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I. INTRODUCTION

Until about ten or twelve years ago, few people thought of interpreting the
viscosity increment imparted to a solvent by a solute as being related in any
way to the size and shape of the solute particles. Most thinking was dominated
by the Einstein equation (12),

T -1 =256 (1)

Mo
where /70 — 1 is the specific viscosity and G is the volume fraction of the solute.
According to this equation, the viscosity of a solution or suspension of large
spheres is related in no way whatever to the size of the spheres but only to the
total volume concentration. It was early recognized that the viscosities of most
solutions and suspensions were much too high to be accounted for by the Einstein
equation. The usual explanation was that the particles soaked up solvent and
occupied more space in solution than in the dry state. It became fashionable
to calculate the specific hydrodynamic volume of a colloid from its viscosity,
using the Einstein equation, and to regard the ratio of this term to the true
specific volume in the dry state as a measure of the degree of solvation of the
particles. Table 1, assembled by Kraemer (33) in 1931, shows the ratios of
specific hydrodynamic volumes, ®, calculated from viscosity measurements,
to true specific volumes, V, for several colloidal materials. On the basis of the
foregoing, it is evident from a consideration of the data in this table that there
are two kinds of colloids,—those in which the ratio is near unity and those in
which it is considerably greater than unity. The members of the first group
were thought to be lyophobic colloids and those of the second, lyophilic colloids.
In several instances the specific hydrodynamic volumes of members of the
second group may be seen to be several hundred times the true specific volumes.
The absurdity of attempting to explain a situation of this sort simply in terms
of solvation was beginning to be generally recognized about the time these data
were assembled, and Kraemer reflected this trend by suggesting that unusually
high viscosities might be caused by greatly elongated particles or macromole-
cules that increase resistance to shear through mutual entanglements and
interference, but without ordinary flocculation.” Here may be seen the germ

1 Presented at the Symposium on Viscosity, Molecular Size, and Molecular Shape held
by the Society of Rheology at Brooklyn Polytechnic Institute, February 20, 1942,
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of the notion that there is some connection between the size or shape of a particle
and the viscosity of its solution. It is the purpose of the present review to
assemble the principal experimental facts upon which this idea rests at the
present time. Several excellent, though somewhat less inclusive, considerations
of the same general topic are available in the literature (49, 50, 53, 58, 70).
The treatment can be divided into two definite sections: First, there will be an
examination of those data in the literature from which some sort of a connection
between particle size or shape and viscosity can be established on a purely
empirical basis. Second, some of the attempts which have been made on theo-
retical grounds to explain the alleged relationship between viscosity and
molecular size and shape will be examined in the light of pertinent experimental
findings.

TABLE 1 .
Ratios of specific hydrodynamic volume to true specific volume for various colloids (33)
COLLOID o/ V COLLOID /v
Sucrose in water........... 1.6 Clayin water......................... 9
Starch in water........................ 20
Gum arabic in water. . ................ 50
Egg albumin in water...... 0.9 Agar in water at 50°C.................. 220
Isoelectric gelatin at 40°C............. ! 6
Isoelectric gelatin at 20°C.. . .......... 30
Sulfur in water............| 1.2 Nitrocellulose in ethyl acetate......... 80
Gamboge in water.........| 1.25 Cellulose acetate in acetone. ..........| 200
Polyvinyl acetate in benzene. ......... 200-900
Diluted rubber latex....... 1.00 Rubber in benzene. . .................. 300-500
Polystyrene in benzene................ 4-1000

II. EMPIRICAL APPROACH

A. Linear compounds and polymers

Owing to the pioneering work of Staudinger and his collaborators (73) and
to the challenge presented by their findings, an extensive literature is available
on the relationship of the viscosity of chain-type compounds and polymers to
their molecular weights. In this review, an attempt has been made to sort
from the literature those studies in which viscosity and independent molecular-
weight measurements of apparently high reliability were carried out on the same
preparations of several members of homologous or polymer series of well-
defined substances. The materials range in size from the simpler straight-chain
paraffin molecules to macromolecular polymers and natural products. The
molecular weights of the simpler compounds considered here were determined
by the usual procedures of the structural chemist. One or more of three general
methods were used for determining the molecular weights of the more complex
molecules: (1) end-group titrations, (2) vapor-pressure, osmotic, and cryoscopic
studies, and (3) ultracentrifugation-equilibrium measurements. In the case
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of vapor-pressure and related methods, rather serious difficulties attend the
extrapolations to zero concentration, necessary in the case of linear macro-
molecules. For that reason, in this review only qualitative significance is
attached to those studies in which these methods were the only ones available
for the independent determination of the molecular weight. In all of the studies
considered, viscosities were computed from measurements of the rate of flow
through a capillary tube.

In the subsequent considerations, the viscosity of the pure solvent at a given
temperature will be represented by the symbol 7o, and that of the solution at
the same temperature by the symbol 9. Then 5/9 will be defined as the relative
viscosity, 7., of the solution and (5 — m0)/70 or n/n0 — 1 as the specific viscosity,
nep. It is 2 matter of common experience that the specific viscosity is a function
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Fic 1. Specific viscosity of tobacco mosaic virus nucleoprotein plotted as a function
of concentration in milligrams per cubic centimeter. From Lauffer and Stanley ((47).)

of the volume concentration of the solute. As is illustrated by the data in figure
1, in very dilute systems this function is linear (25, 44). Hence, the mathemati-
cal quantity which characterizes any given substance is the expression 7.,/G.
With most substances, specific viscosity is a linear function of concentration only
in rather dilute solutions. It is necessary, therefore, to use the limiting value
of the expression 7,,/G as G approaches zero. Following Kraemer’s suggestion
(34), this function will be called ‘“‘intrinsic viscosity.””? There are three general

2 Kraemer (34) uses the term ‘‘intrinsic viscosity’ symbolized by [5], to define the limit-
ing value of the ratio, n.p/c, for the special case in which ¢ is expressed as grams of solute
per 100 ce. of solution. The symbol [7]. is used to represent the analogous function for
the case in which concentration is expressed as cubic centimeters of solute per 100 cc. of
solution. Since there are many different manners of expressing concentrations in viscosity
studies, in this review the term “intrinsic viscosity’’ will be used to define the limit of 7.,/c
or 1:5/G without restriction to the mode of deseribing concentration. In each case, the units
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methods of evaluating the limit of 7,,/G from experimental data. The simplest
of the three is to plot specific viscosity as a function of concentration and then
to draw a tangent to the experimental curve at the point represented by zero
concentration. This procedure was used in the very favorable case of tobacco
mosaic virus illustrated in figure 1. The second method is based upon the em-
pirical relationship observed by Arrhenius (2) to apply over a considerable
concentration range: log 7. = kG, where k is a proportionality factor. On the
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F16. 2. Base molar intrinsic viscosities of chain molecules (ordinate) plotted as functions
of numbers of carbon atoms in chain (abscissa). Curve I, normal paraffins; curve II,
normal fatty acid esters; curve III, normal fatty acids; curve IV, normal fatty acids in
pyridine; curve V, normal alcohols. (From Staudinger (73).)

basis of this relationship, log #. is plotted against @ and log »,/G is evaluated.
When natural logarithms are used, the fraction, log ./G, is equal to the limit
of 75p/G or [n], because log 7. is approximately equal to 7. — 1 or n.,, When 7,y

of the concentration term will be stated. In some of the studies discussed, it is doubtful
that the limiting values of the ratio have been determined. However, most of the measure-
ments in such cases were made on quite dilute systems, so that the ratios presented may be
regarded as reasonable approximations of the intrinsic viscosity.
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is very small. The third method of getting the limiting slope depends upon
the observation that a power series, 7., = AG + BG* + CG* + - -, can describe
the viscosity—concentration function over a wide concentration range (5). The
constants 4, B, C, ete., are evaluated from the data by any one of several
accepted methods. Since all higher powers of G become insignificant compared
to G when @ approaches zero, the value of A is the limiting value of 7,,/G.
Any one of the above three treatments when applied to suitable data should
vield a reasonable approximation of the intrinsic viscosity.

In figure 2 are presented some of the data of Staudinger and Ochiai (73, 74, 77)
~on the viscosity of homologous series of fairly simple, chain-type organic com-
pounds of known molecular weight. Intrinsic viscosity is plotted against
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Fia. 3. Volume fraction intrinsic viscosities of normal hydrocarbons plotted against
molecular weight. ©, data of Meyer and van der Wyk (54); O, data of Staudinger and
Staiger (79); X, datum of Staudinger and Ochiai (77).

number of carbon atoms in the chain. Staudinger expressed concentrations
in terms of the molarity of the basic repeat unit, the CH, group in these examples.
If these intrinsic viscosities are recalculated on the basis of volume fractions,
a new scale of ordinates must be applied to figure 2. Unity on the new scale
would coincide with about 0.018 on the old, and 2.5, the coefficient in the Einstein
equation for spheres, would fall between 0.04 and 0.045 on the old. This means
that the intrinsic viscosities of at least half of the linear molecules represented
in this study are less than that predicted for large spheres by the Einstein
equation.

Meyer and van der Wyk (54) investigated in a most painstaking manner the
viscosities of carbon tetrachloride solutions of normal paraffin hydrocarbons
with chain lengths between seventeen and thirty-four carbon atoms. Data
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were obtained for similar systems by Staudinger and Staiger (79). The intrinsic
viscosities calculated on the basis of volume fractions from the data of these
two investigations are plotted as a function of molecular weight in figure 3.

The viscosities of essentially monodisperse polyoxyethylene glycol prepara-
tions dissolved in carbon tetrachloride and in dioxane were studied by Fordyce
and Hibbert (23). These compounds were synthesized by Fordyce, Lovell,
and Hibbert (24) according to the reaction:

CICH,CH;0[CH,CH;0].CH:CH,C! + 2KOCH.CH,0O[CH,CH,0],CH,CH.OH
— HOCH,CH,0[CH:CH:0]z44,, CH.CH,OH 4 2KCl

This should lead to essentially monodisperse compounds of known structure and
molecular weight. In figure 4 the data for the intrinsic viscosities of various
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Fic. 4. Base molar intrinsic viscosities at various temperatures of polyoxyethylene
glycols in carbon tetrachloride plotted against molecular weight. (From Fordyce and
Hibbert (23).)

polyoxyethylene glycols in carbon tetrachloride are plotted as a function of
molecular weight. The concentrations are expressed in terms of base molarity,
where the [CH,CH,0] group represents the repeat unit. If these concentra-
tions had been expressed in terms of the volume fraction, 2.50 on the scale of
ordinates would have come close to 0.150 on the present scale. If the data
obtained with dioxane as a solvent are plotted in a similar manner, comparable
curves are obtained, differing chiefly in having somewhat greater slopes.

Flory and Stickney (22) measured the viscosity of various preparations of
decamethylene adipate polymers dissolved in diethyl succinate and in chloro-
benzene. These polymers were obtained by allowing equimolar proportions of
decamethylene glycol and adipic acid to react to various extents. All of the
preparations thus obtained were composed of particles of many sizes. The
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F1c. 5. Base molar intrinsic viscosities of decamethylene adipate polymers in chloro-
benzene at 25° and 79°C. (right-hand scale of ordinates) and in diethyl succinate at 79°C.
(left-hand scale of ordinates) plotted against weight average molecular weights. (From
Flory and Stickney (22).)

weight average® molecular weight of each preparation was determined from
measurements of the viscosity of the molten polymer.* In figure 5, the intrinsic

¢ In studies on the size and related properties of inhomogeneous materials, it is necessary
to distinguish between several different types of averages. The number average molecular
weight is simply the total weight of material divided by the total number of moles of parti-
cles present. The weight average molecular weight is the limiting value, as the number of
fractions approaches infinity, of the average of the molecular weights of the very small
practically monodisperse fractions of equal bulk into which the total mass of the material
can be divided. The number average molecular weight attaches equal significance to very
large and very small molecules. The weight average molecular weight attaches equal
significance to equal weights of very small and very large molecules. In a very hetero-
geneous system, the number average molecular weight can be very much smaller than the
weight average molecular weight. Kraemer and Lansing (39) pointed out, and Lovell and
Hibbert (48) and Baker, Fuller, and Heiss (4) demonstrated experimentally, that the in-
trinsic viscosity of a polydisperse material is a function of the weight average molecular
weight and not of the number average molecular weight.

¢ Flory (21) has shown that there is a linear relationship between the logarithm of the
melt viscosity of polyester preparations and the square root of the weight average molecular
weight. In establishing this relationship, melt viscosities and number average molecular
weights obtained by end-group titrations were measured on various polyester preparations.
Weight average molecular weights were calculated from the number average molecular
weights on the basis of a theoretical distribution function previously derived (19), and then
these values were used in connection with the viscosity data to establish the relationship
in question. In view of this, the weight average molecular weight determinations of
Flory and Stickney depend ultimately upon end-group titrations and upon the validity of
Flory’s distribution theory. The introduction of this theoretical consideration destroys
somewhat the empiricism of the approach to the relationship between the intrinsic viscosity
and the weight average molecular weight of the polyesters. However, Flory’s distribution
function was derived by straightforward statistical considerations on the basis of the
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viscosities of decamethylene adipate polymers are plotted as a function of the
weight average molecular weight. Intrinsic viscosities were computed on the
basis of concentration expressed in terms of base molarity, the repeat unit being
considered to be something a little bigger than a methylene group. The right-
hand scale of ordinates applies to the polyester dissolved in chlorobenzene and
the left-hand scale to the polymer dissolved in diethyl succinate. Had con-
centrations been calculated as volume fractions, the value of the ordinate 2.5
would coincide approximately with 0.08 on the present scale.

The polyesters just discussed cover about the same molecular weight range
as the w-hydroxydecanoic acid polymers prepared by Carothers and van Natta
(8) and studied in the viscometer by Kraemer and van Natta (41). Number
average molecular weights were determined by means of an end-group titration.
Since these polymers were fractionated by crystallization, even now that a
distribution theory (19) is available, it is not possible to convert number average
molecular weights into weight average molecular weights. Sedimentation-
equilibrium measurements made by Kraemer and Lansing (37) on the largest
polymer of the series did, however, yield a value for the average molecular
weight—presumably the weight average—not too different from the value ob-
tained by titration. All in all, this study represents a very important contribu-
tion, because it first clearly demonstrated that the relationship between the
molecular weight and the intrinsic viscosity of polymeric materials is one of
approximate linearity rather than direct proportionality.

More recently Baker, Fuller, and Heiss (3) studied the viscosity of polymer
preparations obtained by allowing pure w-hydroxyundecanoic acid to polymerize
at 200°C. Number average molecular weights were determined by means of
titration with alcoholic sodium hydroxide. From Flory’s distribution theory
(19) it can be determined that the weight average molecular weight is approxi-
mately equal to 1.94 times the number average molecular weight for all of the
polymer preparations considered in the above work. On this basis, weight
average molecular weights were computed from the data presented in the
publication. Viscosities were measured in reagent-grade chloroform. In
figure 6, intrinsic viscosity is plotted as a function of weight average molecular
weight. The concentration term involved in the evaluation of the intrinsic
viscosity was expressed in volume fractions. A more or less comparable study
has been carried out by Staudinger and Nuss (76). From a gross point of view,
the data obtained by these workers are in agreement with those presented in
figure 6. However, Staudinger and Nuss regard their results as a confirmation

assumption that the reactivity of the end groups does not change as the polymers increase
in size. Kinetic studies demonstrated the substantial validity of this assumption (20).
Hence, the theory can be considered to be established experimentally, at least in part.
The distribution theory provides that the weight average-number average molecular weight
ratio is approximately a constant for all preparations of the polymer considered by Flory
and Stickney. Hence, if the number average molecular weights of the polyester, which
can be obtained entirely experimentally, were plotted against intrinsic viscosity, linear
relationships similar to those of figure 5, but differing in slope, would be obtained.
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of the Staudinger rule of direct proportionality between intrinsic viscosity and
molecular weight. In order to evaluate the conflicting interpretations, it is
necessary to observe that the data of the latter workers do not seem to possess
quite the same degree of internal consistency as those of Baker, Fuller, and
Heiss.

There has long been a discussion as to whether or not a simple relationship
of viscosity to molecular size obtains for the true macromolecules,—particles
with molecular weights up to half a million. Staudinger (75) has assembled
some data on polystyrene. Styrene was allowed to polymerize at each of
several temperatures, and then each batch was fractionated. The number
average molecular weight of each fraction was determined by osmotic-pressure
measurements and the intrinsic viscosity of each fraction dissolved in toluene

INTRINSIC VISCOSITY
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Fi6. 6. Volume fraction intrinsic viscosity of w-hydroxyundecanoic acid self-polymers
in chloroform plotted against weight average molecular weight. (Data of Baker, Fuller,
and Heiss (3).)

was measured. The results show approximately linear relationships between
the intrinsic viscosities and the number average molecular weights of the frac-
tions of each batch, but both the slopes and the intercepts of the lines vary from
batch to bateh. Signer and Gross (64, 65, 66) measured the molecular weights
of some polystyrene fractions by means of sedimentation equilibrium. Suffi-
ciently dilute solutions were studied so that the extrapolation hazards involved
in osmotic measurements could be avoided. Viscosities of the same materials
dissolved in chloroform were obtained. These results demonstrated an ap-
proximate proportionality between intrinsic viscosity and molecular weight.

Staudinger (75) has also assembled data on the intrinsic viscosities and the
osmotically determined number average molecular weights of various nitro-
cellulose preparations dissolved in acetone, of various degraded methyl celluloses
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dissolved in water, and of various polyethylene oxides dissolved in water.
Later, Staudinger and Reinecke (78) presented data on the viscosities of various
fractions of ethyl cellulose, ethyl acetyl cellulose, methyl cellulose, and methyl
acetyl cellulose. Here too, molecular weights were estimated osmotically.
All of these studies indicated approximate proportionality between the number
average molecular weights and the intrinsic viscosities for each type of material,

Kraemer and his associates made extended studies of the viscosities and
molecular weights of a great many degradation products of natural polymers.
They measured molecular weights by the sedimentation-equilibrium method,
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F16. 7. Volume fraction intrinsic viscosities of various natural and synthetic polymers
plotted against weight average molecular weights. Curve IV, rubber in ether (Kraemer
and Nichols (40)). Curve III, polychloroprene in n-butyl chloride (Kraemer and Nichols
(40)). Curve II: O, cellulose in cuprammonium; O, cellulose acetate in acetone; A,
nitrocellulose in acetone (Kraemer (34)). Curve I, methyl cellulose in water (Signer
(65, 67, 68)).

carrying out the calculations (43) in such a manner as to obtain weight average
molecular weights. In figure 7, curve II, the weight average molecular weights
of various polydisperse cellulose and cellulose derivative systems (34, 38, 39, 40)
are plotted against intrinsic viscosities calculated on the basis of volume frac-
tions. Signer and collaborators (65, 67, 68) carried out an analogous study on
methyl cellulose fractions dissolved in water. Their data, calculated in the
same manner as in the preceding case, are presented in figure 7, curve I. In a
comparable manner, Kraemer and associates (40) studied rubber fractions in
ether and polychloroprene in n-butyl chloride. The results of these studies,
computed as described above, are presented in curves III and IV of figure 7.
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Kemp and Peters (32) have recently considered the intrinsic viscosities of
numerous rubber degradation fractions dissolved in benzene and in hexane in
relation to the average molecular weights determined cryoscopically. Extra-
polated values of the molecular weight showed an approximately linear rela-
tionship to intrinsic viscosity.

When all of the data that have just been presented on linear molecules and
linear polymers are considered, four important facts are outstanding: (1) It
is clear that for all of the cases examined, including the very simplest chain
molecules, the largest macromolecular structures, and all intermediates, the
intrinsic viscosities can be expressed at least approximately as linear functions
of molecular weights or chain lengths, according to equations of the form,

(7] =8+ KM 2

where M represents the molecular weight. (2) The data show that the constants
B8 and K can vary considerably from system to system. The variability in 8
is evident from a consideration of the data of Staudinger and Ochiai (77) on
simple chain molecules, presented in figure 2. From these same data, however,
one might be led to expect that the value of K is a general constant applicable
for a given solvent to all molecules which have the carbon atom as a recurring |
unit. Inconformity with this idea, Staudinger (73, 74) represented the viscosity—
molecular weight relationship of the normal hydrocarbons by a line drawn
parallel to the other lines of figure 2, through the origin and through a single
datum. However, the graph of the relationship between intrinsic viscosity and
the molecular weight of the normal hydrocarbons representing the results of the
more extended and more exacting study of Meyer and van der Wyk (54) may
be seen in figure 3 not to extrapolate to the origin. Since the data of Staudinger
and Ochiai (77) and of Staudinger and Staiger (79) fit this graph fairly well,
this means that the slope of the hydrocarbon graph is actually not quite the
same as that of the other systems represented in figure 2. Hence, K must be
regarded as a specific rather than a general constant. (3) These data
show that, within a given homologous or polymeric series, the intrinsic
viscosity—molecular weight relationship varies from solvent to solvent and from
temperature to temperature. The studies of Flory and Stickney (22), of
Fordyce and Hibbert (23), and of Kraemer and van Natta (41) bring out the
facts that both the intercepts and the slopes of the graphs may be varied by
changing solvents and by changing the temperature. (4) As was pointed out
previously, several of the various studies here considered show that it is possible
for chain molecules to have lower intrinsic viscosities than that predicted by
Einstein for large spheres. The significance of this point will be discussed later
in connection with a consideration of the theoretical aspects of the question.
It appears, then, on the basis of a wealth of reasonably good measurements of
the intrinsic viscosities of simple chain-type molecules and of chain-type poly-
mers with well-characterized molecular weights, that a linear relationship be-
tween intrinsic viscosity and molecular weight exists for each homologous or
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polymeric series.” This is valid for systems ranging in size from the simplest
small molecules to the macromolecular polymers. The constants characterizing
these relationships vary not only from series to series, but from solvent to
solvent and from temperature to temperature within a given series. From the
practical point of view, these facts mean that the very simple viscosity technique
can be adapted to the measurement of the molecular weight of chain-type com-
pounds or polymers, but only after the method has been standardized by an
independent and reliable procedure for each series of molecules or particles in a
given solvent at a given temperature. An illustration of such a use of viscosity
data was recently afforded by Mead and Fuoss (50a). From a theoretical point
of view, a relationship of such a degree of generality as that here obtained sug-
gests strongly that there is actually some fundamental connection between the
size of & chain-type molecule and its solution viscosity. However, that hypo-
thetical relationship must be one in which several other factors play a signifi-
cant part.

B. Proteins

Many protein solutions are known to have intrinsic viscosities far greater than
that predicted for spheres by the Einstein equation. In view of the relationship
between viscosity and molecular weight established for linear polymers, it is
natural to inquire whether such a relationship exists for proteins also. If in-
trinsic viscosities are plotted against molecular weights for the many proteins
which have been investigated, no correlation of any significance is observed.
However, if the intrinsic viscosities of these same proteins are plotted against
the molecular shape as determined independently, a very real correlation may
be obtained. This is illustrated in figure 8, where the volume fraction intrinsic
viscosities of several proteins and related materials are plotted against the axial
ratios of the rod-shaped ellipsoids of revolution assumed to represent the protein
particles.® It may be observed that all of these intrinsic viscosities exceed the
Einstein value for large spheres.

5 Staudinger draws a slightly different conclusion from many of the same data that have
been considered here. He insists that the intrinsic viscosity is directly proportional to the
molecular weight of linear macromolecules,—in other words, the constant 8 of equation 2
is 0. For those systems in which a graph of intrinsic viscosity versus molecular weight fails
to extrapolate to the origin, Staudinger believes that the lower members of the series are
associated or aggregated and that the viscosity studies can be used to measure the extent
of association. K. H. Meyer has recently reviewed much of the literature pertaining to this
issue and has concluded that the Staudinger law of direct proportionality does not ade-
quately describe the relationship between viscosity and molecular weight (53). Very re-
cently Flory (21a) reported that the intrinsic viscosity of polybutene is accurately pro-
portional to the 0.606th power of the osmotically determined molecular weight within
the range from 5000 to 500,000. Not only is this result at variance with the views of
Staudinger, but also it constitutes an exception to the rather general approximately lin-
ear dependence of intrinsic viscosity upon the molecular weight of chain-type polymers.

8 Kraemer (35, 36) has carried out viscosity, sedimentation, and diffusion studies on gela-
tin in various non-gelating solvents. If his value for intrinsic viscosity were plotted
against the axial ratio calculated from the sedimentation and diffusion data, the point would
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The data here presented were obtained or assembled by Polson (62), by Neu-
rath and associates (55, 56), by Carter and Hall (9, 10), and by workers at the
Rockefeller Institute (11, 45). The materials represented are egg albumin,
serum albumin, hemoglobin, amandin, gliadin, serum globulin, thyroglobulin,
Octopus, Homarus, and Heliz hemocyanins, pepsin, lactoglobulin, thymus nucleo-
histone, tobacco mosaic virus, and tobacco mosaic virus nucleic acid. The axial
ratios here shown were calculated, for the most part, from diffusion, sedimenta-

INTRINSIC VISCOSITY
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Fic. 8. Volume fraction intrinsic viscosities of various proteins and protein derivatives
plotted against axial ratios obtained from independent data for the case of rod-like shape.
@, data of Polson (62) and of Neurath (55, 56) ; O, thymus nucleohistone (9, 10); ¥, tobacco
mosaic virus (45); W, tobacco mosaic virus nucleic acid (11).

tion, and specific-volume data.” The molecular weight of the protein was first
computed by use of the equation

fall far to the right of those shown in figure 8. This may be due to the difficulties which, as
Kraemer emphasized, are experienced in this case in extrapolating diffusion data to zero
concentration.

7 The axial ratios of the two tobacco mosaic virus preparations (¥ in figure 8) were
determined by measuring the particle lengths from electron micrographs, by computing
the weight average length (forty or more particles), and by then dividing this by the particle
thickness established by x-ray studies. The absolute error in these values is probably less
than 10 per cent. Viscosities were measured in a capillary viscometer. The preparation
having the lower intrinsic viscosity gave a single boundary in the ultracentrifuge and a
unimodal distribution of particle lengths in the electron micrograph (45). Its viscosity
is of the same order of magnitude as that reported previously by Stanley (71). The prepara-
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_ RTS8
D1 — Vp)

R is the gas constant, T the absolute temperature, S the sedimentation constant,
D the diffusion constant, V the partial specific volume of the protein, p the
density of the solution, and M the molecular weight (81). From the molecular
weight and partial specific volume, the radius of a sphere having the same weight
as each particle was next calculated. Then, by use of the Einstein-Sutherland
(13, 80) equation,

M (3)

_RT
D= 6o rN

where 7 is the radius and N is Avogadro’s number, the value, D,, that the
diffusion constant would have if the particles were spheres of specific volume V
was computed. The real measured diffusion constant was next divided by this
artificial or ideal diffusion constant to get the quotient D/Do,. When this quo-
tient is unity, it is justifiable to conclude that the protein molecules under ques-
tion are really spheres with specific volume V. In the cases of all of the proteins
involved in these considerations, the ratios were less than unity. There are
three possible interpretations of such a situation: () The protein molecules
might be rods instead of spheres. A relationship has been derived (26, 28, 60)
between D/D, and b/a for elongated ellipsoids of revolution which can be ex-
pressed as follows when b/a > 1:

D_ (@t (1 + V1——W> 5)

D~ Vi- @ afs

where @ is the minor and b the major axis. Hence, when D/D, is known, a/b
can be evaluated. (2) The protein particles might be plate-like ellipsoids of
revolution. A relationship comparable to equation 5 has been derived ex-
pressing D/D, as a function of the axial ratio of plate-like ellipsoids. (3) The
various particles might have partial specific volumes in solution greater than
those used in computing the equivalent spheres, that is, the particles in solution
may actually be hydrated. In the computation of the b/a values presented in
figure 8, it was assumed that the protein particles are rod-like ellipsoids of revolu-
tion and equation 5 was used for the evaluations.

(4)

tion having the higher intrinsic viscosity showed a double boundary in the ultracentrifuge
and a bimodal distribution of particle lengths in the electron micrograph (45), both results
indicating the first stage of end-to-end aggregation of a fraction of the particles. Its
viscosity is about the same as that reported for different preparations by the author (44)
and by Frampton and Neurath (25). As was pointed out by the author (44) and demon-
strated by Robinson (63), the viscosity of tobacco mosaic virus measured in a capillary
viscometer should be somewhat too low, owing to the partial orientation of the particles
in the flowing stream. This effect was particularly pronounced in the case of the very
highly aggregated virus material studied by Robinson. It should certainly be of a much
lower magnitude in the cases of the unaggregated material and the very slightly aggre-
gated material employed in the present instance.
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The justification of the assumption that hvdration is not the most important
factor contributing to the inequality of D and Dy is not difficult. For most of
the data represented in figure 8, it would be necessary to assume that the par-
ticles swell to from three to forty times their dry volumes in order to explain
the observed D/Dy values solelv in terms of hydration. Such an assumption
seems absurd. Furthermore, when the supposed hyvdrodynamic volumes ob-
tained from D /D, ratios are plotted against the measured viscosities, a line with
a slope about fifty per cent greater than the 2.50 required by the Einstein equa-
tion (equation 1) for spheres is obtained. Since, as will be demonstrated later,
the Einstein relationship is quantitatively correct for large spheres, this is strong
evidence against the belief that hydration playvs the dominant rdle in deter-
mining the D/D, ratios of proteins. However, it may account for a small
portion of the effect.

It is not certain that the choice of the rod shape over the plate shape as the
model for all protein particles is entirely justifiable, for it is not possible to
decide with assurance, on the basis of an empirical consideration of sedimenta-
tion, diffusion, and viscosity data, whether protein particles are rod-shaped or
plate-shaped. Some may have one shape and some the other., There is, how-
ever, excellent independent evidence that at least a few of the proteins repre-
sented in figure 8 are rod-like rather than plate-like. Onecley (57) and Ferry
and Oncley (18) have shown that the dielectrie dispersion curves of serum
albumin and serum pseudoglobulin depart markedly from the Debye prediction
for spheres. They were able to demonstrate, moreover, that the experimental
curves can be anticipated theoretically if the two proteins are regarded as being
rod-shaped ellipsoids with dipole angles of 45°. It was not found possible to
predict these curves on the assumption of plate-like shapes. In the case of
tobaceo mosaic virus protein, a great deal of evidence has been amassed to show
that the component particles are rod-shaped (46, 47). Recently obtained elec-
tron micrographs demonstrate the correctness of this conclusion, as is illustrated
in figure 9 (72). Finally, as will be shown later, if the theoretical viscosity
equations of Simha are regarded as being essentially valid, it is possible to con-
clude that viscosity, sedimentation, and diffusion data favor the interpretation
that most of the proteins thus far investigated are rods rather than plates.
Nevertheless, it is necessary to consider the possibility that some proteins are
plate-like in shape. Whatever their shapes may be, it seems possible to conclude
cautiously and tentatively that there is a quantitative correlation between the
axial ratios of protein particles and their intrinsic viscosities.

C. Rod-like models

Experiments on the intrinsic viscosity of rod-like models have been reported
by Eirich, Margaretha, and Bunzl (15). Natural silk fibers with a diameter
of 40 ¢ were cut into several distinet lengths in order to produce relatively
homogeneous batches of rod-like particles. The smallest had an axial ratio of
5:1, and the largest a ratio of 23:1. Portions of some of these preparations
were agitated =0 as to split the fibers. Various homogeneous batches with axial
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ratios between 32:1 and 110:1 were obtained fin thix manner.  Then artificial
silk strands with diameters of 9 g were eut into various lengths to give particles
with axial ratios of 25:1, 50:1, 75:1, and 100:1.  Naturally, all of these dimen-
sions were cheeked by methods involving the use of the microscope. The various
rod models were suspended in a mixed solvent of tetrachloroethane and olive
oil, and their viscosities were studied in Couette, Ostwald, and pressure vis-
cometers. In figure 10 are shown the data obtained in a Couette viscometer.
Here specifie viscosity is plotted against concentration for the various axial
ratio values. It iz evident that increasing axial ratios of such rod-like models
parallel inereasing viscosities.  Here, then, there is a very definitely established
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F1ia. 9. Electron mierograph of tobacco mosaie virus particles X 24,000.  (From Stanley
and Anderson (72).)

correlation between viscosity and axial ratio. There is no correlation between
intrinsic viscosity and particle weight, particle length, or particle diameter,
however., '

When these data and those on proteins are considered together, it seems that
a good case can be established for the existence of a conneetion hetween the
intrinsie viscosity and the axial ratio of rigid particles. In reality, this conclu-
sion 1s in complete harmony with the previously drawn conelusion that, within
homologous series of linear polvmers or linear molecules, intrinsic viscosity de-
pends upon molecular weight.  In an homologous series, all of the particles are
probably of the same thickness. Hence, molecular weights within a series are
proportional to axial ratios. Thercfore, all of the data considered thus far point
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to the conclusion that the intrinsic viscosity of a suspension or solution of
anisometric particles is a tfunction of the ratio of length to thickness of the
particles.

III. AN EXPERIMENTAL EXAMINATION OF THE HYDRODYNAMIC APPROACH

AMany attempts have been made in recent vears to account theoretically for
the relationship just observed between the intrinsic viscosity and the shape of
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Fia. 10. Relative viscositics of various suspensions of rod-like models plotted as a fune-
tion of volume per cent coneentration. Numbers indicate the ratios of length to thick-
ness of the particular particles for which cach curve was obtained. (From Eirich, Marg-
aretha, and Bunzl (15).)

particles in suspension or solution. Most of these approaches have been based
upon hydrodvnamic considerations. Stated crudely, the hydrodynamic view-
point is that, in a pure liquid undergoing plane laminar flow, infinitesimal layers
of the liquid glide over one another, each layer moving with a velocity slightly
less than that of its neighbor on one side and slightly greater than that of its
neighbor on the other side. In this process energy is dissipated, accounting for
the viscosity of the liquid. If a rigid solid object, large compared to the infini-
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tesimal layers of liquid, i.e., large compared to the dimensions of the fluid par-
ticles, is placed in such a flowing system, some layers of the liquid will move
faster than the particle and some slower. Hence, liquid will have to flow around
the obstruction. This disturbance in the motion of the fluid results in an added
dissipation of energy by the system, that is, in increased viscosity.

A. The viscosity of spherical particles

The simplest application of the hydrodynamic approach to this general ques-
tion was made by Einstein (12) in deriving equation 1, which describes the
viscosity of a suspension of rigid spheres, large with respect to the dimensions of
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Fi1g. 11. Specific viscosities plotted against volume concentrations for glass spheres in
mercuric nitrate-nitric acid (4, 5, 7, 8), mushroom spores in olive oil-tetrachloroethane
(2, 3), and yeast in water (6). Curve E is graph of Einstein equation (equation 1), and
curve S is graph of Einstein equation with second-order term. (From Firich, Bunzl, and
Margaretha (14).)

the particles of the fluid and small with respect to the dimensions of the vis-
cometer. If an explanation of the relatively complex viscosity behavior of
rod-like or thread-like materials is to be sought on the basis of hydrodynamic
theory, it is of the utmost importance that the validity of this simplest of applica-
tions of such theory be ascertained. Eirich, Bunzl, and Margaretha (14) have
considered the matter experimentally. They studied the viscosity of glass
spheres with a radius of 80 microns suspended in a mercuric nitrate-nitric acid
solution, that of mushroom spores with a radius of 4 microns dispersed in an
olive oil-tetrachloroethane mixture, and that of yeast with an average radius of
2.5 microns dispersed in water, using Couette, capillary, and falling-ball vis-
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cometers. The spherical natures of all of these particles were ascertained by
microscopic examination. In figure 11 specific viscosities are plotted against
volume concentrations for the three suspensions. It is evident that the limiting
slopes of all of these viscosity-concentration curves approach that demanded
by the Einstein equation, with a maximum deviation of less than 10 per cent.
These results demonstrate quite conclusively the applicability of the Einstein
equation to the situations for which it was derived. In view of this, it seems
justifiable to proceed to the more complex problem, namely, the examination of
the application of hydrodynamic theory to the relationship between the viscosity
and the shape of non-spherical particles.
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Fic. 12. Base molar intrinsic viscosity of normal hydrocarbons plotted against number
of carbon atoms in chain. Smooth curve is plot of Hugging’ theoretical equation for
randomly kinked chain. Data were taken from Staudinger and Staiger (79) and from
Meyer and van der Wyk (54). (From Huggins (30).)

B. The viscosity of randomly kinked chains

Huggins (29, 30) has extended Kuhn’s (42) hydrodynamic treatment of the
case of a chain of spheres to consider the case of a randomly kinked chain of
spheres. Such a system ought to represent a fair model of most of the natural
and synthetic linear polymers and compounds considered earlier in this review.
An expression which can be reduced to the form of equation 2, that is, to a form
which expresses intrinsic viscosity as a linear function of the molecular weight or
of the number of repeat units, was obtained. Figure 12, taken from one of
Huggins’ publications (30), shows how his equation may be made to fit the
data of Meyer and van der Wyk and of Staudinger and Staiger discussed earlier.
Agreement of this sort can be regarded as being most encouraging. Because
it was assumed that the interaction between the individual spheres of the kinked
chains and the surrounding medium was that of very small spheres, Huggins’
treatment is able to account for intrinsic viscosities less than 2.5. Alfrey,
Bartovics, and Mark (1) have been able to account for the effect of temperature
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and solvent type on the intrinsic viscosity of polymer solutions on the basis of
theoretical considerations similar to those of Huggins.

C. The viscosity of rigid ellipsoids

It is yet necessary to discuss only the various attempts that have been made
to relate the intrinsic viscosity of rigid ellipsoids to axial ratios. These treat-
ments are continuations and modifications of Jeffrey’s (31) original extension of
the Einstein development for large spheres. In considering the intrinsic vis-
cosity of anisometric particles, three distinet cases must be recognized: (1) the
case in which the particles are under the influence of complete Brownian move-
ment; (2) the case in which there is no Brownian movement; (3) the intermediate
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Fia. 13. Graphs of various theoretical equations expressing relationships between the
volume fraction intrinsic viscosities of colloidal solutions with complete Brownian motion
and the axial ratios of rod-like (undesignated graphs) and plate-like ellipsoids of revolution
considered as models of the colloidal particles.

case. A great many equations have been derived relating axial ratios to the
intrinsic viscosity of both rod-like and plate-like ellipsoids under the influence of
complete Brownian motion (6, 7, 17, 27, 42, 59, 61, 69). These are summarized
graphically in figure 13. The various equations predict that the intrinsic
viscosities of rod-like ellipsoids will be greater than that of spheres by amounts
which are roughly functions of the squares of the axial ratios. The Simha (69)
equation predicts 2 much higher viscosity than the others. This is due to the
fact that the effect of Brownian motion is considered more rigorously in this
derivation than in the others. Compared to that of rods, the viscosity of
plate-like ellipsoids is relatively insensitive to changes in the axial ratio.

The smooth curve fitting the data in figure 9 is Simha’s theoretical curve for
rod-like particles. The agreement between the theoretical relationship of par-
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ticle shape to intrinsic viscosity and the data obtained with proteins is indeed
very satisfactory. Using some of these same data, Mehl, Oncley, and Simha
(52) computed the axial ratios from diffusion and sedimentation measurements,
first, on the assumption that the particles are rod-shaped and, second, on the
assumption that they are plate-shaped. Then, using Simha’s equation for rods
and for plates, they calculated the axial ratios from viscosity data for both
cases. It can be observed in table 2, which summarizes their results, that the
agreement between the values calculated from diffusion and sedimentation on
the one hand and from viscosity on the other hand is very excellent when it is
assumed that the particles are rods and just fair when it is assumed that they
are plates. As was mentioned previously, this may be taken as a rather feeble
indication that most of the proteins are indeed rods.

TABLE 2
The shapes of protein molecules (52)
5/6, ELONGATED a/b, FLATTENED
PROTEIN Do/D nsp/G
Diffusion ‘ Viscosity | Diffusion | Viscosity

Egg albumin.................. 1.17 5.7 3.8 5.0 4.0 6.7
Serum albumin............... 1.25 6.5 5.0 5.6 5.4 7.7
Hemoglobin................... 1.16 5.3 3.7 + 4.6 3.9 6.0
Amandin.................... 1.28 7.0 ! 54 6.0 6.0 8.5
Octopus hemocyanin........... 1.38 9.0 7.2 | 7.3 8.2 11.4
Gliadin....................... 1.60 14.6 10.9 : 10.5 13.6 21
Homarus hemocyanin. . .......| 1.27 6.4 5.2 5.5 5.8 7.5
Heliz pomatia hemocyanin. .... 1.24 6.4 4.8 | 5.5 5.2 7.5
Serum globulin................ 1.41 9.0 7.6 @+ 7.3 8.9 11.4
Thyroglobulin................. 1.43 9.9 7.8 | 7.9 9.2 12.7
Lactoglobulin. ................ 1.26 6.0 5.2 ! 5.1 5.7 6.9
Pepsin...........cocovivii... 1.08 5.2 2.5 | 4.5 2.6 5.8
Helix hemocyanin (pH 8.6)....] 1.89 I‘ 18.0 16.6 ‘ 12.0 23.9 26

Because of the large size of the particles involved, the data of Eirich and
collaborators (15) on visible rod-like models exemplify the condition in which
there is no Brownian motion. In figure 14 the intrinsic viscosities of Eirich’s
various rod-like model suspensions are plotted against the axial ratios of the
fractions. The two lower curves are the results of the two theoretical treat-
ments of this case (16, 31). Although there is qualitative agreement, as yet no
satisfactory quantitative agreement between theoretical and observed relation-
ships of intrinsic viscosity to axial ratios has been attained for the case of rod-
like particles not under the influence of thermal movement.

Solutions of tobacco mosaic virus, especially those of highly aggregated
preparations, are representative of systems with intermediate Brownian motion.
The virus particles in solution do not have dominant or complete Brownian
motion, because the solutions exhibit double refraction of flow,—a condition
due to the partial or complete orientation of the rod-like particles by the flowing
stream (46). However, Brownian movement is not completely overshadowed
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by the orienting tendency of the flowing field in the case of virus particles,
because the intensity of double refraction of flow is a function of the flow-
velocity gradient, and because the average orientation of the particles as meas-
ured by the angle of isocline, a physical consideration related to the double
refraction of flow, increases with increasing velocity gradients (51, 63). For
intermediate systems such as this, it is possible to make three definite predictions
from hydrodynamic theory in its present state of development: (Z) The vis-
cosity of even infinitely dilute systems of this sort should be anomalous,—
that is, the viscosity coefficient measured in very low velocity gradients should
be greater than that measured in higher gradients. This follows simply from
the hydrodynamic consideration that rods randomly oriented contribute more
to the viscosity of a system than rods oriented parallel to the direction of flow.
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Fia. 14. Volume fraction intrinsic viscosities of suspensions of rod-like models plotted
against axial ratios. Upper curve, data of Eirich, Margaretha, and Bunzl (15); lower two
curves, graphs of theoretical equations derived for particles with no Brownian motion
(16, 31).

(2) The decrease in the viscosity coefficient as the velocity gradient is increased
should be paralleled by an increase in the intensity of double refraction of flow
and by an increase in the average orientation of particles as determined by
measurements of the angle of isocline. (3) For intermediate velocity gradients,
a positive temperature coefficient of relative or of intrinsic viscosity should be
obtained, but at very high and at very low gradients the temperature coeffi-
cient should approach zero. This follows simply from the fact that in inter-
mediate gradients where the rods are partially oriented, increasing the tempera-
ture increases the randomness of the particles, thereby increasing their contri-
bution to viscosity. In very high gradients, where Brownian motion is com-
pletely dominated, or in very low gradients where it is completely dominant,
no such effect can ensue.
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Robinson (63) has studied exceedingly dilute tobacco mosaic virus solutions.
in a Couette-type viscometer equipped with an optical system for measuring

doubje refraction of flow and the angle of isocline.

Figure 15 is a diagram show-

ing the relative viscosity of a 0.02 per cent tobacco mosaic virus solution plotted
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Fia. 15. Relative viscosity (0) and intensity of double refraction of flow (+) of 0.02
per cent tobacco mosaic virus solution plotted against angular velocity of rotating cylinder

of viscometer. , at 14.4°C.; - - - -, at 19.6°C. (From Robinson (63).)
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Fia. 16. Angle of isocline (¢) of 0.02 per cent tobacco mosaic virus solution plotted

against angular velocity () of rotating cylinder.

(From Robinson (63).)

against the angular velocity of the rotating cylinder.

Curve A at 14.4°C.; curve B at 19.6°C.

Exactly in accordance

with the first prediction, the relative viscosity decreases as the velocity gradient

increases.

Intensity of double refraction of flow is also plotted against velocity

of flow in this figure, and in figure 16 the angle of isocline is plotted against
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velocity of flow. Exactly in accordance with the second prediction, the decrease
of relative viscosity with increase of velocity gradient is paralleled by an in-
crease in the intensity of double refraction and by an increase in the angle of
isocline. It may also be observed in figure 15 that the relative viscosity of
tobacco mosaic virus is higher at 19.6°C. than at 14.4°C. This is exactly in
accordance with the third prediction. From an examination of figure 17, it is
evident that the positive temperature coefficient of the relative viscosity has a
maximum value for moderate velocity gradients, also exactly as predicted from
pure hydrodynamic considerations. None of the currently discussed theories
of viscosity based on interaction concepts would predict a temperature relation-
ship such as this. Furthermore, the relative viscosities of substances, such as
relatively concentrated gelatin solutions, for which one can reasonably ascribe
the viscosity to structure, have negative temperature coefficients. In view of
this, it would seem that these experiments constitute perhaps the best confirma-
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Fig. 17. Temperature coeflicient of relative viscosity (ordinate) of 0.02 per cent tobacco
mosaic virus solution plotted against angular velocity. (From Robinson (63).)

tion available at present of the validity of the hydrodynamic approach to the
description of the viscosity behavior of suspensions of rigid ellipsoids.

D. General conclusions

The experimental data which have been examined in connection with the
hydrodynamic approach have brought out several facts: (1) The equation de-
rived by the hydrodynamic method for the viscosity of spheres in suspension
was found to be entirely in accord with the results of experiments designed to
test it critically. (2) The hydrodynamic method can be used to obtain an
equation predicting a linear relationship between the intrinsic viscosity and the
molecular weight of chain molecules and polymers. Without making any un-
reasonable assumptions, this equation can be fitted to actual data with reason-
able success. (3) The results of the hydrodynamic treatment for the case of
rigid ellipsoids undergoing complete Brownian movement can be used to ration-
alize quantitatively the experimental data obtained on proteins by viscosity
methods, on the one hand, and diffusion and sedimentation methods, on the
other hand. (4) Results of hydrodynamic consideration are in qualitative,
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though not quantitative, accord with viscosity data on rod-like models too large
to have Brownian motion. (5) Finally, hydrodynamic theory leads in a seem-
ingly unique way to an explanation of the positive temperature coefficient of
relative viscosity observed in solutions of rods with intermediate Brownian
motion. Whether or not these encouraging findings justify the acceptance as
strictly valid of the equations thus far obtained by the hydrodynamic approach,
they certainly justify further consideration of this type of theory in the search
for an explanation of the connection between the intrinsic viscosity and the
shape of suspended or dissolved particles,
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