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The quaternary magnetic oxide Bi4Cu3V2O14 consists of Cu4O8 triple chains made up of corner-sharing CuO4 square
planes. To determine its spin-lattice, the spin exchange interactions of Bi4Cu3V2O14 were evaluated by performing
a spin dimer analysis based on tight-binding calculations and a mapping analysis based on first principles density
functional theory calculations. Both calculations show that the spin-lattice of Bi4Cu3V2O14 is not an antiferromag-
netically coupled diamond chain, which results from an idealized view of the structure of the Cu4O8 triple chain and
a neglect of super-superexchange interactions. The correct spin-lattice is an antiferromagnetic chain made up of
antiferromagnetic linear trimers coupled through their midpoints via super-superexchange interaction, which predicts
that Bi4Cu3V2O14 has an antiferromagnetic spin ground state and has no spin frustration, both in agreement with
experiment.

1. Introduction

In recent years, geometric spin frustration in low-
dimensional quantum spin systems has received much
attention.1 The archetypal example of a one-dimensional (1D)
spin-lattice of Cu2+ ions with geometric spin frustration is
the CuO2 ribbon chain made up of edge-sharing CuO4 square
planes. In such CuO2 chains present in the multiferroic
compounds LiCuVO4

2 and LiCu2O2,3 the geometric spin
frustration in the CuO2 ribbon chains makes the spins
undergo a spiral spin ordering, which in turn induces
ferroelectricity because this spin ordering removes inversion
symmetry.4 Other 1D spin-lattices with spin frustration
include the δ chain model used for [Cu(bpy)H2O]-

[Cu(bpy)(mal)H2O](ClO4)2 (H2mal ) malonic acid, bpy )
2,2′-bipyridine)5 and the diamond chain model used for
Cu3(CO3)2(OH)2.6

The diamond chain model has also been employed to
describe the magnetic properties of the quaternary magnetic
oxide Bi4Cu3V2O14,7–10 but there are puzzling observations
not explained by this model. The structure of the quaternary
magnetic oxide Bi4Cu3V2O14

7 can be described in terms of
Cu3V2O12 chains separated by Bi4O2 chains running along
the a direction (Figure 1a). In each Cu3V2O12 chain (Figure
2a), corner-sharing CuO4 square planes form a Cu3O8 triple
chain consisting of three nearly coplanar CuO4 chains, and
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the outer two CuO4 chains are capped by VO4 tetrahedra
via corner-sharing. In each Bi4O2 chain, every O atom is
located at the center of a Bi4 tetrahedron, and each Bi4O2

chain is surrounded by four Cu3V2O12 chains such that every
Bi atom is surrounded by eight O atoms (Figure 1b). With
the oxidation assignment (Bi3+)4(Cu2+)3(V5+)2(O2-)14 for
Bi4Cu3V2O14, only the Cu2+ ions have unpaired spins and
are responsible for the magnetic properties of Bi4Cu3V2O14.
Therefore, if the CuO4 units of the Cu3O8 triple chain are
regarded as ideal square planes, the Cu2+ ions form a
diamond chain with identical Cu-O-Cu superexchange (SE)
interactions and identical Cu-O · · ·O-Cu super-superex-
change (SSE) interactions across the diagonal directions of
each diamond (Figure 2b). The magnetic susceptibility of
Bi4Cu3V2O14 shows a characteristic feature of a low-
dimensional antiferromagnet (i.e., a broad maximum around
20.5 K), and the susceptibility between 100 and 320 K is
well-reproduced by the Curie-Weiss law with θ ) -48.1
K.8 The specific heat measurement shows a λ-type peak at
TN ) 6 K, and the 51V NMR measurements at 4.2 K indicate
an antiferromagnetic (AFM) spin ground state. If we neglect
the SSE interactions and assume that the SE interactions are
identical, the spin-lattice of the Cu3O8 triple chain becomes
a diamond chain, and the ground state of such a chain is
ferrimagnetic if the SE interactions are AFM. However,
Bi4Cu3V2O14 does not exhibit a ferrimagnetic behavior in
the magnetic susceptibility above TN and in the magnetization

curve below TN.8 Therefore, the SSE interactions between
Cu2+ ions cannot be ignored. The high-field ESR study9

showed that the diamond chain model with AFM superex-
change is inadequate for describing the magnetic properties
of Bi4Cu3V2O14. It has been suggested10 that Bi4Cu3V2O14

is in a spin fluid state above TN, since a ferrimagnetic
behavior is not seen in the susceptibility above TN.

The magnetic properties of Bi4Cu3V2O14 present puzzling
features, as mentioned above, primarily because the structure
of the Cu3O8 triple chain is not as symmetrical as idealized
in Figure 2b and because SSE interactions can be stronger
than SE interactions.11,12 At present, the precise nature of
its spin-lattice is unknown, and hence it is not certain
whether the diamond chain model is relevant even to a first
approximation. To remedy this undesirable situation, it is
necessary to evaluate the spin exchange interactions of
Bi4Cu3V2O14 by appropriate electronic structure calculations.
In the present work, we evaluate these interactions by perform-
ing a spin dimer analysis11,12 based on extended Hückel tight
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Figure 1. (a) Perspective view of the crystal structure of Bi4Cu3V2O14, where the green, cyan, blue, yellow, and white circles represent Bi, Cu1, Cu2, V,
and O atoms, respectively. For simplicity, the Bi-O bonds and the long Cu-O bonds are not shown. (b) Perspective view of the coordinate environments
of the Bi atoms in Bi4Cu3V2O14.

Figure 2. (a) Perspective view of the Cu3V2O12 chain along the a direction in Bi4Cu3V2O14. The numbers 1, 2, 3, and 4 refer to the O1, O2, O3, and O4
atoms, respectively. The Cu1, Cu2, and V atoms are represented by cyan, blue, and yellow circles, respectively, while the O1 and O2 atoms of the Cu2O4

square planes are distinguished by red and white circles, respectively. (b) Idealized arrangement of the CuO4 square planes in the Cu3V2O12 chain in which
all of the CuO4 units have the shape of an ideal square plane so that all of the SE exchange paths (solid lines) are identical, as are all of the SSE exchange
paths (dashed lines).
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binding (EHTB) calculations13 as well as a mapping
analysis11a,14–16 based on first principles density functional
theory (DFT) electronic band structure calculations.

2. Structure and Spin Dimer Analyses

Bi4Cu3V2O14 has two nonequivalent Cu atoms, Cu1 and
Cu2 (Figure 2a). Both Cu atoms form CuO4 square planes
with Cu1-O ) 1.941, 1.916, 1.943, and 1.927 Å and
Cu2-O ) 1.970 (×2) and 1.988 (×2) Å, if the long apical
Cu-O bonds (i.e., Cu1-O ) 2.751 Å and Cu2-O )
2.574 Å) are neglected. Each Cu2O4 square plane is
corner-shared with four neighboring Cu1O4 square planes,
while each Cu1O4 is corner-shared with two neighboring
Cu2O4 square planes and two neighboring VO4 tetrahedra
(Figure 2a). Since the oxygen atoms O1, O2, O3, and O4
of the Cu3V2O12 chain are not equivalent, the SE paths J1

and J2 should be nonequivalent, and so should be the SSE
paths J3, J4, and J5 (Figure 3). The geometrical parameters
associated with the spin exchange paths J1-J5 are sum-
marized in Table 1.

In a spin dimer analysis based on EHTB calculations, the
strength of a spin exchange interaction between two spin
sites is estimated by considering only the antiferromagnetic
contribution JAF to the spin exchange:11,17

JAF ≈ (∆e)2

Ueff
(1)

where Ueff is the effective on-site repulsion that is essentially
a constant for a given compound. In the present work, the
(∆e)2 values for various spin dimers are evaluated by
performing EHTB calculations.13 For a variety of magnetic
solids of transition metal ions, it has been found that their
magnetic properties are well-described by the (∆e)2 values
obtained from EHTB calculations, when both the d orbitals
of the transition metal ions and the s/p orbitals of its
surrounding ligands are represented by double-� Slater-type
orbitals (DZ-STO).18 The atomic parameters used in our
calculations are summarized in the Table S1 of the Support-
ing Information. The radial part of a DZ-STO is expressed
as

rn-1[c1 exp(-�1r)+ c2 exp(-�2r)]

where n is the principal quantum number and the exponents
�1 and �2 describe contracted and diffuse STOs, respectively
(i.e., �1 > �2). The diffuse STO provides an orbital tail that
enhances overlap between O atoms in the O · · ·O contacts
of the Cu-O · · ·O-Cu SSE paths. The (∆e)2 values are
affected most sensitively by the exponent �2 of the diffuse
O 2p orbital. The �2 values taken from results of electronic
structure calculations for neutral atoms18 may not be diffuse
enough to describe O2- ions. To make the O 2p orbital more
diffuse, the �2 value should be reduced. To assess how the
diffuseness of the O 2p orbital affects the relative strengths
of the SSE interactions, we replace �2 with (1 - x)�2 and
calculate the (∆e)2 values for three values of x, that is, 0.00,
0.05, and 0.10. Results of our spin dimer analysis are
summarized in Table 2.

Table 2 shows that the two strongest spin exchange
interactions are the SE interaction J2 and the SSE
interaction J4. The SE interaction J2 is much stronger than
the SE interaction J1. This is easily accounted for because

Figure 3. Schematic representations of the spin exchange paths in the
Cu3V2O12 chain, where the numbers 1-5 refer to the spin exchange paths
J1-J5, respectively.

Table 1. Geometrical Parameters Associated with the Spin Exchange
Paths of Bi4Cu3V2O14

a

nature path Cu · · ·Cu Cu-O ∠Cu-O-Cu

SE J1 3.064 1.916, 1.988 103.4
J2 3.289 1.970, 1.941 114.5

SSE J3 5.317 2.729 159.2, 109.7
2.687 142.6, 124.0

J4 5.317 2.646 133.4, 130.8
2.646 133.4, 130.8

J5 3.484 2.906 78.4, 80.1
2.906 78.4, 80.1

a The bond distances are in units of Ångstrom, and the bond angles are
in units of degrees.

Table 2. Relative Values of (∆e)2 [in (meV)2] of SE and SSE Paths in
Bi4Cu3V2O14

x ) 0.00 x ) 0.05 x ) 0.10

J1 0.15 0.16 0.14
J2 1.00 0.73 0.52
J3 0.42 (0.16)a 0.44 (0.19)a 0.43 (0.20)a

J4 0.96 1.00 1.00
J5 0.03 0.02 0.01

a The numbers in parentheses are obtained with VO4 bridges attached.

Figure 4. Spin-lattice of Bi4Cu3V2O14 suggested from (a) the spin dimer analysis based on EHTB calculations and (b) the mapping analysis based on
GGA+U calculations. The gray and white circles represent the up and down spin states of Cu atoms, respectively.
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the ∠Cu-O-Cu angle associated with the SE interaction
is considerably larger for J2 than for J1 (Table 1). J4 is
the strongest one of the three SSE interactions J3, J4, and
J5, which is explained by the fact that the two O · · ·O
contact distances associated with J4 are symmetrical and
are substantially shorter compared with the corresponding
O · · ·O distances associated with J3 and J5 (Table 1). The
SE interaction J2 forms isolated linear AFM trimers and
is comparable in magnitude to the SSE interaction J4.
When the �2 value of the O 2p orbital becomes more
diffuse, the J4 interaction eventually becomes stronger than
the SE interaction J2. The SSE path J3 has the VO4

bridging unit. To examine the effect of the VO4 units on
J3, we calculated the (∆e)2 values with and without the
VO4 units. As summarized in Table 2, the magnitude of
the SSE interaction J3 is strongly reduced when the VO4

unit is included. This is due to the fact that the antibonding
combination of the magnetic orbitals of the two Cu2+ ions
is lowered in energy by the dπ orbital of the V5+ ion of
the VO4 bridge, as found for LiCuVO4.12e As depicted in
Figure 4a, the linear AFM trimers defined by the SE
interaction J2 are antiferromagnetically coupled by the SSE
interactions J4 through their middle Cu2+ ions to form an
AFM chain along the a direction. In essence, the

Figure 5. Ordered spin arrangements (a) AF1, (b) AF2, (c) AF3, (d) AF4, (e) AF5, (f) AF6, and (g) AF7. The large gray and white circles refer to the up
and down spin Cu sites, respectively.
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spin-lattice of the Cu3V2O12 chain is not a diamond chain
but an AFM chain made up of linear AFM trimers. This
picture does not depend on the variation of the diffuseness
of the O 2p orbital, because the latter does not change
the fact that J2 and J4 are the two strongest spin exchange
interactions.

The above picture for the spin-lattice of Bi4Cu3V2O14

derived from the spin dimer analysis, that is, an AFM
chain of linear AFM trimers, predicts an antiferromag-
netically ordered spin ground state for Bi4Cu3V2O14, in
agreement with experimental results. Nevertheless, the
relative strengths of J2 and J4 depend on the diffuseness
of the O 2p orbital, and the strength of J3 depends on
whether the VO4 unit is included or not. To resolve these
uncertainties and obtain more precise values for the spin
exchange parameters, it is necessary to evaluate the spin
exchange interactions of Bi4Cu3V2O14 on the basis of first
principles DFT electronic structure calculations, as dis-
cussed in the next section.

3. Quantitative Evaluation of Spin Exchange
Interaction Parameters

To determine the spin exchange parameters J1-J5 on the
basis of first principles DFT electronic band structure
calculations, we first calculate the total energies of several
ordered spin states of Bi4Cu3V2O14 and then relate the energy
differences between these states to the corresponding energy
differences expected from the spin Hamiltonian:

Ĥ)-∑
i<j

JijŜi · Ŝj (2)

where Jij () J1-J5) is the spin exchange parameter for the
spin exchange interaction between the spin sites i and j, while
Ŝi and Ŝj are the spin angular momentum operators at the
spin sites i and j, respectively. Since there are five parameters
to determine, at least six or more ordered spin states are
necessary for this mapping analysis. We used the seven
ordered spin arrangements shown in Figure 5. The total
energies of these states were calculated by performing spin-
polarized DFT electronic band structure calculations with
the projected augmented-wave method encoded in the Vienna
ab initio simulation package.19 Our calculations employed
the generalized gradient approximation (GGA) for the
exchange and correlation correction,20 the plane wave cutoff
energy of 400 eV, the on-site repulsion U on copper, and
the sampling of the irreducible Brillouin zone with 100 k
points. To see how the value of U affects our results, we
performed GGA plus onsite repulsion (GGA+U) calcula-
tions21 with U ) 5, 6, and 7 eV.

Our GGA+U calculations show that the AF2 state is the
most stable state. The relative energies of the seven ordered
spin states with respect to that of the AF2 state are listed in
Table 3. To extract the values of the spin exchange
parameters J1-J5 from the above electronic structure calcula-
tions, we express the total spin exchange interaction energies
of the seven ordered spin states in terms of the spin
Hamiltonian given in eq 2. By applying the energy expres-
sions obtained for spin dimers with N unpaired spins per

spin site (in the present case, N ) 1),22 the total spin
exchange energies per formula units are written as

EAF1 ) (2J1 + 2J2 - 2J3 - J4 - J5)N
2 ⁄ 4 (3)

EAF2 ) (-2J1 + 2J2 + 2J3 + J4 + J5)N
2 ⁄ 4 (4)

EAF3 ) (2J1 - 2J2 + 2J3 + J4 + J5)N
2 ⁄ 4 (5)

EAF4 ) (-2J3 + J4 - J5)N
2 ⁄ 4 (6)

EAF5 ) (2J3 - J4 - J5)N
2 ⁄ 4 (7)

EAF6 ) (-2J3 - J4 + J5)N
2 ⁄ 4 (8)

EAF7 ) (2J3 - J4 + J5)N
2 ⁄ 4 (9)

From the above equations, the spin exchange parameters
J1-J5 can be expressed in terms of state energy differences
as follows:

J5 )
1
2( 4

N2)(EAF7 -EAF5) (10)

J3 )
1
4( 4

N2)(EAF7 -EAF6) (11)

J4 )
1
2[( 4

N2)(EAF4 -EAF5)+ 4J3] (12)

J2 )
1
4[( 4

N2)(EAF1 -EAF3)+ 4J3 + 2J4 + 2J5] (13)

J1 )
1
4[( 4

N2)(EAF1 -EAF2)+ 4J3 + 2J4 + 2J5] (14)

The J1-J5 values calculated from the above expressions are
summarized in Table 4. For all values of U employed, the
two strongest spin exchange interactions are J2 and J4, which
are both AFM. This result confirms the prediction of the spin
dimer analysis based on EHTB calculations. Furthermore,
J4 is slightly stronger than J2, which agrees with the result
of the spin dimer analysis obtained from the use of a more
diffuse O 2p orbital. The spin exchange interactions J1 and
J5 are weakly antiferromagnetic, while the spin exchange
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interaction J3 is weakly ferromagnetic. As depicted in Figure
4b, the spin-lattice given by J2 and J4 leads to an AFM
interaction for the spin exchange path J5, which reinforces
the tendency for the AF2 spin arrangement because J5 is
antiferromagnetic. As already mentioned, this spin-lattice
predicts an AFM spin ground state.

To determine how reasonable the calculated spin exchange
parameters J1-J5 are, we calculated the Curie-Weiss
temperature θ in terms of these parameters. In the mean field
theory,23 which is valid in the paramagnetic limit, θ is related
to the spin exchange parameters of Bi4Cu3V2O14 as follows:

θ) S(S+ 1)
3kB

∑
i

ziJi (15)

where the summation runs over all nearest neighbors of a
given spin site, zi is the number of nearest neighbors
connected by the spin exchange parameter Ji, and S is the
spin quantum number of each spin site (i.e., S ) 1/2 in the
present case). Thus, by employing the midpoint spin site of
each linear spin timer unit, θ can be approximated by

θ ≈
2J1 + 2J2 + 2J4

4kB
(16)

The θ values estimated by using the calculated spin
exchange parameters (i.e., θcal) are summarized in Table 4.
In magnitude, the θcal values are greater than the experimental

value (i.e., -48.1 K) by a factor of approximately 3-4. This
overestimation is not surprising because DFT electronic
structure calculations generally overestimate the magnitude
of spin exchange interactions by a factor of approximately
up to 4.22a,24,25

4. Concluding Remarks

Both the spin dimer analysis based on EHTB calculations
and the mapping analysis based on first principles DFT
calculations show that the spin-lattice of Bi4Cu3V2O14 is
not an AFM diamond chain but an AFM chain of linear AFM
trimers that is made up of the SE interaction J2 coupled
through their midpoints through the SSE interaction J4.
Consequently, it is predicted that Bi4Cu3V2O14 has an AFM
spin ground state and has no geometric spin frustration, both
in agreement with experimental results. The AFM diamond
model used for Bi4Cu3V2O14 arose from an idealized view
of the structure of the Cu4O8 triple chain and the neglect of
SSE interactions between neighboring Cu2+ ions. As has been
pointed out,11,12 small differences in the structural parameters
associated with SE and SSE interactions can have profound
effects on the strengths of their interactions, and SSE
interactions can be much stronger than SE interactions. In
interpreting the magnetic properties of a magnetic solid, the
use of a spin-lattice deduced from the idealized geometrical
arrangement of spin sites can be erroneous, and hence it is
crucial to employ a spin-lattice determined from proper
electronic structure calculations.
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Table 3. Relative Energies (in meV) of Seven Ordered Spin States of
Bi4Cu3V2O14 Obtained from GGA+U Calculations

State U ) 5 eV U ) 6 eV U ) 7 eV

EAF1 8.7 7.8 6.7
EAF2 0 0 0
EAF3 13.8 11.8 10
EAF4 7.7 6.4 5.3
EAF5 17.9 15.5 13.2
EAF6 15.3 13.2 11.3
EAF7 16.1 14.0 12

Table 4. Values of Spin Exchange Parameters (in meV) and
Curie-Weiss Temperature (in K) of Bi4Cu3V2O14 Determined from
GGA+U Calculations

U ) 5 eV U ) 6 eV U ) 7 eV

J1 -1.9 -1.3 -0.9
J2 -15.7 -13.1 -10.9
J3 0.9 0.8 0.7
J4 -18.7 -16.5 -14.3
J5 -3.6 -2.9 -2.4
θcal -212 -179 -151
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