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Expressions are derived for the dipole length and dipole velocity transition moments of tetrahedral MOy species for the

low-energy transition !A; — T, (t; — 2e) and all charge-transfer, one- and two-center ligand integrals are evaluated.

It is

shown that the one-center ligand integral gives the largest contribution to the dipole length transition moment and that
theg‘charge—transfer integral gives the tnost important contribution to the dipole velocity transition moment. The domi-
nance of the dipole length transition motnent by the one-center ligand integral renders it rather insensitive to change of AO
parameters and gives the result that the antibonding e MO is largely metal AO regardless of the state of ionization of the

metal.

The dominance of the dipole velocity transition moment by the charge-transfer integral renders it more sensitive

to changes of AQ parameters and leads to the conclusion that the antibonding e MO is principally ligand AO. A compara-
tive analysis of these results is given, and the conclusion is reached that the dipole velocity transition moment is the more
correct first approximation to use in the calculation of oscillator strengths.

Introduction

The first theoretical analysis of the electronic struc-
ture of tetraoxy amnions of transition metals by Wolfs-
berg and Helmholz? dealt with two distinct aspects of
the visible spectra of permanganate. First the authors
calculated an energy level scheme, on the basis of
which an assignment of the absorption bands was made,
and, second, they derived expressions for the calcula-
tion of the oscillator strengths, 7.e., the intensities, of
the bands. The results of both analyses were disputed
in the second paper to deal with the electronic structure
of tetraoxy anions, by Ballhausen and Liehr.®? These
authors argued from intuitive crystal field considera-
tions that the first, 7.e., the long-wavelength, absorption
band of permanganate and related ions should arise
from the transition 'A; — 1T, (t; — 2e). As for the
oscillator strength calculation, it was assumed that the
approximation used by Wolfsberg and Helmholz, vz.,
that all two-center integrals were negligible compared to
integrals over the same atom, was incorrect. By
neglecting all integrals except the two-center charge-
transfer integral, Ballhausen and Liehr calculated new
values for the oscillator strengths and found rather
better agreement with experiment. Shortly thereafter,
electron spin resonance studies of manganate ion*
MnO,*~, were found to support the Ballhausen and
Liehr assignment of the first band, by showing that the
highest filled MO of this ion is of e symmetry (doubly
degenerate). However, the electron spin resonance
study left the assignment of the other bands unresolved.
This produced the circumstance that the more recent
papers®~ discussing the calculation of energy levels
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of permanganate have been concerned primarily with
the validation of the assignment of the first band and
with making correct assignments of the other bands, but
somewhat secondarily with the other of the two prob-
lems first discussed by Wolfsberg and Helmholz.
In this paper we therefore wish to focus exclusively on
the calculation of the oscillator strength of the first
permanganate band, found experimentally to be f =
0.032, with the aim of understanding past difficulties as
well as of discovering a more satisfactory approach.
The numerical result of Ballhausen and Liehr, the
first to be obtained on the basis of the t; — 2e assign-
ment, was f = 0.273 Their assumption concerning
which integrals could be neglected was subsequently
shown, in an essentially formal analysis performed by
Carrington and Schonland,® to be unsound. These
authors derived an expression for the magnitude of the
theoretical transition moment, Qineoret, having two
terms. In the terminology used here (see later), their
expression is
Qthooret = 2\/§<t1yb"€a> = 2V — “\—/‘\2/#—]2 1)
3
The factors A and y are the coefficients of the 3d,s-ye
and the ligand symmetry orbitals, respectively, R
is the Mn-O bond length, and [ is the charge-transfer
integral, so-called because it is a two-center integral
involving metal 3d and ligand 2p orbitals. The second
term in (1) results from integration over a ligand 2p
orbital only and differs from the result obtained in the
original calculation of Wolfsberg and Helmholz merely
by virtue of the geometric factor and the symmetry
orbital coefficient which arise from the revised band
assignment of Ballhausen and Liehr. Carrington and
Schonland allowed that fair agreement between the
calculated and observed oscillator strength for the t; —
2e transition could be obtained with orbital exponents
close to those given by Slater’s rules, such as were
used by Ballhausen and Liehr, if the charge-transfer
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integral only were used, z.¢., if it were assumed that A =
1and g = 0. Tt was also pointed out, however, that
these same orbital exponents give a group overlap
integral, Ge(d,n), of approximately 0.4 and that this is
inconsistent with the neglect of the second term on the
right-hand side of (1) since such pronounced overlap
implies considerable ligand orbital participation in the
complete MO. More recently, Fenske and Sweeney5*
used symmetry orbital coefficients they determined on
the basis of a new energy level calculation and obtained
a value for the oscillator strength of f = 0.62. This
result and the earlier result?® both leave a great deal to
be desired and they suggest that an examination be
made of the basic theory of such calculations.

It is to be noted that, in the references cited hereto-
fore, each of the investigators who calculated oscillator
strengths used the dipole length operator. However,
there is no o prior:i reason for the matrix elements of
this operator yielding better results than the matrix
elements of the so-called dipole velocity operator.®
Indeed, if exact eigenfunctions were being used, both
operators would give identical results for the transition
moments.!! The approximate wave functions usually
employed are LCAO-MO'’s, the AO’s in the linear
combinations usually being Slater-type orbitals (STO’s)
or self-consistent field atomic orbitals (SCF AO’s).
In either case, it is assumed that the distribution of an
electron around a given atom in a given MO, though
somewhat modified by overlap with neighboring atoms
contributing to the same MO, is proportional to the dis-
tribution that the electron would have in the same AO
on the given atom in its uncombined state. Thus, it
might be supposed that the dipole velocity operator
would be better to use for LCAO-MO’s because
this operator, compared to the dipole length operator,
stresses the regions of space nearer an atom!! where the
electron distribution presumably resembles the electron
distribution in the uncombined AO most closely.
While this may be true for some systems and not for
others, there nevertheless are two comparative calcula-
tions which appear to give better results when using the
dipole ‘velocity operator. For example, Ellison and
Shull,'? using the SCF MO’s they derived for water,
calculated dipole length and dipole velocity oscillator
strengths with both the theoretical and experimental
values of the energy of the transition and found that
both dipole velocity oscillator strengths agreed with the
experimental value within a factor of 2 whereas the
dipole length oscillator strength was too small by ap-
proximately four orders of magnitude. Moscowitz,!3
in calculations for benzene, also found that the dipole
velocity results agreed better with experimental results
than did the dipole length results. While these may
easily have been fortuitous, we submit that such a
comparison may prove fruitful for permanganate.

In the work reported here we have therefore calculated
both dipole length and dipole velocity transition mo-
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ments for various ionization states of manganese (1)
using STO’s for all atoms and (2) using STO’s for the
oxygen atoms but analytical wave functions for man-
ganese given by Richardson, et al.,'* which closely ap-
proximate the SCF AQ’s® of manganese. We also
report the values of the mixing coefficient for the ligand
orbital combination in the e bonding MO which give
agreement between dipole length and experimental
oscillator strengths and between dipole velocity and
experimental oscillator strengths for various states of
ionization of manganese. All one- and two-center inte-
grals were evaluated including those between different
oxygen atoms.

Results and Discussion
A coordinate system and numbering convention
identical with that of Ballhausen and Liehr was used.?
Thus, the nonbonding orbitals which span the T ir-
reducible representation of the T4 point group are

1 _
4" = ;L[\/3(px1 + pxa — pxs — pxe) +
(py1 + py2 — pys — pYa)]

1.
Y = 41[\/3 (px1 — pX + X3 — PXs) —
(py1 — py2 + pys — py4)l

1
t* = 5Py + pya + PYs + P
and the 2e antibonding orbitals are

2% = Ndgr_yo — —’Zf(pyl — py2 — DYs + Py

2" = A, — g(pxl — pPX2 — PX3 + Px4)

where px; and py, are the 2px and 2py AO’s of the sth
oxygen atom and d;., and d.. are the 3d AO’s of
manganese. The coefficients A and u are related to
the ligand mixing coefficients 8 as follows: X\ = BNg
and g = NE\/ 1 — 82 where the normalization factor,
Ny, is given by

Ne = [1 — 28(1 — 88" Gy(d,x)]™"

and where Gg(d, ) is the group overlap integral given
by Wolfsberg and Helmholz as equal to 24/25(2p,-
3dr)/+/3. In this expression for Nz we neglect the
ligand-ligand overlap integrals which appear in the
exact expression.®? The sign preceding the ligand AO
combination and the sign of the second term in Ng
are reversed in the le bonding MO, and the factors g8
and V1 = @ are interchanged.

In atomic units (1 au = 27.21 ev) the expression for
the oscillator strength to be evaluated is

2
ftheoret = §VDtheoret (2)
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TaBLE 1
TRANSITION MOMENT CONTRIBUTIONS®
Charge-transfer One-center Two-center
integral ligand integral ligand integral
Qltheores = 2V2N(py1|2]dety2) —V2u(py: |5]pyr) —V2ulpy: 5| pys)
2
= AL —%//E#R +uls
. 242 o) ) 2 d 22 i)
QViheores = TMpyl}gz‘dzz—ﬁ) —\/TMP%D‘Z“P)H) +—:Ly<p)v1 &‘D:}’O
A
= =21 +0 +4r,
14 4
@ See Appendix for definition of Iy, ..., I,.

where v is the energy of the t; — 2e absorption band
maximum (0.0835 au) and Dineoret is the dipole strength
(Dexpt1 = 0.576 au). For a transition from a non-
degenerate A, state to a triply degenerate T, state,
Dineoret 1s equal to 3Qheoret? Where the theoretical transi-
tion moment is given by

Oheorse = (T(1AY) | =7, ¥, ('T)) (3)

Y(1A;) and ¥,('T;) are the antisymmetrized wave
functions of the initial and final states. The subseript
on the latter differentiates between members of the
T, set according to whether they transform as the
Cartesian coordinate wx, vy, or z. The operator
is given by 7, in the dipole length case and by (1/»)y, in
the dipole velocity case.

In the coordinate system employed it is expedient to
evaluate (3) in terms of the member of the T, set of
functions which transforms as z. Hence, as determi-
nantal wave functions we use

Pt ot

1
V(A) = ——

/61

and

_ Lt
- V246!

Inserting these expressions in (3) leads to the expression
for the magnitude of Qtneoret

cheo.‘et = '\/§<t12

From this expression by the application of group
theoretical techniques it is found that the dipole length
and dipole velocity transition moments, henceforward
distinguished by superscripts L and V, respectively,
can each be expressed as a sum of three contributions,
namely, a charge-transfer integral, a one-center ligand
integral, and a two-center ligand integral, as shown in
Table I. For the convenience of the discussion to follow
we shall refer to the three contributions of Q%eoresr a$
Q%, Q%, and QY, respectively, and similarly for
QViheoret-  Note, for example, that Q% is independent
of orbital shapes, except for the dependence of the
normalization constant on the group overlap integral,
and that QV, is identically zero.

By substituting for N and u the definitions given
earlier, it is possible to evaluate Q%incores and OV ineoret
as functions of B, the ligand-mixing coefficient, for

¥, (ITy) (trtrttitied] + [totititlent?))

'

021 es) 4)

! I ] 1 1 ]
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Figure 1.—Components of the dipole length and dipole velocity

t; — 2e transition moments as functions of ligand mixing coef-

ficient. (Orbital parameters are those for neutral atom Slater

AO’s.)

1
08

given sets of orbital parameters. The results of one
such calculation are exhibited in Figure 1. In this
plot Q%1, Q% Q%1, QV3, and the sums Q% heoret and QY theores
are evaluated as functions of 8 on the basis of neutral
atom 2p and 3d single-{ STO’s (fy = 2.275, ¢ =
1.867). Q% is never greater than 0.006 and hence is
omitted from the figure. It is to be noted that Q%meoret
is dominated throughout by Q™. This behavior essen-
tially confirms the assumption made by Wolfsberg and
Helmholz in the original oscillator strength calculations
and is contrary to the assumption of Ballhausen and
Liehr. Note also that Q% is positive and approxi-
mately equal to 1Qexpt1‘ for all values of § = 0.7. Thus
calculation of QY alone on the basis of Slater orbitals
for neutral manganese and oxygen implies that the
LCAO approximation is quite satisfactory for the cal-
culation of intensities. That this is not true is shown
by the behavior of QVincoret. The quantity QY ieores i
dominated by QV;, the charge-transfer term, since QVs,
the two-center ligand term, is never greater than ~0.3
(for 8 = 0) nor less than zero (for 8 = 1). We remark
in passing that the choice of sign for Quxpn (= —0.44)
as shown in Figure 1 is made on the basis of the fact
that QVineoret = Qtneoret 0nly in the negative domain.
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Ultimately, this sign is determired by the choice of
phase that is made in the wave function used to de-
scribe the system.

Figure 2 provides a comparison of the behavior of
O%theores and Qvtheoret as functions of 8 when calculated
on the basis of STO’s (as in Figure 1) and a combination
of 2p STO’s with double-{ 3d AQ’s, Z.e, AO’s with
radial functions of the form derived by Richardson,
et al.,'* viz.

R@Bd) = 2epxaa(sy)

where

BT e

For the manganese ion, Mn?+, ¢ = 0.547, ¢; = 0.605,
{1 = 5.15, and ¢, = 2.10. The principal observations
to be made concerning Figure 2 are as follows. (1)
Qvtheoret is rather more sensitive to change of 3d radial
function than QLtheoret- (2) QLtheoret and Qvtheoret
have quite different values over most of the range of
8, and where they are equal, at approximately —2.4 and
—1.8 for STO’s and double-{ functions, respectively,
the value of Qineoret is approximately 4-5.5 times larger
than the experimental value. (3) At Q%ueoret = Qexptl
the 2e MO is predominantly metal AO (8 large) whereas
at QVineoret = Qoxpt1 the 2e MO is predominantly ligand
in character (8 small). (4) The 8 value obtained by
the latter criterion is in better argeement with the 8
value obtained in the Viste and Gray®® energy level
calculation than is the B8 wvalue obtained from the
criterion Q%heoret = Qoxptr. Viste and Gray used a
3d radial function with ¢ = 0.532, ¢; = 0.649, {; =
5.15, {» = 1.90, and a 2p SCF function for oxygen
(both of which differ from the functions used by us in
this calculation, but which do not produce significantly
different results) and found that the magnitude of the
coefficient of the 3d AO in the bonding le MO was
larger than that for the ligand symmetry orbital (0.73
and 0.52, respectively) and that the magnitude of the
coefficient of the 3d AO in the antibonding 2e MO was
smaller than that for the ligand symmetry orbital
(0.73 and 0.90, respectively).

Now if equation of QVikeoret OF QViheoret t0 Qexpti
is viewed as a means of obtaining an ‘‘experimental”
value of 8, denoted Bexpt, then the variation of Bexpti
with variation of the ionization states of manganese
and oxygen can be examined. Thus a series of calcu-
lations like those forming the basis of Figures 1 and 2
was performed using STQ’s for the manganese electron
configurations d° through d7 (2.450 > {3q > 1.283)
and double-f AO’s for the configurations d° through 4.
Each set of manganese AO’s was combined with two
different 2p STO’s, one with {», = 2.275 (neutral
oxygen) and one with {3, = 2.000 (oxidation state
between —1 and —2). The results for {, = 2.000
are shown in Figure 3. This value of {2, gives a slightly
greater separation between the curves for 8“(R) and
B™(S) than {5, = 2.275 (there is no qualitative difference

xsa(fy) = [
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Figure 2.—Dipole length and dipole velocity t; — 2e transition
moments as functions of ligand mixing coefficient for two kinds
of 3d AO. (S denotes Slater orbital; R denotes an orbital of
the form derived by Richardson, ef al.1%)

L
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Figure 3.—Experimental ligand mixing coefficients of the e
symmetry MO’s of MnO,~ as functions of free-atom orbital
occupancy (% is the number of electrons in 3d AO’s).

in the results obtained with the two values). The
figure shows that there is little variation in Bexpu with
change of manganese formal oxidation states over the
range studied except in the case of Bvexpu, based on
the double-¢ 3d radial function. Thus, insofar as the
results are less divergent when double-{ orbitals are
used, these are the preferred orbital expressions. This
conclusion is corroborated by means of a calculation
designed to find the value of {4 for an STO on man-
ganese and the value of 8 at which QVineoret = Qiheores
= Qexptl. Using s, = 2.000, it was found that the equa-
tion was satisfied by {a = 4.0 and 8 = 0.97. The
value of {3 thus obtained is considerably above the
values given by Slater’s rules for the ionization states
of manganese. If a similar calculation had been per-
formed by allowing double-f orbital parameters to
vary without limit, it would again have been found
that the 3d AO would be more contracted than the
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most contracted free-atom 3d AQO, but the difference
would be less than with the STO's.

Finally, a separate analysis was made of the quan-
tities most dependent on orbital parameters, /; and /5.
Figure 4 shows contour maps of these integrals in p,7
coordinate space  The variables p and 7 are restricted
to the ranges p > Oand +1 > 7 > —1. The maximum
value of 75, 0.45, occurs at (p,7) = (2.5,0.15) and the
maximum value of I, 0.43, occurs at {(p,7) = (£.5,0.0).
Except when 8 = 1, /; can never be large enough so
that Q% will outweigh the Q% contribution; hence,
Qr‘theom must have essentially the values shown in
Figure 2 for any set of orbitals for the two atoms bonded
together and must depend on the nature of these two
atoms only through the group overlap integral in the
denominator of the normalization factor Ng and the
bond length R. Now for the chromate ion, CrO4*~,
the metal-oxygen bond length differs from that in
MnO,~ by less than 19, and Gr(d, ) would therefore
not be expected to be a great deal different either.
However, the value of the experimental transition
moment for the t; — 2e transition of chromate is
Qexpt1 = —0.606. Referring to Figure 2, the con-
sequence is that the calculation of Sexy:1 for chromate
from the equation Qheoret = Qexptfleadsg to "‘affsmaller
value than for permanganate. This is contrary to the
intuitive expectation that the metal-oxygen bond in
chromate should be the more nearly ionic because the
chromium atom has the smaller formal charge. To he
sure, the metal-oxygen bond distance in vanadate,
VO.*, is rather larger than that in either chromate
or permanganate, but, since Qups = —0.671, the
increase in bond length is partially offset. At best, 8
for vanadate would be only slightly larger than the
value for permanganate when calculated from Qr‘theom_
In short, the dipole length transition moment implies
that the extent of mixing of the metal and ligand e
orbitals is small and approximately equal in all three
ions. Similar remarks apply to the isoelectronic
species RuOs, TcO;~, and MoO,2~ whose experimental
transition moments are —0.292, —0.356, and —0.513,
respectively, and whose metal-oxygen bond lengths
are the same to within 109.

On the other hand, values of 8 obtained for other
isolectronic ions by equating QVineort and Qexprr de-
pend on the value of » and /; and hence on the values
of p and 7 chosen for each atom. Because the » values
for VO.2—, CrO.2—, and MnO,~ are (.166, 0.121, and
(.0835, respectively, the » dependence suggests that
the MnO,~ curve will lie lowest, then the CrO.2—
curve, with the VO,*~ curve highest. From the ’Qexptl
values given above it can be seen that in this case
B(MHO4~> < B(CI‘O{z*) < 6(\/'043_), ’5.6., that MnQO,—
has the most metal 3d character in its bonding le
orbital as expected from its higher oxidation state,
Cr0,2—is next, and VO,*~has the least inetal character.
Similarly from the p values for the series MoO,2™,
TcOy~, RuOs, the QViheores = Quxper Criterion would
predict RuQ; to have the most and MoO.2~ the least
metal character in the le bonding MO if values of I
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Figure 4 —Contour diagrams of charge-transfer integrals:

(2) Ii(p,7) and (b) I3(p,7), where p = R({op + $34)/2 and 7 =
(o — $2a)/(op + $aa).

did not qualitatively upset the order established by
the » values.

Conclusions

The comparison of transition moments presented
above is concerned only with the degree of 7 covalency
in tetraoxy anions, not with the degree of ¢ covalency.
Information about the latter type of bonding must
come from a transition, e.g., t; = 2t;, which involves
o orbitals. To summarize the results concerning
bonding, it is found that, based on the customary
LCAO-MO approximation, the dipole length transi-
tion moment leads to the conclusion that there is
vanishingly small = covalency in all tetraoxy anions,
whereas the dipole velocity transition moment leads
to the conclusion that there is a high degree of = co-
valency in permanganate and smaller degrees in tetra-
oxy anions of metals with smaller formal charges. The
dipole velocity transition moment calculation is there-
fore more reasonable qualitatively, in spite of the fact
that the polarity of the metal-oxygen bond is calculated
to be the reverse of that expected on intuitive grounds
and also on the basis of the electron spin resonance
studies of manganate.® Finally, the observation that
the polarity reversal and the resultant disparity be-
tween the two moments is not rectified by rather wide



