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Nomenclature

defined in Egs. (8), (9), and (10)
undetermined coefficients in Eq. (6)
Young’s modulus, N/m?

area moment of inertia, m*

concentrated rotary inertia, kg - m?
stiffness of the rotational spring, N/rad
length of the column, m

concentrated mass, kg

mass per unit length of the column, kg/m
lateral displacement, m

nondimensional lateral displacement
undetermined coefficients in Eq. (2)
nondimensional rotational spring stiffness
parameter, kL /EI

nondimensional frequency parameter, mw? L* /EI
nondimensional concentrated rotary inertia
parameter, J /mL>

nondimensional concentrated mass
parameter, M /mL

nondimensional axial coordinates, x /L
circular frequency, rad /s

differentiation with respect to &
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Introduction

HE solid propellant upper stage of rockets and missiles are

very optimally designed to enhance the payload capability.
The fore end of these stages is connected to the payload through
a payload adaptor, and the aft end is connected to the relatively stiff
lower stage by an interstage structure that is rotationally flexible.
It is often necessary to find the local vibration characteristics, in
terms of fundamental frequencies, to estimate the transverse loads
transmitted to the payload from the upper stage. Thus, an accu-
rate prediction of the fundamental frequency of the upper stage
is required. Mathematically, the upper stage can be idealized as a
cantilever beam with a concentrated mass and rotary inertia at the
free end (by proper simulation of the mass and mass moment of
inertia of the payload and payload adaptor). The flexibility of the
interstage structure at the other end can be simulated by a rota-
tional spring with a specific rotational spring stiffness. Thus, the
problem considered turns out to be a spring-hinged uniform can-
tilever beam, with a concentrated mass and rotary inertia at the free
end, for which an accurate estimate of the fundamental frequency is
required.

Although the versatile finite element method! can be effectively
used to solve this problem, it is typically too laborious and time
consuming to conduct a parametric study. The present problem is
defined by three parameters, namely, the spring stiffness parameter,
the concentrated mass parameter, and the concentrated rotary iner-
tia parameter. Alternatively, a simple and accurate energy method
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approach with admissible functions representing the spring-hinged
condition is more attractive both for designers and analysts.

Thus, in the present Note, an attempt is made to determine simple
expressions for the fundamental frequency of the aforementioned
rocket structures, modeled as spring-hinged cantilever beams, that
are amenable to parametric studies. The admissible functions used
in the analysis are derived following Elishakoff? The theoretical
formulation is briefly discussed subsequently.

Theoretical Analysis
Figure 1 shows a spring-hinged cantilever beam with a concen-
trated mass and rotary inertia at the free end. The Lagrangian func-
tion of the beam, executing harmonic oscillations, is given by

EI\ [* 1 2\ [*
[1=(= w2de + (= )ew?| - (22 W2 dx
2 ), 2 = 2 /),
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Nondimensionalizing W and x with respect to L, the preceding
expressions can be rewritten in terms of nondimensional lateral
displacement w(=W /L) and axial coordinate £ (=x/L).

Following Elishakoff ? the lateral displacementdistributionof the
beam is assumed as

W= o0& + & + ay&’ 2)
Equation (2) satisfies the geometric boundary condition
w() =0 3)
The spring-hinged condition is
(E1/L)w"(0) = kw'(0) “)

Equations (2) and (4) give
o) = (2/}’)052 3)

Hence, for the present problem, the admissible displacement distri-
bution w becomes

w=a@§/y +£°) +bg’ ©)

Substituting Eq. (6) in Eq. (1), integrating, taking variations with re-
spectto a and b, and solving the resulting two equations for a and b
(whichis a standard Rayleigh-Ritz procedure) one obtains the equa-
tion for the frequency parameter A/, in terms of the nondimensional
parameters y, Ay and A, as

AN, +Br+C =0 @)
where

A = (k= — 58/84y — 509/84y2) + iy (k= — 86/21y

1260 105
—170/21y%) + 2, (£ — 360/14y — 244/14y?)
+aa (L4 8/y +16/y%) ®)
B = (—%+122/Ty —16/y%) — yu @+ 28/y +48/y?)
—A;(12+60/y +48/y%) 9)

C=12(1+4/y) (10)

The lowest root of Eq. (7) gives the fundamental frequency of the
system for different values of y, X, and X ;. For the special case
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Fig. 1 Spring-hinged cantilever beam with concentrated mass and
rotary inertia at the free end.
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Table1 Values of frequency parameters, )\fl/ 4 of a spring-hinged
cantilever beam

V4 A._[ A.M =0.1 A.MZI.O A.MZIO.O A.MZIOO.O
0.01 0.1 0.3700 0.2889 0.1758 0.0998
1.0 0.2885 0.2556 0.1722 0.0996
10.0 0.1755 0.1720 0.1487 0.0975
100.0 0.0996 0.0994 0.0974 0.0839
0.1 0.1 0.6570 0.5121 0.3106 0.1762
1.0 0.5059 0.4500 0.3040 0.1758
10.0 0.3058 0.3001 0.2612 0.1720
100.0 0.1734 0.1731 0.1698 0.1474
1.0 0.1 1.1216 0.8729 0.5202 0.2941
1.0 0.8009 0.7320 0.5062 0.2933
10.0 0.4704 0.4647 0.4194 0.2854
100.0 0.2658 0.2654 0.2622 0.2363
10.0 0.1 1.4679 1.1505 0.6885 0.3895
1.0 0.9546 0.9003 0.6605 0.3878
10.0 0.5478 0.5442 0.5116 0.3721
100.0 0.3087 0.3085 0.3064 0.2880
100.0 0.1 1.5093 1.1924 0.7269 0.4127
1.0 0.9787 0.9284 0.6940 0.4106
10.0 0.5599 0.5567 0.5274 0.3917
100.0 0.3154 0.3152 0.3134 0.2969

of a cantilever beam (for which y is very large) A, B, and C can be
derived from the analysis presented here in by excluding the terms
with y.

Numerical Results

When Eq. (7) derived here is used, the fundamental frequencies
of spring-hinged cantilever beams with concentrated mass and ro-
tary inertia at the free end can be evaluated for several cases of
interest. The numerical results for the frequency parameter )L;./ N
are presented in Table 1 for different values of A,, A,, and rota-
tional spring stiffness parameter y . For a cantilever beam with very
large values of y and without concentrated mass and rotary iner-
tia, Eq. (7) yields 1.879 for the frequency parameter, which is in
very good agreement (< 1% difference) with the published result
)L;./ =1.875) (Ref. 3). The present results given in Table 1, when
compared to corresponding results obtained by very accurate finite
element method,* are in excellent agreement with a four significant
figures accuracy for most of the cases. Somewhat less agreement
was found for very low values of combined y, A, and A, where
the accuracy is up to three significant figures, even though the dif-
ference is less than 1%. The finite element results were compared
with results of Lee,” and excellentagreement was reported for those
presented. The present results are also in excellent agreement with
those of Lee, except for a few combinations of ¥, A, and A . (For
example, for y =10, L ; = A, =0.01, the differenceis about 9.5%,
and for y = 1.0, A, =iy =0.01, the difference is about 5%.) Inas-
muchas all other results are in very good agreement, the authors feel
the present results are more accurate.

Conclusions

A simple formulafor the free vibrationbehaviorof the upperstage
of a rocket or missile has been presented. This problem is treated
mathematically as a spring-hinged cantilever beam with a concen-
trated mass and rotary inertia at the free end. The Rayleigh-Ritz
method was used to obtain the fundamental frequency from suit-
ably derived admissible functions that represent the spring-hinged
boundarycondition.Note that the fundamental frequenciesobtained
in the present study agree very well with those obtained by using a
very accurate finite element method. Thus, the present formula can
be reliably used to evaluate the fundamental frequency, which is an
importantdesignparameter,of a spring-hinged cantileverbeam with
end concentrated mass and rotary inertia, forming a mathematical
model of the upper stage of a rocket/missile. The formula presented
should be very useful for design engineers, who need simple, but
accurate, closed-form solutions during the design phase.
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Introduction

HE interaction between thruster effluents and spacecraft sur-

faceshasreceivedconsiderableattentionrecently. Historically,
thruster interaction concerns have focused on self-contamination
from nondirect and high-angle (measured from the thruster center-
line) plume impingement. The growing popularityof distributednet-
works of cooperative,coorbiting satellite clusters has broughtabout
an additional need to address direct plume impingement or cross
contamination. Typically, quartz crystal microbalances (QCMs) are
used to investigate spacecraft-thrusterinteractions where the major
contamination mechanism is the adsorption of molecular species
on critical surfaces.! New methods are required to investigate the
complex nature of plume impingement from advanced ion electric
thrusters where the major interaction is the sputtering of critical
surfaces. Additionally, QCMs are limited in that they only provide
interactiondata at a single point; however, the plume characteristics
of a typical ion thruster can vary by several orders of magnitude
over short distances. This study focuses on the proof-of-principle
demonstrationof a fiber-optic contaminationsensor (FOCS), which
can provide a complete interaction map for ion thrusters as an alter-
native to QCMs. The FOCS measures the depletionoflight transmit-
ted through the fiber as the cladding material is removed (sputtered)
by energetic plume ions. Although this work is primarily concerned
with assessing the FOCS for highly energetic ion interactions that
induce material sputtering, the sensor might also be appropriate as
an adsorption monitor for molecular contaminants2
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