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I. INTRODUCTION ferent resonance fields (or frequencies) when contained 
in different molecules; the protons in water and benzene, 
for example. However, the subsequent production of 

One of the principal objectives of high-resolution magnetic fields of high homogeneity resulted in the fre-
nuclear magnetic resonance studies of liquids is the quent discrimination of several nuclear resonances 
evaluation of accurate chemical shift data. These data within a given molecule. These multiple resonances 
are of value not only for their characterization of specific result from internal or intramolecular chemical shifts, 
molecules for analytical purposes, but also for their the classical example being the shifts of the methyl, 
bearing on chemical phenomena in general. The term methylene, and hydroxyl protons in ethyl alcohol (9). 
"chemical shift" or "chemical effect" was originally Chemical shifts arise from a field-induced magnetic 
used to indicate that a given nucleus could exhibit dif- shielding of the nuclei by the molecular electrons, and 
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TABLE 1 

Directum cosines for orthogonal transformations in terms of the EtUerian angles 

cos ^ cos 4 — cos $ an ^ sin if 

-sin ^ cos * — cos S sin <fr cos ^ 

sin 8 sin 4 

cos fa in ^ + c o s 4 cos ' s i n f 

—sin i ma + + COB > oos » cos f 

—sin 8 cos ^ 

sin f sin 4 

cos* sin 8 

cos * 

are quantitatively described by an appropriate shielding 
constant, <n, for each nucleus. Thus, in an applied field 
H0, the field in the immediate vicinity of a particular 
nucleus is given by 

H, = (l - .T1)H, (l) 

The associated nuclear Larmor precession frequency is 

^i = T.-Hi = O - <r.)7.«. (2) 

where 7, is the gyromagnetic ratio for nucleus i. I t 
should be noted that |w,| = w,- is in angular units 
(radians sec.-1) and is related to the linear frequency by 
the equation 

= 2ir», (3) 

More generally, equation I is to be replaced by 

H?>- {1 -d!w)H, (4) 

where 1 is the second-rank unit tensor and if} is the 
(second-rank) shielding tensor for nucleus i when the 
molecule has the orientation X with respect to a set of 
space-fixed axes. The tensor form of magnetic shielding 
effects is appropriate when chemical shifts are observed 
in solids (49); in liquid systems, however, there are 
frequent changes in molecular orientations, so that 
equation 4 must be accordingly averaged. The rate of 
molecular reorientations in liquids is of the order of 
10'° sec.-1, which is about 1000 times faster than the 
usual nuclear Larmor precession frequencies (106-107 

sec.-1), so the assumption of complete averaging is 
normally a good one. The averaging is most con­
veniently carried out by considering a set of principal 
axes (x'y'z') fixed in the molecule. The shielding tensor 
is diagonal in this coordinate system with the principal 
values ov, O11-, and ov (the subscript i being dropped for 
the moment). The components of dCX) relative to the 
space-fixed axes are related to those in the principal 
axes by the orthogonal transformation T (30) 

*»(x,y,z) = Td( i ' , j / ' , z')T"' (5) 

or, in component form, 

a<» = ^TrtT, Tilr/:lt\ (6) 

The Trk are the nine direction cosines between the (xyz) 

and {x'y'z') axes and satisfy the orthogonality rela­
tions (29) 

where oT, is the Kronecker delta 

* _ JO for r ?£ * 
* " - Jl fa. r = „ 

(7) 

(8) 

The direction cosines are conveniently expressed in 
terms of Euler's angles 0, <£, x, as in table 1 (29). 

The characteristic values, <rs, of the shielding tensor 
do not vary as the principal axes assume all possible 
orientations, so that 

<«?? >.T.H = ^ ^P «t £" dx J** d* J * TrtT* sin SdB (9) 

Upon carrying out the integrations one obtains finally 

<<J?°>.v.x= ( |?Vdi)l (10) 

where Trii is the sum of the diagonal elements of the 
shielding tensor as determined in any coordinate system. 
Thus the averaging has the effect of diagonalizing <J<; 
but note, however, the degeneracy of the characteristic 
values of equation 10. Equation 4 can now be averaged 
with the result: 

<H?>>.vX ^Hi = (1 - <d?»>„.x)H, 

= (1 - | f t * ) H ( ( I D 

This result is identical with equation 1 if one defines 

a *> ( | r rd . ) (12) 

The first theoretical calculations of shielding con­
stants were couched in classical terms and restricted to 
atoms (48). The result of this work was the "Lamb 
diamagnetic correction" 

" = 3^F<°> (13) 

where e and m are, respectively, the electronic charge 
and mass, c is the velocity of light, and F(O) is the elec­
tric potential produced at the nucleus by the atomic 
electrons. For atomic hydrogen in a Is state 

V(O) = «< ;>„ . = -5-
r Og 
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(ao is the first Bohr radius) and 

•*? " a£* - 1M x 10"5 (14) 

For nuclei with large Z the Fermi-Thomas approxima­
tion yields (48): 

<r = 3.19 X 10"» Z*" (15) 

Equation 15 is useful for estimating the magnitudes of 
chemical shifts. Fluorine (Z = 9) shifts, for example, 
are about thirty times greater than proton shifts. 

A quantum-mechanical theory of molecular shielding 
(72, 73, 75, 77), based on second-order perturbation 
theory, leads to a term equivalent to the Lamb dia-
magnetic correction and an additional term that corre­
sponds to an apparent paramagnetism of the molecular 
electrons. The paramagnetic term involves the energies 
and wave functions of excited states—quantities that 
are presently unavailable. The introduction of a mean 
electronic excitation energy, AE, reduces the correction 
term to one involving only the ground-state wave func­
tion, ^0. The (averaged) shielding constant is (73, 74) 

'^sb^-^E^'lV^l^ (16) 

where rk is the distance of electron k from the shielded 
nucleus, m° and m* are the orbital angular momenta of 
the j i b and fcth electrons, and the angular brackets 
denote an integration over configuration space. Since 
m° and ml are differential operators in the quantum-
mechanical sense, the second term of equation 16 in­
volves a sum of second derivatives of the wave function. 
Thus the ground state must be known with considerable 
accuracy to avoid excessive accumulation of errors. 

The lack of the required input data for this theory has 
forced a more simplified approach to the problem of 
molecular shielding. For example, the shielding constant 
may be considered as a sum of terms which represent 
the diamagnetic and paramagnetic contributions of 
various atoms (82). This method has been refined by 
coupling the atomic contributions by means of inter­
atomic electronic currents (62). Other approaches have 
employed variational techniques (40, 54, 86), the mo­
lecular orbital approximation (2, 3, 51), and classical 
ideas (66). These calculations have provided useful 
qualitative results; at best, however, they are only 
semiquantitative and the burden of accurate determina­
tions of chemical shifts rests almost exclusively with the 
experimentalist.: 

The experimental evaluation of chemical shifts is not 
without its own peculiarities. Concentration-dependent 
shifts occur frequently (68, 69) and may be inter- or 

1 Experimentally, one usually determines chemical shifts as 
diamagnetic or paramagnetic with respect to some reference com­
pound, or simply the relative intramolecular shifts. 

intramolecular in origin (14, 16). These effects do not 
hinder the analysis of a given spectrum, but corrections 
must be introduced whenever comparisons are made. 

B. SPIN-SPIN COUPLINGS 

High-resolution spectra frequently exhibit an abun­
dance of hyperfine structure which, in contrast to the 
linear field dependence of chemical shifts, is independent 
of the applied field. This additional structure arises from 
an indirect coupling of the nuclear moments y,-, which is 
transmitted from nucleus to nucleus by the paired elec­
trons comprising the valence bonds. The effects of this 
interaction were first observed in the modulation of the 
echo envelope in pulse experiments (38, 39) and as 
simple multiplets in early high-resolution studies (35, 
36, 37). From these experiments, it was concluded that 
the interaction between two spins i and j had the form 

-K(lVi-vi (17) 

where Ka is a constant depending upon the molecular 
electronic structure.2 The scalar product form of the 
coupling guarantees rotational invariance, which must 
be the case since the multiplets survive the random 
averaging process characteristic of liquids.3 Further, the 
interaction completely accounts for the fact that multi­
plets are not observed (c/. Section IV,A) for systems 
containing equivalent nuclei (35, 36, 37, 38, 39). For 
example, no multiplets are observed in the proton 
magnetic resonance spectra of benzene, water, methane, 
etc., and these results are predictable on the basis of 
equation 17. The fine structure predicted by the scalar 
product coupling has also been verified in a large num­
ber of cases. 

The proportionality constant Ka has the dimensions 
gauss2 erg -1; it is customary, however, to express spin 
couplings in frequency units (angular or linear). The 
magnetic moment of nucleus i is related to the spin 
vector I,- by the equation (26, 59) 

Vi = YiU,- (18) 

where h is Planck's constant h divided by 2T. Thus 

KiWVi = JiJiKiJhHi-It (19) 

The spin-spin coupling constant (in angular units) for 
spins i and j is now defined as 

Ja = -YiJIhKa (20) 

2 The sign convention in equation 17 implies that for K^ > 0 
the coupling energy is lowest when the spins are parallel; if 
Ku < 0, the minimum interaction energy is associated with 
antiparallel spins. 

• Dipolar interactions, which produce fine structure in solids 
(60), cannot be effective in liquid systems, since they depend upon 
the angle B between the applied field and the line joining a nuclear 
pair through the factor (1 — 3COs2A), whose random average is 

< (1 - 3COS2S) > a v . = — / d0 / (1 - 3cos*0) sin 8 dd = 0 
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and the interaction energy becomes 

~KiiVi-v, = -JtMrh (21) 

In linear units the coupling constant is 

Aii-jg (22) 

The indirect spin-spin coupling of magnetic nuclei has 
been justified quantum-theoretically (76, 78, 80) 
through consideration of a rather general molecular 
Hamiltonian plus a perturbation by the Fermi contact 
interaction (67). The Fermi interaction is, essentially, a 
coupling of nuclear and electron spins and its magnitude 
depends upon the probability that the electron is at the 
nucleus; hence the term "contact interaction." In the 
second order of pertubation one finds a scalar product 
coupling of the nuclei. Actually, the interaction has the 
form of a second-rank tensor which takes the dot prod­
uct form upon averaging over all possible orientations. 

Since the exchange coupling of the electrons is inti­
mately involved in the interaction, the coupling mecha­
nism is more properly described as a "nuclear spin-
electron spin-electron spin-nuclear spin coupling"; for 
obvious reasons this is contracted to "spin-spin cou­
pling" or simply "exchange coupling." For protons spin-
spin coupling constants are small (0-20 sec.-1) but may 
persist over five chemical bonds (22, 58). Other nuclei 
may couple to the extent of a kilocycle or moi-e (67). 

The theory is applied with some difficulty to the 
direct calculation of coupling constants, again owing to 
the lack of molecular energies and wave functions. 
Approximate calculations (50, 51, 52, 87) have provided 
qualitative and semiquantitative results of interest. 
More recently, valence bond theory has been used to 
calculate proton-proton coupling constants (42, 43, 44). 
The results are in good agreement with the experi­
mental data and show an interesting relation with 
H—C—H bond angles (34). Although this method has 
only been applied to some simple molecules, the ap­
proach is very promising. 

C. THE ANALYSIS OF NUCLEAR MAGNETIC RESONANCE 

SPECTRA 

In view of the possible interactions of a collection of 
nuclei in a magnetic field, a Hamiltonian operator may 
be constructed which involves the chemical shifts and 
coupling constants parametrically. With this Hamil­
tonian and the formalism of quantum mechanics, one 
seeks a set of chemical shifts and coupling constants 
which describe the experimental spectrum. This em­
pirical approach is dictated by the lack of accurate 
theoretical values for the essential parameters and is 
quite common in molecular spectroscopy. The quantum-
mechanical aspects of the problem lead to a formal 
identity with other branches of spectroscopy, but the 
analogy is somewhat sharper in the case of infrared with 

nuclear Larmor frequencies and coupling constants cor­
responding to fundamental frequencies and force con­
stants, respectively. 

The analysis of a high-resolution nuclear magnetic 
resonance spectrum is a relatively simple problem when 
only shielding effects are important and is closely re­
lated to the structure of the molecule under study. In 
such a case, there will be a single resonance associated 
with each distinct environment with an intensity 
proportional to the number of nuclei in the given 
environment. Measurement of the separations of the 
various resonances (in magnetic field or frequency units) 
gives the relative internal chemical shifts. The assign­
ment of particular resonances to definite nuclei requires 
additional information obtained, for example, by iso-
topic substitution or reference to accumulated data 
(32, 64). 

It frequently happens that nuclei which are struc­
turally nonequivalent have nearly identical resonance 
frequencies and the associated line widths prevent their 
resolution. If the spectrum consists of more than one 
line, the intensity relations may be used to clarify this 
case. 

The next order of approximation is obtained when the 
spin-spin coupling constants are small in comparison to 
the relative internal shifts. Simple multiplets occur in 
this situation and the spectrum can be interpreted with­
out recourse to detailed calculations. The above-men­
tioned intensity rules remain valid in this "first-order 
case" when applied to the multiplets themselves. The 
multiplet structure may also be used to assist in the 
assignment of lines to individual nuclei. 

When the coupling constants are comparable to the 
relative shifts, the simple rules no longer apply and 
detailed calculations must be made. If the molecule 
contains n (magnetic) nuclei there will be, at most, 
n(n — l ) /2 relative shifts (not all of these are inde­
pendent) and an equal number of (independent) cou­
pling constants. For n > 2 the general problem involves 
algebraic equations of degree > 3, so that numerical 
techniques must be employed. There are many cases, 
however, where internal molecular motions result in an 
"effective symmetry" and the orders of the algebraic 
equations are accordingly reduced. Similar reductions 
occur when the molecule has group symmetry, thus 
allowing the use of group theoretical techniques (53, 
93). Other methods of interpreting nuclear magnetic 
resonance spectra are: perturbation calculations of the 
second or third order (5, 9), moment calculations (7), 
and multiple irradiation experiments (12, 13). The latter 
is more of a "trick" than a general method of analysis, 
but its use can often simplify a complicated spectrum. 
All of these calculations lead to a delta function type of 
description; that is, the spectrum is given by a series of 
discrete lines of height Pjk located at frequency Q,*, 
where P,* and Qjk are constants denoting, respectively, 
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the transition probability and frequency associated with 
the transition from an initial quantum state fc to the 
final state j . The calculations provide values of the P,* 
and Qjk, and detailed descriptions of these calculations 
are given in the text. The inclusion of relaxation 
phenomena requires a quantum-statistical discussion 
and will not be considered here (13, 89). Discussions of 
elementary principles and the general theory of nuclear 
magnetic resonance may be found in review articles 
(32, 60, 61, 91) and texts (8, 64). 

II . ELEMENTARY THEORY 

A. INTRINSIC SPIN ANGULAR MOMENTUM 

1. Spin theory for a single nucleus 

The magnetic moment operator y, for a nucleus with 
nonvanishing spin, is related to the intrinsic spin vector 
I by the equation 

» = yhl (1) 

where h is Planck's constant divided by 2ir, and y is a 
characteristic constant known as the gyromagnetic 
ratio. The spin vector I = (Ix, 7„, I.) represents the 
angular momentum in units of h and its components 
satisfy the commutation rules (23, 26, 81) 

ItIy — IyIx = H.\ 

IyI, - I,Iy = ilS (2) 
IJx — IxI, = Uy) 

where i is the imaginary unit. Equations 2 may be 
succinctly expressed as a symbolic vector cross product. 

I X I = tl (3) 

In addition to these operators, the "square" of the spin 
vector 

M - P - Il + Il + Il (4) 

and the so-called "raising" ( + ) and "lowering" ( —) 
operators defined as 

J* = Ix ± Uy (5) 

are also of importance. 
From equations 2 and 4 it is easily shown that I2 and 

II commute: 

VI. - IJL' ^ [P1 /,] = 0 (6) 

The significance of this result follows from a general 
theorem which states that if a collection of operators 
commute with each other, then a set of functions exist 
which are simultaneously eigenf unctions of all the given 
operators (23). Ix and Iy also commute with I2, but in 
view of equation 2, only I2 and one of its components 
form a commuting set. It is customary to take I2 and 7, 
as the commuting set, and this choice defines the (space-
fixed) z-axis as the axis of quantization. 

Let $i,m be a set of eigenf unctions of I2 and Iz. I t can 
be shown (23) that 

P*/,„ = 1(1 + l)*/.„ (7) 

where 7 > 0 is the spin quantum number and is re­
stricted to integral or half-odd integral values. The 
physical significance of I is that it is the maximum 
component of the spin vector in the z-direction. The 
eigenvalues of I. are denoted by the letter m and are 
precisely 27 + 1 in number 

m = I, I - 1, I - 2, • • • -1 + 1,-1 (8) 

and the eigenvalue equation for I1 is 

I.&Im = OT*/,m (9) 

There are, therefore, 27 + 1 independent spin functions 
which are characterized by the quantum number I, 
which is fixed, and the quantum number m, which may 
assume any of the values in equation 8. 

The functions $ j , m are assumed to be an orthonormal 
set; i.e., the scalar product (26, 81) ($i,m,$i,m') satisfies 
the equation 

(*:,«, */,m') = Smm' (10) 

where 5mm> is the Kronecker delta. The matrix elements 
of I2 and I1 are obtained by taking the scalar product of 
equations 7 and 9 with 3>/,m<: 

(*/,„', P* / ,„ ) 3 < * / , „ ' | P | * 7 . » > = / ( / + 1)«„'„ (11) 

<*/.„' 11.1*/,„> = mdm'm (12) 

Thus, relative to the basis $r,m, the matrix for I2 is 
1(1 •+• 1) times an identity matrix with 2 7 + 1 rows 
and columns, and the I, matrix is also diagonal with 
elements 7, 7 — 1, • • • —7 + 1, —7. 

The effects of Ix and 7„ on the $r,m can be evaluated 
but it is often more convenient to work with 7± (23). 

1**1,* = V ( Z = F m ) ( J ± m + l ) */.«±i (13) 

The matrix elements of 7̂= are: 

<*/,m' I / ± | * / , m > = V ( / =F TO) ( / ± TO + 1) for m' = m i l 

= 0 otherwise (14) 

From equation 5 it follows that 

/**/.*. = | ( / + + J")*/.™ (15) 

Iy*I.m = YiU+ ~ I')*'"* (16) 

which, when combined with equation 14, defines the 
matrix elements of Ix and 7„. 

I t should be noted that Ix, 7„, 7„ and I2 (but not I*) 
are Hermitian operators; that is, if A represents any of 
these operators, then 

(*/,„', A*/,„) = (A*/,m', */,„) = (*/.„, A*/,™-)* (17) 

where the asterisk denotes complex conjugation. 
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For the particular case of 7 = 1/2, m = ± 1 / 2 and 
it is customary to introduce the definitions 

#1/S,1/I = Ot (18) 

#!/!.-1/1 = (3 (19) 

a and j3 are often referred to as the "spin up" and "spin 
down" states, respectively. For this case, equations 7,9, 
10, and 13 yield the results: 

Va = | ( | + l ) . 

/,« = 

/ * - - S / » 

(20) 

(21) 

(22) 

(23) 

I+a = 7-jS = 0] 

7+|8 = a 

I-a = 0 

(a, /?) = CS, a) = Oj 

(a, a) = 03, /J) = Ij 

2. Spin theory for a collection of nuclei 

The preceding results are applicable only to a single 
nucleus of spin I, while later problems will involve 
systems with n spins and operators such as 

i - S i / 

I. = S 1'i (« = x> V> «) 

M = Si ,2 + S S iyi. 

/± = S ' f 

(24) 

(25) 

(26) 

(27) 

The commutation rules for the components of I with 
each other and with I* are (25, 26, 81) 

I, XI* = i5,*I,- (28) 

IP, /.1 - 0 (29) 

Equation 28 states that the operators for independent 
nuclei commute, and equation 29 implies that a set of 
functions can be found which are simultaneous eigen-
functions of P and I1. For the present the simpler, but 
useful, representation is considered in terms of products 
of the functions <£r,m. In this scheme (83) each nucleus 
is represented by a function satisfying equations 7 and 
9, and the entire spin system is described by products of 
the type 

* ( r a ) = * ( • • • Ijmj 1) = Yl *».«•* (30) 

Since there are 2Ij + 1 values of my, there will be 

N=Yl <2/> + !) <31> 

such products. These product spin functions are eigen-
functions of I, 

7,#(m) = m*(rn) (32) 

where the quantum number 

m = S m> (33) 

takes the integrally spaced values 

(9'<).(S*) -V- ..-(9I1)+!. -(£/,) 

The functions $(wt) are not, in general, eigenfunctions 
of Is, but it is possible to express these eigenfunctions as 
linear combinations of the $(m). 

In high-resolution spectroscopy, particular interest 
focuses upon homogeneous spin systems with spin 
quantum number one-half. For such systems equation 
31 Bhows that there are 2n product functions. In writing 
these products explicitly, a serial order will be em­
ployed; i.e., a|3j3 . . . means that nucleus 1 is described 
by the spin function a, nucleus 2 by /8, etc. The possible 
values of m range from n/2 to — n/2 and it is easy to 
show that the number of spin functions with a given 
value of m is 

n! 

(5-)'(i+-)' 
(34) 

It is to be noted that there are as many spin functions 
with the eigenvalue - m a s there are with the eigenvalue 
m. The products are given in table 2 for the case n = 3. 

The problem of constructing spin eigenfunctions of 
the square and z-component of total angular momentum 
for n spin 1/2 particles is discussed in texts on quantum 
mechanicsand group theory (47,83). It is shown that the 
total spin quantum IT may assume the nonnegative 
values 

lT ~ 2' 2 ' 2 ' 
10 for n even 

' ' f 1/2 for n odd (35) 

TABLE 2 

Product functions for three nuclei with spin 1/2 
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% 

\ 

h> - M) 

(42) 
8 

n 
FIG. 1. Total spin quantum numbers and their statistical weights for n equivalent spin 1/2 nuclei. 

For n = 3, IT = 3/2, 1/2. Now the statistical weights 
giT for spin functions with given IT are not always 
unity except for IT = n/2 (see tables 3, 4, and 5). In 
this case it is clear that /,(max.) = n/2 and this occurs 
only when all spins are up; hence 

QlT- = 1 

If IT T* n/2, the gjT may be different from unity. Con­
sider the case when n = 3. From equation 31 the total 
number of spin states is 23 = 8. Therefore 

( 2 - | + l)g„, + (2-\ + l) f f l / J = 8 

and since gyi = 1, gm = 2. Thus, four of the eight 
spin functions correspond to IT = 3/2 and the remain­
ing four functions can be divided into two sets each 
corresponding to IT = 1/2. Similarly, one can show that 
for n = 2 there are three spin functions for which IT = 1 
and one for IT = 0. 

These results can be extended by adding ± 1 / 2 (for 
each additional spin) to the total spin quantum numbers 
already obtained and remembering that IT > 0. In this 
way one can construct the branching diagram (46) 
shown in figure 1. The circled numbers give the statis­
tical weights of the states with various values of IT. For 
n = 6, IT = 3, 2 ,1 , 0 with the statistical weights 1,5,9, 
and 5, respectively. In general, the statistical weights 
for total spin quantum number 

are 

where 

A = 
} 0 ,1 , 

0 ,1 , 

Ir* 

* - * • 

n 
" 2 

n](n 
( n -

n 
2 
n 

k 

- 2fc + 1) 
k + l)!fc! 

for n even 

-z— for n odd 

(36) 
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TABLE 3 

Spin eigenfunctiona of I* and I, for two spin 1/2 nuclei 

Spin Function 

OUZ 

—piaB + Ba) 

en 

—-=.(<# - Ba) 
V 2 

Ct Symmetry 

The spin functions for n = 2, 3, and 4 expressed as 
linear combinations of simple product functions are 
given in tables 3, 4, and 5. 

B. FORMULATION OF THE QUANTUM-MECHANICAL 

PROBLEM 

1. The Hamiltonian operator 

Consider a molecule containing n nuclei with mag­
netic moments yy = 7,My in a magnetic field H0. The 
actual field at a given nucleus is altered owing to intra­
molecular magnetic effects and intermolecular inter­
actions. Assuming that all these shielding effects are 
described by a scalar shielding constant, the field at 
nucleus j can be expressed as 

H,- = ( l - <r,)H0 (37) 

The interaction energy of nucleus j with the field H,- is 
obtained from the classical energy (59) 

E= - v . H = 7 / h ( l - ^ ) I y H 0 

= — h<o,-I,-
(38) 

where wy = yy(l — tr,)Ho is a vector parallel to Ho 
whose magnitude represents the Larmor frequency in 
the absence of spin-spin couplings. If nucleus j is 
indirectly coupled to the remaining nuclei there is, in 
addition, the spin-spin energy 

* k 
(39) 

The total energy for nucleus j is the sum of equations 
38 and 39 

-h joy l ,+^p JyJrI*! 

and the Hamiltonian operator, 3C, for the entire spin 
system is obtained upon summing over j : 

3C ' -h j ^ p «.,•!* + 5 ^ J.J/-I*} (40) 

It is to be noted that |uy| and Jy* are in angular units 
and it is convenient to have the energies associated with 
3C in these units also. This is easily done by choosing h 

for the unit of angular momentum as in the commuta­
tion rules (equations 2 in Section II,A,1). Further, the 
applied field H0 is usually taken to lie along the z-axis 
of a laboratory coordinate system 

and defining 

H 0 = H0It 

K-I = "i 

(41) 

(42) 

the time-independent Hamiltonian operator becomes 

OC = - J^] U1I,j + ] £ j r ; JM^ J (43) 

Equation 43 gives the Hamiltonian operator appro­
priate to the problem of determining the stationary 
states of a given spin system; i.e., a set of N spin func­
tions, ipj, which are eigenfunctions of 3C: 

X i ^ j = Qjij 1,2, N (44) 

(N is the total number of spin states and is deter­
mined by equation 31 in Section II,A,2.) Let Wy 
(j = 1, 2, • • • N) be a set of zero-order initial spin 
functions. The Uk need not necessarily be pure product 
functions but they shall be required to be an ortho-
normal set which are eigenfunctions of /,. Since the My 
form a basis, the ŷ are expressible as linear combina­
tions of these functions. 

k 
(45) 

Operating on ^y with 3C and using equation 44 yields: 

^ Ot1(OC - Q1)Ut = 0 (46) 

TABLE 4 

Spin eigenfunctions of V and I1 for three spin 1/Z nuclei 

Spin Function 

V3 

(SSa + BaB + aBB) 
V3 

Ve 

USa + BoS — 2aSS) 
Ve 

V2 

WBa — BaB) 
V2 

IT 

3/2 

3/2 

3/2 

3/2 

1/2 

1/2 

1/2 

1/2 

m 

3/2 

1/2 

- 1 / 2 

- 3 / 2 

1/2 

- 1 / 2 

1/2 

- 1 / 2 

Da Symmetry 
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TABLE 5 

Spin eigenfunctions of I* and I, for four spin 1/2 nuclei 

Spin Function Di Symmetry 

i(aaa& + aajSa + a&aa + (Saaa). 

1 

VS' 
(aaftS + (Saa0 + a(S(3a + PPaa + a(3a(3 + (Sa(Sa) . 

+ (3(Sa(S + â)S(S + afl 

IS(S(S1S. 

=(aaft3 + 0aa(3 + aftSa + ftSaa - 2a(3a(3 - 20a(3a). /—w 

V 1 2 

J(aa(50 — (3aa(3 - a00a + ftSaa).. 

£(aaa|9 — aa£a + a(3aa — jSaaa) . 

1 

V-' 
2 

(a(Saj8 — (Sa(Sa). 

Ia -jS(Sa|3 + /Sa(S(S -a (3 |S (3 ) . 

2 

_ 1 

Vi 
1 

Vi' 
1 

~/-' 
V 2 

1 

;(aaaj3 — a(3aa). 

(aaftS - ftSaa). 

:(«3(3a -/JaftS). 

(aa^a — 0aaa) . 

Vi 
1 

Vi' 

.((Saa(3 — a(S(Sa). 

CS(Sa(S -a(S(S/S). 

- 1 

- 2 

- 1 

1 

- 1 

- 1 

CtI 

at 

(Bi 

(Ba 

(Ba 

Now the result of operating on w* with 3C can always be 
expanded in terms of the orthonormal set {ur}; that is, 

Uk = S 3C,tUr (47) 

where 3Cr* = <wr|OC|u*>. Substituting equation 47 
into 46 and taking the scalar product with uT gives, 
since the Uj are orthonormal, 

S Ow(Km1 - fiySrt) = 0 (A = 1, 2, • • • JV) (48) 

The 2V homogeneous equations for the a*/ have a non-
trivial solution if and only if the determinant of the 
coefficients vanishes. 

detlJCrt -£1,S,*|= O (49) 

Equation 49 is an algebraic equation of the Nih degree 
for the N characteristic roots Qj. Substituting any one 
of these, say Qj, into equation 48 leads to a set of 
equations for the a*,-. However, only N — 1 of these 

equations are linearly independent, so that one requires 
one more condition upon the a,*. This condition is 
obtained by imposing the normalization requirements 
on the ^j. From equation 45 this requires that4 

IX = i (50) 

Repetition of this procedure gives the set ,̂- and the 
corresponding eigenvalues Qj. 

2. Some theorems on the matrix elements of 
the Hamiltonian 

The determination of the eigenvalues and eigenfunc­
tions of 3C requires the evaluation of the matrix elements 

' Note that neglecting arbitrary phase factors of unit modulus, 
the coefficient matrix (a;,-) is orthogonal and the Hamiltonian 
matrix real symmetric, 3C1-,- = 3C,i. These are special cases of the 
more general unitary and Hermitian matrices for (a,,) and 3C, 
respectively. 
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of SC relative to some set of zero-order spin functions. 
The total number of matrix elements is 

N'=|n (2I1+1)| 

which can be rather large even for small n. (If all 
Ij = 1/2, N2 = 22n.) Many of these matrix elements 
are zero, and useful relations can be established among 
the nonzero elements. 

From the commutation rules it is readily demon­
strated that 

I, = S '••• 
* 

commutes with 3C: 

[/,, 3C] = O (51) 

This fact allows the use of an important theorem on the 
matrix elements of commuting operators (23). Suppose 
A and B commute and \pj and fa are eigenfunctions of A 
with the eigenvalues a,- and a*; then, 

(*,-, ABiAt) = (*,-, BAvM = <»*(*,, B1A*) (52) 

If A is Hermitian, 

(*,, AB**) = (A*,-, B**) = Oj(H B**) (53) 

Equating equations 52 and 53 leads to 

(a*-<»,)(*,, B**) = O (54) 

Therefore if a* ?* a,-, 

(*,-, B**) = O (55) 

If the set of zero-order spin functions are taken to be 
eigenfunctions of I1, then equation 55 (with B s X ) 
shows that the matrix elements of 3C are zero unless 
vty and fa have the same m-value. For the case of all 
Ij = 1/2, the number of spin functions with a specified 
value of m is given by the binomial coefficients n and the 
secular determinant factors accordingly. For example, 
with a three-spin system the secular equation factors 
into four subdeterminants of orders I X l , 3 X 3 , 
3 X 3, and 1 X 1. 

The relations between the nonzero matrix elements 
(18) are easily established by use of an operator, Xi, for 
each individual spin function with the property 

*•(*/(,"•( = */(.-»•< (56) 

By the definition of Xi it follows that x\ = 1 (the unit 
operator) and from the commutation rules that 

lil.i + I,ii.i = O (57) 
PK, /.<] = o (58) 
Pw, h<] = O (59) 
Pw, I]] = O (60) 

For the complete spin system one employs the operator 

A = [ J I i (61) 

with properties analogous to those of the Xi. For the 
Hamiltonian operator note that the first term 

- 2 > , I . , - A (62) 

contributes only to the diagonal elements, while the 
coupling term 

- S S Jiklrh s B (63) 
i < * 

contributes to diagonal and off-diagonal elements. The 
diagonal elements of 3C corresponding to the I, — m 
states may therefore be written as 

<*(m)|3C|*(ro)> = < * ( T O ) | A | * ( T O ) > + <*(m) |B |*(m)> 

= Ohm + 6™» (64) 

The off-diagonal elements coming only from the second 
term are of the form 

<*(m')|B|*(m)> = &*',, (65) 

Now the operator A commutes with the coupling oper­
ator B 

DB1A] = O (66) 

and anticommutes with A, 

AA +AA = 0 (67) 

From equations 66 and 67 A and B may be expressed as 

B = ABA (68) 

A = -AAA (69) 

Substituting these expressions into equations 64 and 65 
and noting thatA is Hermitian, one obtains 

< * ( - m ) | 3 C | * ( - m ) > = -onm +bmn (70) 

< * ( - m ' ) | 3 e | * ( - m ) > = K'm (71) 

Therefore, if the matrix elements of 3C are calculated 
with respect to the states with I1 = m, equations 70 
and 71 give the matrix elements for I, = — m. In the 
case m = 0 there are two possibilities: (Jf)A permutes 
the several $(0) and the diagonal elements are related 
by equations 64 and 70; {2) A does not permute the 
$(0) and ooo = 0. Then the diagonal elements are just 
boo (18). In general there will be a combination of these 
possibilities for m = 0. 

The above theorems are general and hold for any set 
of spin functions which are eigenfunctions of I1. The 
following results are restricted to the product represen­
tation and must be appropriately modified for more 
general spin functions. The derivation of the matrix 
elements in the product scheme (5) is facilitated by 
introducing the identity 

1,-1* = /„•/.* + \vfl; + IjIt) (72) 
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into the Hamiltonian operator; 

x = - j^}», / . ,+^p J»I.a ̂  

lip^wt*: + ijm\ W) + 2 

In the product representation, the spin functions have 
the form 

The complete time-dependent Hamiltonian is 

+ 2 J VhHi (J** cos at — 7rt sin at) I (82) 

and satisfies the time-dependent Schrodinger equation. 

*(• • • I/mi • • • ;m) =JJ *n, mi (74) 

j - i 

The diagonal matrix elements are given by 

<*(• • • I,mj• • • ;m)|3C|*(- • • I<mt- • • ;m)> 
(__. _--. _- . j xne soiu 

- - ^ ^ , + s ; ? ' * ^ (75) S ^ 0 n 
and the off-diagonal elements are 

»fj*<«) = 3e(0*(0 (83) 

* ( 0 here represents a state vector; Le., the components 
c»{t) of * ( 0 are the probability amplitudes for the 
stationary states of the time-independent Hamiltonian. 
The solution of equation 83 is facilitated by the sub-

* « ) = e«."«*,(0 (84) 

<#( - • • IjWij + 1 • • • Iont — 1 • • • ;m)|3C|*(- • • Ipm • 7*m» 
1 

;m)> 

In the special case where all I,- = 1/2, equations 75 
and 76 become (53) 

<*13C|*> = - | j ^ ; Sf., + 1 ^ g TnJi^ (77) 

<*'|*M*> = -^JiJJ (78) 

where Sj = ± 1 accordingly as spin j is a or 0, T,t — ± 1 
accordingly as spin j and k are parallel or antiparallel, 
and £/ = 1 if <t> and $' differ by an interchange of spins 
j and k, and is zero otherwise. 

In the following sections, the matrix elements of 3C 
will be computed for a variety of spin systems and the 
validity of the above formulae should be checked in 
detail, since they are of great value in expediting the 
calculations. 

S. Transition probabilities 

Once the eigenvalues and eigenfunctions of the 
Hamiltonian operator have been determined, there 
remains only the problem of calculating the probabilities 
of the transitions induced by the radiofrequency field 

H^ = 2Hi COB at (79) 

It is convenient to decompose Hx into two contra-
rotating components confined to the xj/-plane. For posi­
tive jj, only the component rotating in the negative 
sense is effective for resonance, and its x, {/-components 
are 

H3= Hi cos at) 

Hw = — Hi sin at) 

The interaction of the nuclei with this field is 

X' = - S 7*HiUrt cos at - I* sin at] (81) 
t 

Shielding effects need not be considered here, since 
Hi <SC H9 in high-resolution experiments. 

-g-^ftldi ~ m,)(7* + m.)(7, + m, + 1)(7* - m* + 1)}•'» (76) 

which represents a transformation to a coordinate sys­
tem rotating about the z-axis (71, 79, 85). V,(t) satisfies 
an equation of Hamiltonian form: 

* Tl *r(0 = [e-a-XMeW + al.)*r(f) (86) 
at 

In carrying out the transformation of 3C((), it is helpful 
to note that I,j commutes with I, and that scalar 
products are invariant under rotations. Thus the first 
and second terms of equation 82 are unaltered by the 
transformation. The transformation of the remaining 
terms (85) is determined by equations 86: 

e-"»"'J,etf«"« = 7* cos at + 7, sin at 

e-a^tl^am.t = - J 1 sin »J + 7, cos at) 
(86) 

Carrying out the calculations gives: 

e-iI-»"X(.t)ea'"t 

= ~ j l p "il'i + ! ^ p JiAh + ̂  7*77,7* j (87) 

The time-dependent equation for ¥,(£) is, therefore, 

• I MO = - J ^ («, - a)I,i + ̂ ^TJ Jidrh 

+ 3pViBJ.t\*T</H (88) 

For convenience one writes equation 88 as 

(80) 

»^*r (« )= - { « + 5}*r(0 

with 

S = = ^ 7 * 7 7 , i7, *i 

(89) 

(90) 

The eigenfunctions of a are identical with the eigen­
functions ypm of equation 43 in Section II, and the eigen­
values of a are just 0» + mu. 
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Now a and (J are independent of the time, so the 
solution of equation 89 in operator form is 

and, since*(O) = ¥r(0), 

*(() = etf,«ie««+»«¥(o) 

(91) 

(92) 

If at t = O, I c I 2 = 1 and <v = O for m' ^ m, then 
¥(0) = *« and 

* ( 0 — etf«"'e,(a+»Vir (93) 

The probabihty that the system is in the state ^m' at 
time t is 

P--O) = I (*«', *W) I1 -1 <*-'l«"'"V«w««|#-> I1 

= |<*«'|e*6rW'l*«>l' (94) 

The last step follows from the fact that the 4>m are eigen-
functions of ea-at. The term e«<»+«< cannot be further 
simplified, since a and (3 do not commute. In a represen­
tation which diagonalizes a the exponential may be 
easily expanded to yield: 

T J at — am ( at — am' am' — ctm ) (95) 

Retaining only terms of the first order in g,-,-, the abso­
lute square of equation 95 gives 

p m 2 | 1 - C O S [ O , ' - 0 , + M C m ' - m ) ] < | - i, 
[Om' - Dm + (M' - Wl)6)]' 

(96) 

From equation 96 it follows that will be zero 
unless m' = m ± 1 (c/. equations 14 and 15 in Section 
II). For absorption the selection rule is m' = m — 1 and 

p , . 2 ( 1 - COS (Qm-I - Qm - w)t} , . . 
Pm.m-.(0- ftU.,-0,--)* l ? m - 1 , n | ( 9 7 > 

It is noted further that will be large for 

U = Qm-I - Qm (98) 

which is just the Bohr frequency rule in the system of 
units with h = 1. Integrating equation 97 over a range 
of rf frequencies one finds that the transition probability 
(24) is proportional to 

I Sm-Lm I « = | < *m-l I ^ T1H J,j I *m > |S 

Since the line intensities of nuclei with different yj are 
not ordinarily compared, there is no loss of generality 
in assuming all y,- = y. The relative intensities are then 
just proportional to 

(7Hl)>| < * m - l | / , | * m > I* 

The fact that transition probabilities are proportional 
to the matrix elements of Ix stems from the assumption 

that Hi lies along the x-axis in the rotating frame. If Hi 
were taken along the y-axis, Iy would replace Ix. Hence 
the transition probabilities are also proportional to the 
absolute square of the matrix elements of I - . Thus 
first-order time-dependent perturbation theory yields 
the selection rule 

AOT = —1 (100) 

and relative intensities proportional to any of the 
following matrix elements: 

i<OT- i i7 , i«>n 
\<m - 1 | / » | O T > | , J 

| < m - l | / - | m > | » ) 

(101) 

III. THE ANALYSIS OF SOME SIMPLE SYSTEMS 

A. THE TWO-SPIN SYSTEM AB 

The simplest system that can be studied is one with 
two spin 1/2 nuclei A and B, having resonance frequen­
cies UA and us and coupling constant JAB — JBA = J 
(5,10,11,39). For this case the Hamiltonian operator is 

3C = - \UAIA, +UBIB. + JIAJB. +\jUilE + IjWl (D 

For a basis it is convenient to use the product functions 
ota, a/3, /3a, and /3/3, whose m-values are 1, 0, 0, and — 1, 
respectively. Operating on these spin functions with 3C 
gives: 

Xcca = — 2]WA ~^aB ~^2^\aa 

3Ca0 = - g W - a s - J"7]0"3 - 2Jfa 

3C/3a = - g j -UA +UB- 2JtPa ~ 2Ja& 

3C00 = - g j -UA -as+ 2J\^ 

(2) 

(3) 

(4) 

(5) 

Equations 2 and 5 show that aa and /8/3 are eigenfunc-
tions of 3C, while equations 3 and 4 show that a/3 and 
/3a are mixed by the spin coupling. This mixing is in 
agreement with the considerations of Section II,B, 
which showed that the secular equation is of order 2" 
but factors according to the binomial coefficients of 
n (1:2:1 in this case). The 2 X 2 determinant is 

<aj8|3e|a/3> - Q </3ac|3C|a0> 

<a/3|3C|/3a> </3a|0C|/3a> - Q 
=0 (6) 

where 

<0a\X\a0> = <a/3|0e|/Sa> = -^J 

<a/3|3C|ajS> = ~\\UA - uB - \j\ 

</Sa|3C|/3a> = - \ j -uA + uB - | / | 

file://+/jUilE
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Equation 6 is readily solved to give the eigenvalues 

Ql = l\lj-Vsr+T'^ (7) 

Qt = l\lj + Vs* + J^ (8) 

with 
8 = UA — «B (9) 

It can be assumed without loss of generality that 
8 > 0. The eigenvalues fij and flg have the properties 

! 1 / - » 0 
Q j - * <ajS|3C|aj3; 

Qi -* <j3a|3e|/3a: 

The eigenfunctions corresponding to these eigen­
values are obtained by use of the equations 

0,{<a/3|3C|a/3> - Q1) + &/</3a|3C|a/3> = 0 (10) 

a{<a0\3C\0a> +bj{<Pa\3C\0a> - D,} = 0 (11) 

where a, and 6,- are, respectively, the coefficients of aft 
and (Sa in the mixed spin functions. Equations 10 and 11 
are not independent, but either of these together with 
the normalization conditions 

o? + M = 1 (12) 

is sufficient to determine the o> and 6y. The quadratic 
nature of equation 12 leads to several choices of sign, 
but the eigenfunctions thus obtained differ only by a 
factor of —1 so that no physical significance is to be 
attached to the various possibilities. Upon substituting 
the appropriate matrix elements and eigenvalues one 
obtains 

1 
<Pt — 

* > = 

vTTo1 

i 

|a/3 + Qpa) 

{Qa/3 - /JaJ 

(13) 

(14) 
V l + Q 1 

which have the eigenvalues 122 and Q3, respectively, and 

Q = (15) 
s + Vs* + J* 

All of the eigenvalues and eigenfunctions are given in 
table 6. 

To determine the transition probabilities the nonzero 

TABLE 6 

Eigenvalues and eigenfunctions for the two-spin system 

Eigenf unction 

, {<*0 +Qffa] 
V l +Q' 

, [QaB -Pa] 
V l + C2 

W 

Eigenvalue 

— h(vA +MB) — J/ 

h{hJ -Vf +J') 

matrix elements of I~ = Ij + Ig with respect to the 
eigenfunctions of 3C are required. Operating with I~ on 
the eigenfunctions yields 

I~aa = at/3 + /Sot 

1 

I-** 

I-*l 

V i + 0' 
1 

Vl+Q* 
(1+0) 

Vi + Q* 
1 

V i + Q ' 
_ ( Q - D 

1 ( 1 + Q ) * . + (Q -D-AtI (16) 

{ft3 + Qm 

/3/3 (17) 

{Q/3/3 - /3/3} 

V l + Q ' 
/13/3 = 0 

M (18) 

(19) 

From equations 16, 17, and 18 the transition probabili­
ties are: 

|<»i|/- |o«>|»- (}+g t
) ' (20) 

|<», | !-!««>l '~ (} + %r (2D 

K f t H J - l ^ l ' - f r + f f 1 (22) 

|<ft3[Zi*,>|' = ^ " g ' (23) 

By some elementary algebra one can show that 

(24) (1 ± Q)' = , , / 
1 + Q2 V T M 7 * 1 

The resonance frequencies corresponding to the above 
transitions are given by the Bohr formula: 

Qjt-k = Qj — Qk (25) 

These frequencies are given in table 7 along with rela­
tive line intensities (transition probabilities). The nota­
tion used for the transitions will be explained in 
Section IV. 

From table 7 it is evident that the spectrum consists 
of four lines and is symmetrical with respect to the fre­
quency %(UA + O>B). Theoretical spectra for several J/8 
ratios are shown in figure 2 with §(w4 + &>s) as the 
frequency origin. Figure 2a represents the case 7/5 = 0, 
which occurs when J = 0 or as 5 —* » . Only two fines 
are observed in this case, since the nuclei may "flip" 
independently (there is negligible coupling). A flip of 
nucleus A corresponds to absorption at uA and similarly 
at UB for B flips; the frequency separation is just 
UA — oiB = 8. Figure 2b illustrates the "first-order" 
case; that is, the off-diagonal elements of equation 6 are 
small compared to 5. The separations of the low- and 
high-frequency doublets are J (which is true for any J/8 
ratio) and 

S = | ( S , + S1) 



376 P. L. COKIO 

where Si and St are the frequency separations of the 
extreme and central resonances. In figure 2c, J/8 = 1 
and the central resonances are of greater intensity than 
the extreme resonances. The coupling constant may be 
determined as in the first-order case, while 8 is now ob­

tained as the geometric mean of Si and St. When 
J/8 » 1 (figure 2d) the extreme resonances are very 
weak (relative intensities ^ O) and are at 

—K'+i-3) 

TABLE T 

Resonance frequencies and relative intensities for the two-spin system 

Transition in the Limit J ->0 

Aift.wBui.w -* .4I /» , -I /JBI/» ,I /J . 

Ai/2,inBw.-in — .Ai/»,-i/*Bi/».-i/». 

Ai/i.ifiBi/l.W -» ii/i,i/aBtA-i/>. 

AI/I , - I / IBI / I , I / I -» 4I / I ._I / IBI / I ,_I /J . 

Relative Intensity 

J 

'"I 

• + i 

I + ' 

J 

Frequency 

i{«A+mB +J +B] 

HmA+ma -J +B] 

HmA +ma+J -B\ 

$ { « * + « » -J -B) 

• I n this table R - V * » +J*-

(*) J » 0 

-is 

(b) J « S 

1 
-is 

is 

1 
is 

CO J = s 

- j — » 

46 is 

(d) J » 8 

(e) S = O 

Fra. 2. Theoretical spectra for the two-spin system for various 
values of the J/S ratio. 

The central resonances are "peaked" towards the origin 
and have a residual splitting of order 8*/2J. The case 
J/8 = oo (figure 2e), which occurs when 8 = 0 or as 
J —> co, leads to a single-line spectrum. 

Zeeman energy-level diagrams corresponding to the 
spectra depicted in figure 2 are shown in figure 3. The 
separation of the extreme levels is actually much greater 
than that shown and is reduced only to facilitate the 
drawing. It should be noted that although there are 
four distinct energy levels, only three of these partici­
pate in the resonance in the case 8 = 0 (or J —* <*>). The 
spin functions for these levels are 

-^= (a0 + Pa) 

PP 

(26) 

These functions make up the so-called "triplet state" 
(parallel spins), since they behave under the various 
spin operators like a single nucleus of spin 1 (83). The 
state which does not participate in the resonance as 
5—>0 is described by the singlet state (antiparallel 
spins) 

V2 
(aP-fta) (27) 

and corresponds to zero spin. The proof of the fact that 
transitions to and from the singlet state are forbidden 
when 5 = 0 or J = wis based upon the different sym­
metries of the singlet and triplet states under the oper­
ation P which interchanges spins A and B. Let ^s 
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denote any of the triplet-state functions and 4>A the 
singlet state; then 

W J = O ( t ) j«s (C)JsS M J » S (>)t°o 

K - I 

Pf a = fa 

PfA = -*A 

(28) 

(29) 

Thus the singlet state is described by an antisymmetric 
spin function and the triplet state by symmetric func­
tions. Suppose now that a transition ^A —* ^s is 
possible; then the line intensity will be proportional to 
the absolute square of 

<*A\I~\4>8> (30) 

Now I- = I^ + I^ commutes with P 

PI- = I-P 

so that 

<fA\PI~\fS> = < * A | / - P | * « > 

= < ^ | / - | * s > 

and since P is Hermitian, 
<f^\pi-\fa> = <PfA\r\fs> 

= -<4>A\I-\<I>S> 

From equations 32 and 33 it follows that 

<>Mi-|*B> = o 

When 5 > 0 all four levels participate in the resonance 
because the spin functions are no longer purely sym­
metric or antisymmetric. 

The experimental spectrum of the protons in 2,3-di­
bromothiophene (19b) is shown in figure 4. The theo­
retical spectrum for J/S = 0.319 is added for com­
parison. From the line spacings in the experimental 
trace the chemical shift and spin-spin coupling constant 
are determined to be 

5 
2~ = 18.5 ± 0.1 c.p.s. (c.p.s. • sec.-1) 

/ 

(3D 

(32) 

(33) 

(34) 

2 T 
= 5.9 ± 0.1 c.p.s. 

Although the bromine nuclei have magnetic moments 
which could result in spin-spin multiplets, their quad­
ruple moments preclude the observation of additional 
fine structure (37). 

B. A THREE-SPIN SYSTEM, A2B 

A three-spin system that frequently occurs in practice 
consists of two nuclei with identical Larmor frequencies, 
which are equally coupled to a third chemically shifted 
nucleus (5, 10, 11, 20, 39). An example of such a system 
is the substituted allene H^C=CEPX. It is assumed 
that the substituent X has negligible interactions with 
the HA and HB protons and that the equilibrium con­
figuration of the molecule has a plane of symmetry 
passing through the carbon chain and perpendicular to 
the plane of the HA nuclei. This spin system is actually 

FIG. 3. Zeeman energy-level diagrams (schematic) for the 
theoretical spectra of figure 2. The more intense transitions are 
indicated with a solid line and the weaker transitions with a 
dashed line. 

more general than presently indicated, as will be seen 
in Section IV. 

From the assumed symmetry it follows that 

Wl = Ut =• UA 

TAB = TAB = J 

(35) 

J*B =Jg> = J (36) 

Ji = Ji - / ' (37) 

where the subscripts 1 and 2 refer to the two A-type 
nuclei and the subscript 3 to the nucleus B. The 
Hamiltonian for this system is 

- |»A(I.I + I,t) + o>BI., + J(Li + I*)/., + J'l.il., 

+ | /[(/f + It)I7 + (ir + i7)it\ 

+ |/'(/f/r+ /»-#)} (38) 

X. 

nsn fBr 

H ^ a ^ t 

i . = S.«± 0.1 CfS 

£ = 18.5 ±0 .1 e/» 

THEORETICAL SPECTRUM FOR -g- a 0.319 

FIG. 4. Experimental and theoretical spectra of the protons in 
2,3-dibromothiophene. The experimental trace is that of the pure 
liquid as observed at room temperature and 60 Mc./sec. 
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For zero-order spin functions the product functions 
given in table 2 may be used. However, since the 
molecule possesses a plane of symmetry, there are 
definite advantages if the initial spin functions reflect 
this symmetry. Since reflection in the plane of sym­
metry interchanges the A spins, the correct functions 
are eigenfunctions of the operator P; that is, 

P4> = c$ 

If 4* is normalized, then (\p, \p) — 1 and (P>p, Prp) = 
(ip, \p) = 1 = (op, op) = c2, so that c = ± 1 . Thus spin 
functions with the proper symmetry are symmetric or 
antisymmetric under the operation P. To determine 
these functions operate on the product functions in 
table 2 with P: 

Pui = Ui 

PUi = M, 

Puz = Ui 

Pu* = U3 

Put = U1 

PUt = Ui 

Pui = Ui 

Pu» = W8 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

Equations 39, 40, 45, and 46 show that Mi, u%, Uj, and M8 

are symmetric functions, while equations 41, 42, 43, and 
44 show that M3, M4, M6, and M6 do not possess definite 
symmetry under the operation P. However, if equations 
41 and 42 are added and subtracted, it is found that the 
functions 

—p (M8 ± ut) 
V2 

(47) 

(the factor 2~l/2 is for normalization) are symmetric (+ ) 
and antisymmetric ( —) with respect to P. Similarly, 
equations 43 and 44 provide the pair 

—p(«i ± M6) (48) 

These are eight linearly independent spin functions of 
the required symmetry which can, therefore, be used 
as a basis. These functions are tabulated in table 8. I t 
is of importance to note that the functions in table 8 
consist of all possible products (i.e., the direct product) 
of the functions a and /3 for spin B with the singlet and 
triplet state spin functions (c/. table 3) for the A spins. 
The abbreviations for the spin functions have the 
general form AlA,nABiA,mB, where IA, IB, mA, and mB are 
the total spins and 2-components of angular momenta 
for the A and B nuclei, respectively. Since there are two 
spins of type A and one of type B, this system is 
conveniently abbreviated as A^B (11). 

TABLE 8 

Symmetrized spin functions for the AiB spin system 

Spin Function 

<K*0 

—yz(a0a + 0aa) 
V 2 

1 
—p(oft3 + /Sa)S) . 
V 2 

fiffCL 

ftS/5 

—p(a0a — /Sao) 
V 2 

- 7 W J - /fa/3) 
V 2 

3/2 

1/2 

1/2 

- 1 / 2 

- 1 / 2 

- 3 / 2 

1/2 

- 1 / 2 

Ci Symmetry Notation 

Ai,iBin,ii2 

Ai,iB\n,~W 

Ai.nBiit.in 

A1.0B112.-m 

AI,-IBI/I,I/I 

Al..lBl/2,-l/2 

Ao,oBii2.H2 

Ao,oBin,-i/2 

Operating on these spin functions with SC gives: 

KAi11Bi/,.,/, = - | J 2 « ^ +as + J +lj'^Ai,iBui,m (49) 

3CAi,iSi/,,_i/2 = - ^ l 2 " 4 — UB — J +2J'\ Ai,iBm.-ii2 

2~ JAi,tBi/i,iit (50) 

3CA110Bi/,,!/,= -AUB+^J'IAI.OB !/2.1/2 

— ~2~ JAuiBm.-in (51) 

3eAi,oBi/j,_i/, = — gj— aiB +2"/7M11OB1/,,-!, 

^ JA,,_,Bi/i.i/, (52) 

SUi,-iBvt.ut = - f | -2OM + u s - J +lj'\A !.-!#1/2. U, 

V2 
o - JAi,oBu2,-\i2 (53) 

XAi,-iBut.-m = - d - 2 « 4 - U B + ./+3-J'JAi1-iBi/21_i/, (54) 

3CA110BiZ211/,= - 2]WB ~ zJ'tAi.oBm.m (55) 

OCA1O1B1/,,-!/, = —0]—a)B — o-̂ 'f A110B1/,,-!/, (56) 

Equations 49, 54, 55, and 56 show that 

A1,lBin.m, Ai.-iBm,-ut, Ai,t,Bm.m, and Ai,oBi/2,-i/2 

are eigenfunctions of SC, while equations 50 through 53 
show that the remaining submatrices of 3C are 2 X 2 , 
so that only quadratic equations are involved in the 
determination of the remaining eigenvalues and eigen­
functions. The calculations are identical with those 

A1.0B112.-m
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TABLE 9 

Eigenvalues and eigenfunctions for the AiB spin system 

Eigenfunction Eigenvalue 

Al,lBl/2,l/2 

—. [Ai.iBm.jjt + QA1.0B1/2M2}.. 
Vl +Q' 

—, {QAI,IBI/2,„M — jii.oBi/s.i/s).. 
V l +Q' 

—, {^i,-iBi;a,i/a — QM.i,oBi/2,-irt} 
Vl + Q" 

—, {Q'Ai,-\Bin,ut + 4i,oBi/a,-i«} 
V l + «'» 

Al,-.lBl/2,-ll2 

Ao.oBi/a,i/2 

Aa.oBi/2,-112 

h{-»A +hV -J') -R) 

h{-»A + Jw -J') +Bj 

h{uA +h(J -J') +fi'J 

h{»A + hV -J') -R'\ 

h{2uA +uB-j- hJ'} 

h{-»B+%J>} 

h{uB+$J'\ 

of Section III,A and the results are given in table 9, 
where 

" " _ (57) 

(58) 

(59) 

R = 

R' = 

Q = 

n> — 

Vs 
Vs 

8 -

1 - SJ + 9/>/4 
2 + 5 J + 9J1Zi 
IJ 

\j + R 

2J 

s + ij + R' 
(60) 

If the simple product functions had been used as a 
basis, the Hamiltonian matrix would have factored 
according to the binomial coefficients of 3; that is, 
1:3:3:1. The two cubic equations could have been 
easily factored into pairs of linear and quadratic equa­
tions. In more complicated cases the factoring would 
not be so obvious. However, if spin functions of the 
proper symmetry are used, the factoring comes about 
automatically as in the present case. This is not the only 
advantage for, as table 9 shows, the symmetry prop­
erties are not destroyed by the perturbative effects of 
the spin couplings. This is to be contrasted with the 
case of the two-spin system where (excepting the 
limiting cases S = O or / = oc) the symmetry prop­
erties of the singlet and triplet states are destroyed by 
the spin coupling. Since symmetry is preserved in this 
case, it follows from the discussion in Section III,A that 
transitions between states of different symmetry are 
forbidden. Only one antisymmetric transition is 
possible: 

Ai.oBiii.i/i —• Ai.oBm.-ui 

The intensity of this transition is proportional to the 
absolute square of 

< Al.fcB 1/2,-1/2 | / ~ | .Ai,o.Bl/21l/2> 

where I~ = / f + 7f + Ij. The matrix element is 
evaluated as in Section III,A with the result 

| < 4 W 1 B , / j . _ l , 2 | / - | A 1 , o B l / 2 . 1 / 2 > | 2 = 1 

The frequency corresponding to this transition is 

2ra + 2M "Ii - 0^ + I7I =WB 

Thus the antisymmetric transition is of unit intensity 
and results in a resonance undeviated by the coupling. 
Upon carrying out the calculations of line intensities 
and frequencies as before, one obtains the results given 
in table 10. In this table, uB has been taken as a new 
frequency origin, so that uA = 5. The transitions de­
noted as "group A" are such that the associated fre­
quencies —> UA as J —»0; similarly, "group B" transitions 
—» COB = 0 as J —» 0. The remaining transition is an 
entirely different species, as its resonance frequency 
—* 25 as / —> 0 and corresponds, in this limit, to a 
simultaneous flip of three spins: aafi —> /3/3«. Since this 
transition involves flips of both A and B spins it is 
often called a "combination" or "forbidden" (because 
of its very low intensity) transition. The term "mixed" 
transition is used here, since it avoids complications in 
a notational scheme to be introduced later. An addi­
tional point of interest in table 10 is the fact that the 
resonance frequencies and line intensities are inde­
pendent of the coupling constant J'. This result is not 
peculiar to the particular system considered but is in 
fact a general theorem for a number of spin systems. 
The proof of this theorem and a discussion of the sys­
tems for which it applies are given in the following 
section. 

Theoretical spectra are given in figures 5, 6, and 7 for 
a number of JJ 6 ratios. The mixed transition is not 
shown in any of the figures, since its intensity is quite 
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TABLE 10 

Resonance frequencies and relative intensities for the AiB spin system 

Transition in the Limit J -» O Intensity Frequency 

Transitions in group A 

1. Ai,iB\i2,\l2 -* Ai,oBii2,i/2 

2. Ai,oBi/2,-H2 -* Ai.-iBii2,-i/2. 

3. Ai,iBiia,-i/2 -> Ai,oBi/2,-ii2.. 

4. Ai.oBiit.i/a -» Ai,-iBi/2,i/2... 

(Q - V2)» 
1 +Q> 

«? + V2> 
1 + 0 " 

[Q(I + V^QQ + V2)» 

a+wa+Q") 
W(ViQ - 1) + V5]» 

U + ( P ) ( I + C ) 

* ( « + $ / + B ) 

id - ff + «') 

4+J(B - B ' ) 

» + J ( B ' - B ) 

Transitions in group B 

B. Ai.iBi/t.m -* Ai.iBii2.-w... 

6. Ai.-iBi/t.i/i -* Ai,-iBi/2,_i/a. 

7. An.aBii2.iii -»Ao,oBii»,-i/2. 

8. Xo.o£i/2,i/2 -»Ao,oBi/2,-iit. 

(V2Q + 1)» 
1 + 0 2 

(1 - V2Q')» 
1 + 0 " 

[V2(Q - Q Q - 1]» 
(1 +«»)(1 +0") 

w+v-
J(S 

i -

0 

- F -

-B) 

-BO 

J(B + B') 

Mixed transition 

9. Ai,iBii2,-it2 -* Ai.-iBi/i.ni. tO(V2 - oo - V2<yi« 
a+(PHI+Q") 

«+J(B + S') 

(ft) J = O 

(b) 4 0.05 

(O # 

I 

0.15 

0 6 

FIG. 5. Theoretical spectra for the AiB spin system under conditions of weak coupling. 

low (cf. the numerical data in the Appendix). The A 
transitions occur at the right in each drawing. The 
correspondence between the transitions shown in the 
figures and those in table 10 can be easily made by 
reference to the Appendix. It is interesting to note the 
symmetrical spectrum that results when J —* <x> while 
5 is small but not zero (figure 7c). The lines of the 

triplet fall at 0, f S, and $5. If 5 = 0, the spectrum con­
sists of a single line. For any J/S ratio, the chemical 
shift is the mean of transitions 3 and 4 in table 10. The 
coupling constant may then be determined from any of 
several frequency differences derived from table 10. 

The experimental and theoretical spectra of the 
—CHjOH protons in benzyl alcohol (20) are shown in 

Ai.iBii2.-w
An.aBii2.iii
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(a.) 4 s 0.25 

J l 

(b) 4 = 0.50 

(C) i" 0.75 

J-
O 8 

Fia. 6. Theoretical spectra for the AiB spin aystem under conditions of intermediate coupling. 

figure 8. The theoretical spectrum was calculated for 
J/5 = 0.370, and the experimental data give 

^ = 15.14 ± 0.10 c.p.a. 

=- = 5.60 ± 0.08 c.p.a. 

IV. GROUPS OF EQUIVALENT NUCLEI 

A. DEFINITION OF EQUIVALENT NUCLEI 

In Section II,B it was noted that the Hamiltonian 
operator 

3C = - p£ „ , ! . , + ̂ £ /,J,-I*f (D 

m i = i 

and the operator for the z-component of total spin 
angular momentum 

/ . = - ^ L t (2) 

commute. Let us now consider whether the square of the 
total angular momentum 

P - M - ] £ l J + 2 ^ < 3 p I r I » (3) 

commutes with SC. If this is the case, an additional 
constant of the motion results, since 2, and I2 commute. 
Evaluation of the commutator yields: 

[SC, P] = ^ V p 2 ^ - «»)<'• A* - W * ) (4) 

(b) i = "O 

(C) J-= a. 
S 

JL I 
O S 

FIG. 7. Theoretical spectra for the AiB spin aystem under conditions of strong coupling. 
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9 - CH2OH J L S 5.60 * 0.08 CpS 

^ = 15.14 ± 0.10 CpS 

where 

THEORETICAL SPECTRUM FOR -jf = 0.370 

FIG. 8. Experimental and theoretical spectra of the —CH2OH 
protons in benzyl alcohol. The experimental trace was observed 
with a solution of benzyl alcohol in acetone at mole fraction 0.5, 
room temperature, and 40 Mc./sec. 

so t h a t 3C a n d I 2 do no t c o m m u t e in general . If, however , 

Oii = on, for all j , k (5) 

t h e n [3C, I2] = 0. I n th is c i rcumstance, t h e Hami l ton i an 
simplifies t o 

5C| = -ja/.+^^/yJi-tf (6) 

where « is the common Larmor frequency of nuclei 
j , k, . . . and the second term is the coupling between 
these nuclei. Since I1 commutes with 3Co, it follows that 

[Ko, 2 2 ^ Jmlrh] = 0 (7) 

and the operators 3C0,11, and 

form a commuting set. If \pm and \pm> are eigenfunctions 
of these operators, then 

UCo^m = -(moi + Cm)<Pm = I W m ( 8 ) 

3C0̂ m' = - (.m'a + Cm')<pm' = QnVm' O) 

where Cm and Cm> are the eigenvalues of 

If ipm —» ^m- is an allowed transition, then the observed 
frequency is 

Bn* - Om = (m - m')u + Cm — Cm' (10) 

Adding to 3Co the perturbing rf field (equation 80 in 
Section II) and using the transformation to rotating 
coordinates, one obtains 

Pw(O = I < ^ ' | e i ( C + ^ ' « » l ^ > l s UD 

c = ^ J T j jjiij-h (12) 

The term w/, does not occur in equation 11, since it 
vanishes if w is also the frequency of the rotating field 
(c/. equation 88 in Section II). Now 

[Zx, C] = 0 (13) 

and the exponential eiCt and e ^ 7 * ' operators commute. 
The matrix element in equation 11 may now be ex­
pressed as 

^ ' I e W + W " I "Am > = <e-«Vm'|e*,rSl,''l^«.> 

= e*c-«<iMe<i*i'"«|*».> (14) 

Therefore, the absolute square of this matrix element, 
and hence the transition probability, is independent of 
the spin couplings. 

Equation 14 can also be written as 

< * m ' | e ' ( C + 1 ' i r i ' ' ) , | * m > = <«Am'k* i rl'»'|e''0V'm> 

= ««»«<*,»• I e«»»i'.'|*m> (15) 

If ipm —»ipm' is an allowed transition, then 

<*»'|e^i'.'|*m> 5*0 

and equations 14 and 15 give 

which requires that 

Om — Om' (16) 

From equations 10 and 16 it follows that the observed 
frequency is also independent of the spin couplings. The 
selection rule ml = m — 1 shows that 

Om* - Om = Ol (17) 

that is, a molecule whose magnetic nuclei have identical 
Larmor frequencies exhibits resonance at one frequency 
only. It is to be emphasized that the proofs of the above 
theorems are not based on perturbation calculations or 
symmetry arguments. However, the circumstances 
under which wi = w2 = will frequently involve 
(but not require) molecular symmetry. For example, 
the protons in methane have wi = C02 = w3 = on by 
symmetry, so the spectrum consists of a single line 
whose frequency and intensity are independent of the 
spin couplings. 

Since the coupling term in 3C0 does not result in 
observable effects it can be omitted from the Hamil­
tonian operator; that is, 

with the commutators I2 and It. Despite the trivial 
nature of this equation and its commutators, these 
results can be fruitfully generalized. Consider a molecule 
containing a collection of nuclei which can be decom-
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posed into sets G — A, B, C,.. . such that the nuclei in 
each set have identical Larmor frequencies; i.e., 

UOi = tilOk — (18) 

where Gj means nucleus j in set G. Since the spin inter­
actions within each set may be neglected, the Hamil-
tonian operator for such a system is 

3C = — \2-)UaIai + Z-i 2 J Joio'i'lar\a'i' 
a Oi O'V 

a < o' 

where 

la* = ^ j IGJI 

(19) 

(20) 

and the spin-spin interactions are those between nuclei 
in different sets. The Hamiltonian 3Co had as a com­
mutator the square of the total angular momentum. 
The conditions for which the square of the total angular 
momentum of some set S commutes with the Hamil­
tonian (19) will now be determined. 

Il = S 1«, + 2 S S W hk (21) 
Si Si < Sk 

and upon evaluating the commutator one finds: 

[K, I l ] = 2 » ^ ^ ] T ] (Js1G-i' - JSkOW) 

X \Iskx{IsiyIo'i'i ~ Isitla'i'y) 

+ Iskt/(IsitIo'i'x — Isixlo'i't) 

+ Iskz(lsjzlo'i'i) ~ Isivlo'i'x)} (22) 

Therefore, Is commutes with equation 19 if 

JsjO'j' = JskO'i' (23) 

i.e., the nuclei Sj and Sk in set S are equally coupled to 
the nuclei in G' for all Sk, Sj, G'j'. The coupling of the 
set S to the remaining sets G' may therefore be de­
scribed by coupling constants JSG>, where G' = A, B, ^ 
S. These considerations lead to the following definition: 
A set of nuclei G which satisfy equations 18 and 28 are 
said to be a group of equivalent nuclei (5, 31, 37, 39, 53). 
If each set G is a group of equivalent nuclei, the 
Hamiltonian for equivalent nuclei is 

ac = — •JXj aoloi + 5 j S Joo'lo'lo't (24) 

where Joe' is the coupling constant for groups G and G'. 
For this Hamiltonian, one has the commutators 

where 

The eigenfunctions of the Hamiltonian operator for 
groups of equivalent nuclei are determined by the usual 
expansion in product spin functions. However, in the 

[UC, I,] = 0 

[K, ISl = 0 (all G) 

0 

(25) 

(26) 

present case equations 25 and 26 show that the eigen­
functions of 3C can be chosen to be eigenfunctions of I1 

and IG as well. It follows that such an expansion of an 
eigenfunction of 3C contains only those products which 
(a) have the same 2-component of angular momentum 
m and (6) have the same total spin quantum number, 
IG, for each G. The selection rules for allowed transitions 
are 

Am = 2 J AWS = —1 

AZ0 = 0 

(27) 

(28) 

G = A, B,... . Equation 28 follows from the fact that 
Io commutes with the operator 

/- = = S Id (°r J* = S lox) 

The selection rule Am = — 1 can be satisfied in 
several ways, and it is convenient to classify the various 
possibilities. Transitions for which 

Ams = — 1 

Am0 = 0 (G ^R) 

(29) 

(30) 

are said to be transitions in group R; transitions not 
satisfying these conditions are said to be "mixed" or 
"combination" transitions. Transitions which are asso­
ciated with a given group R have the property that in 
the limit JBG —* 0 (G = A, B, • • • ^ R) they approach 
the frequency WR. TO illustrate these definitions con­
sider the case of three spin 1/2 nuclei A, B1C. A transi­
tion in group A means Am A = — 1, while Ams = 
Amc = 0. Thus spin A undergoes 1/2 —* —1/2, while 
spins B and C remain unchanged; the latter may occur 
in four distinct ways so that there are four transitions 
(resonances) in group A. Similarly, there are four 
transitions in groups B and C. The mixed transitions 
have AmA + Ams + Amc = —1, for which there are 
three possibilities: 

ArriA AmB Amc 
- 1 - 1 + 1 
- 1 + 1 - 1 
+ 1 - 1 - 1 

In all, the three spin systems can exhibit fifteen lines, 
four in each group and three mixed transitions. 

If a group G contains nG spin 1/2 nuclei, the total 
spin quantum number IG has the values 

T — M Z. 
Io — -n fto 

ko = 
0, 1 • • • - ^ for wo even 

0 , 1 , 

2 
W g - I 

for no odd 

with the statistical weights 

Qio 
— WgI (Wg — 2kg + 1) 

(no — kg + 1)! fcgl 

The values of mo are just 

ma = Ia, Ig — 1, • • •, — Ia + 1, -Io 
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When determining the various types of transitions one 
must be careful to take account of the different values 
of IG and their statistical weights. Consider the case 
UA = 2 and ns = 1; here, IA = 1, O and IB = 1/2, all 
having statistical weights of unity. For transitions in 
group A one need only consider IA = I, since states 
with IA = O have no magnetic sublevels and hence 
do not take part in the resonance; however, they 
must be considered when the transitions in other groups 
are calculated. For IA = 1, Am^ = — 1 in two ways 
(wu = 1 —»O or m,A = O —» — 1) and Ama = O in 
(2-i + 1) = 2 ways; hence there are 2 X 2 = 4 tran­
sitions in group A. Similarly, Arris = — 1 in one way 
(I -» - i ) , while ArriA = O in (2-1 + 1) + (2-0 + 1) = 
4 ways, resulting in four transitions in group B. By the 
same procedure one may show that there is only one 
"mixed" transition. 

Groups of equivalent nuclei can result in several ways. 
Inherent molecular symmetry or effective molecular 
symmetry brought about by rapid internal motions is 
quite common. For example, in fluoromethane the sym­
metry of the molecule is such that the methyl protons 
have identical resonance frequencies and are equally 
coupled to the fluorine nucleus; they constitute a group 
of three equivalent nuclei. On the other hand, the 
methyl and methylene protons in CH8CH2X cannot be 
considered as two groups of equivalent nuclei unless the 
rotation about the carbon-carbon bond is sufficiently 
rapid so that intermediate configurations are accord­
ingly averaged. In this event, the methyl and methylene 
protons possess an "effective symmetry" and are 
groups of equivalent nuclei. The coupling constant and 
chemical shift derived from such a case are, of course, 
averaged values. In general, if two sets of nuclei, G and 
G', are groups of equivalent nuclei because of the 
averaging effect of some internal molecular motion with 
frequency vo, then 

J oo' <K 2x!»o ) 

\OIQ — uo'I = | «oo ' | <K 2iri/0) 
(3D 

The conditions for equivalent nuclei (equations 18 and 
23) do not require any particular symmetries and can 
arise from accidental degeneracies. For example, in 
/3-propiolactone (5) 

H^C-CHf 

U-O 
there is no reason to expect that 

TAB _ TAB 
"oia trano 

Experimentally, however, these coupling constants are 
equal to an excellent approximation (5) and the A and 
B protons are groups of equivalent nuclei. A similar 
example is that of ethylene monothiocarbonate (19a; 
Section V,C). 

Equation 23 is identically satisfied if the molecule 
contains only magnetic nuclei of the same Larmor fre­
quency. Thus a molecule such as methane is to be 
considered as a single group of four equivalent nuclei. 
In general the spin couplings between these equivalent 
nuclei cannot be observed but isotopic substitution 
(e.g., deuterium for hydrogen) can be often used to 
determine the coupling constants (44). For example, the 
proton spectrum of CH3D (31) is a 1:1:1 triplet with 
splitting equal to the J™ coupling constant. Since iso­
topic substitution is not expected to alter the electronic 
structure significantly, one can write (c/. equation 20 
in Section I): 

jran - 2s JB.V (32) 

The concept of groups of equivalent nuclei can be 
generalized to groups of "groups of equivalent nuclei" 
with equations analogous to 18 and 23. I t is much 

TABLE 11 
Examples of molecules containing groups of equivalent nuclei 

Molecule 

Methane, CH« 

Chloroethane, CH3CH2CI* 
Propane, (CHsJsCHa* 
Isobutane, (CHs)sCH* 
Vinyl chloride, CHa=CHCl . 
Fluoroethane, CHsCHsF* 

Number 
of 

Groups 

1 
1 
2 
2 
2 
2 
2 
3 
3 

TlA 

6 
4 
1 
2 
3 
6 
9 
1 
1 

ns 

3 
2 
2 
2 
1 
1 
2 

nc 

1 
3 

* Rapid internal rotation assumed. 

simpler, however, to consider these larger collections as 
a single group. Propane, for example, may be con­
sidered to consist of two groups with UA = 6 and 
UB = 2, provided, of course, that the internal motions 
are sufficiently rapid. Table 11 lists several molecules 
with groups of equivalent nuclei. 

B. NOTATION FOR EQUIVALENT NUCLEI 

In future discussions of equivalent nuclei a specific 
notation will be used, some of which has already been 
defined. Groups will be denoted by capital letters A, 
B, C, . . . and the Larmor (angular) frequencies of these 
groups (in the absence of spin couplings) by cox, wB, 
uc, • • ., respectively. The spin functions of a group will 
be denoted by the appropriate capital letter for the 
group and subscripts giving the quantum numbers of 
total spin and z-component of angular momentum of 
the group. Thus the spin function for a group G is 
Gi0,mo- Independent spin functions having the same 
values of /<? and mo will be distinguished by primes. 
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For example, in the case of three equivalent nuclei with 
spin 1/2 (c/. table 4): 

A.nt.i/1 Ai/i.iii 

•Ai/i.i/j Anient 

Ant—in Aln,i/i 

Am—tit Alii,-ut 

The designation of all the groups in a molecule will be 
made by a juxtaposition of the several capital letters 
with subscripts giving the number of nuclei in each 
group thus: A11BbCe.. .. The simple two- and three-spin 
systems already discussed are thus described as AB and 
AtB systems, respectively. Groups of equivalent nuclei 
that have large chemical shifts with respect to ou, 
UB, . . . will be denoted by X, Y, Z. 

The product spin functions for the molecule are of the 
form 

#(• • • Igma • • • •', m) = 11 Oia,mo 
a-A.B,... 

and the matrix elements of the Hamiltonian with re­
spect to the product functions are given by equations 75 
and 76 of Section II,B, with j and k replaced by G and 
G'. I t is appropriate to mention at this point that when 
dealing with groups of equivalent nuclei it is not neces­
sary to write a spin function explicitly. All that is re­
quired is the branching diagram (figure 1 for spin 1/2 
nuclei) and a notation for the spin functions. The spin 
functions are completely determined by their quantum 
numbers, which are easily written down; hence there is 
no need to write products as act(3(3apa . . . or linear 
combinations of these products. 

C. OTHER TYPES OF EQUIVALENCE 

Before illustrating the preceding results by examples, 
some additional comments on equivalent nuclei are 
appropriate. In the literature one frequently encounters 
the phrases "chemically equivalent," "symmetrically 
equivalent" (93, 94), and "magnetically equivalent" 
(31). Of these, only "magnetically equivalent" is 
synonymous with the simpler term "equivalent nuclei" 
used here. The designations "chemically equivalent" 
and "symmetrically equivalent" have other connota­
tions, which lead to ambiguities in the present connec­
tion. Consider, for example, the protons in a para-
substituted benzene: 

Protons 1 and 2 are chemically equivalent, as are 
protons 3 and 4. This is the classical definition of 
chemical equivalence made on the basis of additional 
substitution at the two distinct ring sites. In this case, 
wi = O)2 and O)3 = 0)4. The sets (1,2) and (3,4), however, 

are not groups of (magnetically) equivalent nuclei, 
since more than one coupling constant (Ju = Jn, 
Ju = Jii) is required to describe the spin interactions 
between them. As Ju —* Ju, the two sets of protons 
approach magnetic equivalence. The sets (1,2) and 
(3,4) in this example are also symmetrically equivalent; 
i.e., under the operations of the molecular point group 
the nuclei in each set transform among themselves: 
1 <=» 2, 3 <=* 4. From this example, it is seen that 
chemical and symmetrical equivalence imply identical 
Larmor frequencies of the nuclei in question. 

As a second example, consider CHaCH2X. The de­
scription of the methyl and methylene protons as 
chemically equivalent means that the internal rotation 
is sufficiently rapid so that the rotation isomers cannot 
be resolved. If the conditions in equation 31 are satis­
fied, the methyl and methylene protons constitute 
groups of equivalent nuclei. These groups are, in effect, 
symmetrically equivalent under the group operations 
D3 for the CH3 group and Cz for the CH2 group. As the 
barrier to internal rotation increases, the number of 
nuclei with a specified type of equivalence decreases. 
To illustrate this, suppose that for high barriers the 
trans isomer is the stable form: 

MV 
B/ tf̂ Hf 

The protons H^ and H8
1 are chemically and symmet­

rically equivalent as are Hf and Hf, but they are not 
groups of equivalent nuclei except in the event of acci­
dental degeneracy 

f TAB = TAB _ TAB . _ TABS 
l / l l s " 2 2 — "12 — "21 ) 

As a final example, consider the situation in fiuoro-
methane, CH3F. The protons are a group of equivalent 
nuclei and are chemically and symmetrically equivalent 
as well. 

"Chemical" and "symmetrical" equivalence are thus 
closely related terms and may in fact be identical. 
Neither term, however, is generally synonymous with 
(magnetically) equivalent nuclei, and caution must be 
exercised in their use. In this study the term "equiv­
alent nuclei" without additional modifiers will be used 
to indicate the validity of equations 18 and 23. 

V. T H E ANALYSIS OF TWO-GROUP SYSTEMS 

A. THE A3B SPIN SYSTEM 

The Hamiltonian operator for two groups of equiv­
alent nuclei is 

3 C = - \O>AIA, + UBIB, + JIA-IBY 

\*>AIA.+UBIB. + JIAJB.+\j {Ills + IjIi)I (1) 
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where J = JAB = JBA- The spin functions for group A 
are given in table 4, while those for group B are simply 
a and B. The product functions are therefore of the 
form: 

where IA — 3/2, 1/2 and gm = 2. Relative to this 

TABLE 12 

Factoring of the secular determinant for the A1B spin system 

1 X l 

.4l/2,-l /3Bl/a,-l /3 

m 

2 

1 

1 

- 1 

- 1 

- 2 

2 X 2 

.48/3,l/aBl/3,1/3 

.As/2,S/2Bl/2,-l/2 t 

AiIiMiBiIt, -1/2 

-4l/2,-l/2.Bl/2,l/2 

.Ai/2,i/aBi/2,-i/a 

2ll/3,-l/2Bl/3,l/3 

4a/2,- i /aBi/2, . i /s 

48/3.-3/2^1/2,1/2 

I 

ffi 

1 

O 

O 

O 

- 1 

basis, the nonvanishing matrix elements of the operators 
in equation 1 are: 

<IgmgIgmg'\Ig,\IgmgIg'mg'> = mo (2) 

<IgmgIg'mg'\Ig,Ig,,\IgmgIgma'> = mama' (3) 

<Igmglg'mg'I IgIg11 IgVIg — 1, Ig'mg' + 1> 
= [Uo +TOO) UO -TOO + I)(ZO- -mg') (I0'+ m0' + 1)]"» (4) 

where the subscripts G and G' ^ G run over A and B. 
From the mixing rules (Section IV,A), or by direct 
evaluation of the matrix elements, one finds that the 
secular determinant (16 X 16) factors into six 1 X 1 
and five 2 X 2 subdeterminants. The manner in which 
this factoring occurs is shown in table 12, where the 
spin functions are tabulated according to the orders of 
the subdeterminante they generate. The eigenvalues 
and eigenfunctions for this problem may thus be ob­
tained through the solution of linear and quadratic 
equations. The algebra is lengthy but straightforward; 
the final results are given in table 13, where 

ZJ1= VJM7T* 
ZJ2= V s 8 + 4.J* 

ZJ8 = V(S -J)* + 3/» 

ZJ,= V(S + J)*+ 3J* 

(5) 

(6) 

(7) 

(8) 

(9) 

TABLE 13 

Eigenvalues and eigenfunctions for the AtB spin system 

Eigeni unction 

.As/2,S/2Bl/8,l/2 

(1 + Qf)-"2 {Aiii.UiBiii.in + Qs4a/a,s/3Bi/a.-i/2 } 

(1 +G|)-1/2{Q8jis/2.i«Bi/a.i/a - As/a.a/aBi/s.-i/s} 

A112,1/2B1/2,1,2 

Al/3,l/2fil/2.1/3 

(1 + Ql)_1/" Ua/s.ireBi/s.-i/a + QaAs/a.-i/aBi/a.i/s} 

(1 + Ql)-1,a{QiAaii,i/iBi/2 -i/2 - 48/2,-i/2Bi/a,i/a} 

(1 + Q2i)-Ui {ili/a.i/aBi/a.-i/a + QIJ1I/2,-I/2BI/2,I/2) 

(1 + Q?)"1'2 |Ql4l/2.1/2Bl/2._l/2 - Al/8.-l/2Bl/2,l/2} 

U + Qj)_1/2 {Al'/2,l/2Bl/2,-l/2 +Ql^i/2.-l/2Bl/2,l/2( 

(1 + Cl)"1'2 {ei4l/2.1/2Bl/2,-l/2 - ^.l/2,.l/2Bl/2,l/2} 

(1 + Gj1)-1/2{J1S/2,-I,2BI/2,-i/2 +Q4.ils/a,-8/aBi/2,i/a} 

(1 +Cj)-l/2[Q4A8/2.-l/2Bl/2,-l/2 - As/2.-3/2Bl/s,l/3! 

Al/3,-l/2Bl/2,-l/2 

rfll/2,-l/2Bl/2,-l/2 

•43/2,-3/2Bl/2,-l/3 

Eigenvalue 

-i<3<w + uB+p) 

i ( - 2 « i +IJ +Bi) 

i<,-2wA +hJ -Ra) 

- i twi +uB + iJ) 

~i(uA + a s + iJ) 

id/ + Bi) 

id/ - B1) 

id/ + Bi) 

id/ - Bi) 

id/ + BO 

id/ - Bi) 

t(2uA + iJ + Bt) 

i (2«i + i / - Bt) 

biwA +uB — i / ) 

i w +uB— i / ) 

i(&M +UB- f / ) 
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2 / 
I — 

'» — 

U — 

S = 

S-

J-

•R* 

ZJ 
- S -

ZJ 
J + S-

<J>A — UB 

Ri 

Ri 

(10) 

(11) 

(12) 

(13) 

The line intensities and frequencies of the allowed 
transitions are calculated as before and are collected in 
table 14. From this table it is to be noted that the 
transitions 3 and 4 in group B (and the lines 3 and 4 in 
group A) are separated by the frequency / , so that if 
these lines are resolved J can be readily determined. 
This is not a fortuitous result and, as will be shown 

TABLE 14 

Resonance frequencies and relative intensities for the AiB spin system 

Transition in the Limit J—0 Relative Intensity Frequency Relative to us 

Transitions in group A 

1 

? 

R 

4 

R 

R 

7 

R 

A»/J._I/2BI/»,_I/« ->4a/»,-a/aBi/a,_i/a. 

Aif»,i/aBii3,iia -».4i/a,-i/aBi/2,i/a 

Ain.iliBiii.m -* Aifi.-i/iBifiMi 

Airt.iiiBiii.-iii -».4i/2,-i/aBi/a,_i/a 

Ai/a,i/aBi/»,.w -»A1/2._i/>Bi/a,_i/i 

At/a.imBift.-iii -»4a/a,-i/sBi/a.-i/i 

4»/s,_i/sBi/a,i/j -+.Aa/a.-a/aBi/a.i/a. 

.Aa/a.a/aBi/a.-i/a -* Aa/a,i/aBi/a,-i/a. 

AttiMiBiit.in -* Atii.-iiiBi/i.iii • • 

(V3+Qt)' 
1 +Qi 

(.VsQi - D' 
1+Ql 

2(1 + Ci)' 
l + Q ? 

2(1 -Qi)' 
l + C ? 

[(2Qa - I)Q4 + VsP 
(1 +Cf)(I + « ! ) 

ICa + 2 + V3Q'Q*\2 

(1 +Ql)H +Qj) 

KQa - VS)Ca - 2Oa]' 
U +Cl)(I+CS) 

[V3C» + 2Ca + 1]» 
(1 +Cs)(I +Ql) 

J(J + 21 + Rt) 

J(J - 27 + Bt) 

J(J + / + R1) 

i« - / + BO 

§(28 + B s - Bt) 

J(2J + Ba + Bt) 

J(2J — Ba + Bs) 

J(2« +Ba - Bs) 

Transitions in group B 

1. Asn.tnBm.m -* At12.t12B112.-1n. 

A111.-t12B1n.1li 

Ai/a,i/aBi/a,i/a — 

Al/i.wBin.l/i -

Ain.-inBm.in • 

•Al/2.-l/2Bl/J,lf3 • 

^.s/a.-i/aBi/a.in -

-»ils/2,-8«Bi/a,-i« 

^It/a.i/aBi/a.-i/a 

Ain.inBin.-m 

•» A1n.-n2B1n.-1l' 

-»Ai/a,.i/aBi/2,.i/a 

•»4s/>,-i/aBi/2._i/a. 

6. 4s/a,i/aBi/3,i/a -»4a/a.i/aBi/a,-i/a. 

(VJSOa - 1)» 

l + c s 

(Q* + Vs)' 
l + Q j 

2(1 - Qi)' 
1 + 0 ? 

2(1 + Ci)2 

1 + 0 ? 

IQ4(Qa + 2) - VSQa]' 
(1 +OS)(I +05) 

KVIsQs + I)Qa - 21» 
(1+QI)(I +Oj) 

i t t + 2J - Ka) 

i(3 - %J - Rt) 

4 « + / - B i ) 

§ « - J - Ri) 

§(2J - Ba - Rt) 

i(24 - Ba - Bs) 

Mixed transitions 

A»f»,l/3Bll2.-i/2 • 

Atn.n2B1n.-1n • 

•Am.-ti2B1ii.112. 

>Atn.-lliBin.iti. 

(2Qa - 1 - VlQi)' 

(1 +Qi ) ( I + 0 ? ) 

(2QsQa + O s - V 3 ) a 

(1 + O i X l + 0 ? ) 

J(2J + Ba + Rt) 

J(J + Ba + Ba) 

At12.t12B112.-1n
A111.-t12B1n.1li
Ain.inBin.-m
A1n.-n2B1n.-1l'
Atn.n2B1n.-1n
�Am.-ti2B1ii.112
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below, occurs whenever group A contains an odd num­
ber of spin 1/2 nuclei and group B contains only one 
spin 1/2 nucleus. In general, however, the internal 
shift must be determined indirectly through the rela­
tions defined in table 14. In all, there are sixteen possible 
lines: eight in group A, six in group B, and two mixed 
transitions. These numbers could have been found 
without making any detailed calculations by using the 
procedure previously discussed and noting the de­
generacy of the spin 1/2 states of group A. 

In figures 9 to 11 the calculated spectra are given for 
weak, intermediate, and strong coupling. The mixed 
transitions are ordinarily too weak to observe and are 
not shown in these figures. The correspondence between 
the numbering of the transitions in table 14 and the 
figures may be easily made by reference to the numerical 
data in the Appendix. 

An example of this system is that of CH3SH (figure 
12) for which 

2r 

2ir 

= 7.42 ± 0.17 c.p.s. 

= 25.18 ± 0.21 c.p.s. 

There are slight discrepancies of unknown origin be­
tween these values and those reported previously (1). 
Other examples of this system may be found in the 
literature (21, 45). 

B. THE GENERAL AnAB SYSTEM 

The preceding spin systems have all been special 
cases of the AnAB system, which will now be considered 
in detail. There are only two spin functions for group B, 
Bii%Mi and £1/2,-1/2. For group A there will be 2"-* 
functions, some of which will be degenerate. The degree 
of degeneracy (i.e., the statistical weight) of a spin 
function with total spin IA is given by equation 36 in 
Section II as 

_ nA\{nA -2kA + l) 
0'* 9"J.-k (nA - kA + l)\kA\ (14) 

where 

AM = 
)0, 1 

K i 

nA r 
-̂ - torn even 
Wx — 1 for n odd 

It is easy to show that for this system only linear and 
quadratic equations are involved (10, 19a, 90). To see 
this, note that for a given mA 

m = IUA + wis = mA ± j 

The only states that mix are those for which 

m = mA + 0 and m = ("1^ + I ) - O 

(15) 

i.e., the states with the same m-value: 

AiAmABnt,ui m = mA + 5 

Au.mA+iBvi.-in m, = (.mA + 1) - 0 = mA + 0 

The matrix elements for these states are 

<AtA,nABiit,iit\X\AiAmABut,ut> 

= - \mAuA + Y>B + 7fiAj[ (16) 

<AiA,viA+\Bui,-ui\3C\AiAanA+iBiii,_l/t> 

= -j(mA + l W - | e o f l - | ( n u + l) . / j (17) 

<A:A,mABi/t,m |3C \AiA,mA+iBm.-m > 
= <A/^ , M ^ + IBI /J ,_I /J |3C I AiA,mABiit,ut> 

1 
= -^JV(IA - mA)(IA +m.A + 1) (18) 

With these matrix elements, the eigenvalues for the 
mA + 1/2 states are easily calculated; the results are 

- | j ( 2 m 4 + DcoA ~\j+RiA.mA\ 

~l\&mA + 1)UA -^J - R,A,nA^ 

where 

RlAmA 

= j / [ « - \0mi + I ) / ] ' + JHIA - mA)(/4 + mA + 1) 

The corresponding eigenfunctions are 

(19) 

(20) 

(21) 

/ , {AiA,mA+iBm,-ut + QiA,mAAiA,mABin,iit} (22) 
^ 1 + Qi A. n. *IAMA 

, .== \Qu.mAAiA,mA+iBm,-m — AiA,mABut,in} (23) 

where 

n - JV(-TA - mA)(IA + mA + 1) . . 
WUMA i W) 

i + ±(2mA + I)J + RiAmA 

There are two additional eigenfunctions which result 
when wu and ms have their maximum and minimum 
values for a given IA; viz., 

AiA,iABu*,m; m = IA + ^ 

AiA.-tABiit.-\n; OT = -IA — 0 

The eigenvalues are 

- \ IAo>A + 2UB + 2IAJ\ 

— j —I A01 A. — 2«B + 2^AM 

(25) 

(26) 

(27) 

(28) 

Note that equations 25, 26, 27, and 28 are special cases 
of equations 19, 20, 22, and 23. 
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(•) £»o 

(b) £=0.025 

lik 

(C) 4- * 0.15 !•—j—H 

j L 
O 6 

FIG. 9. Theoretical spectra for the AtB spin system under conditions of weak coupling. 

(a) 4- = 0.25 

M-I 

J L 

(b) I = 0.50 j H 

-I I L - I 

(C) f = 0.75 

0 S 

FIG. 10. Theoretical spectra for the A2B spin system for intermediate coupling. 
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(a) £ = 1.00 

(b) i = 5.00 

(C) f = -

0 S 

FIG. 11. Theoretical spectra for the A1B spin system for strong coupling. 

CH3SH ^ = 7.42 4 0.17 cps 

•Jj-= 25.18 ± 0.21 cps 

AJ ^ fh~-'V -v. 
T H E O R E T I C A L N S P E C T R U M FOR -g-=0.295 

FIG. 12. Experimental and theoretical spectra of the protons in methyl mercaptan. The experimental trace is that of the pure liquid at 
room temperature and 40 Mc./sec. 
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With these eigenvalues and eigenfunctions it is easy 
to write recursive formulae for the line frequencies and 
relative intensities (19a). To see this, note that there 
can be transitions from the state 

to a pair of states with 

m = ( / A + | ) -1 = IA- 1/2 

which are linear combinations of 

AiA,tA-iBut.ut and Au,iABm,-i/t 

Similarly the states which are linear combinations of 

AiA,-iA+iBut,-vi and AiA,-iABi/2,us 

undergo transitions to 

A.iA,-iABut,-in 

Finally, there are transitions between states whose 
m-values differ by —1 and have the form given in 
equations 22 and 23. These calculations are illustrated 
by considering the transitions from the state 

AiA,iABm,m 

Operating with Ij + IB one finds 

(IA + iB^^-u-uBvt.ut 
= V (IA + WA)(IA — m,A + l)AiA,u~iBui,ui 

+ AiA, rABui. -i/2 (28) 

= V 2 / i AiA,iA-iBm,m + AiA,iABin,-iit 

since IUA = IA- The eigenfunctions which are linear 
combinations of 

AiA,iA-iBm,m and AiA,uB\/2,-i/z 

and the corresponding eigenvalues, are obtained from 
equations 19 to 24 with mA = IA — 1. The products on 
the right of equation 28 can be expressed in terms of the 
eigenfunctions of 3C by applying the appropriate inverse 
transformation to equations 22 and 23. The matrix of 
the inverse transformation is just the transpose of the 
coefficient matrix of equations 22 and 23. Substituting 
these expressions for the products into equation 23 
determines the transitions and frequencies. The other 
cases are determined in the same fashion and the 
results are given in table 15. The factor giA accounts for 
the statistical weights of the group A spin states. 
Note, also, that the first and second group A transitions 
are special cases of the third and fourth transitions 
with rriA equal to IA and -IA, respectively. Similarly, 
the first pair of B transitions follow from the third with 
rriA — IA, -IA-

The theoretical spectrum of any AnAB system follows 
from table 15 simply by substituting the appropriate 
values of IA and giA. Therefore, the general AnAB 
spectrum consists of a superposition of all A qAB spectra 

with the intensities of the "subspectra" weighted by the 
giA. Such a spectrum can be quite complex, but it 
should be rather easy to analyze with computer 
techniques. 

The analysis can sometimes be facilitated by some 
properties of the general system. Consider the difference 
of the first pair of A transitions and B transitions 

A: J(IA + 1 ) + \(RiA.iA-i - Ru-u) 

B: J^IA + 1 ) - l(Ru.u-i - Bu.-u) 

If IA = 1/2, the terms in R cancel and there are pairs 
of A and B transitions whose separations are exactly J. 
States with IA = 1/2 will occur whenever nA is an odd 
integer and this proves the result mentioned previously. 
Hence, experiments at two values of the magnetic field 
may permit the direct evaluation of J, unless there is 
excessive overlapping of the resonances. If nA is even, 
then IA = 0, • • • nA/2, and it is seen that for IA = 0, 
there is a transition in group B which is undeviated and 
of unit intensity. Further, for any nA > 1 the mean of 
the third and fourth A transitions is just O>A. 

The number of lines in each group can be computed 
by considering the range of mA- The third group A 
transition has mA + 1 —> raA for spin IA and, since 
I TOA I < IA, mA ranges from IA — 1 to —IA- Hence 
there are 21A lines for these transitions. Similarly, the 
fourth A transition yields 21 A lines, so the total numbe ? 
of A transitions is 

NA = 4SZ 4 (all distinct IA) (29) 

The group B and mixed transitions are calculated in the 
same way with the results 

NB = 2{2IA + 1) (all distinct 7A) (30) 

ÂAf = 2{2IA - 1) (all distinct IA 5* 0) (31) 

UA 
By writing IA = ~ — k these sums can be evaluated by 

elementary algebra: 

NA = 

NB = 

\(UA + D 2 

for UA even 

for i%A odd 

for JiA even 

(nA + 1) (riA + 3 ) for UA odd 

Nu = 
<nl - D 

for UA even 

for UA odd 

(32) 

(33) 

(34) 

QA 
= Jl, 3, 5, 

( 2 , 4 , 6 , 
nA for nA odd 
UA for UA even 

Summing these one finds that the total number of lines 
is (riA + I)2 for odd or even nA; that is, the total num­
ber of lines is just the square of the total number of 



TABLE 15 

Resonance frequencies and relative intensities for the AnAB spin system 

Transition in the Limit J -* 0 Intensity Frequency 

Transitions in group A 

1. AiA,iABi/2,iia -* AijiJi-iBmMt . 

2. jt/x.-Jx+iB'/a.-iA» -» AiA,J^BI/J.I/J . 

3. AlAJ*ABl/2,l/2 - • AlA.mA-lBll2.1/3 . 

4. Aix.-j+iBi/a.-i/a -» 4/x.mxBi/a._i/j . 

OiAQu.U-i - V2Ix> 

1 + 0 W 

gfx(Qfx-Jx + Vzix)' 

g/x(q'x,-x-iIQ>x.-x V(TI - mx) (Ix + mA + 1) - H + V(Ix + BM)(I1I - « i + I)) ' 

U + e ^ . - . X l + Q ^ - . ) 

QIAW(IA - IUA)(IA + mA + 1) + Q/x.-xll + Q'x.-x-i V(IA + »u)(fi - mx + 1)1}' 
(1 + 0^.- ,Xl + Q?.-,-!) 

1{«M +«« +JVA + 1) + «Jx.Jx-i} 

J | M + «B - J(IA + J) + fiii,Ji) 

}{2&>X + RjA.mA-l — A/X.«x} 

}{2ux + BlAfA — BlAfA-A 
y 

a 
O 

E 
O 

Transitions in group B 

1. AIAJABW,I/I -» AIAJAB'P.^I* • 

2. AIA.-IABIPM* -»itj.i,-j.iBi/j,_i/a . 

3. it/x.m^Bi/s.i/s -»JIJx.«xBi/«.-i/> . 

g>x(V2Ix QfxJx-i + » ' 

g>x(V2Ix" QlA.-lA ~ D ' 

gtx lQfx.«x V(Ix - mxXIx + Wi + 1) - U + Qij , . i - i V(Zx + YHA)(JA - mA + 1)1'} 

( 1 + « ? x - - x ) ( 1 + Q ? x - x - « ) 

i | « x + « B +JCIx + i ) - «fxJx-i} 

i {cox + uB - J(JA + } ) - flix.-fxJ 

}{2uX — BlA.—A-i — *JX.»x} 

Mixed transitions 

4. AlA.mA+lBip.-l/l -» il/x.»X-lBl/a.l/3 . 
gix {0/x.~x-i IV(Ix - »»)(Jj + TOX + 1) + Q/x.-xl - QiAfA V(IA + Wx)(Ix -CTX + 1 ) ) ' 

(1 +Q',AfA)(X + Q ^ . . , - , ) 
§{2»x + fiix.-x + «'x.»x+>} 
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TABLE 16 

Factors of the secular determinant for the AtBi spin system 

I X i 2 X2 3 X3 

Ai.ifii.t... 

jii.iBo.o... 

Ao.ofit.t.. 

Ai.oBo.o.. 

Ao.oBi.o.. 

Ao.oBo.o.. 

Ai.-iBo,o. 

4o,oBi,_i. 

Ai.-iBi,-i 

Ai.iBi.o 

Ai.oBi.i 

A\,-iBi,o 

Ai,aBi,-i 

Ai.iBi.-i 

Ai,oBi,o 

Ai.-iBi.i 

- 1 

spins. Of course, counting these lines is quite a different 
matter from resolving them. 

C. THE AiBi SPIN SYSTEM 

The Hamiltonian operator for the AtB2 spin system 
(5, 19a) is given by equation 1, and its matrix elements, 
in the product scheme, are derived from equations 2 to 4 
with IA, IB = 1, 0 (c/. table 3). Upon evaluating the 
matrix elements, one finds that the Hamiltonian matrix 
factors into one 3 X 3 , two 2 X 2 , and nine 1 X 1 sub-
matrices. This factoring is indicated in table 16. 

The 3 X 3 submatrix, which is generated by the 
product functions with m = 0, is 

(35) 

Let Q1 < Q1 < Qz be the eigenvalues of S and a = (a,,) 
be the matrix whose normalized column vectors are the 
eigenvectors of S; that is, 

aSa"1 = (0<8,*) (36) 

The elements of (o,-y) are just the expansion coefficients 
for the eigenfunctions of 3C in terms of the product 
functions with m = 0. In the limit as J —»0 or 5 —* », 
a is a 3 X 3 unit matrix and 

fii = -s + J 
Qj = 0 

n, = s + J 
(37) 

(The J'a in equations 37 are the first-order corrections to 
Qi and Q*.) For J —* oo or 5 —* 0, it is easily shown that 

Oi = —J 

Qj = J 

Q, = 2 / 

(38) 

VTJl VT/2 VT/3 
V2/3 0 -VT/3 

VTJe -VT/2 VTJz 

(39) 

Intermediate cases require the solution of the cubic 
equation 

det|S</ -QiS(j I= 0 (40) 

The calculation of the eigenvalues and eigenfunctions 
corresponding to the 1 X 1 and 2 X 2 determinants 
presents no difficulties. The algebra leading to these 
results will not be given here. All the algebra is sum­
marized in table 17 in terms of the following definitions: 

8 = O)A - <*B (fi>A assumed > UB) 

K = 

Q = 

R = Vi* + 4/> 
2 / 

S - R 

(41) 

(42) 

(43) 

In addition, the frequency origin has been taken at 
i(au + UB) SO that 

UA = 
(44) 

The resonance frequencies and relative intensities are 
determined in the usual manner, and the results are 
given in table 18. The spectrum is symmetrical with 
respect to the frequency ^(UA + O>B) = 0, so that only 
half of the lines are given. The spectrum thus consists 
of eighteen lines: seven in groups A and B and four 
mixed transitions. I t is important to note that the mean 
separation of the lines Al and A2 (also Bl and B2) is 
exactly J, and further, A4 — J54 = 5. Thus, if these 
signals are resolved, J and S may be determined without 
solving the cubic equation. The selection of these lines 
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TABLE 17 

Eigenvalues and eigenfunctions for AiBi spin system 

Eigenf unction 

Ai.iBi.i 

(1 + 0 - ' ' " ( 0 X i 1 I B i 1 O - Xi.oBi.i} 

(1 + Q")-"2 (Xi.-iBi.o + QXi,oBi,-i} 

(1 + Q»)-»"(Xi,ifli,o + QXi.oBi.i) 

(1 +Q 2 ) " 1 ' 2 (QXi. iBi.o - Xi.oBi.-iJ 

Eigenvalue 

-J 

— J 

S 

2 

S 

2 

O 

O 

O 

J 

2 

2 

— is 

- i s 

is 

is 

Qi 

Qi 

Qa 

may be made by reference to the numerical data in the 
Appendix and can be confirmed by experiments at two 
field values. 

Calculated spectra for the A2B2 system are presented 
in figures 13 to 15, and in figure 16 the experimental and 
theoretical spectra for ethylene monothiocarbonate are 
compared. As noted previously, the A2B2 system applies 
for this molecule because Ji£ = JtS03 to an excellent 
approximation. The observed values of J and 5 are 

£- = 7.00 ± 0.06 o.p.s 

2~ = 35.96 ± 0.26 c.p.s. 

D. THE AS2 SPIN SYSTEM 

The Hamiltonian operator for the A3B2 spin system 
(5, 19a, 55) is given by equation 1 and its matrix ele­
ments are determined by equations 2 to 4 with IA = 3/2, 
1/2 (fili/a = 2), and IB = 1,0 (c/. tables 3 and 4). Upon 
calculating the matrix elements, one finds that the 
matrix for 3C factors into fourteen 1 X 1, six 2 X 2, and 
two 3 X 3 submatrices; the manner in which this factor­
ing occurs is indicated in table 19. 

The two 3 X 3 matrices are 

3C* = 

TABLE 18 

Resonance frequencies and relative intensities for the A^B2 spin system 

Transitions in group A and mixed transitions 

'§(T« + J) -^\ J 

~]/lJ Tl* 
o -Vz J 

0 

-V2J 

I (±«4-

(45) 

Transition in the Limit as J -* 0 

4. Ai iBo.o-+Ai,oBo,o ] 

Ai.oBo.o —* AI,-.IBQ O J 

Relative Intensity 

2[021 + 0 3 1 - Q(OlI -f<l2l)]2 

1 + Q 2 

2[oi2 +022 +Q(022 +aaa)]2 

1 + Q 2 

4 

2[oi3 + 0 2 3 + Q((J33 + O23)]2 

1 +Q2 

2[Q(a22 + 012) - (022 + 032)]2 

1 + Q 2 

•(-5) 
2[on + 0 2 1 + Q ( a 2 l + 0 3 i ) ] 2 

1 + Q 2 

2[Q(d23 + Ois) — (023 + O33)]2 

1 + Q 2 

Frequency 

- Q i - | S 

-J + iS 

-Qa + \B 

is 

Q3 - i s 

Q2 + J B 

j + i s 

-Qi + i S 

Q3 + i s 
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(*) & * o 

0>) ^ = 0.023 

W f ' 0.15 
2J - 2 J -

"I 1 
FIG. 13. Theoretical AiB2 spectra for the case of weak coupling. 

These matrices are generated by the states with 
m = ±1/2 and IA = 3/2,13 = 1. Let Q1 < G2 < Qa be 
the eigenvalues of 3C+ and a = (o«) be the matrix 
whose normalized column vectors are the eigenvectors 
of SC+; that is, 

aK+a"1 = (Q(S,-,-) (46) 

Similarly, let Qi < A2
- < fia and b = (&<,) be the corre­

sponding quantities for 3C-. For J/S <5C 1 both a and b 
are 3 X 3 identity matrices and 

Qi = I (-« + /) 

O j I 

Q, = I « + /) 

(47) 

U[ = jj (S + J) 

Oi = 

PS - 5 <-« + /) 

(48) 

In the opposite limit, i.e., J/S >5> 1, it is easily shown 
that 

Ql = Q1' = - g / 

n s = Q2 = / 

fli = nj = I J 

(49) 

(fari confanwes on next page) 

(ft) ^ = 0.25 

2J h-2J—i 

(b) -̂ s 0.50 

, h I 
I 

i 
I I l I 
\ 

(c) 4 s 0>7a 

-I 
Fia. 14. Theoretical .A2-B 2 spectra for the case of intermediate coupling. 
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« 4 s »-°° 

O)) £ s 10.0 

-f 

» i ! 

-f 
Fio. 15. Theoretical .AiBj spectra for the case of strong coupling. 

a = 

b = 

ViTio V2J5 V1/2 
VzJ& vTTIs - \ / i /3 

V37io -|\/oV5 VITe 

V1/2 Vvs VTT10 

-V1T3 ViTis VvI 

Vi/6 -|V6T5 V3T10 

(50) 

(51) 

tions. The rather extensive algebra leading to the eigen­
values and eigenfunctions will not be given here; 
instead, all the algebra is summarized in tables 20, 21, 
and 22, giving the allowed transitions, relative intensi­
ties, and line frequencies. In these tables the following 
abbreviations have been employed: 

For other values of J/S one must solve a pair of cubic 
equations for the Q's; this is most conveniently done 
numerically. 

The eigenvalues and eigenfunctions for the remaining 
states offer no difficulty, since their determination re­
quires only the solution of linear and quadratic equa-

R,= y(s+ljy+2j* 

Ri = y(s - yy+2j* 

(52) 

THEORETICAL SPECTRUM FOR -g- = 0.195 

FIG. 16. Experimental and theoretical spectra for the protons in ethylene 
monothiocaxbonate. The experimental trace is that of the pure liquid at 
room temperature and 40 Mc./sec. 
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TABLE 19 

Factors of the secular determinant for the AiB2 spin 

1 X i 2 x 2 3 X3 

At/t.t/iBi.i.. 

As/z.ttfBco... 

Aiit,i/tBi,i.. 

A{n,i/iBi,\.., 

4s/2.i/2Bo.o.. 

Ai/z.i/iBo.o.. 

Ai'/2,l/2Bo,o.. 

jii/2,-i/2Bo,o. 

Aii2,-\i3Bo,e. 

As/a.-i/sBo.o. 

41/2.-1/2B1.-1 

4l'/2,_l/2Bl,-l 

jl»/S,-8/2i3o,0. 

^3/2,-3/2Bl,.1 

5/2 

3/2 

3/2 

3/2 

1/2 

1/2 

1/2 

-1/2 

-1/2 

-1/2 

-3/2 

-3/2 

-3/2 

-5/2 

Atp.mBi 0 

As/2,l/2Bi,i 

^l/2,l/2Bl,0 

Ai/3,-i/a£i,i 

4 i/2.l/2Bi,o 

4l'/2,-l/2Bl,l 

Ai/a.i/a-Bi.-l 

A1/2.-1/2B1.0 

Ai/3,i/iBi,.i 

A{it,-iltBi,o 

43/2.-1/2Bi1-I 

4»/s,JrtBi.o 

3/2 

1/2 

1/2 

-1/2 

-1/2 

-3/2 

1/2 

-1/2 

Q1 = Ve/ 

Q.= 

Q«-

- V e J 
« + 5/ + «« 

V2 J 

8 + | / - B, 

- V 2 / 

« - | / + A4 

(53) 

In addition, o>B has been arbitrarily taken as the fre­
quency origin, so that w4 = 5. 

From the tables, it is seen that the general AtB2 

spectrum consists of thirty-four lines: thirteen in group 
A, twelve in group B1 and nine mixed transitions. The 
most intense line in group A is undeviated from the 
position it would have in the absence of spin coupling. 
Further, the mean of lines 4 and 5 in group B gives the 
frequency origin exactly. Therefore the chemical shift 
can be exactly determined without solving the system 
in detail. The correct lines may be easily determined by 
reference to the numerical data in the Appendix. (If 
5 ~ 0, this procedure may be difficult to apply.) Once S 
has been found, J can be determined from any of the 
line spacings involving R1, R 2, R 3, and J? 4. 

Theoretical spectra for various J/5 ratios are given 
in figures 17, 18, and 19 (see the Appendix for the 
correspondence between the lines in these figures and 
the numbering in tables 20 and 21). The mixed transi­

tions are not shown in any of these figures because of 
their low intensity. 

The theoretical and experimental spectra for CH3CH2I 
(19a) are shown in figures 20 and 21. The chemical shift 
spin-spin coupling constants were found to be 

4~ = 7.5 ± 0.3 c.p.s. 

—• = 54.13 ± 0.20 cp.B. 

E. THE GENERAL AnJLB„B SPIN SYSTEM 

The general AnABnB spin system will involve deter-
minantal equations of very high degree if both nA and UB 
are large. I t is possible, however, to deduce a number of 
useful facts about the general case without solving the 
secular equations. Since the case %B = 1 has been 
completely solved, it will be assumed that n* > nB > 2. 

Let us first consider the orders of the secular equa­
tions. These are determined by the product functions 
An ,mABiB ,mB, whose wu and MB values sum to a fixed m; 
that is, 

(54) rriA + m,B 

Since I^ and I | commute with 3d, IA and Is are fixed, 
while 

-IA < «A < IA 

-IB < mg < IB 

(55) 
(56) 

The largest value of m occurs when MA and THB have 
their maximum values IA and IB, SO that 

= IA + IB (57) 
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TABLE 20 
Transitions in group A 

1, 

?, 

3 

4 

n 

fi 

7, 

R1 

fl 

10. 

11. 

1? 

11 

Transition in 

Aiia.naBi.i 

Aiia inBi,i 

Aw1-IIaBi, 

Aua.i/aBi.o 

Aiia.iiaBi.o 

Ai/a.naBi,-

Aiit.naBi,-

Aa/a.a/aBo.o 

Aaia.niBo.o 

Ai/a.naBo.o 

Aiia.iiaBo.ii 

Aaia.iiaBi.i 

Aa/a.ifaBi.o 

Aiia.-uaBi, 

Aiia..1/2B1, 

Aa/a.i/aBi.-i 

the l imit as J -» O 

-> Ana. 

-»Ai/a. 

-i/aBi,i 

-i/>£i.i , 

-i -* Atia.-tiaBi,-

-»Aiia, 

-»Aiia. 

I -» .4.1/2 

-*Aiia,-

-»Aa/2, 

-»As/2, 

-liaBi.o 

-112B1.0 

-l/2Bl,_l 

1/2Bi1-I 

/2Bo1O 

-1/3B0.0 

-»Xi/j . 

-» Al/3,-

-»Atia. 

— A>/a, 

-fAaia 

-»Aaia 

-* Ai/a 

-1/2Bo1O 

.1/2Bo1O 

1 
I 

I 
I 

I 
I 

-1/2Bi1-I 

Relative Intensity 

(y/2 + V 3 Q 0 8 

1 + Q ? 

2(Qa + V 2 ) a 

1 + Q l 

(VSQi - V3)» 
1+05 

2[Qa + Vt(QtQi - 1)]» 

(1+QDd +Ql) 

2(\/2Q« - U" 
1 +QJ 

12 

[1/201« + ( V 5 + V2Qi)oa» + 2Qioaa]» 

1 + Q f 

!V2Q1012 + (v^Qi - V 2 ) 023 

1 +Qi 

[\/3a3ibi3 + (2021 + \/2a$i)bis 

- 2082]» 

+ (-»/3m,' 

[y/Zatibia + (2aaa + v^oaajfea + (y/%aia 

[v^ossftn + (2o2» + -\/2cm)bai + (VSaia 

[V2612 + (V3 + y/2Qa)baa + 2Qabta? 

I+Ql 

[V2Qabia + (\/3Qa - i/2)baa 

1 + Q l 

- 26aaP 

+ V^oaijdaal' 

+ V2aaa)baa\i 

+ V^02a)6ai]» 

Frequency 

i(i+P+Bi) 

i(S+y +Sa) 

i(t - %J + Sa) 

JORa + Bt) 

i(J - f/ + B4) 

S +Qa + 1 / - Jfli 

J+02 + i / + i«i 

O s - O s 

Qi -Qa 

S - Oa - 1 / + Jfi2 

J - Qa - J j - iBa 

Clearly, there is only one such product function and it 
is an eigenfunction of 3C. The next largest m-value is 
WW*. — 1 and this occurs twice; once when wu = IA 
while Ws = IB — 1, and again when mA = 7^ — 1 
while wis = 7B. The eigenvalues for these states are 
obtained by solving quadratic equations. By continuing 
this process one obtains the r + 1 states 

and this number is just r + 1 = 27B + 1. The wi-value 
for all of these states is m — IA + IB — r = IA — IB. 
This process can also be started from mmin. = -IA. — IB 
and continued up to the 27s + 1 states with TO = 
—IA + IB- However, this procedure Acts not accounted 
for all possible spin states, since 

UB 

mi 

IA 
I A - I 

IA—T 

ms 

IB-T 
la-r + l 

IB 

2 S ( r + l) = 2(2IB + I)(Jj, + 1) (58) 

with TO = IA + 7s — r. If it is supposed that 7s < IA, 
then 0 < r < 27s,- otherwise, TOS would exceed the 
lower limit demanded by equation 56. The greatest 
number of states with a given m occur when r = 27s 

The correct number is, of course, (27^ + l)(27s + 1), 
and the reason for the above shortage is that the states 
with 

-IA + IB <m < IA - IB 

have not been counted. To account for these states 
write the VIA and TOS values as follows, 

m.A. IA IA-I IA — 2 

TriBi —IB -IB + 1 

IA - 2IB 
- 1 • 

IB 

IA+ 1- IA 
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TABLE 21 

Transitions in group B 

1. 

f 

1 

4 

R 

fi 

7 

R 

9 

10 

11 

Transition in the Limit as / —* 0 

i l l /2 , l /aBl . l —» Al/2,l/2Bl.O 

Ai/2,i/2Bi,i -> Ai/2,UsBi,o 

-4l/2,_l/2Bl,l -» i l l /2 , - l /2Bl ,0 

Ai/s,_i/iBi,i-tAi/a.-iraBi.o 

Al/2.1/2Bl,0 -» 4 l / 2 , l / 2 B l , . l 

-di/2,l/»Bl,0 -» 4 l / 2 , l / 2 B l . . l 

^Ll/2,-l/2Bl.O -» Al/2._l/2Bl,_l 

AI/2,-II2BI,Q —» Ai/a - l / a B i . - i 

( 
I 

I 
I 

Relative Intensity 

(•v/2Gi - V 3 ) a 

1+Q? 

2(-v/2Q8 - l ) a 

i +el 

<V2 + V3Qs)a 

1 +«5 

2[1 +y/2(Q» +Qt)]' 

(1+C|)( l +Qj) 

2[(Qs - -Ji)Qt - v^Q3]» 

( 1 + Q j ) ( I + Q j ) 

2(Q4 + y/2)> 

1 +QJ 

[\/2Qioii + (V3Qi - \/2)02i - 2osi]a 

1 +Qf 

K/2fll2 + ( V 3 + V2Ql)022 

l +Q? 

[-V^ftii + (V3 + V2Q3)&« 

i +el 

+ 2QlOS2]a 

+ 2Q263i]a 

[V2Q2612 + (\/3Q2 - V 2 ) ^ 2 - 2682]= 
1 + Q | 

[\/30826l3 + (2022 + -\/2082 )6as + (-y/3012 

+ \/2a2s)632]a 

+ \/2022)638]a 

Frequency 

iw+fA-ao 

i(«+f/-B») 

i « - f/ - B2) 

J(B4 - Bs) 

J(As - B«) 

J(« - f/ - Bt) 

S + Oi + \J + lBi 

S + 02 + \J - \Bi 

» — Qi - t / + ii?2 

j _ c^ _ \j — J B 2 

TABLE 22 

Mixed transitions 

Transition in the Limit as J —> O 

-4l/2,-V2Bl,l -» 4l /2.1/2Bl,_l I 

^ll /2.-l /2Bl,l -» jll/2.1/2Bl,_l J 

Relative Intensity 

[\/2oii + (-s/3 + V2QO021 + 2Qiosi]a 

1 +Q? 

[-V/2Q1013 + ( \ / 3 Q i - V 2 ) 0 2 8 - 2osa]2 

1 +Q\ 

K/26i8 + ( V 3 + \/2Qi>)fc2S + 2Q26s3]a 

1 +Ql 

[V2Q2&11 + (V3Q2 - \/2)6ai - 26si]a 

1 +Ql 

[\/3o8i6ii + (2021 + V208O621 + (\/3oii + \/2<Mi)6si]a 

[V3osi6i2 + (2021 + y/2an)b22 + (y/3an + \/2a2i)bi2\2 

[\/3o826ii + (2022 + \/2o32)62i + (V^aia + V2a22)63i]a 

[V303S618 + (2028 + \ /2osa)628 + ( \ /3018 + \ /202s )6s3] a 

2[(1 + V2Qa)Q« ~ V 2 ] 2 

(1 + Q | ) ( l +QJ) 

Frequency 

S + Oi + \j - JBi 

I + Qs + I^ + JiJi 

8 - Q3 - \J + i&> 

« - Qi - \J - JB2 

Oi - Qi 

Q2 - Q i 

Cs - Q s 

-J(Bs + Bt) 
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W T = 0 

(b) i = 0.025 

n i l 

(C) 4- = 0.15 

JJ LI L J I 

(d) T = 0.25 

I I I i l I I. i 
0 S 

FIG. 17. Theoretical AtB2 spectra for the case of weak coupling. 

(*) £ = 0.50 

_j iJ U 

(b) 4 = 0.75 

J UL. JI L 

tc) f = 1.00 

J. 
0 S 

FIG. 18. Theoretical A1B2 spectra for the case of intermediate coupling. 
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(a) i = 5.00 

0 8 

(b) f - IO.OO 

I I I I I I 
0 6 

(c) J- S OO 

I I I I I i 
0 8 

FIG. 19. Theoretical A1B1 spectra for the case of strong coupling. 

Summing the mA and mB values that are vertically 
paired, one obtains 21B + 1 states with m = IA — IB — 1. 
Each ma value is now moved one place to the right 
and the addition gives 27B + 1 states with m = IA — 
IB — 2. This process is continued until IB is paired with 
—IA + 1. (The process does not start with —IB paired 
with IA nor end with IB paired with - I A , since the 
states with m — IA — IB, — IA + IB have already been 
counted.) The total number of spin states determined 
by this process is 

QIa+ I)MIA-IB) -I] 

which, when added to equation 58, gives {21 A + 1) 
(2IB + 1 ) , so that all possible states have now been 
counted. These results are summarized in table 23. The 
situation when IA < IB is obtained by interchanging 
IA and IB in table 23. 

From these results, it is seen that the interactions be­
tween states with spin quantum numbers IA > IB gener­
ate secular equations of degree 1, 2, 21B + 1. 
The number of determinantal equations of degree 
(2IB + 1) is 2(1 A — IB) + 1 and there are two each of 
the 1 X 1, 2 X 2, • • • • and (21B) X (21 a) determi­
nants. I t follows, then, that the AnABi spin system 

(IB — 1,0) requires the solution of eigenvalue equations 
of, at most, the third degree; the AnJBt spin system, 
eigenvalue equations of, at most, the fourth degree; and 
generally, the highest-order equations for the AnJ8nB 

system are »* + 1. If the statistical weights for the 
states with given IA and IB are not unity, then the 
energy levels will be gi^gia-iold degenerate and the 
calculated intensities must be multipUed by the appro­
priate statistical weights. 

The above considerations show also that the general 
AnJ8nB spectrum is a superposition of appropriately 
weighted AuAtB spectra, whare q± and QB have the 
same parities (i.e., odd or even character) as nA and TIB. 
It is, therefore, extremely important that the calcula­
tions for a given system be carefully indexed and stored 
for use in more complicated problems. I t is for this 
reason that a completely detailed (but somewhat 
clumsy) notational scheme has been employed here. 

Let us now consider the eigenvalue problem when 
IA > IB = 0. The highest-order secular equation is 
2IB + 1 = 1; that is, AiA,mJ3<,,o is an eigenfunction of 
X with the eigenvalue TTIAUA- A transition in group A 
leads to a resonance at 

VlAUA — {n%A — 1)&M = UA 
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8 0.138 

FIG. 20. Experimental and theoretical spectra of the methyl group protons in ethyl iodide. The experimental trace is 
that of the pure liquid at room temperature and 40 Mc./sec. 

GROUP B 

J J/Ir/ A / 
U V 

W h V 

H 
• < 

= 0.138 

FIG. 21. Experimental and theoretical spectra of the methylene protons in ethyl iodide. Except for the rate of sweep, the 
experimental conditions are identical with those given for figure 20. 
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TABLE 23 

Spin states for product functions with spin quantum numbers IA <IB 

mi 

Ii 

Ii 
Ii - 1 

Ii 
Ii - 1 

Ii - 21B 

Ii - 1 

Ii -2IB-I 

mB 

IB 

IB - 1 1 
IB J 

-IB 
-IB + 1 

-IB 

IB" 

I 
I 

I 
I 

-Ii +2IB +1 

-Ii + 1 

-Ii + 21B 

-Ii + 1 
-Ii 

-Ii + 1 
-Ii 

-Ii 

- I B J 

IB' j 

"".. 1 
IB - 1 
IB J 

-IB 1 
-IB+1 J 

-IB 

i 
I 

m 

£i +IB 

I i + I B - I 

Ii -IB 

Ii -IB -I 

-Ii +Ia +I 

-Ii + IB 

-Ii -Ia +1 

-Ii - IB 

Number of 
States 

1 

2 

2Ja + 1 

21B + 1 

21B + 1 

21B + 1 

2 

1 

of intensity 

(IA +MA)(IA — m,A + 1) 

The total A intensity is then obtained by summing over 
IA and rriA-

2j^_}fl ,/i<j4.7 /i,m^-lSo,o| IA] Ali,mABo,o> 
Ii <"i 

= mZgii(lA+mA)(lA~mA+l) (59) 
U ">i 

The summations are easily carried out (c/. Section VI) 
with the result 

S S » ' i < ' 1 ' i l « i - A « ! / l | ' 1 ' i . . A i > = 2"i~^nA 
U «>i 

(60) 

Upon setting nA = 1, 2, 3, one obtains the numbers 
1, 2, and 12 which were found for the A2B, A2B2, and 
AzB2 systems, respectively. Thus, if one of the groups 
has an even number of nuclei, the other group has an 
unshifted resonance whose intensity is given by equa­
tion 60. If both groups have an even number of equiva­
lent nuclei, then there are a pair of lines whose separa­
tion is exactly 8 = UA — WB and whose intensity ratio is 

2"->-1 UA 
2"*-1 nB 

Further, since the A2B2 system is included in the spec­
trum, there are A and B resonances separated by 2J. 
Hence, experiments at two values of the magnetic field 
may permit the evaluation of J and 5 without recourse 

TABLE 24 

Number of group A transitions for the AnjlB„B spin system 

m 

Odd 

Odd 

Even 

Even 

NA 

(nA + l ) ' (n B +l)(nB +3) 
16 

nB(nB + i){nA + 1)2 
16 + 1 

nAlnA + 2)(nB + l)(nB + 3) 
16 

nAnB(nA + 2)(nB + 4) 
16 + 1 

to detailed calculations. An example of such a system is 
propane, for which UA = 6, nB = 4. 

As in the AnAB case it is possible to derive formulae 
for the number of transitions in groups A and B. These 
calculations are carried out as in the AnjLB case and the 
results are given in table 24. (The number of group B 
transitions are obtained from table 24 simply by inter­
changing nA and nB.) If in table 24 one sets TiB = I, the 
results previously derived for the AnAB system are ob­
tained. Expressions can also be derived for the mixed 
transitions, but they will not be given here. 

VI. PERTURBATION CALCULATIONS 

When the ratios Jao'/uac (wcc = «<? — io«', G 7^ G') 
are less than unity, a perturbation calculation of the 
line frequencies and intensities may be appropriate (5). 
For this purpose, the Hamiltonian is written in the form 

where 

X = 3C"» + oe<» + 3C' (1) 

3C<o) = -^010I0, (2) 

3C«> = - ^ < ^ JOG'IOJO'. (3) 

3C' = - § 5 ^ Joo-dtla- + IsTi) (4) 

3C(0) is the zero-order Hamiltonian; that is, 3C(0) is 
applicable when the groups are uncoupled. 3Ca) is the 
first-order correction to 3C(0) when the groups are 
coupled and X ' includes all corrections of higher order. 

The eigenfunctions of 3C(0) are the product spin 
functions 

» ( • Iomo ' i) = n G,a,m (5) 

which are also eigenfunctions of I1, IGt, and IG- Oper­
ating on $ with 3C(0) gives the zero-order energies 

Q(M (• mo ' •)=-£ aiGmn (6) 

which depend only upon the mG-
For transitions in group G one has the selection rules 

Amu = 

Mo = Amo' = 0; 
(7) 
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and the associated frequency is 

0<°>(- • • mo - 1 • • •) - Q(w(- •• mo '••)•= uo 

Thus , there is bu t one line for each group of equivalent 
nuclei. The relative line intensity for the transition 
ma ^ OTG — 1 is 

| < * ( - • • lama - I 1 - • - ) | / s | * ( - • • lama- • - ) > | 2 

= (Ia+ma)(I0 -mo +I) (8) 

Now all possible group G transitions result in a single 
resonance a t COG independent of the total spin quan tum 
numbers. Therefore, the tota l (relative) intensity of the 
group transitions is obtained by summing equation 8 
over all ma consistent with Ia, and then summing over 
all I0: 

Group G intensity 

= 2 » - " » S S 9iaVa + ™o)do - mo + 1) (9) 
la «o~ - fo 

to 

The statistical factor 2 w - "« is the number of spin 
orientations of the remaining N — na nuclei. T h e sta­
tistical weights or,? are given by the familiar equation 

_ ng!(ng — 2feg + 1) 
°'a ~ (no -kg + I)U0! 

(10) 

T h e sum over ma is easily carried out for integral or 
half-off integral Ia, with the result 

2i\r-*o+i 
Group G intensity = ^ - ^ Iodo + 1)(2J0 + 1) (11) 

Substi tut ing equation 10 into equation 11 and writing 

I0 = — — Ic0, one finds: 

Group G intensity = 
2W-«o+i * 

52 or "Q-1 

I 

§ X 

The summation may be evaluated with the aid of the 
identi ty (15) 

n1(n - 2fc + D ' = 2» - ^-\ nun -
£rf (n - fc + l)!i! 

Using this result one finds: 

Group G intensity = 2"'Ho 

(13) 

(14) 

From this equation follows the familiar fact t h a t the 
rat io of the intensities of group R and group S is equal 
t o ng/ns. Bu t note, however, t ha t the proof is presently 
limited to the zero-order approximation. In this approxi­
mation 

Total intensity = T } 2 " " ^ 0 = 2*"W (15) 

When the 

Joo' 
« 1 

a first-order perturbation calculation is indicated with 
3C{1) as the perturbation. The product functions (6) are 
eigenfunctions of 3C(0) + 3C(1), so tha t the first-order 
energy levels are 

fid) (. mo ' . , - - J ^ ] T ^ noma + 2 S Jao'momo't (16) 

From equation 16 and the selection rules the group G 
resonance frequencies are 

Q(D(. . . mo - 1 • • • ) - Q < » ( - m0 • • •) 
= <"o + x . Joa'mo' 

O'fO 
(17) 

Since the first-order energies are independent of the 
spin quan tum numbers, the correct number and fre­
quencies of the group G resonances result if one takes 
ma- = /©'(max.), TVCmax.) — I1 _ / 0 , ( m a x . ) , 
where 7o(max.) = \%a- is the maximum total spin 
quan tum number of group (?'. I t follows from equation 
17 t ha t the coupling of group G with group G' results 
in 2/G'(max.) + 1 = n'a + 1 resonances in group G. 
The intensity of a given line in the multiplet will depend 
upon the number of ways in which mG ' can arise con­
sistent with the total spin quan tum numbers of group 
G'. If all the nuclei in G' have spin 1/2, then equation 34 
of Section I I gives the degeneracy of m& as 

np'l 

(¥-""')' (T+»*)' 
(18) 

From equations 17 and 18 it follows t ha t there are 
n c + 1 group G resonances, which are symmetrically 
situated with respect t o wo and whose intensities are 
given by the binomial coefficients of nG>. If group G is 
further coupled to group G", then each of the above 
lines is split into na" + 1 lines whose intensities are 
given by the degeneracies of the ma", etc. In all, there 
are 

I ! (no- +1) 
Q'*0 

lines in group G. Since the $ ( • • • I0ma • • • ; m) are 
eigenfunctions of 3C(0) + 3C(1), the intensity relations in 
equations 14 and 15 are also valid in the first-order 
approximation. 

If the conditions 

Joo' 
« 1 

are not satisfied, second (or higher)-order perturbation 
theory may be used. In the case of ethyl alcohol (9), 

Joo' 
ago' 

*=0.1 
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and an accurate analysis requires a third-order calculation. The second-order correction to the energy levels is 
given by the standard expansion 

\v I ! 
•<r-\ , I "Wf I 
2T* 0?> - G<°> ( 1 9 ) 

where % and j refer to all of the quantum numbers (• • • IgMa • • •) of the unperturbed system and the 
prime indicates omission of the term for which i = j . The off-diagonal elements of KC' are given by 

< * ( • • • Z0TO0 • • • Z 0 ' T O 0 ' | 3 C ' | * ( - • • lama — 1, Ia'mo' + 1 ) > 

= -\jaa' I (Ia - ma + 1) (Ia + TO0) (Ia' - TO0') (Ia' + ma' + 1)}»'» (20) 

and, upon substitution into equation 19, lead to the second-order energy levels: 

Q»>(- • • lama • • •) = ~ ^ > o 7 o . - ] > J , ^ > W O T 0 O T 0 ' - ^ ^ — ^ - Im0(T0, + J0- - ma.) - M0-(I0 +Ia- TO0)) (21) 

The frequency of a transition in group G (Ai0 = 0, Ama = — 1) is 

«o + T^Jao'ma' + \ ^ C ~ ^ , Ua-(Ia' + 1) - m 0 ' (m 0 ' + 1) + 2TO0TO0-J (22) 

The significant point here is that the second-order frequencies for group G depend upon the total spin quantum 
numbers of all the remaining groups. 

The calculation of the relative line intensities requires the first-order perturbed spin functions, which are given by 
equation 23: 

* ( • • • Z 0 T O 0 • • • ; TO) = * ( • • • Z 0 T O 0 • 

+ . 
;»») 

Ig-mg' • • • ; TO)IJC'I * ( • » • Z0TO0 • • • ; m ) > 

&>(• • • TO0 • • •) - 0°(- • • M0' • • •) 

On substitution of the matrix elements obtained from equation 20, there results 

*(• • • Ia'mo' ;TO) (23) 

* ( • • • Z0TO0 • • • ; »» ) = * ( • • • Z0TO0 • • • ; TO) — ̂ 2 S ~—', 
JrTT<ar v>0 — W0 

X {F(m0')F(m0 + D * ( - • • Z0TO0 + 1, • • • Z0- - 1, • • • ; TO) 

- F(ma- + l)F(ma)*(- • • Iam0 - ! , - • • Ia'm0' + 1, • • • ; TO)} (24) 

where 

F(m0) = V ( Z 0 + T O 0 ) ( Z 0 - TO0 + 1) 

The relative intensity of a transition 

* ( • • • Z0TO0 . . . ) - * ¥ ( . . . Z0TO0 — 1 • • 

is now obtained from 

|<*(- • • Z0TO0- • -)U0I*(- • • lama - 1 • • 

internal shift S = uA — wB > 0, equations 22 and 25 
reduce to 

UA + JmB + 2~s ^B(IB + 1) - TOB(TOB + 1) + 2TO4TOBJ (26) 

and 

(IA -mA + I)(IA + 

•)>l ! 

mi) j 1 _ _ r i 2JMB) (27) 

Evaluating the matrix element and retaining only the 
first-order terms after squaring gives, for the relative 
intensity, 

(Z0 - TO0 + I)(Z0 + TO0) j l - S ^^H2l\ (25) 

From these second-order formulae two facts can be 
deduced that will be of value in later sections. First note 
that if coo — wo' ̂  JGO-, then the product spin functions 
are good approximations to the stationary states. 
Further, from equation 21 it follows that the interaction 
between a pair of widely separated unperturbed levels 
is negligible. 

In the special case of two groups, A and B, with 

From equation 26 or 22 one notes that the second-order 
line spacings are of order J2/2o (unless IB = 0) and 
from equation 27 that the intensities of the transitions 
in group A with MB < 0 are greater than those with 
wis > 0. From equation 26 it can be shown that the 
more intense lines are those which are closest to the 
frequency OIB, while the weaker lines are those displaced 
away from COB in the direction of higher frequencies. 
Examples of perturbation calculations for two groups 
are given in figures 2, 5, 9, 13, and 17. Parts (a) and (b) 
are examples of zero-order and first-order perturbation 
calculations; part (c) of these figures roughly corre­
sponds to second-order theory. 

The perturbation formulae are actually seldom used, 
since the present trend in spectral analysis is towards 
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exact diagonalization of 3C. However, perturbation cal­
culations can provide a convenient set of initial param­
eters for an exact analysis. 

VII. SYSTEMS WITH THREE GROUPS OF 

EQUIVALENT NUCLEI 

A. SIGNS OF THE COUPLING CONSTANTS 

The extension of the preceding calculations to sys­
tems with three or more groups of equivalent nuclei is 
straightforward. There is one aspect of the analysis 
that has previously been ignored but now requires de­
tailed consideration. This concerns the relative signs of 
the (two or more) coupling constants (4, 5, 34). The 
absolute signs of the coupling constants cannot (ordi­
narily) be determined from a high-resolution spectrum. 
In the cases already studied, one may see the validity of 
this theorem by writing —J for +J in the expressions 
for the line frequencies and intensities. This sign change 
does not alter the resonance spectrum and / may be 
given an arbitrary positive sign. This theorem can be 
demonstrated to hold for a set of nuclei with arbitrary 
spins (19a). To prove this, one uses the operator A 
defined in Section II,B. Let 

3C = - A - B (l) 

where —A is the Zeeman energy and — B is the coupling 
energy. If the signs of all the coupling constants are 
changed (J# —* —Jjk), the Hamiltonian becomes 

OC' = -A + B (2) 

Adding equations 2 and 3 gives: 

3C + M' = -2A (3) 

Now 

[K, A] = 2AA 

hence 

A3CA - 3C = 2A (4) 

Combining equations 3 and 4 gives a relation between 
3C and 3C' 

A3C = -3C'A (5) 

Suppose now that {(/><} is a set of eigenfunctions 3C and 
{Ui} the corresponding eigenvalues. From equation 5 
it follows that 

AX4>i = fi<(A*i) = -3C'(A(#>i) (6) 

Therefore, the eigenfunctions of 3C' are {A.<f>i\ and the 
eigenvalues are {— &<}• If the transition <£<—»<j>j is 
allowed, one can write 

Transition Intensity Frequency 

4>i -* <t>: I (<t>i I S T A I <AM ' Q/ — fl>-

But 

I <*/ |^7t/x*k.->| a = I <<f>i\^y*hi\<t>i>\' 

= I <*<|^j}y*/.»|A»0/> | J = I <A*<|2£y*/,t|A*/> I" (7) 

upon recalling that A2 = 1 and [A, J1*] = O. From 
equation 7 one can write for the spectrum defined by X ' 

Transition Intensity Frequency 

A«*>, -+Atf,- I U11 YjytLt I <t>i\ I s (-Qi) - (-Of) 
I \ 1^^ I / I 

which proves the theorem. The only assumption made 
in this proof is that the Boltzmann factors are so close 
to unity that they may be omitted in the calculation of 
relative intensities. 

Since the absolute signs cannot be determined, only 
the relative signs require consideration. For example, 
with three coupling constants there are four sign possi­
bilities: ( + + + ) , ( + + - ) , ( + - + ) , and ( - + + ) . 
In general, for n coupling constants there are 2n _ 1 sign 
possibilities. 

B. THE ASYMMETRICAL THREE-SPIN SYSTEM (ABC) 

The simplest system with three groups of equivalent 
nuclei has nA = ns = nc = 1 (28, 34). The Hamil­
tonian operator is 

3 C = - \UAIAI + WBIBI + ttclct + JABIAJB, + JACIAJCI 

+ JKI B Jc. + \j AB(ItIi + IjIi) 

+ \JMI1IS + Vt) + \JBC(IPC + /JiJ)J (8) 

Since the problem has no symmetry, the simple product 
functions may be used as a basis. The functions 
aaa (m = 3/2) and /3#8 (m = — 3/2) are eigenfunctions 
of 3C with the eigenvalues 

<l /2 , 1/2, l/2|3C|l/2, 1/2, l / 2 > = B1 

= ""o)"'1 "*" UB "*" ac "*" 2 ^ 8 "*" ^AC ~*~ ^BC^ \ ^ 

< - l / 2 , - 1 / 2 , - l / 2 | 3 C | - l / 2 , - 1 / 2 , - l / 2 > = O8 

= — 51 — "U — 0>B — 0>c + ^(J^B + JAC + JBC) t (10) 

The quantum numbers in equations 9 and 10 refer to 
WU, wis, and ma (IA = IB = Ic = 1/2). The states with 
m = ± 1 / 2 generate 3 X 3 submatrices of 3C whose 
matrix elements are: 

<l /2 , 1/2, - l /2 |0C | l /2 , 1/2, - l / 2 > 

= — 2 y>*. + <">fl — °>c + -^(JAB — JAC — JBC)[ (11) 

< l / 2 , - 1 / 2 , l/2|0C|l/2, - 1 / 2 , l / 2 > 

= — 2]Ui — us +a>c + -^( — JAB + JAC — JBC)1 (12) 

< - l / 2 , 1/2, 1/2|3C| - 1 / 2 , 1/2, l / 2 > 

= — 51 — <»A + we + <»c + *(—JAB — JAC + JBC) [ (13) 

file:///uaIai
file:///JMI1IS
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C) 

FIG. 22. The asymmetric three-spin system for (a) vanishingly small coupling, (6) first-order 
coupling effects, (c) second-order frequencies and first-order intensities. 

< l / 2 , 1/2, - l /2 |3C | l /2 , - 1 / 2 , l / 2 > 

= < l / 2 , - 1 / 2 , l/2|3C|l/2, 1/2, - l / 2 > = -\jBc (14) 

< - l / 2 , 1/2, l/2|3C|l/2, 1/2, - l / 2 > 

= < l / 2 , 1/2, -1/2|0CI - 1 / 2 , 1/2, 1/2> = -\jAC (15) 

< - l / 2 , 1/2, l/2|3C|l/2, - 1 / 2 , 1/2> 

= < l / 2 , - 1 / 2 , 1/2]KI - 1 / 2 , 1/2, 1/2> \j AB (16) 

< - l / 2 , - 1 / 2 , l / 2 |3C | - l /2 , - 1 / 2 , l / 2 > 

= — g j —"A — us +uc +2^AB — JAC — Jac)t (17) 

< - l / 2 , 1/2, - l / 2 | 3 C | - l / 2 , 1/2, - l / 2 > 

= —g] —w-i +UB-U0 + g( — JAB + J Ac — JBC)\ (18) 

< l / 2 , - 1 / 2 , - l /2 |0C | l /2 , - 1 / 2 , - l / 2 > 

= — 2)UA — us — uc + ~-( — JAB — J AC + JBC)\ (19) 

The remaining off-diagonal elements are obtained from 
equations 14 to 16 simply by changing the signs of TTIA, 

TUB, and mc- The eigenvalues for the m = + 1/2 states 
will be denoted by O2, O3, and O4; similarly O6, O6, and O7 

will be used to denote the eigenvalues for the m = —1/2 
states. The relation between the transition types and 
the O's is shown in table 25. Since this system involves a 
pair of cubic equations containing six parameters and 
four choices of sign, numerical techniques are preferable 
to the (clumsy) closed form solution. Some insight into 
the structure of an ABC spectrum can be obtained by 
examining the results given by the perturbation for­
mulae. In the absence of coupling there are only three 
lines, each occurring with equal intensity (figure 22a). 
In the first-order case (figure 22b), there are twelve lines 
(three quartets) and all lines are of equal intensity. It 

TABLE 25 
Transitions and frequencies for the ABC spin system 

Transition in the Limit J -> 0 

Group A 

Ai/2,i/2Bi/2,i;sCi/a,j/a -> ./ti/a.-i/aBi/a 1/2C1/2.1/8 

Al/a.l/3Bl/2,l/2Cl/2.-l/3 -» Al/3,_l/3Bl/3.1/aCl/3.-l/3 

•4l/2,l/2Bl,'2.-l/2Cl/2,l/2 —* -Al/2,_l/2Bl/2.-l/2Cl/2,l/2 

•Al/3,l/aBl/2,-l«(7l/2.-l/2 -» .Al/a.- l /aBl/a.- l /aCfys.- l /S. . . . 

Group B 

A/ll,l/2Bl/2,l/2Cl/2,1/2 -» A\I2 l/aBl/2,_l/2Cl/2.1/2 

jli/a.i/aBi/a.i/ad/a.-i/a —* Ai/a.i/aBi/a.-i/aCi/a.-i/a 

.Ai/a.-i/aBi/a.i/aCi/a.i/a -» Ai/3,-i/2Bi/2,-i/aCi/2.i/j 

Ai/2,-i/2Bi/a.i/aCi/a,-i/2 -»Ai/2.-i/2Bi/2,-i/aCi/a,.i/a.... 

Group C 

Xi/a.i/aBi/a.i/aCi/a.i/a -» ili/>,i/aBi/i,i/aCi/9,-i/i 

Aii3,ilaBil2,-nsCi/a,ua -»A\ia.iitBtli,-ilaCin,-in 

Ai/a,_i/aBi/3,i/2Ci/2,i/a -»Aiia,-iiaBiia,iiaCiia,.\/a 

Ain,-wBii2.-iiaCi/».iia -» Ai/g,.i/iBi/a,-i/9Ci/i,-i/a.... 

Mixed transitions 

Frequency 

Oi - Q i 

Qe - Q a 

Qs — Qs 

Qs - 0 7 

Qs - Q i 

07 - Qa 

Qs - Q i 

Qs — Qs 

Qa - Qi 

07 - Q s 

Q s - Q * 

Qs - Qs 

1 

? 

3 fi7 — 04 
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TABLE 26* 
Second-order frequencies and first-order intensities for the ABC system 

Transition t in the Limit as J -»O 

2 

Frequency 

UA + WAB + JAC) +1J-^1- + ^ M 
4 [UA — UB UA- UC j 

UA + iUu - /.0 + if-^8- + -&-} 
4 I CM — UB UA — uC) 

UA + H-JAB + JAC) +{!-&- + -&-} 
4 [uA -UB UA- UCJ 

.A - HlAB +JAC) +1I-^-- + -&-} 
4 [UA -UB VA — UC) 

Intensity 

JAB JAC 

UA -UB UA — UC 

JAB JAC 

UA-UB UA — UC 

JAB JAC 

UA — UB UA — UC 

1 + JAB + JAC 

UA — UB UA-UC 

* The frequencies and intensities are for group A; the results for groups B and C are obtained by cyclical permutation of ABC. 
t The numbering of the group A transitions corresponds to that given in table 25. 

can be seen from figure 22b that in a given group G 
(i.e., a quartet) the first and second lines have the 
separation JGQ'> and the first and third lines have the 
separation JGO"- If the signs of the coupling constants 
are changed in turn, the spectrum is unaltered and only 
the magnitudes of the J's can be obtained from a first-
order spectrum. The second-order frequencies and first-
order intensities are given in table 26 and are shown in 
figure 22c. Here it is seen that the intensities are dif­
ferent in the first-order approximation. (It is to be 
noted that by "first order" one means first order in 
JGG'/O>GQ', not first order in Ix.) Further, from table 26 
it is seen that the spectrum still has the property of 
constant spacings. In fact, the general ABC spectrum 
has this property. To see this, consider the following 
differences obtained from table 25: 

Al - A2 = a4 - a, - fie + o, = Cl - C3 = o 
A3 - A4 = fi6 - fi, - Ht + Q1 = C2 - C4 = o' 

(20) 

These separations are in fact equal, for 

a -a> = -Q1 + (H2 + fi, + Q4) - (Q, + Q, + Q1) + A8 

and the sums in parentheses are just the diagonal sums 
(i.e., the traces) of the 3 X 3 submatrices with m = 
± 1 / 2 . From equations 11 to 13 and 17 to 18, one finds: 

Oj + «1 + «4 

= ~ j —O>A — UB — uc + I^JAB + JAC + </ac)f 

n4 + Q1 + a, 
= 2)WA + UB + uc + idJAB + JAC + JBC)[ 

(21) 

Substituting for Qi, Q8 and the traces, it follows that 
a — a' = O. Similarly, one can show that 

Al - AZ = A2 - /14 = BX - BZ = B2 - B4 = 6 (22) 
Bl - B2 = C2 - Cl = BZ - Bi = C4 - CZ = c (23) 

Thus, the groupings (AC), (AB), and (BC) have com­
mon characteristic splittings which, if observable, 

enable one to divide the spectrum into three quartets. 
The magnitudes of a, b, and c are useful approximations 
to the coupling constants (a ca JAC, b ̂  JAB, C ̂  JBC)-
There are, however, exact sum rules (28) for the cou­
pling constants which are easily derived from table 25 
and equations 20 to 24. I t is first noted that although 
a, b, and c are line spacings, a sign can be given to each 
of them. For example, if «AI > UA2, a > 0; and if 
UAi < o>A2, then o < 0. Now if the sign of one of the J ' s 
is changed, the assignments of the corresponding lines 
(i.e., those lines with the associated characteristic 
splitting) are interchanged. Therefore, 

\JAB + JAC + JBC\ = |o + 6 + e| if all JaC > 0 (24) 

\JAB + JAC + JBC\ = \a + b - c\ if JBC < 0 (25) 
\JAB + JAC + JBC\ = |o - b + c\ if JAB < 0 (26) 
I JAB +JAC+JBcl=\-a + b+c\ifJAc<0 (27) 

Thus, for a given assumption about the relative signs, 
one parameter can be eliminated from the problem. 
There is a similar sum rule for the chemical shifts which 
is obtained by summing all the frequencies in table 25: 

Zfi<; = UA 4" UB + UC 

This sum depends upon the frequency origin but the 
difficulty can be removed by measuring all lines relative 
to some standard reference. The real problem with 
equation 27 is the observation of all the resonances. 
Another sum rule can be obtained (19) by summing only 
the frequencies in groups A, B, and C: 

^ S(0?/)r = 41 ( W r + (A«B)r + (Aac),} (28) 

where (AX) r indicates the measurement of the fre­
quency X relative to some reference r. Now the twelve 
fines for groups A, B, and C are frequently resolved so 
that if two shifts relative to r are known or assumed, the 
third shift can be calculated from equation 28. In the 
case of protons, deuterium substitution can be very 
useful in this connection (19b). 
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Eigenvalues and ei{ 

Eigenf unction 

Al/2.1/2.Bl/2 1/lXlx.mz 

—T=T=T=J Al/2,l/2.Bl/2.-l/2 + Q7jr,»x4l/2,_l/sBl/J.l/a} X/x,»I 
V l + QmX 

—. \Qix.~xAipM3Bii2,-uz — .41/2,-1/2.81/2,1/2} Xix,mx 
V i +Qiz 
Al/2,-l/2Bl/2.-l/2X/x.«Z 

C. THE ABXnx SPIN SYSTEM 

Considerably more progress is possible with three-
group systems if one of the groups has a chemical shift 
which is large compared to all other parameters; that is, 

|wx — OA\\, \<ax — O>B\ S> \<»A — WB|, JAB, JAX, JBX (29) 

In this case, the results of second-order perturbation 
theory show that only zero-order states of comparable 
energy (that is, states with the same values of m and 
mx) can mix. Hence, those product functions which 
have different values of mx are good approximations to 
the correct stationary states even if they have the same 
m-value. For nx = 1, one has, for example, the case of 
two protons coupled to another proton (11) or a fluorine 
nucleus (33, 92). Solutions have also been given for 
small nx (17, 27, 56). I t is, however, very easy to write 
recursive formulae for the general case (19a), and this 
will be carried out here rather than discussing individual 
cases. 

The spin functions for a particular value of mx are 

Ai/2,ll2Bl/2,HiX IxMX, Al/2,-ll2Bll2,-l/2Xlx,mz, 
All2,ll2B\l2,-U2Xlx,mx, Al/2,-l/2Bll2,UlXlx,mx 

From the general mixing rules and the perturbation 
approximations only the last two functions mix. The 
algebra is straightforward and the results are given in 
table 27, where 

B»i = V[S + VIX(JAX - JBX)]2 + JAB (30) 

Qmx =
 S+THXVAX -JBx)+Rmx

 ( 3 1 ) 

Since there are 2Ix + 1 values of mx, it follows that 
table 27 gives (nx + 1){nx + 3) eigenvalues and eigen-
functions for nx odd and nx + 4nx + 4 for nx even. 
The calculation of the relative intensities and frequen­
cies for allowed transitions is carried out as in the AnAB 
system and the results are given in table 28, where grx is 
the statistical weight of Ix. 

From table 28 one notes that if Ix = 0 then the 
ABXnx system reduces to the simple AB system. For 
Ix = 1/2, gix = 1, mx = ± 1 / 2 and the ABX system 

27 
for the ABXnx spin system 

Eigenvalue 

— i [UA + us + 2mxux + $JAB + VIXUAX + JBX) } 

— 1 {2mxax - $JAS + Bmx) 

—J [2mxtex — \JAB — R*x\ 

—J { — aA — ua + 2mxux + \JAB — mxKJAX + JBX)} 

with fourteen lines results. If Ix = 1, gix = 1> »»i = 
1 , 0 , - 1 and the system reduces, for example, to that of 
two protons and a deuteron. Other cases are obtained 
by substituting the appropriate values of Ix, mx, and 
Qix-

The ABX system can often be useful in the analysis 
of ABC systems even if the conditions 29 are not 
strongly satisfied. This approximation will give better 
values for the coupling constants than the usual second-
order perturbation theory and may even provide infor­
mation about the relative signs of the coupling con­
stants. The ABX system is most accurately applied 
when 71 7̂  Ti = 7s, as in the case of protons and 
fluorine, and has been extensively applied to substituted 
fluorobenzenes (33). 

VIII. GROUP THEORETICAL TECHNIQUES 

A. SYMMETRIZATION OF SPIN FUNCTIONS 

In the discussion of the A2B spin system it was noted 
that whenever the molecule under consideration is sym­
metrical, additional factoring of the Hamiltonian will 
occur if the zero-order spin functions are chosen prop­
erly. For the A2B case, the correct spin functions were 
obtained by elementary considerations; in more com­
plicated cases it is convenient to employ standard group 
theoretical techniques (47, 53, 93, 94). The procedure 
amounts to forming symmetrized linear combinations 
of product spin functions and classifying them according 
to the symmetry species (irreducible representations) of 
the group. One-dimensional representations are denoted 
by Ot, and (B, while higher-dimensional representations 
are described by S (two-dimensional), ff (three-dimen­
sional), etc. The factoring of the Hamiltonian follows 
from the well-known group theoretical result (47, 94) 
that there is no mixing between states which "belong" 
to different symmetry species. Of course, in each sym­
metry species there is additional factoring according to 
2-components of total angular momentum. 

The symmetrization of spin functions will be illus­
trated by considering three spin 1/2 nuclei situated at 
the vertices of an equilateral triangle. The point group 
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TABLE 28 

Resonance frequencies and relative intensities for the ABX,t spin system 

Transition in the Limit as All J -»0 Intensity Frequency 

A transitions 

Am.inBin.iitXji^x ~* Ai/»,-i/aBin,wXixj»i 

AiiiMiB\it..\nXiIimx — A\ri,-\nB\n,-\nXtiMi---

AI/IMIBIIIM2X:XMII -» A\it,\iiBin,.\itXix»X' • • • 

Ai/i.-i/iBw,inXix.mx -* Aiii,.\iiB\n.-iiiXixmx... 

Alll..lliBl/2.l/lXlx.mx -* All2,-ll2Bllt,l/aXlimx-l.. • 

AinMiBiii.-mXixmx -* A112.112B1t2.-112Xix.mx-i... 

Al)tM2Bll2,\riXlI,mx — All2,wBll2.1l3Xlx,mX J . • • • 

A\l2,-\nBll2.-li2Xlx.nX -» Ail2.-l/2Bll2,-l/iXlx.mI-l 

Am inBm.-inXixmx -»Ai/2.-inBi/2.inXixMx-i •.. 

Alli,-\l2Bll2M2Xlx,mX —» All2.li2Bll2.-l/2Xlx.mX-l- •• 

OIT(I - q . i )» 

l+Qlx 

1 + G i x 

I {UA + oB + JAB + mx(JAX + JBX) + Rmx) 

i{UA +M -JAB+ HU(JAX + JBX) + Bm1] 

B transitions 

Qixtt + Qmi)» 

I + Q i * 

fixtt - 0 - T ) ' 
1 + G i x 

i {UA + uB + JAB + miiJix + JBX) — Rmx] 

i [UA +UB— JAB + mi(Jii + JBX) — Bmx] 

X transitions 

QllUtx + MX)Ux -mi + Y)IQm1QmX-X + » » 

a+QlxM+Qlx-i) 

Qn(Ix + mi)(Ji -mx + 1XQ.JQ.T-I + » ' 

a+Qlx)a+<£x-i) 

Bn(Jx + mxHIx -mx + 1) 

Oixdx + mx)(Ix -mx +1) 

JI2-I+R.X-1 -Bmx} 

J {&« -Bmx-i+Bmx) 

i{2ux+JAX +JBX} 

i(2»x -JAX -JBX] 

M transitions 

BIx(Jl + mx)(Ix - mx + D(QmI - Qml-l)* 

a +eixxi +Qii-i) 
UIx(Jx + mi)(Ii -mx + I)(Qmx - Qmi-t)2 

(1 +QmX)(I +QmX-O 

i{2MI +Rml-l +Bml] 

H2ul - Rmx-1 -Bmx) 

is D3 and its symmetry elements (operators) are as 
follows: 

E = the identity operator, 
A, B, C = reflections in the planes passing through 

the three vertices and perpendicular 
to the sides opposite these vertices, 

D = in the plane rotation by 120°, and 
F = in the plane rotation by —120°. 

Operating on the eight spin functions with the group 
elements one obtains the results given in table 29. (The 
abbreviations for the spin functions are those given in 
table 2.) From table 29 a matrix can be defined for each 
of the group elements. This matrix representation is 
reducible (47, 94), and its reduction can be expressed in 
terms of the irreducible representations of Ds. To do 
this, one requires the characters (i.e., the diagonal sums) 
of the group operators which are obtained from the 
formula 

x(R) = ^ < « < | R | « i > ; R = E, A, 

From equation 1 and table 29 one obtains 

x(E) = 8; x(A) = x(B) = x(C) = 4; X(D) = x(F) = 2 

The characters of the irreducible representations of Di 
are given in table 30 (94), and the reduction of the 
product function representation is determined by the 
equation (47, 94) 

»(« = ^ x w ( R ) x (R) (2) 

TABLE 29 

Transformation properties of product spin functions for three spin 
1/8 nuclei under the Dt point group 

(D 

E 
A 
B 
C 
D 
F 

Ul 

Ul 
Ul 
Ul 
Ul 
Ul 
Ul 

ua 

u> 
us 
U4 

us 
us 
U4 

us 

us 
U» 

us 
tu 
tu 
us 

Ul 

S
S

S
S

S
S 

Ut 

Us 
UI 
U7 
us 
U7 
us 

us 

us 
U7 

us 
us 
us 
U7 

U7 

U7 
US 
US 
UT 
US 
US 

us 

A112.112B1t2.-112Xix.mx-i
All2.li2Bll2.-l/2Xlx.mX-l-
1XQ.jQ.t-i
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TABLE 30 

Character table for the point group D% 

n\ 
fli 
R 

Dz E 

1 
1 
2 

A 

1 
- 1 

0 

B 

1 
- 1 

0 

C 

1 
- 1 

0 

D 

1 
1 

- 1 

F 

1 
1 

—1 

where nw is the number of times the representation y 
occurs, x(T>CR) is the character of R in the (irreducible) 
representation y, and g is the number of symmetry 
elements in the group. From the characters in the 
product representation and table 30 one finds 

nc«i> = 1 ( 8 + 4 + 4 + 4 + 2 + 2 J = 4 o 

n<»i> = 1 ( 8 - 4 - 4 - 4 + 2 + 2} = 0 o 

n<« = 1 ( 1 6 - 2 - 2 1 = 2 
D 

that is, the product representation, r , contains Gi four 
times and 8 twice. The reduction of a representation is 
often expressed in equation form as 

r = 2 > T ) 7 (3) 

y 

which, in the present case, is 

r = 4ai + 28 (4) 
It should be noted that if dy is the dimension of y, then 

2>(T)<** = n ( 2 / , + 1) (5) 

For the case under consideration this is easily checked, 
since 4 X 1 + 2 X 2 = (2-§ + I ) ' = 8. 

The spin functions with the Gx and 8 symmetries are 
easily determined with the projection operator (47): 

vy = ; |}cw(R)R (6) 

The operator i)y acting on a set of spin functions extracts 
sets of linear combinations with the symmetry of y. 
Consider the operator 

^ai = E + A + B + C + D + F (7) 

Operating on the Ui with T/0I one finds (omitting multi­
plicative factors) the following linear combinations: 

Ul J 
Mj + Mi + M4 \ 
Ml + Mj + M7 ( 
M8 1 

(8) 

I t is readily verified that these functions are symmetric 
with respect to all of the group operators. Similarly, the 
projection operator 

yields the six functions: 

2MJ — Ui — u« 
2U| — M< — M| 
2M< — MJ — M| 
2U| — Uj — Ui 
2u« — U| — Ui 
2U7 — Uj — Uj 

However, equation 4 states that only four functions 
"belong" to the symmetry species S, so that the above 
functions are linearly dependent. By inspection, it is 
easily seen that the first three functions sum to zero and 
one may take any pair (or two linear combinations of 
any pair) as two of the functions with S symmetry. 
Similarly, the last three sum to zero and any pair of 
these may be taken for the remaining two 8 functions. 

Since the three nuclei are equivalent, one could also 
require that the symmetrized functions be eigenfunc-
tions of I2. This simply leads to the usual eigenvalue 
problem which, when solved, yields the (normalized) 
functions in table 4. In general, the 2" spin functions 
which are eigenfunctions of I, and I2 must also trans­
form according to the symmetry species of Dn. The 
functions in table 5 (n = 4) were derived by this 
procedure and it will be found useful to carry out the 
detailed calculations. 

Before considering a symmetrical spin system, it 
should be noted that the point groups required in 
nuclear magnetic resonance spectroscopy are usually 
simpler than those required for the same molecule in 
other connections. For example, the correct group for 
the normal vibrational modes of three equivalent nuclei 
is D3h. In the nuclear magnetic resonance case only the 
equilibrium positions of the nuclei are really pertinent 
and the correct group is D3. Strictly speaking, it would 
not be incorrect to use D3h, but this group has twice the 
number of elements in D3 and the calculations would be 
unnecessarily elaborate. 

B. A FOUR-SPIN SYSTEM WITH C 2 SYMMETRY 

Molecules whose equilibrium configurations have a 
twofold symmetry axis are described (for purposes of 
nuclear magnetic resonance) by the Ci point group. 
Examples of such molecules are 1,1-difluoroethylene 
(53), thiophene (19b), furan, pyridine (84), o-dichloro-
benzene (7, 63), etc. Consider the case of four spins, 
none of which Ue on the C% axis. Using thiophene as a 
prototype system one has, by symmetry, 

u , = 2E - D - F (9) 

H. /VV 
WA = OA' 
WB = <»B' 

JAB = JA'B' S J 
JAB' = JA'B ™ J' 

(10) 
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From equations 10 the Hamiltonian operator is 

3C = — WA(I A. + IA',) + UB(I Bi + IB'.) 

(13) 

+ J(IA-JB'. + IA.IB.) + J'UA'JB, + IAJB'.) 

+ JAIAJA: + JBIBJB'. + \(JAI~A + J'I~B + JIf)Ii' 

+ \(JIj + J'IB-)I2 +\(JAI1 + J1Ii + JIp)Il' 

+ 1(JIf + J1Ip)Il + \JB(I+
BI-B' + IBI+B-) \ (H) 

where JA = JAA' and JB = JBB>. 

The symmetrized spin functions are derived as above. 
The group d has only two elements E and C2 and there 
are only two irreducible representations (94), a and (B. 
The required characters are 

x„(E) = l X1(Cj) = I 
x«(E) = 1 X8(C8) = - l 

and the projection operators are 

17« = E + Cj 

?J8 — E — Cj 

Upon calculating the characters for the product func­
tion representation, one finds that 

r = 10a + 6® (14) 

that is, ten of the symmetrized functions belong to the 
symmetric representation and six belong to the anti­
symmetric representation. The projection operators 
may be used to determine the functions explicitly and a 
symmetrized set is given in table 31. This set is not 
unique since, in a given representation, one may con­
struct linear combinations of spin functions which also 
belong to the same symmetry species. The subscripts 
affixed to the symmetry species in table 31 give the 
m-values, and it is at once evident from these m-values 
that the Hamiltonian matrix factors into one 4 X 4 
(Ct species), five 2 X 2 (two from d, three from (B), and 
two 1 X 1 (Q) submatrices. The 4 X 4 submatrix is 

TABLE 31» 
Symmetrized zero-order spin functions for four spin 1/2 

nuclei with Cj symmetry 

Spin Functions 

1 

(aaa$ 4* aafkt). 

(fltfkta + jSaoot). 

ororftS 

\(aSaS + aBfla + SaSa + SaaB). 

BBaa 

(I2) \(aSaS - aSSa + BaSa - SaaB). 

1 

Vi 
1 

KaBBB + BaSB). 

(BBaB +BBSa). 

BBBB 

—~p(aaaB — aaSa). 
V2 

—Tz(aBaa — |3aaa) 
V2 

iiaBaB — aBBa — BaBa + SaaB). 

iiaSaS + aSSa — SaSa — /Soar/9). 

-7=("BBB -BaBB). 

V-2 
(ftSa/S -&&&a). 

Symmetry 

(ah 

Ka)1 

2(a). 

l(a)o 

2(a)o 

3(a)o 

4(a)o 

Ka)-i 

2(a).i 

(a)-« 

l((B)i 

2((B)1 

K(B)0 

2«B)o 

K(B)-I 

2((B)-I 

* The product functions are ordered according to the scheme A'ABB'. 

\-&+\(J + J')-\(JA 

-\(J+J') 

0 

-\(J - J') 

+ JB)\ -\(J + J') 

-\(JA + JB) 

-\(J + J') 

\(J - J') 

0 

~\(J + J') 

\t>+\(J + J')-l(JA+JB)\ 

-l(J-J') 

-l(J-J') 

\(J~J') 

~\(J ~ J') 

\(JA + Ji 

As before, let Qi, O2, ^3, and O4 be the eigenvalues and 
a = (akj) be the diagonalizing orthogonal matrix. The 
eigenvalues are such that 

-S+\(J + J')-\(JA + JB) 

as the off-diagonal elements of 3C —> 0. The remaining 
eigenvalues and eigenfunctions require the solution of 
elementary equations and the results are given in 
table 32, where 

8 = UA — WB > 0 
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TABLE 32 

Eigenvalues and eigenfunctions for four spin 

Eigenfunction 

(0)2 

/ ;{i(a)i + 0*[2(a)i]} 
V i + Ql 

, ;{QtiUah) -2(a)i| 
V i + Ql 

ou[l(a)o] + <m[2(a)o] + a3i[3(a)o] + O4i[4(a)o] 

O12[l(a)o] + OS2[2(a)o] + O82[3(a)0l + O42[4(a)ol 

ou[i(a)o] + O2»[2(a)o] + O33[3(a)o] + O4s[4(a)o] 

on[Ka)o] + O24[2(a)o] + O34[3(a)o] + o«[4(a)o] 

/ ; I Ka)-I +Q4[2(a)-il) 
V i + Ql 

, . (04[Ka)-I] -2(a)-i) 
V i +Ql 

( a ) j 

/ ; (K(B)I +Oi[2((B)ll} 
V i +Ci 

- 7 = = fQi[K(B)I] -2((B)i} 
V l +Q\ 

, z(l((B)o+02[2((B)o]} 
V i +Ql 

, . {0>[l(a)ol -2«B)o) 
V 1 + Ql 

, 5 (K(B)-i + 0a[2«B)-i]} 
V i +Ql 

, ; (03[1((B)-I] -2«B)-l} ;; 
V l +01 

1/S nuclei with C* symmetry 

Eigenvalue 

- \O>A + us + W + J') + WA + JB)] 

-i{uA +us + WA +JB) + Rt] 

-h{*>A +uB + WA +JB) - Bi] 

!Ji 

Qs 

04 

| (wj +IDS — WA + JB) — Ri] 

%{UA +UB- WA +JB) + Ri] 

UA+uB - W +J') - WA +JB) 

-\\UA +UB - WA +JB) +RI] 

-h{uA +UB- WA +JB) - Ri] 

UWA +JB) - R2] 

UWA +JB) +R2] 

i{uA +UB +WA +JB) - Rs] 

J {UA +UB + WA + JB) + R3] 

Qi = 

Q8 = 

Q3 = 

Q* = 

r - J 
6 +JA 

(JA 

J' 

- JB + Ei 

- J 
- JB) + Rs 

J' -J 
S — JA + JB + ^ i 

J + J' 
S + Ri 

The resonance frequencies and relative intensities are 
given in table 33. Since the spectrum is symmetrica) 
about i(wA + OIB) only fourteen of the twenty-eight 
possible lines are given. (The Q, and (B transitions in 
these tables refer, of course, to symmetry species, not 
groups of equivalent nuclei.) 

From table 33 it is clear that the transitions 1, 2, and 
their images constitute a quartet which is similar to the 
AB spectrum except that J is replaced by J + J'. 
Hence if these lines can be identified, one may obtain 
8 and | J + J'\ exactly. The symmetrical nature of the 

spectrum may make the identification of these lines 
difficult and if 5 ~ 0, the identification may be im­
possible. There are, however, eight (B transitions in­
volving Ri, R2, Rs, Qi, Q2, and Q3 whose intensities and 
frequencies are expressed in closed form and additional 
information may be obtainable. In general, it is best to 
"guess" a set of parameters and test them with the 
twelve explicitly known a and (B lines, using the 
experimental data. If the fit is reasonable, the param­
eters can be used to diagonalize the 4 X 4 matrix and 
be checked in detail. If computers are available, the 
problem of fitting a spectrum is almost trivial. 

In the special case where J = J', 

nt = g ( ^ + JB) 

and the system reduces to the A2B^ system already 
considered. Further, for JA, JB, J' —»0, the system 
reduces to the superposition of two independent AB 
spin systems. Another special case of interest occurs 
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TABLE 33 

Resonance frequencies and relative intensities for four spin 1/8 nuclei with Ct symmetry 

Transition in the Limit as All Jn -> O Intensity Frequency 

a transitions 

2. (a)2 -»2(a)i 

3, Kalo — Ka) i . 

4. l(a)i -»2(a)o 

5. Ka) i -»3(a)o 

6. Ka)i -»4(a)o 

7. Ka)o-* 2(a) i 

8 2(a)o -»2(a) i 

9. 2(a)i ~»3(a)o 

2(1 + Qi)' 

1 +Ql 

2(1 -Qt)' 

1 +Q? 

2 

1 + Q J 

2 

2 

* "T W4 

2 
r014 + (i 4 . Q4I024 + Q4034I3 

1 ~r »«4 

2 

1 T Nf 4 

2 

1 "T Wl 

2 

1 ~r Qi 

2 
[04014 + (Q* — 1)024 — OS4la 

1 + Q4 

\{uA + UB -(J + / ' ) +«4} 

}{«4 +US + (/ + / ' ) +«4) 

J{ni + B B - i(.Ji + JB) -RI- 2GiJ 

i {UA + UB + %(JA + JB) + RI + 20a j 

1U-4 +«« +Jy-J +Js) +«4 +20») 

\\<tA +»s + §(/* +JB) + Ri + fckj 

}f«^ +«a - } ( ^ +y«) + a - » i } 

J {uj + us - i(Jt +Jt) + Ri - SQsJ 

J |<M + UB + \(JA +Jt) - B* +iat\ 

i(«1 +UB- Wt + JB) + R* -4e»j 

(B transitions 

14. K(B)o -»2((B)-I 

2(1 + QiQs)» 

(1 +Qj)(I +QD 

2(Q2 - Qi)' 

(1 +Qf)(I +Ql) 

2(Qa +Qz)' 

(l +QDd +Of) 

2(1 - Q 2 Q 3 ) 2 

(1+QD(I +QD 

1(«1 +«B + i?l —J8«J 

4{<oi + » s + Bi + SaJ 

|{*« +4» + Ka - f e } 

i{«i +4»» + 1?» + Bi) 

when S —> 00 as, for example, with 1,1-difluoroethylene 
(53). In this case, the only mixing of zero-order spin 
functions occurs between 2(&)o and 4(G)o, and l(33)o 
and 2(03) 0. The 4 X 4 factors into two I X l and one 
2 X 2 submatrices and one finds the eigenvalues: 

O1= -S+~(J + J') -\(JA +-JB) 

O2 = \(JA + JB) - |ff, 

a, = s+±(j + j') -\(JA + JB) 

Q' = \(JA +JB) + | i ?5 

The corresponding eigenfunctions are 

where 

1 

Vl + Qf 
3<a)« 

1 

Vl + Ql 

{2(a)o + e6(4(a)0]| 

(Q.[2(a)ol - 4(Ct)0J 

« » = V(JA + JBY + (J- J1Y 

O J ' ~ J 

V ' JA +JB+ RI 
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TABLE 34 

Resonance frequencies and relative intensities for four spin 
1/g nuclei with C» symmetry as S-* » 

Transition Jn the l imit 
as AU Jii - • O 

1. 

3 

4, 

S. 

fi. 

7, 

R 

8. 

in. 

i i . 

12. 

l(a)-t - (a)-»\ 
i(a)o-Ha)-iJ 

(a). -»2(a)i 1 
2(a)i -»3(a)oJ 

lte)i ->4(a)o 

Ka)o -»2(a)_i 

Ka)i -»3(a)o 

K(B)i -»K(B)o 

K(B)I -»2((B)o 

l«B)o -»2((B)-I 

Intensity 

a transitions 

4 

4 

2 

i + e ! 
2Ql 

I + O ! 

2 

i + « ! 
2Q\ 

1+Ql 

0 

0 

(B transitions 

2 

1+Ql 

2Qi 
1+Q? 

2Ql 
l + Q i 

2 

i+eS 

Frequency 

\\%>A - ( J +J')} 

\{2UA +(J +J')] 

i{2uA +JA +JB - Rt] 

i\2aA +JA +JB +R1] 

i\2uA -(JA +JB) +Rs] 

i\2uA -(JA +JB) -Rt] 

\\4*>A - 2»a - J -J'] 

l{4«i - 2 M B + J +J'] 

i\2uA +JA -JB -Ra] 

i{2aA +JA -JB +Ra] 

\{2UA -JA+JB -Ra] 

i{2uA -JA +JB +Ra] 

With these results, one finds the intensities and fre­
quencies given in table 34. 

C. GBOTTPS OF STMMETBICALLT EQUIVALENT NUCLEI 

Inspection of table 31 shows that the symmetrized 
spin functions for four spins with Ct symmetry consist 
of all possible products (i.e., the direct product) of the 
singlet and triplet functions for the A nuclei with the 
singlet and triplet functions for the B nuclei. Further, 
the symmetry species of these products are given by the 
rules ax a = % ttXffi = (B, (BX(B = a. These 
results can be generalized and lead to the concept of 
groups of symmetrically equivalent nuclei (94); that is, 
a set of nuclei which are permuted under the operations 
of the appropriate point group. If the molecule can be 
divided into a number of such sets, then the spin func­
tions for the molecule may be obtained by taking the 
direct products of the (symmetrized) functions for the 
various sets. The symmetry species of the molecular 
product functions may then be derived by standard 

rules (94). For example, 1,3,5-trifluorobenzene (94) 
may be considered as two sets of symmetrically equiv­
alent nuclei: three protons with D3 symmetry and three 
fluorine nuclei with Dt symmetry. Thus, one has a 
systematic procedure for dealing with molecules of high 
symmetry. Since this procedure involves little that is 
essentially new, it will not be discussed further here. For 
full discussion and illustrations the reader is referred to 
the literature (57, 94). 

IX. MOMENT ANALYSIS OF HIGH-BESOLUTION SPECTBA 

The preceding calculations have been characterized 
by the fact that chemical shifts and coupling constants 
are obtained after the complete (or approximate) 
diagonalization of the Hamiltonian matrix. This proce­
dure may require lengthy numerical computations— 
even in simple cases—and it is natural to seek more 
direct methods of analysis. Some simple rules, which can 
lead directly to coupling constants and chemical shifts 
in favorable cases, have already been discussed. There 
are, however, more general techniques (7, 70) and in 
this section moment calculations (7) will be discussed. 
This technique is, in principle, perfectly general, but 
practical considerations often impose severe restrictions 
and the method is of limited value. However, when the 
method is applicable, significant information is obtained 
which can lead to a complete solution of some problems 
or facilitate the solution of others. 

The n0* moment of a spectrum is defined as 

SZ)(Q*-a,)-|/r,|! 
,»> = —2—i (D 

where fit — Qy is the resonance frequency associated 
with the transition tp, -* fa and |7jy|2 the correspond­
ing relative intensity. <&>"> is thus a weighting of 
each resonance line according to intensity; <w> is the 
mean frequency of the spectrum, <« 2> is the mean 
square frequency, etc. The denominator in equation 1 
is the sum of the (relative) intensities of all resonances 
and can be rewritten in an alternative form as follows: 

where N is the total number of number of nuclei and the 
Hermitian property for / „ and Ivr has been used. Sum­
ming this result over j and k gives 

9 ^ l ITuI* » . £ T.W = Tr J-/+ = Tr 1*1-

where Tr denotes the diagonal sum or trace of the 
matrix product I~I+. Now Qk = 3Ckk and Qj = 3C3-,-, so 
that the numerator of equation 1 can be expressed as 

I£^(K»-3CH)»/ji/jff 
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and 

For n = 1, 

<wB> = 
^(5C1* - 3C,-,-)«7-t/+ 

Tr 7+7" (2) 

g(ge»J+, - 7+3C,7)7̂  
! Tr 7+7" 

g[3C/+]„/„ 
= Tr 7+7-

_ Tr[JC, 7+]7~ 
Tr 7+7" 

Similarly, one can show that 

^ . Tr[JC, 1+] [7-, 3C] 
< w > ~ TTT+F 

Tr[3C, [3C, 7+]][7-,JC] 
<a 

<*>«> = 

Tr 7+7" 

Trfoe, [JC,7+]][[7- 3C], 3C] 
Tr 7+7-

(3) 

(4) 

(5) 

(6) 

The rules of formation are now clear and the commuta­
tor form for <wn> can be written down immediately. 

The distinguishing feature of these moment equations 
is that they are expressed in terms of traces of matrices 
and, since the trace is a matrix invariant, it is not 
necessary to solve a complicated eigenvalue problem in 
order to evaluate the moments; any convenient repre­
sentation of the matrices involved will suffice. Consider, 
for example, the denominator Tr I+I~; expanding the 
product of I+1~ one finds: 

Tr 7+7" = T r f e j " + i7„r) ( S ' « ~ »*»•) 

= T r t e S ' " * " + 1HrIv. + iUvrh. - 7„7„.) j (7) 

Now in a matrix product of the type /„•/» (r ^ s) both 
operators cannot make simultaneous contributions to 
the diagonal elements, since the spins are independent. 
These traces may be computed independently and, 
since Tr Ix, = Tr 7„r = Tr I„ = O, equation 7 reduces 
to 

Tr 7+7"= Tr S ( C +^r) 
T 

= 2Tr ^1IU (8) 

The last equality in equation 8 results from the equiv­
alence of the X-, y-, and z-components of angular 
momentum. The assumption that all nuclei have the 
same spin quantum number I simplifies equation 8 to 

2N Tr Il (9) 

In the product function representation, the matrix for 
P„ is diagonal and may be expressed as the direct 

product of two matrices, one involving the coordinates 
of nucleus r alone and an identity matrix of dimension 
(27 + I)*-1. For a direct product C = A X B one has 
the result 

TrC= (Tr^i)(TrB) (10) 

Further, Tr I\T over the coordinates of r alone is simply 

(H) Tr Il = "^mI = J/(/ + 1)(27 + 1) 
-i <J 

Combining equations 9, 10, and 11 there results finally 

Tr 7+7" = ^-7(7 + 1) (27 + 1)" (12) 

To proceed further, one must specify 3C and evaluate 
the required commutators and traces. For 3C one may 
use 

re = i£>,-7„ + ^ 2>,d,-I» (13) 

(The minus sign that is usually prefixed to 3C is omitted 
here for convenience; this omission simply inverts the 
energy levels and does not alter the moments in any 
way.) From the commutation rules the following equa­
tions are readily verified: 

[OC, 7+] = ^>,-7+ (14) 

[7- 3C] = 2>,-7- (15) 

[3C1 [3C, 7+]] = Jy1I
+ + ^ ^ » ( » 1 - «*)/^- (16) 

[[7", 3C], K] = ^>?7- + "£, ^J»(ft - «»)7-7* (17) 

The evaluation of the requisite traces is straightforward 
and one obtains for the first four moments: 

]£o,. = N<o>> 
J 

2>J = #<«»> 

2>? = iv<M»> 

+ DZ)^?* <"*-

(18) 

(19) 

(20) 

-»*) ' 

= 2V<««> (21) 

From these equations, it is clear that the first three 
moments are independent of the spin quantum number 
and the coupling constants. The fourth moment (and 
higher moments) depends upon I and the J's. For the 
case I = 1/2 the fourth moment becomes 

J^, + 1 ^ > > ' > > - - *»)* = #<<-<> (22) 

It will be convenient to set <w> = 0 in subsequent 
calculations; that is, one evaluates <&>> from equation 
18 and introduces a new reference system at the mean 
frequency from which all other moments are computed. 
Chemical shifts relative to this "center of gravity" will 
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be denoted by Aw* and the moment equations 18 to 20 
and 22 become 

£>w,- = 0 (23) 

^ ( A w , - ) 2 = AT<(Aw)2> (24) 
J 

^ ] ( A w , ) 3 = JV<(Aw)3> (25) 

J 

S(A";) 4 + 1X^4«(<="">• - ^ * ) 2 = #<(Aw)<> (26) 

where 
Aw,- = w,- — < w > 

Some simple cases of equations 23 to 26 will now be 
considered. If there are only two groups (A and 5) of 
equivalent nuclei, the first four moments are 

TIA(AUA) + UB(AU3) = 0 (27) 

WA(AU 4 ) 2 + WB(AWB)2 = iV<(Aw) 2> (28) 

UA(AUA)' + nB(AaB)s = N< (Aw)3> (29) 

UA(AUAY +UB(AUBY +\(UAUBJW) = N<(AU)*> (30) 

where 

UA + UB = N 

8 = AWA — Awfl 

From equations 27, 28, and 32 one obtains 

a2 = - ^ - <(Aw)2> 

UAUB 

while equations 27, 28, 32, and 30 yield 

(3D 

(32) 

(33) 

J> N*<(Au) 
T- \N<(AU)*> -*L±J£. <(Au)2>2£ (34) 

> ( UAUB ) 

Equations 33 and 34 show that J and 5 may be obtained 
from measurements of <(Aw)2> and >(Aco)4>. 
Dividing equation 34 by equation 32 gives 

/Jy 2nAnB \„<(AuY> (n\ +npl . . 
Vt) -~w~ r < ( A w ) 2 > 2 - UAUB \ ( 3 5 ) 

so that the J/d ratio may be obtained without the aid of 
a frequency measurement. 

For the case of three groups, the first three moments 
provide the equations 

UAAUA + nsAwfl + ncAwc = 0 1J 

UA(AUAY +UB(AUB)2 +nc(Auc)2 = A r <(Aw)»>> (36) 

UA(AUAY +UB(AUB)3 +nc(AucY = N<(AuY>) 

Thus if <(Aco)>, <(Ac»)2>, and <(Aw)3> are meas­
ured, equations 36 provide simultaneous equations for 
the chemical shifts. If the coupling constants are desired 
by this method, the fourth, fifth, and sixth moments are 
required. This is not to be recommended in general, as 
the higher moments are quite sensitive to experimental 
errors (e.g., field and frequency drifts, saturation, etc.). 

Equations 36 are most conveniently solved by graphical 
methods (7). For this purpose, let 

_ Awg 
Aug 

Then equations 36 become 

UAAU A + (UB + TUC)AUB = 0 

UA (Aw4)2 + (nB + T1UC)(AUBY = i V < ( A w ) 2 > ' 

UA(AUAY + (UB + T5WC)(AWB)3 = iV< (Aw)3>, 

The first of equations 38 gives: 

. (UB + rnc) . 
AWA

 =
 AWB 

WA 

(37) 

(38) 

(39) 

Substituting into the second and third of equations 38 
yields: 

(WB + rwc)2 

WA 

(WB + rncY 
n: 

+ (UB + T1UC)(AUBY = ^ < (Aw)2> (40) 

+ (WB + T8WG)(AWB)3 = N < ( A w ) s > (41) 

Taking the two-thirds power of equation 41 and 
dividing equation 40 by the result gives: 

[(WB + TUcY + WA(WB + T1Ug)] 

[—(WB + r w c ) 3 + nA(na + r3wc)]2 '3 

N\1'3 < (Aw) 2 > = (^y13 <(Aw) 
\UA) <(AUY 

(42) 

In equation 42 UA, nB, nc, and iV are assumed known, 
so that by assigning values to r ( - » < r < + « ) 
values can be computed for the ratio 

< ( A w ) 2 > / < ( A w ) 3 > 2 ' 3 , 

and plotted against r. From an experimental value of 
this ratio one may determine the value (s) of r. The 
quantity Aw5 may be obtained from equations 40 and 41 
as 

_ (WB + rucY + WA(WB + r2wc) U A < ( A W ) ' > / 

- (WB + TUcY + «1(WB + T3Uc) } < (Aw)* > \ ^ ' 

Equation 39 then determines Aw^ and, finally, equation 
37 provides A«c. 

The plot of equation 42 will generally provide several 
values for r (J) and, consequently, several sets of shifts. 
Some of these may be ruled out by a comparison with 
the experimental spectrum; other sets may require 
additional information for their elimination. 

The experimental moments are calculated by means 
of the equation 

<w"> X Ai (44) 

where Ai and («*) are, respectively, the area and fre­
quency of the ith resonance. If all the resonances have 
the same width 8u, then line heights may be used in 
place of the A1-. The widths of resonance lines frequently 
result in overlapping signals, so that one must decom-
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pose .such a region into subareas and assign these to the 
appropriate resonances. This decomposition is some­
what arbitrary and can introduce large errors in the 
higher moments. Perhaps the most serious difficulty 
with the moment method is the assumption that all the 
resonance lines are observed. Hence weak or unresolved 
lines can lead to very large errors in the experimental 
moments. I t is clear then, that before the moment 
technique is applied, there must be some consideration 
of the maximum number of lines, their intensities and 
frequencies. Ideally, one desires a well-resolved spec­
trum which is free from field and frequency drifts and 
saturation effects. Only a modest acquaintance with 
high-resolution work is required to know that this is 
almost impossible to realize. Except for the simplest 
cases, it is best to compromise and use the moment 
technique to obtain relations among the various 
parameters. 

Equation 35 was applied to the spectrum of ethylene 
monothiocarbonate (figure 21) with the result J/5 = 
0.198, in excellent agreement with the value of 0.195 
obtained directly from the spectrum. The use of mo­
ments in this particular case is really superfluous, since, 
as already noted, J and 5 may be obtained very easily. 
The example does show, however, that with well-
resolved spectra and with proper regard of instrumental 
drifts, excellent results may be obtained. 

X. MISCELLANEOUS TECHNIQUES 

A. DOUBLE RESONANCE EXPERIMENTS 

A useful technique for removing the effects of an 
undesirable spin coupling is available in the double 
resonance experiment (5, 12, 13). The essential idea in 
this experiment is to observe the resonance of a par­
ticular group with a weak radiofrequency field and 
simultaneously irradiate a second (coupled) group with 
a strong radiofrequency field whose frequency is near 
the resonance value for the second group. In this way, 
the spins in the second group are constrained to undergo 
rapid transitions, which reduce the lifetime of states 
with a given value of m. If this lifetime is much less 
than J~l, then the observed group is effectively de­
coupled. Actually, a residual splitting of order J2/S 
remains even for large amplitudes of the second radio-
frequency field (12). This qualitative description is anal­
ogous to that used in discussions of exchange phe­
nomena (9, 37, 39). An approximate treatment of the 
double resonance experiment has been given which is 
valid when J « 5. A rigorous discussion requires statis­
tical quantum mechanics (12). 

From an experimental point of view, the method is 
most easily used when &^>J. Hence, with one exception 
(5) the technique is usually applied to nuclei with 
different gyromagnetic ratios. Even with this restric­
tion, the technique is useful in removing small cou­
plings and line-broadening effects from nuclei such as 
nitrogen and deuterium. 

B. MULTIPLE QUANTUM TRANSITIONS 

From equation 95 in Section II it can be seen that the 
expansion of [e*(a+S)']mm' to the second order in (J involves 
terms of the type 

&.'*&,»= (7ff<)><m'|/.|fc> <k\h\m> 

Terms of this type can result in multiple quantum 
transitions (6, 41, 95); that is, the spin system can 
absorb more than one quantum of energy. In the second 
order this occurs when the system absorbs a single 
quantum in the state ml and undergoes a transition to a 
virtual state fc; a second quantum of energy is then 
absorbed which induces a transition to the final state m. 
In third order, triple quantum transitions can occur, 
etc. The observation of multiple quantum transitions 
involves large amplitudes of the radiofrequency field 
and detailed treatment of intensities requires statistical 
theory (95). However, if the stationary energies are 
known, the frequencies of transitions of higher order 
can be determined. Little has been done with multiple 
quantum transitions in analyzing high-resolution 
spectra. 
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XII. INDEX OF SYMBOLS 

A, B, C = groups of equivalent nuclei 
a = symmetry species 

AiA,mA> BiB,mB =
 8 P m functions for groups A and B with total 

spins IA, IB and z-components of angular 
momenta VIA, m,B 

A; A = Zeeman energy operator; group operator 
(B = symmetry species 

B; B = spin coupling operator; group operator 
C = spin coupling operator 
D = group operator 
E = group identity element 
S = symmetry species 
F = group operator 
G = generic group of equivalent nuclei 

Gra,ma = generic spin function for group of equivalent 
nuclei with total spin IQ and 2-component 
of angular momentum m<? 

H0 = applied magnetic field 
H,- = field at nucleus i 

I = spin vector 
Ix, ly, I, = cartesian components of I 

7* = Ix ± ilv = "raising" (+) and "lowering" 
(—) operators 

F = L I = square of the spin vector 
IT = total spin quantum number 
Io = total spin quantum number for group G 
J = spin-spin coupling constant in circular fre­

quency units 
JQQ' = spin-spin coupling constant for groups G 

and G' 
N = total number of nuclei, total number of spin 

functions 
P = permutation operator 

Pik(t) = probability of transition of state k to state j 
at time t 

Pa = transition probability 
R = generic group operator 

X, Y1Z= groups of equivalent nuclei with large 
chemical shifts 

a = characteristic spacing for the ABC system 
a = (an) = diagonalizing orthogonal matrix 
b = characteristic spacing for the ABC system 
b = (bij) = diagonalizing orthogonal matrix 
c = characteristic spacing for the .ABC system 

gig = statistical weight for the spin function with 
total spin IQ 

h = Planck's constant 
h = Planck's constant divided by 2i 

i, j , k = iih spin, j l h spin, A;"1 spin 
i, j , k = summation indices 

i = imaginary unit 
m.A, TUB, rnc, • • • = 2-components of angular momentum for 

groups A, B, C, • • • 
mg = generic z-component of angular momentum 

UA, TIB, Wc, • • • = number of nuclei in groups A, B, C, • • • 
no = number of nuclei in group G 

r, s = summation indices 
t = time 

Ui = product spin function 

a = spin function for spin 1/2 nucleus with 
m = +1/2 

/3 = spin function for spin 1/2 nucleus with 
TO = - 1 / 2 

T — gyromagnetic ratio, generic symmetry species 
7 = symmetry species 
5 = relative internal shift 

ijy = projection operator for symmetry species 
6 = Eulerian angle 

>.< = operator which transforms rtii —> — rm 
A = operator which transforms m —> —m 
V,- = magnetic moment of nucleus i 
v = linear frequency 

d,- = shielding tensor for nucleus i 
<Ti = averaged scalar shielding constant for 

nucleus i 
4>,<l/= Eulerian angles 

<f>i, \pi = eigenfunctions for the ith quantum states 
x(R) = character of the operator R 

on = uncoupled angular Larmor frequency for 
nucleus i 

wo = uncoupled angular Larmor frequency for 
group G 

a = angular frequency of radiofrequency field 
Qi = energy of i'h level in angular frequency 

XIII . APPENDIX 

Numerical tables of the line frequencies and 
relative intensities for some two-group systems 

Tables 35,36,37, and 38 provide numerical data on the 
resonance frequencies and relative intensities for the 
systems: A%B, A3B, A2B2, and A3B2. All line frequencies 
are given in units of the relative internal shift S = 
au — UB- The transitions in groups A and B are so 
labeled, while combination (mixed) transitions are pre­
fixed with the letter "M". In the A2B2 case, the 
spectrum is symmetrical about §(au + UB), SO that 
only one-half of the spectrum is given in the table. The 
center of symmetry is the frequency origin in this case, 
while in the other systems the origin is at UB (assumed 
< 0IA)- The numbering of the lines corresponds, in each 
case, to that given in the text. The frequencies and 
intensities are given as a function of the ratio J/ 8, and 
for 0 < J/S < 1, the usual interval of interest, the 
increments in this parameter are 0.05. Additional data 
are given for J/S = 2, 3, 4, 5, 10, and <». 
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TABLE 35 

Line frequencies and relative intensities for the A^B spin system 

Al 
Al 
A3.... 
Ai 

Bl 
B2 
BZ.... 
Bi.... 

Ml.... 

Al 
Al 
A3 
Ai 

Bl 
B2 
B 3 . . . . 
Bi 

J f I . . . . 

4 1 
A2 
A3 
Ai 

Bl 
B2 
B3. . . . 
Bi 

M l . . . . 

Al 
A2 
A3 
Ai 

Bl 
B2 
B3.... 
Bi 

M l . . . . 

Al 
A2 
A3 
Ai 

Bl 
B2 
B3 
Bi.... 

Ml.... 

Al 
Al 
A3.... 
Ai 

B l . . . . 
B2 
B3 
Bi 

M l . . . . 

J/S 

0.00 

0.10 

0.20 

0.30 

0.40 

0.50 

Intensity 

2.00000 
2.00000 
2.00000 
2.00000 

1.00000 
1.00000 
1.00000 
1.00000 

0.00000 

1.78632 
2.18430 
2.21366 
1.81568 

1.21368 
0.81570 
0.97064 
1.00000 

0.00002 

1.55300 
2.33643 
2.44667 
1.66324 

1.44700 
0.66357 
0.88976 
1.00000 

0.00034 

1.31579 
2.45859 
2.68284 
1.54004 

1.68421 
0.54141 
0.77575 
1.00000 

0.00137 

1.09175 
2.55529 
2.90496 
1.44142 

1.90825 
0.44471 
0.65033 
1.00000 

0.00329 

0.89366 
2.63151 
3.10054 
1.36270 

2.10634 
0.36850 
0.53097 
1.00000 

0.00580 

Frequency 

1.00000 
1.00000 
1.00000 
1.00000 

0.00000 
0.00000 
o.ooooo 
0.00000 

2.00000 

1.05523 
0.95474 
0.95049 
1.04951 

0.09477 
-0.10474 
-0.00997 

0.00000 

2.00997 

1.12170 
0.91789 
0.90381 
1.09619 

0.17830 
-0.21789 
-0.03959 

0.00000 

2.03959 

1.20000 
0.88788 
0.86212 
1.13788 

0.25000 
-0.33788 
-0.08788 

0.00000 

2.08788 

1.28990 
0.86332 
0.82657 
1.17343 

0.31010 
-0.46332 
-0.15322 

0.00000 

2.15322 

1.39039 
0.84307 
0.79732 
1.20268 

0.35961 
-0.59307 
-0.23346 

0.00000 

2.23346 

J/S 

0.05 

0.15 

0.25 

0.35 

0.45 

0.55 

Intensity 

1.89640 
2.09615 
2.10361 
1.90386 

1.10361 
0.90386 
0.99254 
1.00000 

0.00000 

1.67123 
2.26433 
2.32866 
1.73556 

1.32877 
0.73567 
0.93568 
1.00000 

0.00011 

1.43377 
2.40100 
2.56548 
1.59826 

1.56623 
0.59900 
0.83552 
1.00000 

0.00074 

1.20117 
2.50981 
2.79660 
1.48796 

1.79883 
0.49020 
0.71321 
1.00000 

0.00223 

0.98894 
2.59566 
3.00656 
1.39984 

2.01107 
0.40434 
0.58910 
1.00000 

0.00450 

0.80641 
2.66335 
3.18647 
1.32953 

2.19359 
0.33665 
0.47688 
1.00000 

0.00712 

Frequency 

1.02628 
0.97622 
0.97506 
1.02494 

0.04872 
-0.05122 
-0.00250 

0.00000 

2.00250 

1.08701 
0.93537 
0.92664 
1.07336 

0.13799 
-0.16037 
-0.02237 

0.00000 

2.02237 

1.15936 
0.90212 
0.88224 
1.11776 

0.21564 
-0.27712 
-0.06149 

0.00000 

2.06149 

1.24355 
0.87500 
0.84355 
1.15645 

0.28145 
-0.40000 
-0.11855 

0.00000 

2.11855 

1.33890 
0.85272 
0.81118 
1.18882 

0.33610 
-0.52772 
-0.19163 

0.00000 

2.19163 

1.44415 
0.83426 
0.78489 
1.21511 

0.38085 
-0.65926 
-0.27842 

0.00000 

2.27842 

J/S 

0.60 

0.70 

0.80 

0.90 

1.00 

3.00 

Intensity 

0.72727 
2.69169 
3.26433 
1.29991 

2.27273 
0.30831 
0.42737 
1.00000 

0.00840 

0.59227 
2.73950 
3.39704 
1.24982 

2.40773 
0.26050 
0.34245 
1.00000 

0.01069 

0.48487 
2.77778 
3.50269 
1.20978 

2.51513 
0.22222 
0.27509 
1.00000 

0.01245 

0.40014 
2.80871 
3.58623 
1.17766 

2.59986 
0.19129 
0.22249 
1.00000 

0.01363 

0.33333 
2.83395 
3.65235 
1.15174 

2.66667 
0.16605 
0.18160 
1.00000 

0.01432 

0.03699 
2.97225 
3.95651 
1.02125 

2.96302 
0.02775 
0.01574 
1.00000 

0.00650 

Frequency 

1.50000 
0.82621 
0.77379 
1.22621 

0.40000 
-0.72621 
-0.32621 

0.00000 

2.32621 

1.61714 
0.81203 
0.75510 
1.24490 

0.43286 
-0.86203 
-0.42917 

0.00000 

2.42917 

1.74031 
0.80000 
0.74031 
1.25969 

0.45969 
-1.00000 
-0.54031 

0.00000 

2.54031 

1.86827 
0.78969 
0.72858 
1.27142 

0.48173 
-1.13969 
-0.65796 

0.00000 

2.65796 

2.00000 
0.78078 
0.71922 
1.28078 

0.50000 
-1.28078 
-0.78078 

0.00000 

2.78078 

4.88600 
0.71221 
0.67379 
1.32621 

0.61400 
-4.21221 
-3.59822 

0.00000 

5.59822 

J/S 

0.65 

0.75 

0.85 

0.95 

2.00 

4.00 

Intensity 

0.65603 
2.71695 
3.33436 
1.27345 

2.34397 
0.28306 
0.38258 
1.00000 

0.00960 

0.53542 
2.75968 
3.45294 
1.22868 

2.46458 
0.24032 
0.30674 
1.00000 

0.01164 

0.43998 
2.79405 
3.54691 
1.19284 

2.56002 
0.20595 
0.24714 
1.00000 

0.01311 

0.36477 
2.82196 
3.62120 
1.16401 

2.63523 
0.17804 
0.20076 
1.00000 

0.01403 

0.08579 
2.94338 
3.90354 
1.04595 

2.91421 
0.05662 
0.03984 
1.00000 

0.01067 

0.02034 
2.98365 
3.97543 
1.01212 

2.97966 
0.01635 
0.00822 
1.00000 

0.00423 

Frequency 

1.55772 
0.81882 
0.76390 
1.23610 

0.41728 
-0.79382 
-0.37655 

0.00000 

2.37655 

1.67805 
0.80578 
0.74728 
1.25272 

0.44695 
-0.93078 
-0.48383 

0.00000 

2.48383 

1.80376 
0.79465 
0.73411 
1.26589 

0.47124 
-1.06965 
-0.59841 

0.00000 

2.59841 

1.93372 
0.78508 
0.72364 
1.27636 

0.49128 
-1.21008 
-0.71879 

0.00000 

2.71879 

3.41421 
0.73205 
0.68216 
1.31784 

0.58579 
-2.73205 
-2.14626 

0.00000 

4.14626 

6.37228 
0.70156 
0.67072 
1.32928 

0.62772 
-5.70156 
-5.07384 

0.00000 

7.07384 
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TABLE 35—Concluded 

Al 
A2 
A3 
Ai 

Bl 
B2 
B3 
Bi 

Ml 

J/t 

5.00 

Intensity 

0.01281 
2.98925 
3.98425 
1.00781 

2.98719 
0.01075 
0.00501 
1.00000 

0.00294 

Frequency 

7.86421 
0.69493 
0.66927 
1.33073 

0.63579 
-7.19493 
-6.55914 

0.00000 

8.55914 

JIi 

10.00 

Intensity 

0.00309 
2.99717 
3.99605 
1.00197 

2.99691 
0.00283 
0.00112 
1.00000 

0.00086 

Fieqnency 

15.34847 
0.68115 
0.66732 
1.33268 

0.65153 
-14.68115 
-14.02961 

0.00000 

16.02961 

J/i 

OD 

Intensity 

0.00000 
3.00000 
4.00000 
1.00000 

3.00000 
0.00000 
0.00000 
1.00000 

0.00000 

Frequency 

0.66667 
0.66667 
1.33333 

0.66667 

0.00000 
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TABLE 36 

Line frequencies and relative intensities for the AtB spin system 

Al 
A2 
A3 
Ai 
A5 
A6 
Al 
A8 

B l . . . . 

m 
B 3 . . . . 
Bi.... 
BS.... 
Ba.... 

Ml.... 
M2.... 

Al 
A2 
A3 
Ai 
AS 
A 6 . . . . 
Al.... 
A 8 . . • • 

Bl 
B2 
B 3 . . . . 
Bi 
BS 
BG.... 

Ml.... 
M2.... 

Al 
A2 
A3 
Ai 
AS.... 
A6 
Al 
A8 

Bl.... 
B2 
BZ 
Bi 
B5.... 
BQ.... 

Ml.... 
M2.... 

Al 
A2 
A3 
Ai 
AS.... 
AQ 
Al 
A 8 . . . . 

Bl 
B2 
B3 
Bi 
B5.... 
BQ 

Ml.... 
M2.... 

J/S 

0.00 

0.10 

0.20 

0.30 

Intensity 

3.00000 
3.00000 
2.00000 
2.00000 
4.00000 
3.00000 
3.00000 
4.00000 

1.00000 
1.00000 
2.00000 
2.00000 
1.00000 
1.00000 

0.00000 
0.00000 

2.65465 
3.25724 
1.80099 
2.19901 
4.39218 
2.74271 
3.34525 
3.60767 

1.34535 
0.74276 
2.19901 
1.80099 
0.86506 
1.04698 

0.00005 
0.00009 

2.22942 
3.44115 
1.60777 
2.39223 
4.74226 
2.55833 
3.76904 
3.25567 

1.77058 
0.55885 
2.39223 
1.60777 
0.69889 
0.97375 

0.00052 
0.00155 

1.77058 
3.57143 
1.42530 
2.57470 
5.02745 
2.42703 
4.22266 
2.96425 

2.22942 
0.42857 
2.57470 
1.42530 
0.54398 
0.80634 

0.00155 
0.00676 

Frequency 

1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 

0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 

2.00000 
2.00000 

1.05826 
0.95678 
1.05249 
0.95249 
0.95313 
1.04687 
0.94836 
1.05164 

0.14174 
-0.15678 

0.04751 
-0.05249 
-0.06668 

0.03184 

2.06668 
1.96816 

1.13589 
0.92450 
1.10990 
0.90990 
0.91402 
1.08598 
0.89737 
1.10263 

0.26411 
-0.32450 

0.09010 
-0.10990 
-0.16302 

0.02559 

2.16302 
1.97441 

1.23589 
0.90000 
1.17202 
0.87202 
0.88310 
1.11690 
0.85279 
1.14721 

0.36411 
-0.50000 

0.12798 
-0.17202 
-0.28310 
-0.01899 

2.28310 
2.01899 

J/S 

0.05 

0.15 

0.25 

0.35 

Intensity 

2.83863 
3.13899 
1.90012 
2.09988 
4.19900 
2.86104 
3.16141 
3.80099 

1.16137 
0.86101 
2.09988 
1.90012 
0.94000 
1.03765 

0.00000 
0.00001 

2.45004 
3.35710 
1.70332 
2.29668 
4.57449 
2.64269 
3.54948 
3.42481 

1.54996 
0.64290 
2.29668 
1.70332 
0.78262 
1.02522 

0.00021 
0.00049 

2.00000 
3.51186 
1.51493 
2.48507 
4.89345 
2.48717 
3.99641 
3.10198 

2.00000 
0.48814 
2.48507 
1.51493 
0.61841 
0.89802 

0.00098 
0.00359 

1.54997 
3.62177 
1.33930 
2.66070 
5.14475 
2.37606 
4.43912 
2.84216 

2.45004 
0.37823 
2.66070 
1.33930 
0.47702 
0.70780 

0.00218 
0.01092 

Frequency 

1.02697 
0.97678 
1.02562 
0.97562 
0.97571 
1.02429 
0.97448 
1.02552 

0.07303 
-0.07678 

0.02438 
-0.02562 
-0.02928 

0.02054 

2.02928 
1.97946 

1.09441 
0.93949 
1.08059 
0.93059 
0.93252 
1.06748 
0.92239 
1.07761 

0.20559 
-0.23949 

0.06941 
-0.08059 
-0.11151 

0.03358 

2.11151 
1.96643 

1.18301 
0.91144 
1.14039 
0.89039 
0.89758 
1.10242 
0.87400 
1.12600 

0.31699 
-0.41144 

0.10961 
-0.14039 
-0.22045 

0.00797 

2.22045 
1.99203 

1.29441 
0.88993 
1.20474 
0.85474 
0.87040 
1.12960 
0.83408 
1.16592 

0.40559 
-0.58993 

0.14526 
-0.20474 
-0.35026 
-0.05474 

2.35026 
2.05474 

J/S 

0.40 

0.50 

0.60 

0.70 

Intensity 

1.34535 
3.66448 
1.25722 
2.74278 
5.24658 
2.33271 
4.63898 
2.73493 

2.65465 
0.33552 
2.74278 
1.25722 
0.41790 
0.61041 

0.00281 
0.01568 

1.00000 
3.73205 
1.10557 
2.89443 
5.41025 
2.26399 
4.97487 
2.56066 

3.00000 
0.26795 
2.89443 
1.10557 
0.32180 
0.43934 

0.00396 
0.02513 

0.74276 
3.78208 
0.97101 
3.02899 
5.53162 
2.21309 
5.22503 
2.43135 

3.25724 
0.21792 
3.02899 
0.97101 
0.25046 
0.31141 

0.00482 
0.03221 

0.55885 
3.81987 
0.85308 
3.14692 
5.62210 
2.17476 
5.40507 
2.33645 

3.44115 
0.18013 
3.14692 
0.85308 
0.19777 
0.22240 

0.00537 
0.03608 

Frequency 

1.35826 
0.88102 
1.23852 
0.83852 
0.85929 
1.14071 
0.81795 
1.18205 

0.44174 
-0.68102 

0.16148 
-0.23852 
-0.42134 
-0.09857 

2.42134 
2.09857 

1.50000 
0.86603 
1.30902 
0.80902 
0.84108 
1.15892 
0.79289 
1.20711 

0.50000 
-0.86603 

0.19098 
-0.30902 
-0.57313 
-0.20711 

2.57313 
2.20711 

1.65678 
0.85394 
1.38310 
0.78310 
0.82709 
1.17291 
0.77575 
1.22425 

0.54322 
-1.05394 

0.21690 
-0.38310 
-0.73496 
-0.33780 

2.73496 
2.33780 

1.82450 
0.84403 
1.46033 
0.76033 
0.81620 
1.18380 
0.76427 
1.23573 

0.57550 
-1.24403 

0.23967 
-0.46033 
-0.90426 
-0.48473 

2.90426 
2.48473 

J/S 

0.45 

0.55 

0.65 

0.75 

Intensity 

1.16137 
3.70088 
1.17927 
2.82073 
5.33451 
2.29570 
4.81807 
2.64151 

2.83863 
0.29912 
2.82073 
1.17927 
0.36637 
0.51986 

0.00342 
0.02056 

0.86101 
3.75888 
1.03616 
2.96384 
5.47545 
2.23669 
5.10993 
2.49106 

3.13899 
0.24112 
2.96384 
1.03616 
0.28343 
0.36995 

0.00443 
0.02906 

0.64290 
3.80225 
0.91002 
3.08998 
5.58012 
2.19261 
5.32257 
2.38022 

3.35710 
0.19775 
3.08998 
0.91002 
0.22214 
0.26268 

0.00513 
0.03453 

0.48814 
3.83533 
0.80000 
3.20000 
5.65857 
2.15914 
5.47489 
2.29893 

3.51186 
0.16467 
3.20000 
0.80000 
0.17676 
0.18921 

0.00553 
0.03697 

Frequency 

1.42697 
0.87310 
1.27329 
0.82329 
0.84958 
1.15042 
0.80429 
1.19571 

0.47303 
-0.77310 

0.17671 
-0.27329 
-0.49579 
-0.14965 

2.49579 
2.14965 

1.57678 
0.85967 
1.34564 
0.79564 
0.83363 
1.16637 
0.78348 
1.21652 

0.52322 
-0.95967 

0.20436 
-0.34564 
-0.65297 
-0.27009 

2.65297 
2.27009 

1.73949 
0.84875 
1.42134 
0.77134 
0.82131 
1.17869 
0.76943 
1.23057 

0.56051 
-1.14875 

0.22866 
-0.42134 
-0.81881 
-0.40955 

2.81881 
2.40955 

1.91144 
0.83972 
1.50000 
0.75000 
0.81166 
1.18834 
0.76005 
1.23995 

0.58856 
-1.33972 

0.25000 
-0.50000 
-0.99111 
-0.56283 

2.99111 
2.56283 
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TABLE 36—Concluded 

Al 
A2 
AZ 
Ai 
A5 
At 
AT.... 
A8.... 

Bl.... 
B2 
BZ.... 
Bi.... 
Bh.... 
B 6 . . . . 

Ml.... 
M2.... 

Al 
A2 
AZ 
Ai.... 
A5.... 
A6.... 
Al 
Ai.... 

Bl.... 
B2 
BZ.... 
Bi.... 
B 5 . . . . 
B 6 . . . . 

AfI . . . . 
M2.... 

Al 
A2 
AZ 
Ai 
A5.... 
Ae 
AT.... 
A 8 . . . . 

B l . . . . 
B2 
BZ.... 
Bi.... 
B5.... 
B 6 . . . . 

Ml.... 
M2.... 

J/i 

0.80 

0.90 

1.00 

Intensity 

0.42857 
3.84895 
0.75061 
3.24939 
5.69035 
2.14541 
5.53414 
2.26671 

3.57143 
0.15105 
3.24939 
0.75061 
0.15859 
0.16186 

0.00564 
0.03729 

0.33552 
3.87171 
0.66207 
3.33793 
5.74259 
2.12257 
5.62777 
2.21497 

3.66448 
0.12829 
3.33793 
0.66207 
0.12912 
0.12055 

0.00572 
0.03671 

0.26795 
3.88982 
0.58579 
3.41421 
5.78319 
2.10452 
5.69694 
2.17604 

3.73205 
0.11018 
3.41421 
0.58579 
0.10663 
0.09191 

0.00566 
0.03511 

Frequency 

2.00000 
0.83578 
1.54031 
0.74031 
0.80762 
1.19238 
0.75660 
1.24340 

0.60000 
-1.43578 

0.25969 
-0.54031 
-1.07918 
-0.64340 

3.07918 
2.64340 

2.18102 
0.82882 
1.62268 
0.72268 
0.80074 
1.19926 
0.75146 
1.24854 

0.61898 
-1.62882 

0.27732 
-0.62268 
-1.25838 
-0.81059 

3.25838 
2.81059 

2.36603 
0.82288 
1.70711 
0.70711 
0.79516 
1.20484 
0.74799 
1.25201 

0.63397 
-1.82288 

0.29289 
-0.70711 
-1.44091 
-0.98406 

3.44091 
2.98406 

J/i 

0.85 

0.95 

2.00 

Intensity 

0.37823 
3.86100 
0.70470 
3.29530 
5.71816 
2.13330 
5.58460 
2.23896 

3.62177 
0.13900 
3.29530 
0.70470 
0.14284 
0.13927 

0.00570 
0.03717 

0.29912 
3.88127 
0.62250 
3.37750 
5.76413 
2.11303 
5.66488 
2.19416 

3.70088 
0.11873 
3.37750 
0.62250 
0.11714 
0.10496 

0.00570 
0.03600 

0.05855 
3.96396 
0.21115 
3.78885 
5.93683 
2.03259 
5.92525 
2.04352 

3.94145 
0.03604 
3.78885 
0.21115 
0.02713 
0.01503 

0.00345 
0.01620 

Frequency 

2.08993 
0.83216 
1.58122 
0.73122 
0.80400 
1.19600 
0.75378 
1.24622 

0.61007 
-1.53216 

0.26878 
-0.58122 
-1.16831 
-0.72609 

3.16831 
2.72609 

2.27310 
0.82574 
1.66466 
0.71466 
0.79781 
1.20219 
0.74956 
1.25044 

0.62690 
-1.72574 

0.28534 
-0.66466 
-1.34928 
-0.89665 

3.34928 
2.89665 

4.30278 
0.79129 
2.61803 
0.61803 
0.77026 
1.22974 
0.74122 
1.25878 

0.69722 
-3.79129 

0.38197 
-1.61803 
-3.35284 
-2.86433 

5.35284 
4.86433 

J/i 

3.00 

5.00 

CD 

Intensity 

0.02434 
3.98248 
0.10263 
3.89737 
5.97075 
2.01548 
5.96729 
2.01884 

3.97566 
0.01752 
3.89737 
0.10263 
0.01173 
0.00550 

0.00204 
0.00837 

0.00826 
3.99323 
0.03884 
3.96116 
5.98916 
2.00585 
5.98841 
2.00660 

3.99174 
0.00677 
3.96116 
0.03884 
0.00407 
0.00166 

0.00091 
0.00333 

0.00000 
4.00000 
0.00000 
4.00000 
6.00000 
2.00000 
6.00000 
2.00000 

4.00000 
0.00000 
4.00000 
0.00000 
0.00000 
0.00000 

0.00000 
0.00000 

Frequency 

6.28388 
0.77872 
3.58114 
0.58114 
0.76266 
1.23734 
0.74250 
1.25750 

0.71612 
-5.77872 

0.41886 
-2.58114 
-5.32010 
-4.82526 

7.32010 
6.82526 

10.26970 
0.76783 
5.54951 
0.54951 
0.75711 
1.24289 
0.74476 
1.25524 

0.73030 
-9.76783 

0.45049 
-4.54951 
-9.29276 
-8.79463 

11.29276 
10.79463 

CO 

0.75000 
OQ 

0.50000 
0.75000 
1.25000 
0.75000 
1.25000 

0.75000 
— CD 

0.50000 
— CO 

— CO 

— CO 

CO 

CO 

J/i 

4.00 

10.00 

Intensity 

0.01320 
3.98970 
0.05972 
3.94029 
5.98324 
2.00898 
5.98178 
2.01042 

3.98680 
0.01030 
3.94029 
0.05972 
0.00646 
0.00278 

0.00132 
0.00502 

0.00197 
3.99822 
0.00993 
3.99007 
5.99724 
2.00151 
5.99714 
2.00161 

3.99803 
0.00178 
3.99007 
0.00993 
0.00098 
0.00036 

0.00027 
0.00089 

Frequency 

8.27492 
0.77200 
4.56155 
0.56155 
0.75913 
1.24087 
0.74379 
1.25621 

0.72508 
-7.77200 

0.43845 
-3.56155 
-7.30313 
-6.80605 

9.30313 
8.80605 

20.25961 
0.75914 

10.52494 
0.52494 
0.75335 
1.24665 
0.74712 
1.25288 

0.74039 
-19.75914 

0.47506 
-9.52494 

-19.27163 
-18.77210 

21.27163 
20.77210 
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TABLE 37 

Line frequencies and relative intensities for the AiBi spin system 

j/s 

0.00 

0.10 

0.20 

0.30 

0.40 

0.50 

0.60 

Intensity 

2.00000 
2.00000 
2.00000 
4.00000 
2.00000 
2.00000 
2.00000 

0.00000 
0.00000 

2.46251 
2.39223 
1.95243 
4.00000 
1.65527 
1.92969 
1.60777 

0.00007 
0.00003 

3.04200 
2.74278 
1.85526 
4.00000 
1.40074 
1.70049 
1.25722 

0.00122 
0.00028 

3.67373 
3.02899 
1.75801 
4.00000 
1.20752 
1.35451 
0.97101 

0.00547 
0.00075 

4.25184 
3.24939 
1.68151 
4.00000 
1.05648 
0.99634 
0.75061 

0.01262 
0.00121 

4.70725 
3.41421 
1.63173 
4.00000 
0.93449 
0.70542 
0.58579 

0.01956 
0.00154 

5.03592 
3.53644 
1.60632 
4.00000 
0.83322 
0.49884 
0.46356 

0.02402 
0.00168 

Frequency 

0.50000 
0.50000 
0.50000 
0.50000 
0.50000 
0.50000 
0.50000 

1.50000 
1.50000 

0.40113 
0.40990 
0.50792 
0.50000 
0.59915 
0.51188 
0.60990 

1.42094 
1.61896 

0.30975 
0.33852 
0.52322 
0.50000 
0.69445 
0.55381 
0.73852 

1.38678 
1.77148 

0.23322 
0.28310 
0.53474 
0.50000 
0.78486 
0.63145 
0.88310 

1.39941 
1.95105 

0.17500 
0.24031 
0.53644 
0.50000 
0.87113 
0.74418 
1.04031 

1.45563 
2.15176 

0.13356 
0.20711 
0.52814 
0.50000 
0.95459 
0.88607 
1.20711 

1.54777 
2.36881 

0.10480 
0.18102 
0.51270 
0.60000 
1.03648 
1.04935 
1.38102 

1.66685 
2.59853 

J/S 

0.05 

0.15 

0.25 

0.35 

0.45 

0.55 

0.65 

Intensity 

2.21487 
2.19901 
1.98654 
4.00000 
1.81445 
1.98413 
1.80099 

0.00000 
0.00000 

2.73999 
2.57470 
1.90650 
4.00000 
1.51843 
1.83459 
1.42530 

0.00037 
0.00012 

3.35787 
2.89443 
1.80516 
4.00000 
1.29754 
1.53606 
1.10557 

0.00288 
0.00050 

3.97544 
3.14692 
1.71648 
4.00000 
1.12774 
1.17049 
0.85308 

0.00885 
0.00099 

4.49640 
3.33793 
1.65329 
4.00000 
0.99244 
0.84015 
0.66207 

0.01634 
0.00138 

4.88597 
3.47988 
1.61632 
4.00000 
0.88162 
0.59229 
0.52012 

0.02217 
0.00162 

5.16124 
3.58525 
1.60092 
4.00000 
0.78863 
0.42232 
0.41475 

0.02520 
0.00169 

Frequency 

0.45013 
0.45249 
0.50224 
0.50000 
0.54988 
0.50274 
0.55249 

1.45512 
1.55487 

0.35400 
0.37202 
0.51543 
0.50000 
0.64741 
0.52860 
0.67202 

1.39803 
1.69144 

0.26928 
0.30902 
0.52998 
0.50000 
0.74024 
0.58805 
0.80902 

1.38732 
1.85828 

0.20182 
0.26033 
0.53694 
0.50000 
0.82843 
0.68371 
0.96033 

1.42247 
2.04909 

0.15242 
0.22268 
0.53340 
0.50000 
0.91313 
0.81197 
1.12268 

1.49778 
2.25850 

0.11786 
0.19330 
0.52111 
0.50000 
0.99567 
0.96550 
1.29330 

1.60447 
2.48227 

0.09390 
0.17006 
0.50330 
0.50000 
1.07713 
1.13682 
1.47006 

1.73402 
2.71725 

J/S 

0.70 

0.80 

0.90 

1.00 

3.00 

5.00 

CD 

Intensity 

5.26595 
3.62747 
1.59935 
4.00000 
0.74740 
0.35985 
0.37253 

0.02579 
0.00167 

5.42746 
3.69600 
1.60483 
4.00000 
0.67356 
0.26696 
0.30400 

0.02562 
0.00158 

5.54302 
3.74831 
1.61804 
4.00000 
0.60929 
0.20386 
0.25169 

0.02436 
0.00143 

5.62808 
3.78885 
1.63556 
4.00000 
0.55292 
0.15950 
0.21115 

0.02267 
0.00127 

5.95830 
3.97279 
1.89741 
4.00000 
0.12550 
0.01441 
0.02721 

0.00431 
0.00008 

5.98500 
3.99007 
1.95828 
4.00000 
0.05002 
0.00506 
0.00993 

0.00163 
0.00001 

6.00000 
4.00000 
2.00000 
4.00000 
0.00000 
0.00000 
0.00000 

0.00000 
0.00000 

Frequency 

0.08474 
0.16023 
0.49322 
0.50000 
1.11773 
1.22725 
1.56023 

1.80521 
2.83819 

0.07044 
0.14340 
0.47195 
0.50000 
1.19900 
1.41484 
1.74340 

1.95724 
3.08579 

0.05996 
0.12956 
0.45033 
0.50000 
1.28072 
1.60880 
1.92956 

2.11909 
3.33985 

0.05205 
0.11803 
0.42914 
0.50000 
1.36316 
1.80693 
2.11803 

2.28812 
3.59923 

0.01434 
0.04138 
0.19571 
0.50000 
3.16867 
5.88705 
6.04138 

6.09710 
9.25143 

0.00843 
0.02494 
0.12207 
0.50000 
5.10556 
9.92780 

10.02494 

10.05831 
15.15543 

0.00000 
0.00000 
0.00000 
0.50000 

CO 

CO 

CD 

CD 

09 

J/S 

0.75 

0.85 

0.95 

2.00 

4.00 

10.00 

Intensity 

5.35366 
3.66410 
1.60086 
4.00000 
0.70915 
0.30881 
0.33590 

0.02588 
0.00163 

5.48990 
3.72387 
1.61071 
4.00000 
0.64034 
0.23246 
0.27613 

0.02508 
0.00151 

5.58894 
3.76984 
1.62637 
4.00000 
0.58020 
0.17954 
0.23016 

0.02359 
0.00135 

5.90634 
3.94029 
1.81161 
4.00000 
0.23917 
0.03365 
0.05972 

0.00894 
0.00029 

5.97655 
3.98456 
1.93738 
4.00000 
0.07557 
0.00797 
0.01544 

0.00250 
0.00003 

5.99625 
3.99750 
1.98897 
4.00000 
0.01311 
0.00125 
0.00250 

0.00041 
0.00000 

Frequency 

0.07701 
0.15139 
0.48270 
0.50000 
1.15833 
1.32007 
1.65139 

1.87979 
2.96110 

0.06481 
0.13615 
0.46113 
0.50000 
1.23979 
1.51118 
1.83615 

2.03712 
3.21209 

0.05574 
0.12355 
0.43965 
0.50000 
1.32184 
1.70745 
2.02355 

2.20283 
3.46893 

0.02232 
0.06155 
0.27475 
0.50000 
2.23552 
3.84835 
4.06155 

4.14542 
6.35862 

0.01061 
0.03113 
0.15066 
0.50000 
4.13014 
7.91160 
8.03113 

8.07287 
12.19240 

0.00418 
0.01249 
0.06212 
0.50000 

10.05380 
19.96286 
20.01249 

20.02916 
30.07878 
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TABLE 38 

Line frequencies and relative intensities for the A3Bi spin system 

Al 
A2 
i ! 3 . . . . 
Ai 
^5 
AQ 
Al 
AS 
A9 
X l O . . . 
All... 
A12... 
4 1 3 . . . 

Bl 

m 
B3 
Bi 
Bb.... 
B6 
BT 
BS... 
B 9 . . . . 
BlO... 
BIl... 
B 1 2 . . . 

M l . . . . 
M2.... 
M3.... 
Mi.... 
M 5 . . . . 
M6.... 
Ml.... 
Mi.... 
M9.... 

Al 
A2 
A3 
Ai.... 
AS 
A6 
Al 
AS 
A9 
A l O . . . 
AU... 
A12... 
A13... 

Bl 
B2 
S3 
Bi 
Bb 
B6 
Bl 
BS.... 
B 9 . . . . 
B l O . . . 
B U . . . 
B 1 2 . . . 

J f I . . . . 
M2.... 
M3.... 
Mi.... 
Mb.... 
M6.... 
Ml.... 
M8.... 
J f 9 . . . 

JH 

0.00 

0.10 

Intensity 

3.00000 
2.00000 
3.00000 
2.00000 
2.00000 

12.00000 
4.00000 
3.00000 
3.00000 
4.00000 
3.00000 
3.00000 
4.00000 

2.00000 
4.00000 
2.00000 
4.00000 
4.00000 
4.00000 
2.00000 
2.00000 
2.00000 
2.00000 
2.00000 
2.00000 

0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 

2.37259 
1.63141 
3.54341 
1.94128 
2.42736 

12.00000 
3.27099 
2.87275 
3.75441 
3.88909 
2.51488 
2.94153 
4.83939 

2.62741 
4.36860 
1.45659 
3.63136 
4.42732 
3.57264 
2.75454 
2.10145 
1.51492 
1.70399 
1.75615 
2.08504 

0.00015 
0.00012 
0.00014 
0.00003 
0.00000 
0.00028 
0.00007 
0.00008 
0.00005 

Frequency 

1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 

0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 

-1.00000 
2.00000 
2.00000 

-1.00000 
3.00000 
2.00000 
2.00000 

-1.00000 
-1.00000 

1.11554 
1.10474 
0.91410 
1.00997 
0.90523 
1.00000 
1.10331 
1.01419 
0.89675 
1.00910 
1.09415 
1.00635 
0.90666 

0.13446 
0.04526 

-0.16410 
-0.04951 

0.04951 
-0.05523 

0.14803 
0.03312 

-0.14891 
-0.07185 
-0.06110 

0.03059 

-0.83304 
2.08438 
1.98485 

-1.22710 
3.03050 
1.87525 
2.16435 

-1.03960 
-1.00997 

JIt 

0.05 

0.15 

Intensity 

2.69081 
1.80771 
3.28708 
1.98508 
2.20721 

12.00000 
3.61692 
2.97284 
3.33633 
3.97054 
2.73116 
2.98175 
4.41251 

2.30919 
4.19229 
1.71292 
3.80771 
4.20721 
3.79279 
2.33634 
2.07388 
1.73116 
1.87457 
1.88577 
2.07618 

0.00001 
0.00001 
0.00001 
0.00000 
0.00000 
0.00001 
0.00001 
0.00001 
0.00000 

2.06044 
1.47134 
3.76534 
1.87135 
2.65754 

12.00000 
2.96460 
2.67892 
4.25941 
3.77276 
2.33849 
2.89540 
5.25994 

2.93957 
4.52866 
1.23466 
3.47111 
4.65731 
3.34246 
3.26018 
2.09490 
1.33864 
1.50530 
1.62624 
2.00081 

0.00093 
0.00046 
0.00062 
0.00010 
0.00000 
0.00170 
0.00025 
0.00034 
0.00023 

Frequency 

1.05383 
1.05122 
0.95365 
1.00250 
0.95128 
1.00000 
1.05103 
1.00301 
0.94894 
1.00244 
1.04862 
1.00202 
0.95147 

0.07117 
0.02378 

-0.07865 
-0.02494 

0.02494 
-0.02628 

0.07478 
0.02035 

-0.07484 
-0.03027 
-0.02824 

0.02071 

-0.90788 
2.03370 
1.98376 

-1.10713 
3.00753 
1.93067 
2.07930 

-1.00997 
-1.00250 

1.18515 
1.16037 
0.88053 
1.02237 
0.86201 
1.00000 
1.15583 
1.03669 
0.84548 
1.01810 
1.13642 
1.01089 
0.86651 

0.18985 
0.06463 

-0.25553 
-0.07336 

0.07336 
-0.08701 

0.21763 
0.04139 

-0.22187 
-0.12517 
-0.09634 

0.02642 

-0.77767 
2.15113 
2.00257 

-1.35793 
3.06992 
1.83716 
2.25086 

-1.08802 
-1.02237 

JIi 

0.20 

0.30 

Intensity 

1.76808 
1.32714 
3.95330 
1.77953 
2.89400 

12.00000 
2.69509 
2.38893 
4.83922 
3.64181 
2.19304 
2.85171 
5.65470 

3.23193 
4.67286 
1.04671 
3.32648 
4.89333 
3.10600 
3.84190 
2.06969 
1.19341 
1.29841 
1.50233 
1.81624 

0.00329 
0.00110 
0.00159 
0.00019 
0.00000 
0.00597 
0.00057 
0.00082 
0.00067 

1.27627 
1.08283 
4.24027 
1.55150 
3.36812 

12.00000 
2.24844 
1.65864 
6.05064 
3.40196 
1.96723 
2.78667 
6.31618 

3.72374 
4.91717 
0.75974 
3.08008 
5.36568 
2.63158 
5.06234 
2.01299 
0.96842 
0.92371 
1.28190 
1.26810 

0.01483 
0.00276 
0.00464 
0.00038 
0.00001 
0.02652 
0.00157 
0.00207 
0.00275 

Frequency 

1.26235 
1.21789 
0.85208 
1.03959 
0.82170 
1.00000 
1.20794 
1.07329 
0.79765 
1.02684 
1.17551 
1.01431 
0.83149 

0.23765 
0.08211 

-0.35208 
-0.09619 

0.09619 
-0.12170 

0.28112 
0.04859 

-0.29372 
-0.18985 
-0.13251 

0.00549 

-0.74357 
2.23263 
2.03565 

-1.49787 
3.12702 
1.81900 
2.33486 

-1.15385 
-1.03959 

1.43681 
1.33788 
0.80737 
1.08788 
0.75000 
1.00000 
1.31026 
1.19428 
0.72076 
1.03427 
1.24498 
1.01562 
0.77641 

0.31319 
0.11212 

-0.55737 
-0.13788 

0.137S8 
-0.20000 

0.38227 
0.07067 

-0.43467 
-0.34911 
-0.20532 
-0.09126 

-0.74134 
2.43387 
2.14115 

-1.79940 
3.29657 
1.84628 
2.48456 

-1.33084 
-1.08788 

JIi 

0.25 

0.35 

Intensity 

1.50515 
1.19800 
4.11024 
1.67103 
3.13245 

12.00000 
2.45798 
2.03210 
5.45443 
3.51396 
2.07115 
2.81489 
6.00914 

3.49485 
4.80200 
0.88977 
3.19652 
5.13097 
2.86755 
4.46083 
2.03914 
1.07188 
1.10080 
1.38730 
1.55627 

0.00803 
0.00192 
0.00300 
0.00030 
0.00000 
0.01443 
0.00102 
0.00144 
0.00149 

1.08169 
0.98039 
4.34769 
1.42642 
3.59766 

12.00000 
2.06194 
1.31588 
6.58156 
3.31352 
1.87783 
2.76641 
6.57539 

3.91831 
5.01961 
0.65231 
2.97593 
5.59319 
2.40235 
5.59901 
1.99743 
0.87963 
0.77185 
1.18499 
0.99756 

0.02232 
0.00342 
0.00627 
0.00045 
0.00002 
0.03976 
0.00222 
0.00254 
0.00447 

Frequency 

1.34650 
1.27712 
0.82793 
1.06149 
0.78436 
1.00000 
1.25940 
1.12573 
0.75560 
1.03278 
1.21162 
1.01593 
0.80158 

0.27850 
0.09788 

-0.45293 
-0.11776 

0.11776 
-0.15936 

0.33638 
0.05772 

-0.36458 
-0.26494 
-0.16890 
-0.03374 

-0.73162 
2.32740 
2.08245 

-1.64545 
3.20264 
1.82212 
2.41329 

-1.23542 
-1.06149 

1.53240 
1.40000 
0.78976 
1.11855 
0.71855 
1.00000 
1.36075 
1.27769 
0.69328 
1.03091 
1.27580 
1.01355 
0.75540 

0.34260 
0.12500 

-0.66476 
-0.15645 

0.15645 
-0.24355 

0.41896 
0.08789 

-0.50419 
-0.44096 
-0.24194 
-0.16545 

-0.77084 
2.55055 
2.20992 

-1.95871 
3.40739 
1.88964 
2.54866 

-1.43831 
-1.11855 
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TABLE 38—Continued 

Al 
A2 
A3 
A4 
A 5 . . . . 
AS 
AT.... 
A8. . . . 
A 9 . . . . 
A l O . . . 
A l l . . . 
A 1 2 . . . 
A 1 3 . . . 

Bl 
B 2 . . . . 
B3.... 
Bi 
B5.... 
B 6 . . . . 
Bl 
BS.... 
B9.... 
B l O . . . 
B I l . . . 
B 1 2 . . . 

JIfI. . . . 
M2.... 
M3.... 
Mi.... 
M5.... 
M6.... 
Jlf7. . . . 
Mi.... 
M 9 . . . . 

Al 
A2 
A3 
A4 
A5 
A6 
A7 
A8 
A9 
AlO.. . 
A l l . . . 
A 1 2 . . . 
A13. . . 

B l . . . . 
B 2 . . . . 
B3 
B 4 . . . . 
BS 
B 6 . . . . 
B 7 . . . . 
B% 
B9 
B l O . . . 
B I l . . . 
B12. . . 

JIfI. . . . 
Jlf2. . . . 
Af3 . . . . 
JIT4.... 
Mb.... 
M6.... 
Ml.... 
M8...-
M 9 . . . . 

JU 

0.40 

0.50 

Intensity 

0.91886 
0.88942 
4.43649 
1.30067 
3.81650 

12.00000 
1.89490 
1.03032 
7.02442 
3.25156 
1.80014 
2.75314 
6.79072 

4.08114 
5.11058 
0.56351 
2.88284 
5.80991 
2.18350 
6.04688 
1.99530 
0.80267 
0.64529 
1.09579 
0.77108 

0.02S66 
0.00394 
0.00769 
0.00048 
0.00003 
0.05108 
0.00298 
0.00291 
0.00659 

0.67218 
0.73699 
4.57143 
1.06193 
4.21268 

12.00000 
1.60713 
0.63702 
7.65848 
3.20005 
1.67178 
2.74285 
7.11376 

4.32782 
5.26301 
0.42857 
2.72539 
6.20108 
1.78732 
6.68659 
2.02969 
0.67612 
0.45715 
0.93656 
0.46188 

0.03536 
0.00421 
0.00960 
0.00051 
0.00007 
0.06340 
0.00478 
0.00301 
0.01160 

Frequency 

1.63246 
1.46332 
0.77460 
1.15322 
0.68990 
1.00000 
1.41118 
1.37367 
0.67235 
1.02335 
1.30430 
1.01004 
0.73790 

0.36754 
0.13668 

-0.77460 
-0.17343 

0.17343 
-0.28990 

0.44761 
0.10876 

-0.57334 
-0.53916 
-0.27907 
-0.25371 

-0.81730 
2.67609 
2.28709 

-2.12253 
3.53278 
1.94941 
2.60672 

-1.55613 
-1.15322 

1.84307 
1.59307 
0.75000 
1.23346 
0.64039 
1.00000 
1.51304 
1.59307 
0.64503 
1.00000 
1.35496 
1.00000 
0.71107 

0.40693 
0.15693 

-1.00000 
-0.20268 

0.20268 
-0.39039 

0.48696 
0.15693 

-0.71107 
-0.75000 
-0.35611 
-0.46107 

-0.94918 
2.94918 
2.46107 

/ - 2 . 4 6 1 0 7 
3.81718 
2.10611 
2.71107 

-1.81718 
-1.23346 

J/S 

0.45 

0.55 

Intensity 

0.78380 
0.80868 
4.51012 
1.17820 
4.02213 

12.00000 
1.74410 
0.80666 
7.37932 
3.21495 
1.73203 
2.74568 
6.96805 

4.21620 
5.19133 
0.48989 
2.79967 
6.01313 
1.97787 
6.40536 
2.00663 
0.73541 
0.54154 
1.01323 
0.59450 

0.03307 
0.00418 
0.00879 
0.00052 
0.00006 
0.05905 
0.00385 
0.00302 
0.00901 

0.57995 
0.67329 
4.62277 
0.95377 
4.38718 

12.00000 
1.48239 
0.50982 
7.87721 
3.20204 
1.61820 
2.74356 
7.23363 

4.42005 
5.32671 
0.37724 
2.65905 
6.37294 
1.61282 
6.90614 
2.06166 
0.62358 
0.38863 
0.86541 
0.36363 

0.03590 
0.00410 
0.01010 
0.00050 
0.00008 
0.06474 
0.00580 
0.00288 
0.01424 

Frequency 

1.73623 
1.52772 
0.76146 
1.19163 
0.66390 
1.00000 
1.46185 
1.47960 
0.65669 
1.01267 
1.33064 
1.00541 
0.72330 

0.38877 
0.14728 

-0.88646 
-0.18882 

0.18882 
-0.33890 

0.46977 
0.13215 

-0.64226 
-0.64250 
-0.31703 
-0.35314 

-0.87768 
2.80930 
2.37122 

-2.29017 
3.67016 
2.02250 
2.66034 

-1.68283 
-1.19163 

1.95246 
1.65926 
0.73995 
1.27842 
0.61915 
1.00000 
1.56495 
1.71207 
0.63631 
0.98627 
1.37742 
0.99406 
0.70076 

0.42255 
0.16574 

-1.11495 
-0.21511 

0.21511 
-0.44415 

0.50043 
0.18216 

-0.77988 
-0.86083 
-0.39652 
-0.57533 

-1.02948 
3.09486 
2.55566 

-2.63477 
3.97185 
2.19791 
2.76021 

-1.95812 
-1.27842 

JIt 

0.60 

0.70 

Intensity 

0.50354 
0.61662 
4.66600 
0.85473 
4.54546 

12.00000 
1.36828 
0.41427 
8.04950 
3.21663 
1.57026 
2.74690 
7.33265 

4.49646 
5.38338 
0.33400 
2.59981 
6.52865 
1.45455 
7.07832 
2.10005 
0.57674 
0.33288 
0.79920 
0.29082 

0.03520 
0.00387 
0.01036 
0.00047 
0.00009 
0.06394 
0.00686 
0.00270 
0.01681 

0.38680 
0.52101 
4.73387 
0.68491 
4.81546 

12.00000 
1.16788 
0.28623 
8.29662 
3.26911 
1.48837 
2.75867 
7.48362 

4.61320 
5.47900 
0.26613 
2.49963 
6.79409 
1.18454 
7.32371 
2.18709 
0.49716 
0.24982 
0.68057 
0.19509 

0.03183 
0.00327 
0.01030 
0.00043 
0.00010 
0.05882 
0.00911 
0.00221 
0.02138 

Frequency 

2.06394 
1.72621 
0.73107 
1.32621 
0.60000 
1.00000 
1.61775 
1.83505 
0.62972 
0.97215 
1.39813 
0.98781 
0.69201 

0.43606 
0.17379 

-1.23107 
-0.22621 

0.22621 
-0.50000 

0.51114 
0.20717 

-0.84875 
-0.97433 
-0.43843 
-0.69419 

-1.11675 
3.24564 
2.65415 

-2.81089 
4.13263 
2.29607 
2.80871 

-2.10478 
-1.32621 

2.29186 
1.86203 
0.71616 
1.42917 
0.56714 
1.00000 
1.72640 
2.08859 
0.62076 
0.94448 
1.43476 
0.97494 
0.67808 

0.45814 
0.18797 

-1.46616 
-0.24490 

0.24490 
-0.61714 

0.52686 
0.25488 

-0.98686 
-1.20737 
-0.52704 
-0.94097 

-1.30685 
3.56011 
2.86039 

-3.16918 
4.46801 
2.50621 
2.90628 

-2.41249 
-1.42917 

JIS 

0.65 

0.75 

Intensity 

0.43997 
0.56611 
4.70264 
0.76517 
4.68793 

12.00000 
1.26374 
0.34184 
8.18647 
3.24000 
1.52721 
2.75213 
7.41487 

4.56003 
5.43389 
0.29736 
2.54690 
6.66873 
1.31207 
7.21461 
2.14250 
0.53484 
0.28730 
0.73766 
0.23635 

0.03373 
0.00359 
0.01040 
0.00046 
0.00010 
0.06177 
0.00799 
0.00245 
0.01921 

0.34208 
0.48064 
4.76065 
0.61347 
4.92916 

12.00000 
1.07993 
0.24290 
8.38625 
3.30171 
1.45322 
2.76609 
7.54147 

4.65793 
5.51936 
0.23935 
2.45737 
6.90588 
1.07084 
7.41208 
2.23240 
0.46315 
0.21879 
0.62769 
0.16336 

0.02974 
0.00294 
0.01010 
0.00039 
0.00010 
0.05548 
0.01023 
0.00197 
0.02328 

Frequency 

2.17717 
1.79382 
0.72319 
1.37655 
0.58272 
1.00000 
1.67155 
1.96085 
0.62468 
0.95812 
1.41720 
0.98140 
0.68453 

0.44783 
0.18118 

-1.34819 
-0.23610 

0.23610 
-0.55772 

0.51978 
0.23150 

-0.91773 
-1.08999 
-0.48192 
-0.81639 

-1.20957 
3.40089 
2.75591 

-2.98911 
4.29832 
2.39919 
2.85725 

-2.25644 
-1.37655 

2.40776 
1.93078 
0.70985 
1.48383 
0.55305 
1.00000 
1.78234 
2.21766 
0.61767 
0.93141 
1.45091 
0.96853 
0.67248 

0.46724 
0.19422 

-1.58485 
-0.25272 

0.25272 
-0.67805 

0.53276 
0.27714 

-1.05617 
-1.32616 
-0.57379 
-1.06723 

-1.40776 
3.72286 
2.96717 

-3.35086 
4.64101 
2.61631 
2.95611 

-2.57243 
-1.48383 
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TABLE 38—Continued 

Al 
A2 
U 3 . . . . 
U 4 . . . . 
A5 
A6. . . . 
AT.... 
AS 
A9 
AW.. 
A l l . . . 
A12... 
AlZ... 

Bl 

m 
BZ.... 
Bi 
B5 
B6 
BT.... 
BS 
B9 
B l O . . . 
B I l . . . 
B 1 2 . . . 

Ml.... 
Af 2 . . . . 
Af3 . . . . 
Af4 . . . . 
Af5 . . . . 
Af6. . . . 
MT.... 
MS.... 
MB.... 

Al 
Al 
A3 
Ai 
A5 
A6 
AT 
AS.... 
AQ 
A l O . . . 
A l l . . . 
A 1 2 . . . 
A 1 3 . . . 

Bl 
B2 
B3 
Bi 
Bb.... 
B6 
BT 
BS.... 
BS 
BlO. . . 
B I l . . . 
B 1 2 . . . 

Af I . . . . 
Af2 . . . . 
Af3 
Af4 . . . . 
Mh 
Af6. . . . 
Af7. . . . 
AfS. . . . 
M9.... 

JH 

0.80 

0.90 

Intensity 

0.30422 
0.44444 
4.78375 
0.55019 
5.03026 

12.00000 
0.99926 
0.20864 
8.46000 
3.33609 
1.42133 
2.77405 
7.59049 

4.69578 
5.55556 
0.21625 
2.41956 
7.00537 
0.96974 
7.48451 
2.27734 
0.43238 
0.19290 
0.57883 
0.13858 

0.02762 
0.00263 
0.00982 
0.00036 
0.00010 
0.05203 
0.01132 
0.00173 
0.02489 

0.24439 
0.38258 
4.82126 
0.44497 
5.19972 

12.00000 
0.85753 
0.15884 
8.57286 
3.40561 
1.36587 
2.79061 
7.66821 

4.75561 
5.61743 
0.17874 
2.35531 
7.17245 
0.80028 
7.59471 
2.36326 
0.37900 
0.15274 
0.49238 
0.10315 

0.02360 
0.00206 
0.00913 
0.00031 
0.00009 
0.04536 
0.01334 
0.00133 
0.02727 

Frequency 

2.52470 
2.00000 
0.70416 
1.54031 
0.54031 
1.00000 
1.83936 
2.34759 
0.61521 
0.91903 
1.46576 
0.96223 
0.66758 

0.47531 
0.20000 

-1.70416 
-0.25969 

0.25969 
-0.74031 

0.53774 
0.29820 

-1.12566 
-1.44609 
-0.62213 
-1.19464 

-1.51165 
3.88875 
3.07590 

-3.53398 
4.81677 
2.72888 
3.00692 

-2.73580 
-1.54031 

2.76106 
2.13969 
0.69433 
1.65796 
0.50827 
1.00000 
1.95657 
2.60881 
0.61159 
0.89648 
1.49193 
0.95010 
0.65946 

0.48894 
0.21031 

-1.94433 
-0.27142 

0.27142 
-0.86827 

0.54568 
0.33670 

-1.26523 
-1.68856 
-0.72339 
-1.45154 

-1.72643 
4.22868 
3.29812 

-3.90388 
5.17493 
2.95961 
3.11180 

-3.07141 
-1.65796 

JH 

0.85 

0.95 

Intensity 

0.27200 
0.41190 
4.80379 
0.49428 
5.12004 

12.00000 
0.92530 
0.18117 
8.52134 
3.37101 
1.39232 
2.78228 
7.63231 

4.72800 
5.58810 
0.19621 
2.38569 
7.09382 
0.87997 
7.54450 
2.32114 
0.40444 
0.17115 
0.53379 
0.11894 

0.02556 
0.00233 
0.00949 
0.00034 
0.00009 
0.04863 
0.01236 
0.00152 
0.02622 

0.22061 
0.35609 
4.83657 
0.40151 
5.27046 

12.00000 
0.79545 
0.14046 
8.61654 
3.43928 
1.34172 
2.79889 
7.69923 

4.77940 
5.64391 
0.16343 
2.32803 
7.24240 
0.72954 
7.63713 
2.40337 
0.35577 
0.13706 
0.45439 
0.09029 

0.02178 
0.00181 
0.00876 
0.00028 
0.00008 
0.04228 
0.01425 
0.00116 
0.02806 

Frequency 

2.64250 
2.06965 
0.69901 
1.59841 
0.52876 
1.00000 
1.89745 
2.47806 
0.61322 
0.90738 
1.47940 
0.95608 
0.66328 

0.48250 
0.20535 

-1.82401 
-0.26589 

0.26589 
-0.80376 

0.54200 
0.31805 

-1.19534 
-1.66694 
-0.67202 
-1.32284 

-1.61801 
4.05745 
3.18630 

-3.71836 
4.99486 
2.84344 
3.05880 

-2.90224 
-1.59841 

2.88025 
2.21008 
0.69005 
1.71879 
0.50872 
1.00000 
2.01667 
2.73969 
0.61024 
0.88631 
1.50344 
0.94431 
0.65606 

0.49475 
0.21492 

-2.06505 
-0.27636 

0.27636 
-0.93372 

0.54889 
0.35418 

-1.33531 
-1.81080 
-0.77618 
-1.58055 

-1.83661 
4.40218 
3.41117 

-4.09042 
5.35673 
3.07711 
3.16594 

-3.24304 
-1.71879 

JIi 

1.00 

3.00 

Intensity 

0.20000 
0.33211 
4.85005 
0.36319 
5.33334 

12.00000 
0.73859 
0.12515 
8.65386 
3.47168 
1.31962 
2.80704 
7.72619 

4.80000 
5.66789 
0.14995 
2.30348 
7.30470 
0.66667 
7.67326 
2.44131 
0.33453 
0.12361 
0.41955 
0.07969 

0.02010 
0.00159 
0.00838 
0.00026 
0.00008 
0.03942 
0.01508 
0.00101 
0.02863 

0.02222 
0.05550 
4.98000 
0.03148 
5.926C3 

12.000C0 
0.09497 
0.01272 
8.96163 
3.91785 
1.05170 
2.95387 
7.96693 

4.97778 
5.94451 
0.02X0 
2.04219 
7.91303 
0.07397 
7.96503 
2.92485 
0.06437 
0.01306 
0.04329 
0.00704 

0.00239 
0.00003 
0.00176 
0.00001 
0.00001 
0.00578 
0.01268 
0.00001 
0.01301 

Frequency 

3.00000 
2.28078 
0.68614 
1.78078 
0.50000 
1.00000 
2.07772 
2.87056 
0.60911 
0.87687 
1.51402 
0.93872 
0.65302 

0.50000 
0.21922 

-2.18614 
-0.28078 

0.28078 
-1.00000 

0.55173 
0.37056 

-1.40560 
-1.93356 
-0.83030 
-1.70972 

-1.94827 
4.57772 
3.52530 

-4.27788 
5.54001 
3.19570 
3.22118 

-3.41688 
-1.78078 

7.93273 
5.21221 
0.63104 
4.59822 
0.38600 
1.00000 
4.86824 
7.98019 
0.60087 
0.75671 
1.64241 
0.82687 
0.61651 

0.56727 
0.28779 

-7.13104 
-0.32621 

0.32621 
-3.88600 

0.58430 
0.61473 

-4.31234 
-6.93522 
-3.49680 
-6.79502 

-6.78116 
12.23370 
8.37860 

-12.07443 
13.29181 
8.15260 
5.89592 

-11.04852 
-4.59822 

JIi 

2.00 

4.00 

Intensity 

0.05051 
0.11325 
4.95677 
0.07967 
5.82843 

12.00000 
0.21674 
0.02886 
8.91359 
3.82280 
1.10843 
2.91365 
7.92684 

4.94949 
5.88675 
0.04323 
2.09190 
7.80708 
0.17157 
7.92048 
2.82828 
0.12613 
0.02989 
0.10837 
0.01661 

0.00550 
0.00014 
0.00345 
0.00005 
0.00002 
0.01237 
0.01773 
0.00008 
0.02135 

0.01240 
0.03270 
4.98855 
0.01644 
5.95932 

12.00000 
0.05225 
0.00715 
8.97836 
3.95328 
1.02984 
2.97172 
7.98116 

4.98760 
5.96730 
0.01145 
2.02424 
7.95087 
0.04068 
7.98044 
2.95883 
0.03871 
0.00738 
0.02242 
0.00382 

0.00132 
0.00001 
0.00103 
0.00000 
0.00000 
0.00340 
0.00888 
0.00000 
0.00846 

Frequency 

5.44949 
3.73205 
0.64575 
3.14626 
0.41421 
1.00000 
3.42349 
5.44949 
0.60202-
0.78246 
1.61552 
0.86329 
0.62521 

0.55051 
0.26795 

-4.64575 
-0.31784 

0.31784 
-2.41421 

0.57651 
0.55051 

-2.84275 
-4.42822 
-2.09052 
-4.27096 

-4.32247 
8.32247 
5.91671 

-8.13425 
9.36148 
5.65545 
4.48850 

-7.14395 
-3.14626 

10.42443 
6.70156 
0.62348 
6.07384 
0.37228 
1.00000 
6.34128 

10.49496 
0.60049 
0.74681 
1.65270 
0.80613 
0.61228 

0.57557 
0.29844 

-9.62348 
-0.32928 

0.32928 
-5.37228 

0.58819 
0.64610 

-5.79493 
-9.44082 
-4.94837 
-9.30628 

-9.26067 
16.19014 
10.85923 

-16.04188 
17.25465 
10.65358 
7.34788 

-15.00146 
-6.07384 
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TABLE 38—Concluded 

J/i Intensity Frequency J/S Intensity Frequency J/S Intensity Frequency 

Al. 
A2. 
A3. 
Ai. 
A5. 
A6. 
AT. 
Ai. 
AQ. 
AW 
AU 
A12 
A13 

S l . . 
B2.. 
B3. . 
Bi.. 
Bb.. 
B6., 

m.. 
BS.. 
B9. 
BlO 
BIl 
B12 

JfI. 
Af 2. 
Af3. 
Af4. 
AfS. 
Af6. 
Af7. 
Af 8. 
Af 9. 

5.00 0.00789 

0.02150 

4.99260 

0.01001 

5.97437 

12.00000 

0.03284 

0.00458 

8.98615 

3.96996 

1.01933 

2.98097 

7.98788 

99211 

97851 

00741 

01562 

96850 

02563 

98753 

97422 

02576 

0.00471 

0.01352 

0.00241 

0.00083 

0.00001 

0.00068 

0.00000 

0.00000 

0.00221 

0.00643 

0.00000 

0.00588 

12.91948 

8.19493 

0.61887 

7.55914 

0.36421 

1.00000 

7.82550 

13.00345 

0.60031 

0.74206 

1.65763 

0.79284 

0.60977 

0.58052 

0.30507 

-12.11887 

-0.33073 

0.33073 

-6.86421 

0.59053 

0.66448 

-7.28374 

-11.94489 

-6.41896 

-11.81261 

-11.74843 

20.16446 

13.34751 

-20.02148 

21.23157 

13.15498 

8.81865 

-18.97363 

-7.55914 

10.00 0.00195 

0.00566 

4.99811 

0.00224 

6.99382 

12.00000 

0.00784 

0.00115 

8.99656 

3.99243 

1.00491 

2.99477 

7.99698 

4.99805 

5.99435 

0.00189 

2.00394 

7.99211 

0.00618 

7.99690 

2.99390 

0.00693 

0.00113 

0.00293 

0.00061 

0.00020 

0.00000 

0.00019 

0.00000 

0.00000 

0.00054 

0.00202 

0.00000 

0.00172 

25.40967 

15.68115 

0.60952 

15.02961 

0.34847 

1.00000 

15.29514 

25.51929 

0.60008 

0.73555 

1.66437 

0.76436 

0.60484 

0.59033 

0.31885 

-24.60952 

-0.33268 

0.33268 

-14.34847 

0.59524 

0.69995 

-14.75966 

-24.45469 

-13.85965 

-24.32398 

-24.22411 

40.11449 

25.82388 

-39.97870 
41.18362 
25.65960 
16.25956 

-38.91917 

-15.02961 

0.00000 

0.00000 

5.00000 

0.00000 

6.00000 

12.00000 

0.00000 

0.00000 

9.00000 

4.00000 

1.00000 

3.00000 

8.00000 

5.00000 

'6.00000 

0.00000 

2.00000 

8.00000 

0.00000 

8.00000 

3.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.60000 

0.33333 

1.00000 

0.60000 

0.73333 

1.66667 

0.73333 

0.60000 

0.60000 

0.33333 
— OO 

-0.33333 

0.33333 
— OO 

0.60000 

0.73333 

— CD 

— OO 


