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Aeroelastic Analysis of Launch Vehicles in Transonic Flight

Joao Luiz F. Azevedo*
Stanford University, Stanford, California

A numerical study of the aeroelastic stability of launch vehicles in transonic flight is performed. The unsteady
aerodynamic flowfield about the vehicle is simulated using the three-dimensional Reynolds-averaged Navier-Stokes
equations, accounting for turbulent mixing by a two-layer algebraic eddy viscosity model. The structural-dynamic
formulation considers free-free flexural vibration of an elongated beam with variable properties, and the equations
are cast in modal form. The two sets of equations are integrated simultaneously in time, after an initial
perturbation, to ascertain the aeroelastic stability of a given configuration. The method proposed is described in
detail and results that illustrate its application are presented. Steady-state pressure coefficient distributions show
good agreement with available experimental data. Reasonable unsteady aerodynamic calculations and aeroelastic
responses were obtained that still need further validation.
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Nomenclature
= inviscid part of flux Jacobian matrices
= constants used in the turbulence model
= pressure coefficient, 2/yM2co[(p/pco) — 1]
= specific heat at constant volume
= total energy per unit of volume
= specific internal energy
= flux vectors in Cartesian coordinates
= flux vectors in body-conforming
coordinates

= functions used in the turbulence model
= identity matrix
= Jacobian of the transformation
= reduced frequency
= constant used in the turbulence model
= length scale
= running normal force
= left-hand-side finite-difference operators
= mass per unit of body length
= generalized mass of the zth mode
= viscous part of flux Jacobian matrix
= freestream Mach number
= pressure
= generalized aerodynamic force
= Prandtl number
= turbulent Prandtl number
= generalized modal coordinate
= Cartesian components of the heat flux

vector
= vector of conserved quantities (Cartesian

coordinates)
= vector of conserved quantities (body-

conforming coordinates)
= freestream Reynolds number
= right-hand-side finite-difference operators
= time
= temperature
= Cartesian components of fluid velocity
= Cartesian coordinates

Presented as Paper 87-0708 at the AIAA/ASME/ASCE/AHS 28th
Structures, Structural Dynamics and Materials Conference, Mon-
terey, CA, April 6-9, 1987; received June 5, 1987; revision received
April 26, 1988. Copyright © American Institute of Aeronautics and
Astronautics, Inc., 1987. All rights reserved.

* Research Assistant, Department of Aeronautics and Astronautics;
currently with Institute de Atividades Espaciais, CTA, Sao Jose dos
Campos, SP, Brazil. Member AIAA.

a = angle of attack
y = ratio of specific heats
<5(jc, t) = total deflection of the centerline
dtj = Kronecker delta
6^3^ 6^ = central difference operators
Af, A^, A£, A, = forward difference operators
V^, V^, Vc = backward difference operators
SE = artificial dissipation coefficient for explicit

side
e7 = artificial dissipation coefficient for implicit

side
d- = modal damping coefficient
0(0 = rigid body centerline angular deflection
OQ = half-amplitude angle of the oscillation
ju/ = molecular (laminar) viscosity coefficient
\it = eddy (turbulent) viscosity coefficient
£, 77, C = body conforming coordinates
p = density
T = time in the body conforming system
ix.Xj = components of the viscous stress tensor
<t>,(x) = normal mode of vibration
| co | = magnitude of vorticity vector
cot = natural frequency of the /th mode

Introduction

THE transonic flight regime has always presented great
difficulties to analysts, especially because of the inherent

nonlinearities of the equations governing the flow at transonic
speeds even in their most simplified form. Despite all its
difficulties, the transonic regime is very important in aeronau-
tical applications, and hiethods that would be able to perform
routine aeroelastic analyses are necessary because current
transport aircraft usually cruise in this regime and military
aircraft maneuver in it. Even missiles, or launch vehicles in
general, that usually are designed to acquire a very high speed
in a reasonably short time have to pass safely through the
transonic regime.

It is the purpose of this work to study the aeroelastic stabil-
ity of hammerhead payloads, and other blunt geometries in
general, during their transonic phase of flight. The interest
in such types of vehicle geometries is related to the fact that
they are sometimes very attractive options for the designer,
but aeroelastic problems have been observed in the past1"3 on
certain vehicles with these configurations when passing
through the transonic regime.

The classical approach for the analysis of the aeroelastic
phenomena present in the transonic phase of flight of ballistic
launch vehicles has been to use experimental data for the
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unsteady aerodynamic pressures together with some simplified
structural-dynamic representation of the vehicle. This work
presents an approach where use is made of the current
computational fluid dynamics technology in order to perform
such aeroelastic analyses by coupling the structural-dynamic
equations representing the vehicle with some unsteady flow
solver appropriate for the physical situation being treated.

The formulation of the aerodynamic problem will be pre-
sented next, followed by a discussion of how these equations
are actually implemented in a computer program. The formu-
lation of the aeroelastic problem will then be presented, and
some applications of the present approach to the calculation
of both the unsteady aerodynamic forces on rigid oscillating
vehicles and the aeroelastic stability of elastic vehicles will be
discussed. Finally, an attempt to identify the difficulties and
advantages of this approach will be made, and some possible
directions for improvements in the method will be suggested.

Aerodynamic Formulation
For the physical situation under consideration, because of

the complex shock-boundary-layer interaction and flow sepa-
ration expected at transonic speeds, the appropriate set of
flow equations that should be used are the three-dimensional
Navier-Stokes equations. Since full solution of these equa-
tions around complex geometries is still beyond our computa-
tional capabilities, the method employed here solves the
thin-layer approximation to the Reynolds-averaged Navier-
Stokes equations, where the account for the turbulent mixing
is done by the Baldwin and Lomax algebraic eddy viscosity
model.4

The equations can be written in strong conservation-law
form for three-dimensional Cartesian coordinates as:

dQ dE dF 8G
^ + ̂  + ̂ +-r-=0ot ex cy oz

where the vector of conserved quantities Q is

(1)

Q =
p
pu
pv
pw
e

(2)

and the flux vectors E, F9 and G are

E =

F =

G =

pu
pu2+p-ixx
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(e+p- xxx)u - ixyv - ixzw + qx

pv
puv - txy
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pw
puw - ixz
pvw - xyz

pw2+p-xzz
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(3)

(4)

(5)

The pressure p is calculated by the equation of state for
perfect gases

(6)P = (y -

where ef is the specific internal energy of the fluid

The Reynolds stress terms and turbulent heat flux terms
that appear in the time-averaging process are accounted for
by using the eddy-viscosity and eddy-conductivity concepts.
By this approach the coefficients of viscosity and thermal
conductivity are the sum of the molecular (laminar) part and
the eddy (turbulent) part, and it is expected that this will
model the turbulent inixing with sufficient accuracy for the
problems addressed here. The components of the viscous
stress tensor can then be written5:

TV..,, = (

dut
Fh (8)

where we have used a tensorial notation just because it affords
greater generality in this case, and it should be clear that
(xt, x2, x3) = (x, y, z) and (t/,, u2, u3) = (u, v,w). The compo-
nents of the heat-flux vector can be written (back in usual x,
y, z notation):

(9a)

(9b)

(9c)

The molecular viscosity coefficient u{ was treated as a given
constant throughout this work, but, conceptually, there is no
difficulty in letting it be updated as the solution progresses by
using, for example, the Sutherland viscosity relation. The
eddy viscosity coefficient \nt is obtained from the two-layer
Baldwin and Lomax4 algebraic model, which was imple-
mented here in the usual way for wall-bounded shear layers6-7

as

^//inner, 'I ~~ *7 crossover

^//outer, 'I -^ '/crossover
(10)

where r\ is the distance normal from the wall, and ^crossover is
the smallest value of r\ at which the inner and outer formula-
tions give equal values.

The inner region uses the Prandtl-Van Driest formulation,
such that

GOinner = (11)

where \co\ is the magnitude of the local vorticity vector, and
the length scale / is obtained

and \\ + = (n^/pwiw)lnw> k = 0.4, A + = 26.
The formulation for the outer region is similar to a Clauser

formulation and is given by

f / / "I — KC F F fn\ (19^VA*//outer ~~ ^^co^wake^KlebV// V L2'J

where

= the smaller of

The values of f/max and FmSLK are obtained from the function

(7) where Fmax is the maximum value of F(rj) in the profile, and
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fmax is the value of r\ at which it occurs. The function F^^rj),
called the Klebanoff intermittency factor, is given by

fkiebfo) = [1 + 5.5(CKleb^max)6]-1

Finally, Udif is the difference between maximum and minimum
total velocity in the profile (note that the minimum total
velocity is zero for boundary layers), and the constants used
have the following values: K = 0.0168, Ccp = 1.6, Cwk = 0.25,
and CKleb = 0.3.

Numerical Implementation
It is convenient, for the purpose of actually implementing

the flow solver code, to have the governing equations trans-
formed to a general body-conforming curvilinear coordinate
system. This will make the formulation in the code indepen-
dent of the details of the actual topology being solved, besides
making it very convenient for applying the boundary condi-
tions and implementing turbulence models. The transforma-
tion is known only numerically, which does not pose any
difficulty since what one really wants to know are the metrics
of the transformation and its Jacobian. The following general-
ized independent variable transformation8-9 is used:

T = t

n = n(x, y, ?> 0

(13a)

(13b)

(13c)

(13d)

It can be shown that the Navier-Stokes equations can still
be written in conservation-law form in the new variables as

where

dQ dE dF dG-5± +— + — +— = 0
di d{ drj %

P
pu
pv
pw
e

(14)

(15a)

(ISb)

(15c)

The Jacobian of the transformation, J, is given by

J = (x&vZt + Xtpt

and the metric terms are

In this work, rj is taken to be the direction normal (or almost
normal) to the body. This is the only direction where the
viscous effects are kept under the thin-layer approximation. It

should be noted, however, that the code actually implemented
has all the viscous terms in it, and the trimming down to the
thin-layer approximation is done by the grid, which is too
coarse in the other directions to capture the viscous effects.

The numerical algorithm used is the Beam and Warming
implicit approximate factorization scheme10 which, with
three-point second-order central differencing used to approxi-
mate the space derivatives and the implicit Euler method used
for the time-march, leads to the finite-difference equation:

(16)

where the above operators are defined as11-12

= (/ 4-

where
and V

and Sc are central difference operators; V^,
are backward difference operators; and A^, A^, and

are forward difference operators in the £, 77, and £ directions,
respectively. The 6^ is a midpoint operator used to maintain a
compact three-point second-order-accurate central difference
scheme when differencing the viscous terms on the left-hand
side. The Ans a forward difference operator in time, such that

The quantities g, £, F and G have already been defined in
Eqs. (15), and the Jacobian matrices A, B, C, and M are
described in detail by Pulliam and Steger.12'13 The superscript
n indicates at which instant of time the quantity should be
evaluated.

As usual with central differenced approximate factorization
schemes, artificial numerical dissipation is necessary to main-
tain stability of the numerical solution process. In the right-
hand-side operators, fourth-order numerical dissipation is
used for the interior points and second order is used for the
boundary points, except when operating in the C direction
where fourth-order numerical dissipation is used for all
points. The reason for the different treatment of the C direc-
tion is because this is the circumferential direction in this
work, and, since a periodic grid is used in this direction, there
is no reason to switch to second order at the boundaries. In
the left-hand-side operators, second-order artificial dissipation
is used everywhere in order to keep the matrices block tridiag-
onal, and so maintaining a cost-efficient solution algorithm.
The amount of artificial dissipation introduced in each side is
controlled by the coefficients SE (for explicit) and £/ (for
implicit), respectively, as indicated in the previous equations.

The computer code used in this work is a modification of
the ARC3D code (in the public domain) set up to be vector-
ized and run on a CDC Cyber 205 computer. The theoretical
formulation of the ARC3D code is described, among other
references, by Pulliam.8 The data base is structured in a pencil
format that minimizes the amount of data that has to be kept
in main memory at a given time. The pencil data structure
concept, as well as the procedure for solving Eq. (16) when
the data base has such a format, are described in detail by
Deiwert and Rothmund.11 Briefly, for each time step, the
equation is solved by forming the right-hand side, and then
inverting separately, in the sequence indicated, each of the
left-hand-side operators, through the use of an LU (lower-up-
per) decomposition algorithm for block tridiagonal matrices.
Again, since the grid in the £ direction is periodic in the
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present work, a periodic tridiagonal solver was programmed
for that direction.

Although not explicitly mentioned in the previous equa-
tions, freestream subtraction is performed in the flux vectors
when computing the right-hand terms in Eq. (16). The reason
for this is that when arbitrary curvilinear coordinates and
general finite differences are used, a small numerical error is
introduced that may cause the code to be unable to reproduce
the freestream (or a uniform flow). By performing the
freestream subtraction in the flux vectors, we ensure the
capability of recovering freestream and reduce the overall
error of the method.

Since a viscous formulation is used here, at body walls we
have no-slip boundary conditions, i.e., u = v = w = 0 for
steady problems, or u = xr, v = yr9 and w = ZT for unsteady
cases. We assume also adiabatic walls and zero normal pres-
sure gradient at body walls. Uniform freestream is enforced at
the upstream and far-field lateral boundaries. The treatment
given to the downstream boundary depends on the value of
the freestream Mach number. For supersonic freestream, the
downstream boundary is extrapolated from interior values.
For subsonic freestream, according to characteristic relations,
there are four characteristics propagating downstream and
one propagating upstream. To be consistent with that, pres-
sure is then fixed at the downstream boundary (at its
freestream value) and the other quantities are extrapolated
from interior values. Finally, it should be mentioned that all
the boundary conditions are treated explicitly in the present
work.

Aeroelastic Problem
The structural-dynamic equations for the vehicle are devel-

oped considering free-free flexural vibration of an elongated
beam with variable properties and are cast in modal form. It
is implicitly assumed here that the angle of attack remains low
enough such that no lateral forces will appear, and so bending
in only one plane has to be considered. Experimental results
by Hsieh14'15 seem to indicate that this assumption can be
good even up to 19 deg incidence for general blunt body
geometries.

The elastic deflection d(x, t) at any station along the body
can be represented by16:

d(x, 0=1 (17)

where qfj) are the generalized normal coordinates and </>/(.*)
are the normal modes.

Since the normal coordinates are not coupled either elasti-
cally or inertially, the equation of motion for each of the ith
coordinates can be written as

mt[qt(t) (18)

Knowing the actual vehicle mass distribution, the generalized
masses mt can be obtained from

*i= ;
Jbody

dx (19)

All of this formulation is standard for any aeroelastic
analysis and does not need to be discussed further. The only
exception concerns the treatment of the generalized forces

). These forces can be calculated as:

Jbody
dx (20)

where /(*, t) is the local lift per unit of length at station x and
time t, which can be obtained from a suitable circumferential
integration of the pressure distribution around the body
found by the flow solution described in the previous sections.

So, although Eq. (18) looks like a linear equation, the true
nonlinear character of the present analysis is hidden in the
generalized aerodynamic forces.

Since the calculation of the flow solution at each time step,
and therefore the evaluation of P,(0> is rnuch more time
consuming than the solution of the structural-dynamic equa-
tions, this poses some constraints on the numerical method
that can be used for the time integration of Eq. (18). The idea
of transforming the second-order equation into a first-order
system as usually done in control theory may seem attractive,
but it is not very practical in this case. For instance, any
implicit method or any predictor-corrector sequence, which
typically involves the evaluation of the forcing term at an
instant of time ahead of the current time, would become
prohibitive as far as the computational time is concerned with
present computers. On the other hand, the explicit Euler
method can be shown to be always unstable in the case by a
simple linear stability analysis.

The procedure selected to advance Eq. (18) in time in the
present work consists of a straight finite differencing of both
the first and second time derivatives, as also done by Steger
and Bailey,17 Guruswamy and Yang,18 and Borland and
Rizzetta.19 Using second-order-accurate formulas, those time
derivatives can be approximated as

i - 2qitn

(Ar)2

2Ar

where the subscript i refers to the mode considered and the
subscript n refers to the time level at which the quantity is
evaluated. With the above formulas, the expression for q^ + i,
i.e., the generalized deflection of mode i at time « + 1, is given
by

[2 - (21)

Linear stability analysis of the foregoing scheme shows that
it is stable for the range of values of Ato, consistent with
accuracy requirements and for the range of values of £, likely
to be encountered for real structures. The analysis also shows
that for f f- -> 0 the scheme is numerically nondissipative, which
is, of course, the expected result, since central differences are
being used. This is important to avoid hiding physically
unstable solutions due to numerical dissipation introduced by
the method.

The coupling of the two sets of equations, the Navier-
Stokes equations governing the flow behavior and the afore-
mentioned structural-dynamic equations governing the
oscillating vehicle behavior, is performed in the following
way. At each time step, the aerodynamic equations are solved
in a time-accurate fashion, and their solution provides the
forcing terms for the aeroelastic analysis, which are weighted
integrals of the pressure distribution along the body surface as
was previously shown. Solution of the structural-dynamic
equations gives the new deformed shape of the body as well as
the body surface velocities and, therefore, the boundary con-
ditions for the aerodynamic solution at the next time step.
By tracing the growth or decay of a perturbed oscillation,
the aeroelastic stability of a given configuration can be
ascertained.

The solution process, as implemented here, recalculates the
whole computational mesh at every time step to account for
the deformation and motion of the body. This was done to
provide greater generality to the method and enable it to treat
larger deflections. In the present implementation of the
method, the rigid body degrees of freedom were assumed to
be somehow constrained, and only the elastic ones were
considered. There is no additional conceptual difficulty in
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including the rigid body modes in the current code, but results
by Woods and Ericsson1 seem to indicate that the inclusion,
or not, of the rigid modes is not critical for determining the
aeroelastic stability of a given vehicle.

Results
Two different vehicle geometries were considered in this

work. Initially the rigid body pitching of a hemisphere-cylin-
der geometry was considered, and the unsteady aerodynamic
forces generated by this motion computed. Later, the aeroe-
lastic stability of a hammerhead pay load was addressed.
Hemisphere Cylinder in Pitch Oscillation

Before attempting any true aeroelastic calculation, it was
felt that it would be appropriate to try to validate the code
developed against known results from the literature. A hemi-
sphere-cylinder geometry was selected for these calculations,

-30.0 -25.0 -20.0 -15.0 -10.0 -5.0 0.0 5.0 10.0 15.0 20.0

a) Longitudinal plane

HO.O -30.0 -20.0 -10.0 0.0 10.0 20.0 30.0 40.0
x

b) Crossflow plane

Fig. 1 Hemisphere cylinder typical grid plane.

because results for this kind of geometry are more readily
available in the literature, and also because being a simpler
configuration would make it easier to pinpoint any possible
problems in the code.

The body conforming computational mesh was generated
by algebraic methods, taking advantage of the simple vehicle
topology. Grid lines run in the longitudinal, normal, and
circumferential directions, and 50, 40, and 20 grid points were
used, respectively, in each of these directions. A longitudinal
grid plane is shown in Fig. la and a crossflow plane is shown
in Fig Ib. Mesh points in the normal direction are clustered
near the body in order to capture viscous effects, and a 25%
exponential grid stretching is used in this direction. Over the
hemispherical part of the body, grid lines in the longitudinal
direction are placed at equal angles; over the cylindrical part
of the body, those grid lines are equally spaced. Grid lines in
the circumferential direction are generated by rotating one
longitudinal plane at equally spaced angles around the body.
Note that two circumferential planes are overlapped in order
to facilitate the enforcement of the boundary conditions when
operating in this direction.

Wind tunnel static pressure distributions presented by
Hsieh14 for a hemisphere cylinder are in the Mach number
range of interest for this work, and so are used for these
benchmark computations. Figure 2 shows a comparative plot
of Cp along the body surface for a flight Mach number
MOO = 0.6, zero angle of attack, and the same Reynolds

1.5

— Computed results

o Hsieh's experimental results

-1.5
0 1 2 3 4 5

AXIAL POSITION (x/R)

Fig. 2 Pressure coefficient distribution on hemisphere cylinder at
M^ = 0.6 and zero angle of attack.

1.5

1.0

-.5

-1.0

-1.5

ir {nitrite tfen
JJ5 My tftanwtor* fir«m iw*t

0. 10. 15.
time

20. 25. 30.

Fig. 3 Unsteady aerodynamic load on a hemisphere cylinder under-
going a sinusoidal pitching oscillation (My — 0.6, a = 0 deg, k = 0.4,
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number as in Hsieh's experiments. For these calculations the
turbulence model was turned off, such that these are laminar
computational results. It can be seen that the computed
results agree well with the experimental ones. The difficulty
the computed results seem to have to recompress to the
freestream pressure value after the minimum Cp peak proba-
bly can be explained by the fact that the grid is indeed very
coarse, and one may expect to have inaccuracies, especially in
expansion regions. It should be noted also that this is a fully
subsonic flow, i.e., there are no supersonic pockets in it.
Again, the reason for not attempting a higher Mach number
solution is that, with such a coarse grid, it would not be
realistic to expect to capture shocks accurately.

Using this steady-state solution as a starting solution, the
hemisphere cylinder was then subjected to a sinusoidal pitch
oscillation. The reduced frequency of the oscillation is 0.4
(based on the diameter), and the half-amplitude angle of the
oscillation is 00 = 5 deg. The pitch axis was considered to be
at the downstream boundary for the present calculations.
Time histories of the running lift, i.e., the lift per unit of axial
length, for two axial stations along the body are shown in Fig.
3. The distribution of the running lift along the body is shown
in Figs. 4a and 4b for several instants of time along the
oscillation. Unfortunately no experimental, or computational,
results could be found to compare with the present calcula-
tions, but they seem to agree perfectly well with the kind
of behavior that could be expected for this heavily forced
oscillation.

From Figs. 3 and 4 we can see that the unsteady aerody-
namic loads on the body lag the motion by a phase shift of
almost 90 deg, and that the influence of the freestream angle

0*f.,upwtf motion
5*«.
0 4ta., dwnvird motion

-1.0

-1.5 6. a 10.
axial position

a) Distributions for 6 = 0 deg (upward and downward motions) and for
0=5deg

2.3 4voj«« downvjrd motion
Odif.jtfovnvvd motion
-23 d*., dovnvird motion

6. 8. 10.
axial position

b) Distributions for 0 =2.5, 0, and —2.5 deg, downward motion
Fig. 4 Comparative plots of unsteady aerodynamic load distribution
on hemisphere cylinder in pitch oscillation (A/x = 0.6, a = 0 deg,
*=0.4, 00 = 5 deg).

of attack at any instant along the oscillation is very small in
determining the total load at that time instant. In other
words, the loads in phase with the motion are very small
compared to the one induced by body oscillating velocities.
Fig. 3 also shows that this phase lag decreases as we move
from the forebody to the aft portion of the body. The reason
for this behavior resides in the fact that we have a very high
value of reduced frequency and, in this case, the velocities
induced by the motion on the forebody are comparable to
freestream velocities.

The high reduced frequency also explains why the initial
transients die out so fast in this case, which can be seen from
Fig. 5, where the running lift distribution along the body is
shown for the same pitch position at two different cycles of
the oscillation. The curves almost coincide, indicating that in
this case after only a half-cycle of oscillation the initial
transients have already died out. In summary, for such a
heavily forced oscillation, we should expect to see the aerody-
namic loads being determined primarily by the motion itself,
and the present computations are indeed showing this feature.

It should be pointed out that the frequency of oscillation
used in the foregoing investigation is about four times larger
than one should realistically expect to find in flight. Experi-
mental, or computational, results could not be found in the
literature for the type of oscillatory motion we were interested
in, regardless of the value of frequency considered. Therefore,
the high value of reduced frequency was chosen mainly to
allow for a faster turnaround time, while still permitting some
qualitative study of the performance of the code.

Aeroelastic Analysis of Hammerhead Payload
The computational mesh about a hammerhead payload

geometry was also generated by algebraic methods. The grid
has 105 points in the longitudinal direction, 66 points in the
nearly normal direction, and 38 points in the circumferential
direction. Again, once a longitudinal plane of the grid is
generated, this plane is rotated through 360 deg to create the
full three-dimensional grid. A longitudinal plane of the grid is
shown in Fig. 6a, and Figs. 6b and 6c show details of
forebody and flare regions, respectively. The n direction in this
case is being called the nearly normal direction because in the
boattail and flare regions of the grid the r\ lines do not
intercept the body surface at 90 deg angles, as can be readily
seen from the above-mentioned figures. However, numerical
computations of boattail flowfields by Deiwert20 indicate that
this does not cause enough numerical problems to justify a
more elaborate grid generation scheme, if the boattail (or
flare) does not have a very steep slope.

In this case, since true transonic solutions are attempted, it
is important to have a better clustering of the grid points
along the body (in the longitudinal direction) in the regions
where higher gradients are likely to occur. For this reason,

0. 6. 8. 10.

axial position

Fig. 5 Unsteady aerodynamic load distribution on a pitching hemi-
sphere cylinder at 0 = 0 deg (downward motion) for the first and second
cycles of oscillation.
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one parameter, hyperbolic tangent grid stretching21 is used to
cluster the grid points around the hemisphere-forebody cylin-
der and the flare-afterbody cylinder intersections. To avoid
wasting grid points in the downstream part of the afterbody
cylinder where the flow is fairly simple, an 8.5% exponential
stretching is used there to increase the grid spacing toward the
downstream boundary. In the normal, or nearly normal,
direction a 16% exponential grid stretching is used every-
where in order to cluster grid points near the body for
capturing the viscous effects.

A steady-state flow solution was obtained over this geome-
try for a freestream Mach number M^ = 0.85, an angle of
attack a = 6 deg, and the Reynolds number Re = 1.26 x 106

(based on the diameter). The boundary layer was considered
turbulent and therefore the turbulence model was turned on.
Leeside and windside pressure coefficient contours are shown
in Figs. 7a and 7b, respectively. Similarly, leeside and wind-
side pressure coefficient distributions on the body are shown
in Figs. 8a and 8b, respectively. These pressure distributions
seem to have all the features that would be expected, except
that a more clearly defined shock was expected to be seen on
the leeside of the forebody.

The preceding solution will be used as the starting flow
solution for the aeroelastic cases studied here. Since this
solution was calculated for a rigid vehicle, these airloads are
not the actual loads at a deformed equilibrium position for
the elastic vehicle. This provides a way of introducing the
initial perturbation to start the oscillation, which will be
adopted in the present work.

The structural information necessary for the present analy-
sis consists of some normal mode shapes and their corre-
sponding natural frequencies, the structural damping
coefficients associated with each mode, and the vehicle mass
distribution. Since no data for an existing vehicle could be
found in the literature, an estimate was made of the necessary
information from what was available in the literature so that
the method being developed could be checked out. Unfortu-
nately, this does not leave us with much to compare the
results with, but it was felt that it was still worth the exercise
in order to show what can be done once more realistic data
can be obtained.

In the present analysis, three structural mode shapes were
considered. These mode shapes were obtained from an extrap-
olation of the data presented by Woods and Ericsson,1 and
reasonable natural frequencies of vibration were assumed for
each of these modes. In the first case run, all the structural
damping coefficients were set to zero, and a very small value
of dynamic pressure was considered. The objective in this case
was to show that the numerical method was not introducing
any numerical dissipation, or instability, and a pure sinusoidal
response could be captured. The responses in terms of the
generalized modal displacements in the second and third
modes in this case are shown in Figs. 9a and 9b.

The second case considered a more realistic value of dy-
namic pressure and also the following values of structural
damping coefficient: Ci = 0.0010, £2 = 0.0018, and C3 = 0.0036.
The vehicle response is shown in Figs. lOa, lOb, lOc, and lOd,
where the total elastic deflection, first, second, and third mode
generalized coordinates are presented, respectively. The result
shows that this vehicle, under the given flight condition, is free
from aeroelastic instability.

Finally, something must be said about the computational
costs of these aeroelastic solutions. For a 105 x 66 x 38 grid,
which was the case considered here, each iteration takes about
12 CPU seconds on a CDC Cyber 205 computer, which then
implies that an aeroelastic solution such as the one shown in
Fig. 10 costs about 3600 CPU seconds. Note, however, that
this does not include the time necessary to generate the initial
steady-state solution. If one is starting from uniform flow, the
initial steady-state solution may be rather expensive, espe-
cially in the transonic flight regime. However, once one
steady-state solution is obtained for a given flight condition,
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x

a) Complete plane
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b) Detail of forebody region
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c) Detail of flare region x

Fig. 6 Typical longitudinal grid plane for hammerhead payload.



JAN.-FEB. 1989 AEROELASTIC ANALYSIS OF VEHICLES IN TRANSONIC FLIGHT 21

-2.0 0.0 2.0 1.0 6.0 8.0 -2.0 0.0 2.0 1.0 6.0 .0 10.0

a) Leeside plane b) Windside plane
Fig. 7 Pressure coefficient contours for flow about a hammerhead geometry at M*. = 0.85, a = 6 deg, and ReD = 1.26 x 106.
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x x

a) Leeside b) Windside
Fig. 8 Pressure coefficient distribution along the body for a hammerhead payload at M<» = 0.85, a = 6 deg, and ReD = 1.26 X 106.
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Fig. 9 Response for zero structural damping and low dynamic pressure.
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Fig. 10 Response of a stable configuration at M^ = 0.85.

others can be generated for different flight conditions at a
fraction of the cost since the previous solution can be used as
a starting guess for the new one.

Final Comments and Conclusions
Despite the fact that the idea of the present approach, in

itself, is not new,22 the contribution of this work is the
demonstration of the use of the complete three-dimensional
Navier-Stokes equations for the flow simulation and aeroelas-
tic analysis of a realistic three-dimensional body configura-
tion. This departs from work done in the past, where a
potential formulation was used for the aerodynamic prob-
lem19 or only two-dimensional problems were considered.17

The results obtained so far seem to indicate that the method
can indeed handle the class of problems we intended to
address here. The analysis of problems with more realistic
structural data and the comparison of the results with experi-
ments, or with the results obtained by the semiempirical
methods used so far,1'3 however, is still necessary before any
definite statement can be made about accuracy.

The structural-dynamic formulation presented considered
that normal vibration modes for the vehicle are known.
However, if those are not available, and the elastic modes
available are coupled either elastically or inertially, this actu-
ally does not present any problem to the application of the
present method. The difference would only be that instead of
solving for each of the generalized modal coordinates sepa-
rately, the solution would have to be done considering the
(now) coupled system of equations. Since the number of
structural modes that would be considered in a typical aero-
elastic analysis is still extremely small compared to the size of
the matrices involved in the solution of the aerodynamic

problem, this would not significantly affect the overall compu-
tational cost of the solution.

It is true that the solution of the structural-dynamic part of
the problem is a very small percentage of the overall solution
time. However, one should note that there is a considerable
cost increase per iteration when comparing a pure steady-state
aerodynamic solution and an aeroelastic solution. This in-
crease in computing time comes from the fact that, in an
aeroelastic analysis, the body deforms, and so, in a general
approach, the grid should be regenerated at every time step.
That does not mean that the grid has to be regenerated from
scratch at every time step, but some form of reshaping is
definitely necessary, and the amount of time consumed for
that is not necessarily trivial. In the present study, it was
observed that the time per iteration increased by about 30%
when going from a pure steady-state aerodynamic computa-
tion to an aeroelastic analysis.

Considering that the computational mesh is being regener-
ated at every time step in the present approach, probably an
enhancement of the present code could be accomplished by
incorporating some self-adaptive grid techniques23'24 to the
current algorithm. These techniques let the position of the
grid points be driven by the solution, concentrating them on
regions of higher gradients. The tradeoff usually involved is
that by positioning the grid points in some optimum way,
fewer points are necessary for a given accuracy. Thus, a faster
run time is obtained. On the other hand, time is consumed to
adapt the grid, which increases the total run time. Since in the
present work the grid is already being reshaped at every time
step, we probably would get only the advantages of self-adap-
tive grid methods without paying any additional costs.

The final issue that must be addressed is whether a compu-
tational procedure such as the one described here is already at
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a stage where it can be used for routine aeroelastic clearance
of a production vehicle. It should be noted that a fully
nonlinear formulation like the one described here is not really
necessary for the complete flight envelope. So, despite the fact
that the computational requirements for the use of the present
method are rather large, the author believes that the method
can become an attractive option for aeroelastic analysis of a
new vehicle in its transonic phase of flight, where the usual
linearized methods break down. It should be kept in mind
that the trend in the computer industry has been to develop
larger and faster machines. Also, the constant improvements
being achieved in numerical algorithms for the solution of
fluid dynamic problems should not be overlooked. All this
results in an effective reduction in computational costs, while
the cost of experiments is definitely not being reduced.
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