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Stability of the Boundary Layer on a Spinning
Blunt-Nosed Cylinder

Kai-Hsiung Kao* and Chuen-Yen Chowt
University of Colorado, Boulder, Colorado 80309

A linear stability analysis has been carried out by the authors (Kao, K. H., and Chow, C. Y., "Stability
Analyses of Boundary Layer on a Semi-Infinite Circular Cylinder With and Without Spin," AIAA Paper
90-0116,1990) for an incompressible laminar boundary layer along a semi-infinite cylinder of constant radius
aligned with an external flow, with and without a constant angular speed about its axis. The influences of
transverse curvature and spin motion are shown to have stabilizing and destabilizing effects, respectively. That
work is extended here to consider a more realistic cylindrical body with a blunt nose, which generates an axial
pressure gradient in the boundary layer. A numerical procedure is described to examine the stability of the
boundary layer along a Rankine half-body generated by superposition of a point source and a uniform flow.
Boundary-layer profiles and their neutral stability curves are obtained by the application of an implicit method
and the Chebyshev collocation spectral method, respectively. From stability diagrams obtained herein for the
cylinder with and without spin, the critical Reynolds number and the position on the cylinder at which onset of
instability occurs can be determined.

Nomenclature
Cp = pressure coefficient
c = complex phase velocity
D = 2R09 diameter of the cylinder far downstream
/ = nondimensional stream function
g = nondimensional velocity in the azimuthal direction
i = V - 1, imaginary unit
M - pressure gradient parameter
m = strength of a point source
n = integer wave number in the azimuthal direction
O = nose point
P = space point
P = mean pressure
P' = surface point on the cylinder
p = static pressure
p' = unsteady small perturbed pressure
/?« = farfield pressure
R = radius parameter
RQ = radius of cylinder far downstream
ReD = Reynolds number based on D
Red = Reynolds number based on the characteristic

length 6
r = radial distance from the body axis
/o = distance from the surface point to body axis
r0 = dimensional local radius
S = dimensionless spin rate
t = time
Ue = Ug/Uoo
U,V,W = mean velocities
ue = velocity at the edge of boundary layer
Woo = freestream velocity
u, v, w = total velocities
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V
v
v'
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w' = small perturbed velocities
= mean velocity vector
= total velocity vector
= perturbed velocity vector
= meridian distance from the nose point
= normal distance from the surface of cylinder
= axial distance from the nose point
= wave number in the meridian direction, real
= meridian curve
= constant angular velocity
= stream functions
= density of the fluid
= azimuthal angle
= transformed variables

Subscripts
( )w = condition on body surface
( )tr = value at onset of instability
Superscript
(~) = complex eigenf unction

I. Introduction

T HROUGH the study of flow structures in a three-dimen-
sional boundary layer along an axisymmetric body such

as a missile, one might obtain practical understanding of the
flight dynamics of such a spinning or nonspinning body. How-
ever, due to its complicated nature, much still needs to be
clarified about this problem, particularly with regard to the
transition to a turbulent state in the boundary layer. A re-
markable phenomenon connected with transition in the
boundary layer occurs on blunt bodies such as spheres or
circular cylinders. Transition to turbulence of a laminar
boundary layer causes the point of separation on a blunt body
to move downstream, which considerably decreases the width
of the wake.

The fluid dynamics of a spinning body of revolution can be
influenced significantly by the transverse curvature, the spin
rate, the pressure gradient acting on the body, and so forth.
These factors are major contributors to the dominant mecha-
nisms for influencing flow stability. A great deal of research
has been conducted to examine the effects of those parameters.
For example, the experiments by Schubauer and Skramstad2

and those by Liepmann3 showed qualitatively that a pressure
gradient had a stabilizing or destabilizing effect depending on
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whether the gradient was favorable or adverse. Many calcula-
tions have been made of the effects of pressure gradient on
hydrodynamic stability. Pretsch,4*5 Hahnemann et al.,6 and
Tetervin7 examined the Falkner-Skan profiles. Schlichting and
Ulrich8 and Hahnemann et al.6 improved the approximation
of velocity profiles by using sixth-order polynomials. Further-
more, the combinations of sinusoidal and exponential func-
tions for the base flow distributions were evaluated by Teter-
vin and Levine.9

Experimental investigations have been made to study the
axisymmetric boundary-layer instability under the influences
of spin motion and pressure gradient. Kobayashi et al.10 were
first to find the existence of spiral vortices in the boundary
layer of a rotating 30-deg cone in axial flow. In the case of a
sphere, Sawatzki11 found first the vortices, and then Wirr
mer12 and Kohama and Kobayashi13 carried out further studies
in detail. In 1957, Brown14 initiated an experimental program
at the University of Notre Dame to study natural transition on
ogive nose cylinders aligned parallel to the flow. Thereafter,
Knapp and Roache15 studied natural and forced transitions in
subsonic boundary layers in both zero and adverse pressure
gradients. Kegelman et al.16'17 made a series of wind-tunnel
studies to obtain an understanding of the effects of spin on the
boundary layer of secant-ogive nose axisymmetric bodies.
They found that, for spin rates less than 0.4, there were no
visible changes compared with the nonspinning model in the
boundary-layer characteristics, with the exception of a slight
skewness in the tips of the vortex trusses. A similar investiga-
tion was made by Kohama18 on a tangent-ogive nose body.
Recently, Stetson19 was able to study the cone frustum pres-
sure gradient effects on transition.

A theoretical investigation of transverse curvature and spin
motion effects on stability of the boundary layer over a cylin-
der has been made by the present authors1; that work is
extended here to study further those effects in the presence of
a pressure gradient. The pressure distribution used in this
analysis is taken from that on a Rankine nose cylinder rotating
with a constant angular velocity about its axis in a uniform
flow, which provides both favorable and adverse pressure
gradients along the body surface. The favorable pressure gra-
dient is produced in the accelerating flow region near the nose.
Continuing down the body, the flow becomes faster than the
freestream speed and requires an adverse pressure gradient
to decelerate it back to that speed far downstream on the
cylinder.

Boundary-layer flows with rotational symmetry provide
simplified examples of three-dimensional flow in that they
are independent of one of the space coordinates. The exten-
sion of a two-dimensional boundary layer to this type of flow
was first considered by Boltz20 and later by Millikan.21 The
boundary-layer equations were derived by Mangier22 and are
valid in regions where the principal radii of curvature of the
body are large in comparison with the thickness of the layer.
Howarth,23 Frdssling,24 Scholkemeyer,25 Tifford,26 and others

obtained the boundary-layer solutions by employing the series
method. In addition, Baxter et al.,27 Raetz,28 and Wu29 applied
explicit finite-difference procedures to solve this boundary-
layer problem. For some boundary-layer problems, explicit
methods are inherently unstable due to numerical instabilities.
To obtain a stable and accurate solution, the idea of the
Hartree-Womersley method30 was applied to the incompress-
ible boundary layer by Hartree,31 Manohar,32 and Smith and
Clutter.33 Adopted in this paper is an implicit finite-difference
method accompanied with a fine mesh computational grid
system near the body surface, which provides not only stable
and accurate results but also a simpler procedure for obtaining
the velocity profiles.

After the boundary-layer flow is computed, the Chebyshev
collocation spectral method is employed to examine its stabil-
ity behavior.

II. Analysis
In this section, a procedure is described for studying the

stability of flow along a cylindrical blunt-nosed body of vary-
ing radius. The flow outside and that within the thin boundary
layer are first computed, and then the stability behavior of the
slightly perturbed boundary-layer flow is examined based on a
linearized analysis.

Potential Flow Outside the Boundary Layer
In high Reynolds number flow past a streamlined body, the

region outside the thin boundary layer is virtually a potential
flow. The axisymmetric semi-infinitely long cylinder consid-
ered in this paper is a Rankine half-body, which is generated
by superposition of a uniform flow of speed #«> in the direc-
tion of increasing z and a point source of strength m located at
the origin. The stream function of the resulting flowfield is

(1)

The body surface is represented by the streamline ¥ = 0, and
its radius approaches the value RQ( = 2^Jm/u00) far down-
stream.

The velocity components are related to the stream function
through the following equations:

1 d* mr
-->—^ (2a>r 3z

1 mz (2b)

The total speed tangent to the body surface is taken as the
speed at the edge of the boundary layer, which is computed as

« e =V(M 2 (3)

The pressure field can be computed from the steady Bernoulli
equation. The pressure coefficient Cp is expressed as

(4)

Governing Equations in Curvilinear Coordinates
Considering the boundary-layer flow past a body of revolu-

tion, the curvilinear coordinates of a point P in space are
designated (x, 0, y) as shown in Fig. 1. Using the transforma-
tions described in Ref. 34, the governing equations for the
incompressible flow past a body of revolution can be de-
scribed as

du
dt

du
dx

r du
i dO

du_
dy

w2 dr0

r0 dx

Fig. 1 Basic notations for boundary layer on a blunt-nosed cylinder.
_L\^H 1 d2u
ReD[ dx2 * r02 dO2

d2u
dy2 (5a)
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dw d\v d\v uw d/p

r0 d6 ReD\_dx2 r2, dO2 dy:

dv dv w dv dv
dt U dx r0 dO V dy

~~ " ~dy + ̂ L^ + /I d^2 + aiy2]
d(r0M) dw d(r0v) _

dx d0 d^

( '

(5c)

(5d)

These equations are nondimensionalized with respect to the
freestream velocity u<» and the downstream diameter £>.

Laminar Boundary-Layer Equations
The basic notation and scheme of coordinates for the

boundary layer on body of revolution are shown in Fig. 1.
Ue(x) = t/e/i/oo is the dimensionless velocity in the x direction
of the flow at the edge of the boundary layer. The body spins
at a constant angular velocity 0. Thus, for a particular station
where the local radius is TO, the dimensional tangential velocity
at that station can be expressed as r0Q. Since the motion is
independent of 0, and under the assumption of thin boundary
layer, the above governing equations are reduced to the
boundary-layer equations of motion for steady flow,

du^'
u

du
- v ——

dy
dw
Tx +

w2

ro

VTy

dr0 __

+ —

u.

dx

^ +

i
~/?ec

ReD

&\v
dy2

&u
dy2 (6a)

(6b)

(6c)

where £/„ = 1 is the dimensionless freestream velocity. Manip-
ulating Eqs. (8a-8d) gives

u = U»f' (9a)

__ 1 / t/oo

T-+/-T^) <9b>dx r0 dx/

where a prime denotes differentiation with respect to tj. Upon
substitution of those expressions, the governing Eqs. (6a) and
(6b) become

f = - Q + R)ff" - U*M+x\f' ^ -f" -^J -Rg* (10)

in which /? = (x/r0)(d/o/dx) and M = (x/l/e)(dL^/dx). A
positive M represents a favorable pressure gradient and a
negative M an adverse one. On any blunt body M = R = 1 at
the stagnation point as proved in Ref. 35. The boundary
conditions are

77 = 0 : /; = 0, fw = 0, gw = —^ = •£ S (12a)

as
(12b)

The dimensionless spin rate S( = RQQ/U&) is a measure of the
far downstream tangential speed of the cylinder as compared
to the reference axial speed. Note that the local spin rate gw is
equal to the downstream spin rate S multiplied by the ratio of
the local and downstream radii.

The equations governing the flow around a nonspinning
body are deduced by letting g = 0 in Eqs. (10-12).

which are identical to those obtained by Boltz20 and Mil-
likan.21 With the subscript w denoting the wall, the boundary
conditions at y = 0 are

vw = 0 (impermeable wall)

WM

and as
>;-»oo : u = C/e(x), w =0

(7a)

(7b)
As mentioned in Ref. 1, for the forced flow with rotation,

no similarity transformation can be found that can reduce the
partial differential equations to ordinary ones. Nevertheless, a
more convenient form is obtained for Eqs. (6a) and (6b) by
introducing a stream function ^ and the following transforma-
tions

u = —I —r0\ 3^ / 3>>

r0\ dx J' ~ dx r0dx

w = 1/o.g

(8b)

(8c)

(8d)

(8e)

Linear Stability Theory
By introducing the following dimensionless variables

x
'

r00
T = 6 = x Y

UJieJ (13)

the governing Eqs. (5a-5d) are expressed as

du du du
t\ > M f.. i "dr d{ df

du R
dr; " /te6

dw dw dw dw R
— - + M —— + W —— +V —— + —— UW
dr d£ df dri Re8

dp

(14a)

(14b)

dv dv dv dvT-
dr

(8a) — + w — +w — + v —

dp

du R dw dv

in which the Reynolds number Re& is defined as
and Reo are related through the equation

ReD = Ret/xU*

(14c)

(14d)

(15)



302 K.-H. KAO AND C.-Y. CHOW J. SPACECRAFT

Ue (Potential Flow)

Fig. 2 Shape of body surface and the variations of U* R, Cp, and M
in the axial direction.

We now suppose that the velocity V and pressure P in a
laminar boundary layer on the rotating blunt-nosed cylinder is
slightly perturbed. The resultant velocity and pressure are
expressed by

v = (16)

Note that P is determined by the potential flow solution and
V, having components (U, V, W), is the solution of Eqs. (6)
expressed in dimensionless form. We shall take advantage of
linearization and seek solutions of the type

- CT) + infl

- CT) + in fl

- CT)

(17)

Substituting Eqs. (17) into Eqs. (16) and (14) and invoking
Eqs. (6), we obtain a system of ordinary differential equations

, r ^ ^(U -c)u + —— &- i2RW
a

^ Aw+p

ctRed
(18a)

Body Surface £m-i <

Fig. 3 Schematic of the computational grid system.

(nW iRU\ iRW iW(U - c)w + ( —— - —— I vv - —— u - —— i>
\ a o-Rey ctRe^ OL

-
a aRed

(U - c)v + —— v - -p' +a a.

= 0 (18b)

-(<x2 + «2)v] = 0 (18c)

v ' = 0 (18d)

The no-slip boundary condition at the wall requires that
u = v = w = 0 at T? = 0. At the outer boundary conditions, it is
stated that u, v, w—>0 at a height far from the wall instead of
at the edge of the boundary layer, because the spiral vortices
of small wave numbers may grow beyond the outer edge of the
boundary layer. Therefore, the boundary conditions are writ-
ten as follows:

rj = 0: w = v = w = 0 (19a)
as

(19b)

III. Method of Solution
The solution of Eqs. (10) and (11) is made difficult by both

the nonlinearity and the fact that one boundary condition is at
77 = oo. Discussed in Ref. 1 is a method of solution that involves
choosing values of/^ and g» and integrating the equations
directly up to a selected large value of TJ, which requires that
the values of/' and g remain within certain bounds. Calcula-
tions are accomplished by satisfying the outer boundary con-
ditions within a specified tolerance, typically of order 10~6.

.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

Fig. 4 Meridional velocity profiles for the flow over nonspinning Rankine nose cylinder; A: x = 0.05, B: x = 0.095, C: x = 0.305, D: x = 0.5,
E: x = 0.605, F: x = 0.8, G: x = 0.995, H: x = 1.4.
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Fig. 5 Critical curve for nonspinning Rankine nose cylinder; the
most unstable mode is n = 0 at all locations.

Table 1 Positions of onset of instability
and critical Reynolds numbers

0.00
0.05
0.10
0.20
0.60

Ztr

2.10
1.94
1.85
1.78
1.38

3723
3032
2574
1930
762

Once the mean flowfield has been obtained, the efficient
Chebyshev collocation spectral method, which provides accu-
rate results, is then applied to solve the complex eigenvalue
problem concerning its hydrodynamic instability. This numer-
ical technique and its procedure have been described in detail
inRef. 1.

IV. Results and Discussion
Following the computational procedures described previ-

ously for the stability of laminar boundary layers, results have
been obtained for a cylinder of given shape with and without
a spin motion about its axis.

Nonspinning Body
A numerical example is presented for a Rankine nose body,

whose geometry as well as the variations in z of the potential
velocity Ue, the pressure gradient M, the radius parameter R,
and the pressure coefficient Cp is shown in Fig. 2. It is noted
that the potential velocity accelerates starting from the stagna-
tion point, reaches a maximum value on the blunt nose, and
then decelerates gradually and finally returns to the reference
velocity C/oo. This velocity distribution causes a favorable pres-
sure gradient with positive values of M in the region
0< x < 0.43 near the nose, which is followed by an adverse
pressure gradient with negative values of M.

Figure 3 illustrates the schematic of the computational grid
system used for solving Eqs. (10-12) for the velocity field in
the boundary layer. The fine-size mesh near the wall ensures
an accurate result of the calculation within the boundary
layer. Figure 4 shows the meridional velocity profiles at differ-
ent stations along the cylinder. Inflection points appear in the
profiles plotted in the region x>0.43 of adverse pressure
gradient.

a)

.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.b)

Fig. 6 Velocity profiles for the flow over spinning Rankine nose cylinder with S = 1 at stations denoted by the same symbols shown in Fig. 4: a)
meridional velocity, b) tangential velocity.
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The study is continued to predict the critical conditions
for the instability of an axisymmetric boundary layer with
the combined influence of transverse curvature and pressure
gradient.. By solving the complex eigenvalue system of
Eqs. (18a-18d) with the boundary conditions of Eqs. (19a)
and (19b), for given n and x, a correct eigerisolution is ob-
tained when a combination of the three dimensionless parame-
ters a, Re^ and c is found which satisfies those equations. In
some cases, the viscous theories verify the existence of an
unstable region in which infinitesimal disturbances are ampli-
fied (with Ci ̂ 0). The boundary of this region is the so-called
neutral stability curve for a given mode n, which is the locuS of
ct = 0. The lowest Reynolds number to which the neutral
stability curves for all modes n protrude is called the critical
Reynolds number; typically the inflection profile has a smaller
critical value, JFor given a and Re, the computatihg time was
found to be approximately 0.2 s on a Cyber 205 to obtain the
eigenvalues and eigenfunctions.

A compu|ational result of the critical Reynolds numbers
ReD along the body surface is shown in Fig. 5. The relation
between Re8 and ReD has been described in Eq. (15). It is
found that, for such a Rankine nose body, the axisymmetric
disturbance (n = 0) prompts a most unstable situation at all
locations of z, which causes the onset of transition to appear
in the form of a two-dimensional Tollmien-Schlichting wave.
As indicated in Fig. 5, onset of instability occurs at ztr = 2,1
within the region of adverse pressure gradient where there is a
lowest critical Reynolds number ReD = 3723. This is also the
region where the two-dimensional waves were observed exper-
imentally in the smoke pictures for all but the very low Rey-
nolds number flows. This computed location of onset of insta-
bility is comparable to the value of about 2*7 reported in Ref.
16 for a tangent-ogive nose cylinder based on laboratory ob-
servations. Evidently, the onset of instability region moves
upstream with increasing Reynolds number.

Spinning Body
The distributions of both meridional and tangential veloci-

ties, obtained by solving Eqs. (10) and (11) with the boundary
conditions of Eqs. (12a) and (12b) for a spin rate of S = 1, are
shown in Figs. 6a and 6b at different x stations. A comparison
of Figi 6a with Fig. 4 reveals that the meridional velocity
profiled are made slightly fuller by introducing the spin mo-
tion. Similar to the nonspinning body, inflection profiles are
again obtained in the region of adverse pressure gradient.

Upon completion of stability computations, the results are
presented for cases to cover a range of Reynolds numbers,
wave numbers, and spin rates. Experimental evidence that the
spin motion destabilizes the flow is confirmed by the present

0.1E«03
0.5

STABLE

Body Surface

0.6 1.2 1.8 2.4 3.0

Fig. 7 Comparison of critical curves for various values of spin rate;
the most unstable mode for 5 = 0, 0.05, 0.1, and 0.2 is n = 0 at all
locations, and that for S = 0.6 is n = 2 for z up to about 2.34, and
changes to n = 3 thereafter.

Res

STABLE

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Z

Fig. 8 Neutral stability curves for axisymmetric and nonaxisymmet-
ric disturbances with dimensionless spin rate S = 0.6.

calculations, as shown in Fig. 7. It is of interest to note that,
for low spin rates with 5 = 0, 0.05, 0.1, and 0.2 in Fig. 7, as
in the nonspinning case, the onset of transition is first excited
by axisymmetric disturbance (n = 0), which is in agreement
with wind-tunnel observations.16

As for a fast spin motion with 5 = 0.6, Fig. 8 illustrates the
critical Reynolds numbers for n < 3. It is found that, for a
given z, each mode has its own critical Reynolds number. The
lowest among all of those critical values is the critical Rey-
nolds number of the boundary layer at that particular z, which
is represented by the lower envelope of all curves. Note that
the most unstable mode varies along z; it remains at n = 2
from the front nose region for z to around 2.34, and changes
to n = 3 as z increases further, and so forth.

The critical Reynolds number ReD vs z curve for a spin rate
of S =0.6 can be found in Fig. 7. The plot shows that a
minimum value of ReD = 762 is required to make the bound-
ary layer unstable at the distance ztr = 1-38; n = 2 is the mode
to be amplified. Table 1 lists the positions of onset of instabil-
ity and the corresponding critical Reynolds numbers for dif-
ferent values of spin rate. It is encouraging that the computed
results are in qualitative agreement with the observations for
spin rates greater than 0.4, which indicate that an inflectional
cross-flow instability generates spiral vortices around the
body, which yields a striated appearance of the smoke in the
boundary layer. A quantitative comparison with experiment is
not possible because of the lack of experimental data on
spinning bodies of the shape described in the present analysis.

As a result of increased spiii rate for a given freestream
velocity, the location of onset of instability shifts upstream
toward the front nose region, and the critical Reynolds num-
ber decreases. On the other hand, for a constant spin motion,
the instability zone moves forward with a decreasing Reynolds
number because of the corresponding increase of 5, which is
opposite to what occurred on the nonspinning model.

V. Conclusions
Numerical techniques have been developed successfully to

study the stability of boundary layers on nonspinning and
spinning Rankine nose cylinders, with the axis of symmetry
parallel to the oncoming flow. Onset of transition is first
excited in the unstable region (which is usually the adverse
pressure gradient region) by the two-dimensional Tollmien-
Schlichting wave on a nonspinning body. With slow spin
motions, the first mode of instability resembles that of a
two-dimensional wave observed on the nonspinning model.
However, with fast spin motions, results show that non-
axisymmetric disturbances are amplified instead, which is in
agreement with experimental observations.

This paper provides the computations for the stability of
axisymmetric boundary layers on a blunt-nosed cylinder under
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the influences of transverse curvature and spin motion. Fur-
ther investigations can be pursued by including the effects of
compressibility and nose shape, for example. For the case in
which the body is at an angle of attack, the present theory has
to be modified to examine the stability of a nonaxisymmetric
boundary layer.
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