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Na3RuO4 contains layers of high-spin Ru
5þ d3 ions grouped into isolated four-membered plaquettes. To determine the

spin-lattice appropriate for Na3RuO4, we evaluated the intraplaquette exchanges J1, J2, and J3 as well as the
interplaquette exchanges J4 and J5 by performing mapping analysis based on first-principles density functional theory
calculations. In addition, we examined how the trends in the calculated J1-J5 are related to the distortions of the RuO6

octahedra in the four-membered plaquettes. The spin-lattice of Na3RuO4 is described by the intraplaquette
exchanges J1 and J2 plus the interplaquette exchanges J4 and J5, with spin frustration arising from the (J1, J2, J1)
and (J5, J4, J5) triangles. The trends in the calculated J1-J5 reflect the distortions of the RuO6 octahedra in the
four-membered plaquettes.

1. Introduction

The magnetic oxide Na3RuO4
1 has layers of tetramer

clusters (RuO4)4 made up of four edge-sharing RuO6 octa-
hedra (Figure 1a), which alternate with layers of Naþ ions
(Figure 1b). The Ru atoms of Na3RuO4 exist as high-spin
Ru5þ d3 (S= 3/2) ions,

2-5 and each layer of the Ru5þ ions is
composed of isolated four-membered plaquettes of Ru5þ

ions (Figure 1c). According to 99Ru M€ossbauer spectro-
scopy,3magnetic susceptibility4,5 andneutrondiffraction4 stu-
dies, Na3RuO4 undergoes antiferromagnetic (AFM) three-
dimensional order below ∼30 K (i.e., TN ≈ 30 K). The
Curie-Weiss temperatures θ of Na3RuO4, reported to be
-141 K4 and -162 K,5 show that dominant AFM inter-
actions exist. BecauseTN is considerably smaller than |θ| (i.e.,
|θ|/TN ≈ 5), substantial geometric spin frustration6,7 should
be present in Na3RuO4. The spacing between adjacent layers
of the four-membered plaquettes is large, so the interpla-
quette exchanges between adjacent layers would be weak
compared with those within each layer. As for the intralayer

exchanges, one might consider the three intraplaquette ex-
changes J1-J3 as well as the two interplaquette exchanges J4
and J5 (Figure 1c). So far, the magnetic properties of
Na3RuO4 have been discussed solely on the basis of the
intraplaquette exchanges. The analysis of the magnetic sus-
ceptibility of Na3RuO4 in terms of J1 and J2 showed that
both are AFM with J2/J1 ≈ 1.2,2 indicating the presence of
spin frustration. In the recent neutron scattering study by
Haraldsen et al.,5 the spin-wave dispersion relations were
analyzed in terms of the lozengemodel (J1), the double-dimer
model (J2 and J3), and the coupled-dimer model (J1, J2, J3).
They found that Na3RuO4 is not describable as a spin-
lozenge or other finite tetramer model, hence suggesting
the need to take into consideration the intercluster spin
exchanges J4 and J5.
The magnetic properties of a given magnetic solid are

described in terms of a chosen spin-lattice and the associated
spin Hamiltonian. It is necessary that a chosen spin-lattice
be consistent with the electronic structure of the magnetic
system because it is the latter that determines the magnetic
energy spectrum.8,9 Experimentally, the spin-exchange para-
meters of a chosen spin-lattice are determined as the fitting
parameters that best simulate the experimental data (e.g.,
the spin-wave dispersion relations from inelastic neutron
scattering, the temperature dependence of the magnetic
susceptibility, and that of the specific heat). Unfortunately,
the correctness of a chosen spin-lattice is not necessarily
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guaranteed even if it provides an excellent fitting as found for
(VO)2P2O7,

10,11 Na3Cu2SbO6 and Na2Cu2TeO6,
12-16 Bi4-

Cu3V2O14,
17-20 and Cu3(CO3)2(OH)2,

21,22 to name a few.
In identifying the correct spin-lattice of a magnetic system,
electronic structure calculations are indispensable.
In Na3RuO4, the intraplaquette spin exchanges J1 and J2

are of the superexchange (SE) type involving Ru-O-Ru
paths, while the intraplaquette exchange J3 as well as the
interplaquette exchanges J4 and J5 are of the supersuper-
exchange (SSE) type involvingRu-O 3 3 3O-Rupaths.9Recent
studies on numerous magnetic oxides have shown that SSE
interactions can be much stronger than SE interactions,
although they are frequently neglected without justifiable
reasons.9,11,15,20,22 To determine the spin-lattice appropriate
for Na3RuO4, it is necessary to evaluate the relative strengths
of the spin exchanges J1-J5. In the present work, we
determine the values of J1-J5 by performing mapping
analysis based on first-principles density functional theory
(DFT) calculations.9,11,15,20,22 To account for the trends in
the calculated J1-J5 values, we then probe how they are

related to the distortions of the RuO6 octahedra in the
tetramer clusters (Figure 1a).

2. Evaluation of Spin-Exchange Parameters

To extract the values of J1-J5 on the basis of DFT
calculations, we first calculate the total energies of the six
ordered spin states of Na3RuO4 depicted in Figure 2. Our
spin-polarized DFT calculations employed the projector
augmentedwavemethod implemented in theVienna ab initio
simulation package23 with the generalized gradient approxi-
mation (GGA)24 for the exchange-correlation functional,
the plane-wave cutoff energy 400 eV, a set of 2� 2� 7 k
points,25 and the threshold 10-5 eV for energy convergence.
Figure 3a shows plots of the total density of states (DOS) and

Figure 1. Structural features ofNa3RuO4: (a) Projection view of a layer
of tetramer clusters (RuO4)4 surrounded by Naþ ions, where the red
white, and yellow circles represent the Ru, O, andNa atoms, respectively.
(b) Side view of the layers of tetramer clusters (RuO4)4 alternating with
layers of Naþ ions. (c) Projection view of a layer of Ru5þ ions, which
appear as four-memberedplaquettes. The numbers 1-5 represent the spin
exchanges J1-J5, respectively.

Figure 2. Six ordered spin states of Na3RuO4 employed to extract the
spin exchanges J1-J5 by mapping analysis based on DFT calculations,
where the unshaded and shaded circles represent the Ru5þ ions with up-
spin and down-spin, respectively.

Figure 3. Plots of the total DOS and PDOS for the Ru 4d states
obtained for the FM state of Na3RuO4 (a) from the GGA calculations
and (b) from the GGAþU calculations with U= 2.5 eV on Ru.

Table 1.Relative Energies (in meV) of the Six Ordered Spin States Obtained from
GGAþU Calculations

U (eV) FM AF1 AF2 AF3 AF4 AF5

0.0 0 -50.7 -43.0 -32.3 -22.1 -22.0
2.5 0 -21.1 -18.0 -12.1 -12.1 -12.2
4.0 0 -13.6 -11.4 -7.1 -8.9 -9.0
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the projected DOS (PDOS) for the Ru 4d states, obtained
from GGA calculations for the ferromagnetic (FM) state of
Na3RuO4. All up-spin t2g states are occupied and are sepa-
rated with a band gap from the down-spin t2g states lying
above. This is consistent with the finding that Na3RuO4

consists of high-spinRu5þ d3 ions and is amagnetic insulator.
In general, the electron correlation associated with 3d

states is not well-described by DFT calculations, and this
deficiency is commonly corrected by using theGGA plus on-
site repulsion U (GGAþU) method.25 The electron correla-
tion in Na3RuO4 may not be strong because 4d states are
generally less contracted than 3d states. Nevertheless, to see
the possible effects of electron correlation, we also carried out
GGAþU calculations with U = 2.5 and 4.0 eV. Figure 3b
shows plots of the total DOS and PDOS for the Ru 4d states,
obtained from GGAþU calculations (with U = 2.5 eV) for
the FM state of Na3RuO4. Concerning the presence of high-
spinRu5þ ions and an insulating band gap inNa3RuO4, both
GGAandGGAþUcalculations present the same picture.As
expected, the band gap is predicted to be greater by the
GGAþU calculations than by the GGA calculations. The
relative energies of the six ordered spin states of Na3RuO4

(Figure 2), obtained from our GGAþU (with U = 0.0, 2.5,
and 4.0 eV), are summarized in Table 1.
To determine the values of J1-J5, we express the energies

of the six ordered spin states in termsof the spinHamiltonian:

Ĥ ¼ -
X

i < j

JijŜi 3 Ŝj ð1Þ

in which Jij (=J1-J5) is the exchange parameter for the
interaction between the spin sites i and j, while Ŝi and Ŝj

are the spin angular momentum operators at the spin sites i
and j, respectively.When the energy expressions obtained for
spin dimers withN unpaired spins per spin site are applied (in
the present case, N = 3),26 the total spin-exchange energies
(per formula unit) of the six ordered spin states are written as

EFM ¼ ð- 4J1 - J2 - J3 - J4 - 4J5ÞN2=16

EAF1 ¼ ðþ 4J1 - J2 - J3 - J4 þ 4J5ÞN2=16

EAF2 ¼ ðþ J2 þ J3 þ J4ÞN2=16

EAF3 ¼ ðþ J2 - J3 - J4ÞN2=16

EAF4 ¼ ð- 4J1 - J2 - J3 þ J4ÞN2=16

EAF5 ¼ ð- 4J1 - J2 - J3 - J4 þ 4J5ÞN2=16 ð2Þ
Therefore, the values of J1-J5 listed in Table 2 are deter-
mined by equating the relative energies of the six ordered spin

states obtained from GGAþU calculations to the corre-
sponding relative energies obtained from the total spin-
exchange energies.
From the spin-exchange values of Table 2, the following

are observed:
(a) In the GGA and GGAþU calculations, the strongest

AFM exchange is the interplaquette exchange J4, and the
intraplaquette exchange J3 is negligibly weak.
(b) In the GGA calculations, the interplaquette AFM

exchange J5 is comparable in strength to the intraplaquette
AFM exchanges J1 and J2. The AFM exchanges J1, J2, J4,
and J5 give rise to the spin-lattice presented in Figure 4,
where the (J1, J5, J1, J5) rectangles lead to AFM order, while
the (J1, J2, J1) and (J5, J4, J5) triangles lead to spin frustration.
The latter agrees well with the experimental fact that TN is
considerably smaller than |θ|.6,7 It is possible that the spins of
Na3RuO4 may adopt a noncollinear structure to reduce the
extent of spin frustration. To confirm this prediction, neutron
diffraction on single-crystal samples is necessary.
(c) Comparison of the GGA and GGAþU calculations

shows that the magnitudes of the AFM exchanges decrease
with increasing on-site repulsionU on Ru; the intraplaquette
exchanges J1 and J2 decrease faster thando the interplaquette
exchanges J4 and J5. Thus, when U increases, the interpla-
quette exchanges J4 and J5 become more important than the
intraplaquette exchanges J1 and J2. However, the J5/J4 ratio
(i.e., ∼0.5) does not depend on U.
(d) Although J4 is the strongest AFM interaction, themost

stable one among the six ordered spin states is AF1, in which
the spins of the J4 paths are ferromagnetically coupled. This is
due to the fact that, perRu4 plaquette, there occur four J1 and
four J5 interactions, while there occurs only one J4 inter-
action.

3. Distortions of the RuO6Octahedra and Spin Exchanges

Let us now discuss how the calculated spin-exchange
parameters J1-J5 are related to the structural parameters
associated with their exchange paths. As shown in Figure 5,
the Ru1O6 and Ru2O6 octahedra in each tetramer cluster
(RuO4)4 are strongly distorted. The nature of the distortions
is readily explained by recognizing the fact that, because of
the Coulombic repulsion between the four Ru5þ ions, they

Table 2. Spin-Exchange Parameters J1-J5 (in meV) Obtained from GGAþU Calculationsa

U (eV) J1 J2 J3 J4 J5

0.0 -6.38 (0.69) -6.18 (0.67) 0.36 (-0.04) -9.18 (1.00) -4.90 (0.53)
2.5 -1.99 (0.37) -1.36 (0.25) 0.10 (-0.02) -5.34 (1.00) -2.71 (0.51)
4.0 -1.02 (0.26) -0.55 (0.14) 0.07 (-0.02) -3.91 (1.00) -1.99 (0.51)

aThe numbers in parentheses are relative values.

Figure 4. Spin-lattice of Na3RuO4 predicted from the intraplaquette
exchanges J1 and J2 as well as the interplaquette exchanges J4 and J5. The
numbers 1, 2, 4, and 5 represent J1, J2, J4, and J5, respectively.

(26) (a) Dai, D.; Whangbo,M.-H. J. Chem. Phys. 2001, 114, 2887. (b) Dai,
D.; Whangbo, M.-H. J. Chem. Phys. 2003, 118, 29.
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are displaced away from each other. Consequently, the three
Ru2-O bonds away from the cluster center become shorter
than those facing the cluster center. Similarly, the two
Ru1-O bonds away from the cluster center are shorter than
those facing the cluster center.
The local octahedral distortions noted above have impor-

tant consequences on the nature and strength of the spin
exchanges. As listed in Table 3a, the —Ru-O-Ru angles of
the SE paths J1 and J2 are considerably greater than 90�, so it
is not surprising that both exchanges are AFM.27 In general,
the strength of an SSE interaction M-O 3 3 3O-M, where M
is a magnetic transition-metal ion, is expected to become
strong when the O 3 3 3O contact distance is short.9 Table 3a
shows that the intraplaquette exchange J3 has amuch shorter
O 3 3 3O contact than does the interplaquette exchange J4
(2.782 vs 3.354 Å). Nevertheless, J3 is negligible, but J4 is
strong. To explain this apparently surprising result, we
determine the magnetic orbitals of the Ru1O6 and Ru2O6

octahedra by extended H€uckel tight-binding calculations.28

As presented inFigure 6a, themagnetic orbitals of theRu2O6

octahedron are given by the t2g-block orbitals, in which the
Ru 4d and theO 2p orbitalsmake π-antibonding interactions
such that the O 2p contribution is stronger in the shorter
Ru-O bond. (Though not shown, the same is true for the

magnetic orbitals of the Ru1O6 octahedron). As a conse-
quence, both O atoms of the SSE path Ru2-O 3 3 3O-Ru2
have large O 2p orbital contributions in the interplaquette
exchange J4 (Figure 6b) but small O 2p orbital contributions
in the intraplaquette exchange J3 (Figure 6c). This explains
why J3 is negligible despite the short O 3 3 3O contact of its
SSE path Ru-O 3 3 3O-Ru. It is noted from Figure 5 and
Table 3b that the SSE path Ru1-O 3 3 3O-Ru2 of the
interplaquette exchange J5 involves the shortest Ru1-O
and second-shortest Ru2-O bonds, and its O 3 3 3O contact
is slightly longer than that found for J4 (i.e., 3.607 vs 3.354 Å).
This accounts for why J4 is considerably stronger than J5.

4. Concluding Remarks

The spin exchanges J1-J5 of Na3RuO4 extracted from our
calculations reveal that J3 is negligible, and the remaining
four spin exchanges are all AFM. The strongest exchange is
the interplaquette exchange J4, and the interplaquette ex-
change J5 is comparable in strength to the intraplaquette
exchanges J1 and J2. The strengths of J1 and J2 relative to that
of J5 depend somewhat on U in the GGAþU calculations.
However, both our GGA and GGAþU calculations show
that Na3RuO4 should be described by the intraplaquette
exchanges J1 and J2 plus the interplaquette exchanges J4 and
J5, so the (J1, J2, J1) and (J5, J4, J5) triangles of the resulting
spin-lattice (Figure 4) give rise to spin frustration. There-
fore, our study supports the conclusion by Haraldsen et al.5

that Na3RuO4 is not describable as a spin-lozenge or other
finite tetramer model. The observed trends in the spin
exchanges J1-J5 are intimately related to the distortions of
the Ru1O6 and Ru2O6 octahedra in the tetramer clusters
(RuO4)4. To fully test the magnetic structure of Na3RuO4

predicted from our theoretical study, it is desirable to carry
out experimental studies on single-crystal samples.
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Figure 5. Lengths of the Ru-O bonds (in Å) in the Ru1O6 and Ru2O6

octahedra in the tetramer clusters (RuO4)4 of Na3RuO4, where the
shortest and longest Ru2-O bonds are indicated by the blue and cyan
cylinders, respectively.

Figure 6. (a) Shapes of the three magnetic orbitals (i.e., the t2g orbitals)
of the Ru2O6 octahedron obtained from extended H€uckel tight-binding
calculations. (b) Arrangement of two Ru2O6 octahedra in the interpla-
quette spin exchange J4, in which the two octahedra face each other such
that the short Ru2-O bonds of one octahedron make O 3 3 3O contacts
with those of the other octahedron. Only the shortest O 3 3 3O contact is
indicated by the dashed line for simplicity. (c) Arrangement of twoRu2O6

octahedra in the intraplaquette spin exchange J3, in which the two
octahedra face each other such that the long Ru2-O bonds of one
octahedron make O 3 3 3O contacts with those of the other octahedron.
Only the shortest O 3 3 3O contact is indicated by the dashed line for
simplicity.

Table 3.Geometrical Parameters Associated with the Spin-Exchange Paths J1-J5
a

(a) SE Paths

Ru 3 3 3Ru Ru-O-Ru —Ru-O-Ru

J1 3.210 2.116, 1.975 103.3
2.146, 2.124 97.5

J2 3.210 2.124, 2.124 98.2
2.124, 2.124 98.2

(b) SSE Paths

Ru 3 3 3Ru Ru-O 3 3 3O-Ru —Ru-O 3 3 3O, —O 3 3 3O-Ru

J3 5.559 2.146, 2.782, 2.146 102.2, 102.2
J4 5.477 1.839, 3.354, 1.931 101.5, 101.5
J5 7.174 1.839, 3.607, 1.927 147.7, 148.0

aThe lengths are in angstroms and the angles in degrees.
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