3 Normal-force coefficient for deflected fin of AR = 2, X = 1/2
mounted on body of Fig. 1: a) M^ * 1.2; b) M^ = 2.0; c) M^ = 3.0; d)
M~ = 4.5.
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ac range

3 ^ 0 0-40
4.5 0-40
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For <f> = -90°, symbols are flagged
For (j) =90°, symbols are not flagged
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Fig. 4 Correlation of control effectiveness for leeward meridian and
windward meridian fin positions.

toward the windward side of the body from the horizontal
symmetry position of <J> = 0 to roughly <f> = 25 deg in accor-
dance with slender-body theory (e.g., Ref. 3). Second, for the
Af^ — 1.2 data (Fig. 3a), positive fin deflection gives lower
control effectiveness than negative fin deflection. This effect is
due to the decrease in dCNw/da with increasing a for the
M^ = 1.2 wing-alone curves (Fig. 2). Third, the control
effectiveness changes dratnatically with increasing Mach num-
ber, decreasing for leeward bank angles and increasing for
windward bank angles. In fact, for certain values of <f> on the
windward side, CNp B is greater than the maximum value of
1.7 given by Hoeiner for a flat plate normal to the freestream.

A valuable perspective on the last phenomenon described
above can be gained by plotting the fin normal-force coeffi-
cient for the <f> = ± 90 deg positions as a function of cross-flow
Mach number Mc = M00sinac. This case represents control
effectiveness since CNp(B) = 0 for <t> = ± 90 deg and 8 = 0. The
results are given in Fig? 4 for M^ = 2.0, 3.0, and 4.5 and fin
deflection angles of ± 20 deg. The fin normal-force coefficient
for a given ac is normalized by its value at ac = 0 to give the
curves a common value at Mc = 0. The M^ = 1.2 data are not
shown to avoid cluttering the figure. However, for M^ = 1.20
and OLC < 20 deg, the QF(B)(«c)/QF(fi)(°) ratio is within a few
percent of unity. Figure 4 shows that the data correlate fairly
well with cross-flow Mach number.

It is obvious from Fig. 4 that a yaw command in the "plus"
configuration for a high cross-flow Mach number will lead to
an induced rolling moment which must be answered by the
horizontal fins. However, when a high-performance missile is
pulling a high-g maneuver, much of the available horizontal
fin deflection capability will be used to trim the vehicle in the
pitch plane. Hence, little will be left to counter any induced
rolling moment due to a yaw command. Clearly, this would
put a limit on the ac which the vehicle could safely reach for
high cross-flow Mach numbers.

Analysis
The large variation in CNjf B with fin bank angle and the

correlation of Fig. 4 prompts us to consider the local flowfield
property variation (around the body alone). To do this we
used the SWINT marching Euler solver8 which has the capa-
bility of shedding and convecting vorticity at prescribed sep-
aration lines on the body. The separation line locations were
determined from a correlation by Nielsen9 made from
Landrum's oil-flow data.10 A series of runs was made on a
three-caliber cone-cylinder for various Mach numbers and
angles of attack.

For the purposes of the present work, we will use values of
qe and M^ which have been averaged over the exposed span of

A A a =20°

O < D O O O O O O > O O O O O O o o o

leeward •*—\—»- windward
_i____i_

-90 -70 -50 -30 -10 10 30 50 70 90
0, degrees

fig. 5 Computed flowfield properties for a three-caliber cone-cylinder:
a) average local dynamic pressure; b) average local Mach number.

fin, i.e.,

(4)

(5)

The averaging was applied along the radial line defined by
the exposed fin span for 5 = 0 as if the fin were immersed in
the body-alone flowfield. Hence, for the data presented here
the integration interval was from a to 2a. The computed
results for qf and Mf at 10 diameters aft of the nose tip for a
body incidence angle of 20 deg are given in Fig. 5.

It is immediately apparent from the results shown in Fig. 5
that the variations of both the local Mach number and local
dynamic pressure contribute to the behavior displayedjn Figs.
3 and 4. At M^ = 1.60, for example, both qf and M^ vary
only slightly with <J> from their freestream values. However, as
MOO increases, the variation with $ of both quantities in-
creases. A^M^ = 4.63 and </> = 90 deg, for instance, q-^/q^ =
2.07 and -M^— 3.5. Both of these flowfield values would con-
tribute to values of CNp which are higher than expected
when the fin is deflected, the lower Mach number giving a
higher wing-alone normal-force coefficient slope.

Given the above results, it seems reasonable to conjecture
that the wide variation in CNp B seen in Fig. 3 is due to local
flow field property variations caused by the presence of the
body alone. This conjecture can be checked by using the
equivalent angle-of-attack concept and the local flowfield
property values of Fig. 5. Since only fin 2 of the model was
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deflected we can write Eq. (3) as 2.0

eq2

or

(6)

(7)

If the conjecture is correct, it should be possible to use Eq. (7)
to collapse the 8 and <f> dependence of the data in Fig. 3.

The steps which were used to check the conjecture for a
given body angle of attack and freestream Mach number are
as follows:

1) For a particular value of <J>, determine CNp from the
data for 82 = 0, ±20 deg, ±40 deg. F(B)

2) Multiply the results of step 1 by q^/qf for the particular
value of <t> to obtain CN referenced to the (computed) local
dynamic pressure.

3) Interpolate in the wing-alone curves of Fig. 2 (at the
(computed) local Mach number) to obtain values of aeq
corresponding to the results of step 2. Ignore those data points
which would require extrapolation of the wing-alone curves
beyond a = 60 deg.

4) Apply Eq. (7) to the results of step 3.
The results of the above procedure are given in Fig. 6. It was
not possible to use SWINT for M^ = 1.20 because of subsonic
flow on the windward side of the nose. But the computational
results shown in Fig. 5 indicate that q^- q^ and Mf» M^ for
all bank angles. _Thus, for the results of Figure 6a, step 2 was
eliminated and M€ was set equal to M^.

The overall results of Fig. 6 indicate that the conjecture is
correct. For M^ = 1.20 (Fig. 6a), all the large deviations occur
when the fin is operating in the stall region, i.e., when |aeq| > 22
deg. We pointed out in Ref. 3 that although the aeq concept
can be used to obtain rough estimates of forces and moments
for fins in the stall region, fin sweep due to a combination of
ac and <J> can have a strong effect. Furthermore, it is known6

that the airfoil section can have a strong effect in the stall
region for subsonic and transonic Mach numbers. The airfoil
section for the control fins is a symmetric double wedge, while
the section for the wing alone used to obtain the data of Fig. 2
is a modified double wedge.

Figures 6b-d show that the correlation succeeds in taking
out the <f> dependence of the control effectiveness very well
except for the bank angle region approximately ±35 deg from
the leeward plane. The <f> dependence of A22 near the leeward
plane increases with M^ from being hardly noticeable at
M^ = 2-0 to giving A22 values different from other bank
angles by more than a factor of 2 at M^ = 4.5. A check on the
correlation was made for M^ = 3.0 and ac = 35 deg which
gives a cross flow Mach number close to that for the case of
Fig. 6d. The original data and the correlation are given in Fig.
7. Note that the correlation again appears to take out the <f>
dependence of A22 except for the region near the leeward
plane.

The reason for the <f> dependence of A22 near the leeward
plane is not known. One possible source would be incorrect
local flow field properties given by the Euler solver. For this
study the radial grid points were evenly spaced between the
body and the bow shock, giving a fairly coarse mesh for the
leeward side at high angles of attack.

Implications for the a^ Concept
From the discussion in the section above, it is clear that the

«eq concept as outlined in Ref. 3 will not predict control
effectiveness accurately for cross-flow Mach numbers greater
than 0.5. However, with a reasonable amount of effort, the
method can be extended so that it can still be used success-
fully in missile aeroprediction codes.

To extend the concept to cross flow Mach numbers greater
than 0.5, a table of q^/q^ and Mf as functions of M^, ac, <f>,
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Fig. 6 Correlation of control fin effectiveness data of Fig. 3: a)
M^ = 1.2; b) M^ = 2.0; c) M^ = 3.0; d) M^ = 4.5.
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Fig. 7 Correlation of fin effectiveness data for M^ = 3.0, ctc = 35 deg
case; AR = 2, \=l/2: a) fin normal-force coefficient; b) control
effectiveness.

7) Fo£ the aeq of step 5 determine the CNw corresponding
to the Mf of step 6.

8) Multiply the CNw of step 7 by the q^/q^ of step 6 to get
the CN of interest referenced to freestream conditions.

Concluding Remarks
Analysis of the data from a recent comprehensive control-

effectiveness test clearly shows that control effectiveness is a
strong function of the local dynamic pressure and local Mach
number generated by the body alone for cross-flow Mach
numbers above 0.5. The analysis also suggests a simple but
effective way to modify the aeq concept to account for the
above behavior.

The implications for various missile aeroprediction methods
are important. For engineering codes which depend on data
bases, the aeq concept must be modified as described in the
text and a data base for qf and M€ included. For paneling
methods linear theory will not give the full effect of com-
pressibility. Any method which seeks to extend the linear
theory so that paneling codes can be used for high angle-of-
attack, high M^ conditions should incorporate some means of
accounting for nonlinear compressibility effects in the flowfield.
For finite difference codes, it is important that flowfield prop-
erties be computed accurately so that fins are immersed in the
correct flow.
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a/sm and x/D must be provided. Such a table can be
obtained relatively inexpensively from SWINT or some other
Euler solver applied to a body alone. For a missile aeropredic-
tion method which uses a wing-alone procedure for de-
termining fin loads (e.g., Ref. 11) the following steps should be
applied:

1) Use Eqs. (2) and (3) to obtain an estimate for «eq for a
given M00,«c,<|),5 combination.

2) Determine qf/q^ and Mf for the <J> and x/D locations
of interest.

3) Compute_C^^ for the aeq of step 1 using the wing-alone
curve for the Mf of step 2.

4) Multiply the CNw of step 3 by the qf/qx from step 2 to
obtain the fin normal-force coefficient referenced to freestream
conditions.
Whenever extrapolating from an experimental fin-on-body
data base to different values of a/sm, x/D and/or (Aa)^ is
required, the following steps should be applied.

1) For the M00,ac,<J>,5 combination of interest, determine
CNp B from the data base.

2) Determine q^/q^ and M, for the <J> location of interest
for the a/sm and x/D of the fin in the data base.

3) Divide the CN of step 1 by the q^/q^ from step 2 to
normalize it properly for use in the «eq method. __

4) For the wing-alone curve corresponding to the M€ of
step 2, obtain aeq for the normal-force coefficient resulting
from step 3.

5) Using Eqs. (3) and (4) (see Ref. 3), determine the new aeq
for the conditions of interest^

6) Determine q^/q^ and Mf for the <£ value of interest for
the a/sm and x/D of interest.
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