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The results of tight-binding calculations on elemental calcium (dos2) and elemental zinc (d"Js2) show that the 
anomalous p vs pressure behavior observed for calcium and the anomalous c /o  ratio for zinc are due to the presence 
of an avoided crossing between s and p levels in calcium and the lack of the same crossing in zinc. The avoided 
crossing in calcium (an effect initially suggested by Mott) causes the Fermi surface to contract with increasing 
pressure resulting in a decrease in conductivity. (The full electronic picture is more complex since d orbitals need 
to be included in the calculation to obtain the correct Fermi surface.) The lack of avoided crossing in zinc means 
that the top of the "s band" is antibonding between the close-packed layers of the ideal hexagonal structures leading 
to an increased c / a  ratio > ( c /a )  ideal. 

All materials are predicted to become metallic under pressure, 
although for some of them the pressures involved (over 2.5 Mbar 
for hydrogen') are very large. This occurs quite simply because 
energy bands broaden as the interatomic separation decreases 
and the relevant interaction or hopping integrals which determine 
the width increase. Thus elementalcalcium (fcc), strontium (fcc), 
and barium (bcc) are somewhat unusual because their conductivity 
decreases under pressures2 The conductivity of Sr decreases by 
a factor of six times up to - 36 kbar after which the conductivity 
starts to increase again.3 The conductivity of Ca decreases 60- 
fold up to 370 kbar after which it begins to increase againa4 The 
traditional tight-binding explanation for this phenomenon sug- 
gatedfmtby Mott isanavoidedcrossingbetweensandp~rbitals.~ 
The actual details of the Fermi surface and how this comes about 
have been the subject of several good electronic structure 
calculations.6 While the dOs2 metals show interesting behavior 
under pressure, the d W  metals show unusual structural distor- 
tions. Both Zn and Cd deviate from the ideal c /a  ratio for a 
hexagonal close packed structure. Hcp structures are classified 
according to their c /a  ratio: e-hcp c /u  = 1.55-1.58, f-hcp c / a  
= 1.63 (ideal hcp), and v-hcp c / a  = 1.77-1.88. Zn and Cd are 
v-hcp structures with c /a  ratios of 1.856 and 1.886. Previous 
studies have addressed the change of the Fermi surface as the c /a  
ratio changes and the dependence of structure type on electron 
count. Recent calculations7 using second moment scaleds Hiickel 
calculations correctly predict the preferred structure of most of 
the transition metals and main group elements and confirm Hume- 
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Rothery's electron concentration rules. These calculations 
including d orbitals correctly predict that at 12e-/atom (i.e. zinc) 
the preferred structure is the 7-hcp phase. In this paper we will 
investigate the reasons behind the anomalous c /a  ratio found in 
zinc which none of the previous band structure calculations have 
addressed and the reasons behind the behavior of both dOs2 and 
d W  metals under pressure. 

Avoided Crossings of Orbitals 
Imagine a one dimensional chain of atoms (running along x) 

each carrying an s and px orbital. The dispersion of the s band 
is expected to increase in energy with k and the p band drop in 
energy, simply as a result of the difference in parity of the two 
orbitals (1). However if the s-p separation (as - ap) is small - 
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compared with the size of s-p overlap (&) then the two curves 
will cross somewhere along k. In fact an avoided crossing will 
take place as a result of this s-p mixing. We can highlight some 
of the important factors by study of the electronic structure of 
a linear chain of atoms. For widely separated atoms the highest 
s state lies below the lowest p state. As the atoms are brought 
closer together the s and p bands mix (Bsp increases) so that the 
top of the lower band becomes glike and the bottom of the upper 
band becomes s-like generating an avoided crossing. The 
dependence of the effect on the size of the energy gap between 
the s and p levels is shown, for example by Ca (-2 eV gap) and 
Zn (-4 eV gap). Using the M-M distances found for the metals, 
a linear chain of Ca atoms is found to have an avoided crossing 
while Zn with a larger s-p gap does not, as shown in Figure 1. 
The calculations used the extended-Hiickel implementation of 
tight-binding theory with parameters given in the Appendix. 
Finally, contracting the orbitals by changing the Slater coeffcients 
yields an effect similar to changing the internuclear distance. 

Band Structure of Elemental Ca 
The effect of the band structure of changing the Ca-Ca distance 

for a linear chain of Ca atoms along the x coordinate without d 

k 
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Fipw 1. Band structure for linear chain of Ca (left) and Zn (right) 
atoms s and px orbitals only. The dashed lines represent unhybridized 
bands; the solid lines, hybridized bands. Note the avoided crossing 
observed for Ca but not for Zn. 

Figure 2. Band structure for a linear chain of Ca atoms, s and p orbitals 
only, for Ca-Ca distances 3.5-4.5 A. The labels s, x, y, and z represent 
thecharacter of thebands. Theequilibriumdistanceobserved in elemental 
Ca is 3.95 A. 

orbitals is seen in Figure 2. As one expects the pu and pz orbitals 
which are perpendicular to the chain are mostly non-bonding 
with a smaller band dispersion than px or s. The lowest band has 
s bonding character at the bottom and px bonding at the top of 
the band, while the upper band has px antibonding character at 
the top and s antibonding character at bottom-the signature of 
the avoided crossing. So reducing the internuclear separation 
should lead to a drop in energy at the top of the "s band" (the 
lower band) and an increase in energy of the bottom of the "p 
band" (the higher energy band). As the Ca-Ca internuclear 
distance is reduced, the calculated gap between the top of the 
lowest band and the bottom of the upper band increases as a 
result. This corresponds qualitatively to the effect observed in 
Ca metal that we will see later. Recall that as the pressure 
increases, thereby reacting the internuclear distance, the con- 
ductivity decreases. From Figure 1 we note that as the Ca-Ca 
distance decreases, the top of the lower band drops only slightly 
while the bottom of the upper band rises dramatically both with 
and without inclusion of d orbitals in the calculation. 

The band structure of fcc Ca metal with s and p orbitals is 
shown in Figure 3. The character of the bands at the symmetry 
points is given with the labels s, x, y, and z corresponding to s, 
px. pv, and pz character with a u/w denoting the character of 
degenerate bands. Importantly, when the same calculation is 
repeated for zinc the appearance of the dispersion plot is very 
similar. There is, of course, a shift in the energy scale but the 
most significant difference is the change in the character of the 
first and second bands at point L (2). 

L is the point (l/2, l /2 ,  l /2)  along the direction perpendicular 
to the close packed layers. In Ca LI has xyz character and L2 
has 8 character while in Zn LI has s character and L2 xyz. Thus 
in Ca metal going from I' to L there is an avoided crossing 

Figure 3. Band structure for Ca fcc metal s and p orbitals only. The 
band character at symmetry points is denoted by s, x, y, and z labels. The 
slashes "/" denote degeneracy. 
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Figure 4. Band structure for Ca fcc metal s, p, and d orbitals included. 
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analogous to that discussed above for the linear chain. When the 
lattice is compressed, corresponding to higher pressure, we expect 
to see a similar effect at L in the Ca metal band structure to that 
seen in the Ca linear chain. As the VIVO ratio is reduced, we 
expect LI to drop slightly while L2 is pushed up in energy. Before 
seeing how this changes the Fermi surface we need to add d 
orbitals to this picture. 

The band structure for Ca fcc metal with the inclusion of d 
orbitals is shown in Figure 4. This calculation compares well 
with that of Altmann et ale6' and Jan and SkriveP with the 
exception of the first three bands at W. In Figure 4, the first two 
bands at W are degenerate whereas Altmann et al. and Jan and 
Skriver show that the second and third bands are degenerate. A 
careful study of the band character at W shows that this 
discrepancy can be removed by a small change in th VSIP for 
Ca 3d giving the band structure shown in Figure Sa. 

The pressure dependence of the conductivity of calcium metal 
is now easy to see by comparing the band structure of the metal 
by isotropically compressing the lattice with VIVO ratios of 1.0, 
0.86, and 0.6 corresponding to normal pressure, -30kbar, and 
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Figures. Band structure for Ca fcc metal, s, p, and d model with adjusted 
d levels as a function of lattice volume: (a) V /  VO = 1 .O; (b) VIVO = 0.86; 

- 300kbar as shown in Figure 5a-c. Comparing Figures 5a and 
5c we see that at high pressure the hole surface has disappeared 
at U and K and nearly disappeared at W and the electron surface 
at L has disappeared. Calcium is now in a semimetallic state 
with the conduction and valence bands having barely any overlap 
at the Fermi surface. A significant part of the change has been 
associated with the change in behavior at L where the bands 
"repel" on squeezing. 

Band Structure of Elemental Zo 

The band structure of zinc with the observed q-hcp structure 
is shown in Figure 6a. Because there are two atoms per unit cell 
in the hcp structure rather than one in the fcc structure, the r 
to A direction in hcp is equivalent to a folding of the r to L 
direction of fcc electronic structure. The lack of avoided crossing 

(c) VIVO * 0.6. 
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Figure 6. Band structure for Zn hcp metal with (a) c/a = 1.856, the 
observed structure, and with (b) c / o  = 1.63, the ideal structure. Note 
that the second band at r has shifted dramatically. 

between s and p bands that was observed at L in the hypothetical 
Zn fcc structure appears in the hcp electronic structure at r. The 
lack of avoided crossing results in I'2 being s antibonding in 
character (e) and I'3 being pz bonding. Upon compression along 
the c axis to give the ideal hcp c/a ratio 1.63, the most dramatic 
change occurs in the second band at I?, Figure 6b. As the close 
packed layers are brought together to give the ideal hcp structure, 
the r2 band is pushed up in energy, destabilizing the structure. 
This is exactly the solid state analog of the repulsion of two s2 
He atoms when brought together. Thus, the observed phase for 
elemental Zn is q-hcp where the close packed layers have been 
pushed apart because of the antibonding contribution at r. If 
the a axis is held fixed for Zn (Zn-Zn bond distance 2.664 A) 
and the c axis varied, the total energy calculated using the 
extended-Hiickel scheme with s and p orbitals is minimized with 
a Zn-Zn distance between the layers of 3.1 A as compared to the 
observed value of 2.913 A. This result is in accord with the 
predictions of the model. In more general terms the experi- 
mentally observed structure changes from f, c hcp (with c /a  values 
either equal or less than the ideal value) to the q hcp arrangement 
(where c/a is greater than the ideal) as the number of electrons 
increases and the s band becomes filled. This result, in accord 
with the ideas developed here, was shown theoretically in a study 
by Hoistad and Lee.7c 

The difference between Ca and Zn can be understood by 
examining the bond overlap populations for hypothetical Ca and 
Zn ideal hcp structures, Figure 7. At the Fermi level in the 
electronic structure of Ca, s band mixing with the low-lying, 
empty d bands results in a bonding situation for both the intra- 
and inter-layer Ca-Ca interactions. Zn with filled d bands and 
a wide s-p gap has a bonding interaction for intra-plane Zn-Zn 
and anti- or non-bonding Zn-Zn interactions between the close 
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Figure 7. Bond overlap populations (COOP) for Ca (left) and Zn (right) ideal hcp structure as a function of energy. The dotted lines are the overlap 
population for the in-plane bonds and the dashed line is that for the between close packed layer bonds. A positive value indicates a bonding interaction. 

packed layers at the Fermi level. The difference simply arises 
through the differences in s/p mixing the two systems. 

C O n C l ~ i O n s  
Using really quite simple arguments, akin to the early ones of 

Mott, we have shown that the pressure dependent conductivity 
of Ca and the large c / a  ratio in Zn can be understood by an 
avoided s-p band crossing in Ca and no such s-p crossing in Zn. 
However, the situation is a little more complex in detail. Inclusion 
of d orbitals is necessary to reproduce the proper Fermi surface 
for Ca and to predict the correct structure type for elemental Ca 
and Zn when using the Hiickel method in conjunction with second 
moment scaling. An interesting observation is that the extended- 
Hiickel tight-binding calculations give band structure results 
comparable to other methods of calculation even for the alkaline 
earths. The succcss is reassuring and encourages continued 
computation with alloysand surfaces from this part of the periodic 
table. 
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Appendix 
The H,, parameters for CaO and ZnO were calculated from 

standard atomic spectra tables9 setting thevalence shell ionization 
potential equal to the ground state ionization potential plus the 

(9) Moore, C. E. Atomic Energy Levels. Notl. Stond. ReJ Dora Ser. 1971, 
35. 

Table I. Atomic Parameters 

orbital fi CI f 2  C2 Hi 1 

Ca 4s 1.2 -6.1 11 
Ca 4p 1.2 -4.2 19 
Ca 3d 4.0 0.4 1.3 0.7 -3.541 

(-5.O)o 
Zn 4s 2.01 -9.391 
Zn 4p 1.70 -5.163 
Zn 3d 6.15 0.59 2.60 0.57 -17.302 

Adjusted to match previously calculated band structure calculations.6fj 

promotion energy for the cation minus the promotion energy for 
the neutral atomi0: VSIP = I, + PC + PO. Slater coefficients for 
calcium1' and zincI2 were taken from standard sources. The 
Slater coefficients for the Ca and Zn d levels were taken as an 
extrapolation of the first row transition metal d parameters. The 
Hii and Slater coefficients used in this paper are listed in Table 
I. The extended-Hiickeli3 tight-binding14 calculations weredone 
using the program EHMACC.IS 
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