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Relation between the activity and mobility of small ions in charged membrane is
derived theoretically using a cell model, where each macro-ion attached to the membrane
matrix is assumed to be located at the center of individual cell. The result obtained-
shows that the mobilities of small ion are linearly proportional to the activity coefficient
of the corresponding ion species in the membrane. This conclusion is consistent with the
experimental results reported in a previous series of papers.

Introduction

The emf. arisen between two electrolyte solutions which are separated by a charged mem-
brane is generally called the membrane potential. The membrane potential is a useful mea-
sure for characterizing the membrane-electrolyte systems, because the physical and chemical
structures of the membrane, and the interaction between movable species and the molecules
constituting the membrane are reflected on the potential difference across the membrane. Due
to these reasons and the easiness of the measurements, the membrane potential have been in-
vestigated in a variety of fields of natural science including the biological and pharmaceutical
sciences, and analytical chemistry.? The theory of membrane potential proposed first in 1935
by Teorell,® and by Meyer and Sievers® was known to be insufficient to describe the experi-
mental data in quantitative manner.® Previous papers® showed that the discrepancy between
the theory and experiments stemmed mainly from the remarkable non-ideal and asymmetric
behaviours of activity coefficients and mobilities of small ions in charged membranes. The
non-ideality of small ions, especially of the counter-ions, is brought about by the strong electro-
static interaction between the poly-electrolyte constituting the membrane and small ions.
The extreme asymmetric behaviours of counter-and co-ions in charged membrane have been
adequately represented by the “additivity rule” for the activity coefficients of small ions found
empirically in the field of poly-electrolyte solution study.” This rule is written as follows;
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where y; ,7;°, C_, and X stand for the activity coefficients of i-ion in the membrane, that in free
bulk solution, concentration of co-ion and the stoichiometric density of charges fixed in the
membrane, respectively. Here, membrane is assumed to have negative fixed charges. The
parameter, ¢X (0<g<(1) is a characteristic constant of membrane-electrolyte combination
under consideration, and represents the effective fixed charge density in the membrane.®
When the concentration of added salt, and hence the concentration of co-ions, C. is suf-

ficiently dilute compared with X, y tends to the value of ¢y,°, which is much smaller than uni-
ty. This behaviour of the counter-ions in the membrane or poly-electrolyte solution is con-
trast to the ordinary electrolyte solution in which y; tends to unity at the infinite dilution.
This similar phenomenon has been observed for the mobilities of counter-ions in the charged
membrane. As shown in previous papers,® the mobilities of small ions in the membrane were
found to be represented quantitatively by the same functional form as Eq. (1), .e.
,C_+#'X

C.+X’
Here, ¢’ is a characteristic parameter representing the effect of fixed charges on the mobilities
of small ions, and #,° is the mobility of i-ion in the bulk electrolyte solution. Furthermore,
the experimental data on the activity coefficients and mobilities in the membrane showed that
@¢=¢’ for a wide range of external salt concentrations.®” This conclusion has been confirmed
even in poly-electrolyte solution by measuring the self-diffusion of small ions.®

The relation that g=¢’ suggests that the flow equation is written by

dji
FJi= —u® 3
] ua 3)
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where 7; and a; stand for the electro-chemical potential and activity of i-ion in the membrane
phase. This representation for the flux of species i leads to a great simplification in the theo-
retical analysis of transport process in charged membranes. The significant utilization of
Eq. (3) is described elsewhere.? : _

Several authors!® attempted to derive theoretically the self-diffusion constant of small
ions in dilute poly-electrolyte solutions, but their results did not accord with the experimental
findings described above. In the present paper, the relation between the activity and mobility
of small ions in charged membrane is investigated theoretically by using a cell model. The
result obtained is in line with the conclusion drawn from the experimental studies.:3)

Basic Equation for Mobilities of Small Ions

The macro-ions constituting the membrane are assumed to localize periodically in the
membrane phase with forming a cubic lattice of a lattice constant, 24. In other words, the
membrane phase is subdivided into unit cell containing a macro-ion, which is regarded as the
central ion in the unit cell. In any unit cell, the condition of the electroneutrality is assumed
to be satisfied. Then, we confine our consideration to an arbitrary unit cell for calculating the
flux of small ions. The electrostatic potential at a point in the cell caused by central ion is
denoted by ¢. The symmetry requirement of the electrostatic potential at the peripheral
surface, &, can be written as

<V¢)R,::0 (4)
Following the treatment of Katchalsky, efal.,'V it may be assumed that
Pr = 0 ) (5) .
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since the choice of the reference point of potential is arbitrary. The concentration of i-ion at
the surface of a cell is denoted by »,?, which is equivalent to the activity of i-ion.*® The dis-
tribution of small ions in a cell is represented by Boltzmann’s equation, and the concentration
of i-ion #; at a point T, is given by

ni = m® exp (—zeplkT) = ni¥ exp(—zie) (6)
where ¢ is the reduced electric potential defined by

&= ep[kT ' O]
Here e stands for the electronic charge and &, the Boltzmann constant.

When a constant electric field E (£,0,0) 1s applied in the direction of the x-axis, the local

electric potential, ¢ and local concentration of i-ion, #;, are changed to ¢ and .5, respectively.
Flow of i-ion, J; can be represented by

Ti = BT/ pnE + nEapes +7mFh kT ®)

where {; is the friction constant of an i-ion and assumed to be constant irrespective of salt con-
centration. When the perturbed quantities, ¢z and #,® are linealized as

e = e(1+gE) ©)

m? = n;® exp (—ze)(1+AE) (10)
Eq. (8) is transformed to give

T = —(uR[C) exp (—ze)[phi+ 1 KIE (11)
under the approximation that the higher order terms of E are neglected. In Eq.(11), K is the
unit vector in the direction of the x-axis and %, is defined as follows;

h= —kT(fi+zeg) (12)

To clarify the meaning of 4, it is instructive to derive the relation between #,* and eg.
Eliminating ¢ from Egs. (9) and (10) with use of approximations that gE<1 and z;e,gE<1, we
obtain the following equation;

wif = miP exp [—zieg(1—gE)](1+£E)
= m® exp (—ziep)[1—(/kT)E] (13)

Since the system is not in equilibrium owing to the externally applied electric field, E, the
Boltzmann relation no longer retains between #,7 and ¢z, and the function %, represents the
degree of deviation of % from the Boltzmann

~

— E(E,0,0) >~ relation at the statistical equilibrium. Since
“cell boundary, R the function f; and g are periodic, the value of ;
N\ (radius, d) repeates every unit cells. Then, the following
\ boundary condition must be satisfied for 4;;
\
- \1 ni(d, 0, 0) = hy(—d, 0, 0) (14)
! x The condition of the steady state of the
* flux of i-ions is given by the equation;
pJi=0 (15)
Fig. 1. A Spherical Macro-ion with the which leads to the relation between %; and ¢ as
Uniform Distribution of Charged Groups follows;
in a Spherical Free Volume (Unit Cell)
External electric field, E, is applied in a direction —z(ye)-(Fhi) — 2 Oe + p?hi =0 (16)
parallel to #-axis. ox
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Derivation of Mobility for i-Ion from the Basic Equations

For simplicity of mathematical analysis, we replace the cubic unit cell by a sphere of radius
d (see Fig. 1). The center of a spherically coiled macro-ion is taken as the coordinate origin
of a cell. Defining ¢, by Eq. (17)

g = hi + zix (17)
and introducing Eq. (17) into Eq. (16), we obtain

—4(ve) (Pg) + g =0 (18)
Considering the symmetrical requirement, we may write

@ = Ri(n)Q.0) (19)

where 7 is (¥24-y%4-22)1/2 and 6, the angle between x-axis and the vector r. Introducing Eq.
(19) into Eq. (18) and rearranging, we obtain the following two equations for § and 7;

d%*Q; dQ:
—F t o = —l(l+1 20
a6 + co a6 (410 (20)
de dR; d2R; dR;
_ande 2 2 & i )R 21
2 & dr +7 a7 + de (I+1) R, _ 21

where [(J-+1) is a separating constant. The solution to Eq. (20) is given by P,(cos #) where
P(¢) is the Lagrangian function of /-th order. Then, ¢; can be written by z'}RuPl(cos 6). Com-
paring this equation with Eq. (17), 7.e. ¢;=h,(r,cos 6)+z;rcos 6, the value of / must be 0 or 1.
When /=0, 4, is given by —zycos 6 since P,(cos 0)=1. The relation, #;=—z7cos 6 together
with Eq. (11), however, leads to a trivial solution, ¢.e. J;,=0. Then, the value of /is unity and
Eq. (19) is recast as follows;
q: = Ri(r) cos 6 = R;(#)P1(cos 6) (22)
and Eq. (21) is reduced to
de dR; d2R 2 dR 2R;
‘ar dr * dﬂi + v dyi Rz
Boundary condition of Eq. (14) requires that
Ri(d) = zd (24)
In order to solve Eq. (23), another boundary condition is required, which is not known a priors.
However, it is certain that the boundary condition is independent of the variation of #,?. Near
the spherical surface, R, ¢ is approximately equal to zero. Then, Eq. (23) can adequately be
approximated by Eq. (25) at the boundary of a cell, R.

=0 (23)

—2Z

de dR; ARy d*R; 2 dRr 2Ry

*gidr ar “ dar? + dr? y dr 9 =0 (25)
Integration of Eq. (25) yields
ARy dR; R\ _
—ne b+ S +2( ; ) = 4 (26)

where A, is an integration constant. It is noted that the value of 4, is not related to #,%, since
the integration constant is determined only from the boundary condition which is independent
of #;# as mentioned above.

The total amount of i-ions, T, which is passing through the boundary spherical surface,
R of x>0 in the direction to x-axis is represented as follows;

/2
Ti= jol Jix(r=d)2zd? sin 6d0

- o155

Introducing Egs. (26) and () into the above equation, we obtain

@n

r=d
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Ty = — (20d?[3) (R |C) ALE ' (28)

Since the cross-sectional area of a unit cell perpendicular to the x-axis is #d?, the flow of i-ion,
Ji, which is defined as the flux of i-ion per unit area is expressed by

2\ ni®
fas

Ji= i) = —

Discussion

Under the present condition, the mobility of i-ion, #;, is defined as follows;
Ji = —uCisE _
Comparing between this equation and Eq. (29) leads to the following relation.

UiZi = %Ai'yiuio (30)

In the derivation of the above relation, #,°=1/{; and y,=n®/C, are used since =n* is equal to
the activity of i-ion as is insisted by Katchalsky, ef /.1 and by Oosawa.}® They showed that
the chemical potential of i-ion, w;, is represented by

i = w + RT Inn;®

from the mathematical analysis of the Poisson-Boltzmann equation, where 1,° stands for the
standard chemical potential. Eq. (30) implies that the mobility of counter-ions is proportional
to the activity coefficient irrespective of the concentration of the added salt. ‘Comparing the
experimental results given by Eq. (1) and (2) with Eq. (30), 4, is equal to (3z;)/2 under the ap-
proximation that y.°=1.

Eq. (1) and (2) are interpretated quantitatively as follows; The stoichiometric charges
attached to the polymer skeletones, X, are partially neutralized due to the strong adsorption
of counter-ions (ion-pair or ion-binding), which reduces the fixed charge density of membrane
from X to gX-¢’'X provided that the dissociated small ions behave ideally. If the adsorbed
counter-ions are bound so strong that the paired counter-ions are not moved by the electrical
field applied externally, the conclusion drawn above is immediately followed. However, it is
important to note here that the concept of “ion-binding” is not introduced in the argument
presented in this article, and the results obtained are derived only from the flux equation in *
conjunction with the continuity law.

Alexandrowics, ef al.'* have measured the effective fixed charges for both thermodynamic
properties and for the dissipative phenomena, (e.g. electrophoresis or electrical conductance) in
dilute poly-electrolyte solutions. They have concluded that the former is smaller than the
latter, which appears to contradict our experimental conclusions. At the present time, we
cannot mention the cause of this discrepancy. It is noted, however, that the measurements
of the diffusion constant of small ions in the poly-electrolyte solution support the conclusion
drawn in the present article.¥ TFor the case of the membrane or the measurements with use
of isotopes, the macro-ions are fixed to the membrane matrix or are not forced to be moved.
Contrary to this, the macro-ions are transferred in solution phase in the experiments of electro-
phoresis and of electrical conductance. Then, it is feasible that the concentration dependence
of u; becomes identical with that of y; when the macro-ion are not moved. Further experi-
mental studies are necessary.
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