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1. INTRODUCTION

Titanium dioxide (TiO2) possesses a rich phase relation with
many polymorphs. Among them, rutile (P42/mnm), anatase
(I41/amd), and brookite (Pbca) are naturally occurring phases.
Because of its high refractive index (2.7)1 and wide band gap
(∼3.0 eV),2 TiO2 shows a wide range of potential applications in
areas such as white pigments, high-efficiency solar cells,3

photocatalysts,4 and storage capacitors in dynamic random
access memories.5 Among the polymorphs, the rutile phase has
been extensively studied from both experimental and theoretical
perspectives, thanks to the availability of good single crystals for
characterization. Recently, researchers have focused on the
anatase phase due to its promising photochemical and photo-
electrochemical applications.6,7 Additionally, nanostructured
TiO2 has attracted significant interest as a host material for its
unique physical and chemical properties.8

Many of the technologically important properties of TiO2 are
closely related to the lattice dynamics of the crystal. Information
about its chemical bonding, elastic behavior, specific heat, di-
electric behavior, and optical properties can be obtained from the
analysis of the phonon dispersion relation. For example, the
exceptionally high static dielectric constant of rutile and its
anomalous increase as temperature decreases can be understood
by the softening of the transverse optic A2u mode, which may
result in ferroelectric phase transitions.9 The full phonon disper-
sion relation of rutile TiO2 has been studied by Traylor et al. using
coherent neutron inelastic scattering along the principal direc-
tions in the Brillouin zone.10 The phonon frequencies at Γ point

were also measured by Raman11 and infrared spectroscopies.12

However, there are very few papers dealing with the phonon
spectra of the anatase phase,13�15 owing to the scarcity of good
quality single crystals for measurement. Although the lattice
dynamics of the rutile and anatase phases have been studied by
several authors using first-principles calculations,9,15�21 very few
papers dealt with their full phonon dispersion relations.

At elevated pressures, TiO2 experiences a series of structural
phase transitions. Its high-pressure polymorphs, i.e., columbite
(TiO2 II phase, space group Pbcn),

22 baddeleyite (MI, P21/c),
23

orthorhombic I (OI, Pbca),24 and cotunnite (OII, Pnma),25 were
discovered at increased pressures. The cotunnite-structured
TiO2 was reported to be the hardest oxide ever known.25

Recently, cubic TiO2 was synthesized at high pressures and
temperatures, which may serve as an important promising
material for future generation solar cells.26 To date, there are
very few studies of the phonon properties of the high-pressure
polymorphs of TiO2.

18 Phonon density of states (DOS), how-
ever, are of critical importance to the study of Helmholtz and
Gibbs energies, phase stabilities, and pressure�temperature
phase diagrams,27 which could be useful in identifying the proper
synthesis conditions for the potential ultrahard TiO2 phases.

The present work aims at providing a systematic study of the
structural, phonon, and thermodynamic properties of six TiO2

polymorphs, i.e., rutile, anatase, TiO2II, MI, OI, and OII, by first-
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ABSTRACT: The structural, phonon, and thermodynamic properties of six TiO2

polymorphs, i.e., rutile, anatase, columbite, baddeleyite, orthorhombic I, and
cotunnite, have been systematically investigated by density functional theory. The
predicted volumes, bulk modulus, and Debye temperature are in good agreement
with experiments. The phonon dispersions of the TiO2 polymorphs were studied by
the supercell approach, whereas the long-range dipole�dipole interactions were
calculated by linear response theory to reproduce the LO�TO splitting, making
accurate prediction of phonon frequencies for the polar material TiO2. The
calculated phonon dispersions show that all TiO2 polymorphs are dynamically
stable at ambient pressure, indicating the high-pressure phases might be quenched to
ambient conditions as ultrahard materials. Furthermore, the finite temperature
thermodynamic properties of TiO2 polymorphs were predicted accurately from the
obtained phonon density of states, which is critical in the future study of the
pressure�temperature phase diagram of TiO2. The calculated Gibbs energies reveal that rutile is more stable than anatase at
ambient pressure. We derived the Gibbs energy and heat capacity functions for all TiO2 polymorphs for use in thermodynamic
modeling of phase equilibria.
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principles density functional theory (DFT) calculations. The
first-principles study of the vibrational modes in TiO2 poly-
morphs is thus expected to give a firm baseline for the properties
of nanosized phases. The Gibbs energy functions derived from
the first-principles calculations can be used for the calculation of
phase diagram (CALPHAD) thermodynamic modeling of the
complex oxide system.28 The rest of this paper is organized as
follows. In section 2, the theories for the calculations of phonon
and thermodynamic properties are outlined. In section 3, the
details for the first-principles total energy and phonon calcula-
tions are presented. In section 4, we discuss the obtained
properties of TiO2 polymorphs, including (i) the equilibrium
structural properties, (ii) the phonon dispersion relations and
phonon DOS’s, and (iii) the thermodynamic properties. Finally,
the conclusions of this work are given in section 5.

2. THEORY

The phonon frequencies can be obtained by solving the
eigenvalue problem of the reciprocal dynamic matrix ~D29

ω2ðq, lÞeðq, lÞ ¼ ~DðqÞeðq, lÞ ð1Þ
where ω(q,l) is the phonon frequency with respect to wave
vector q and phonon mode l and e(q,l) the corresponding
normalized atomic displacement weighted by the square root
of the atomic mass. The dynamical matrix ~D is related to the real-
space force constantΦ by the following Fourier transformation29

~Djk
RβðqÞ ¼ 1ffiffiffiffiffiffiffiffiffiμjμk

p 1
N∑P

Φ jk
Rβð0, PÞexpfiq 3 ½RðPÞ � Rð0Þ�g

ð2Þ
whereR and β are the Cartesian axes of either x, y, or z, j and k are
the indices of atoms in the primitive cell, μj is the atomic mass of
the jth atom in the primitive cell, N is the number of primitive
unit cells in the supercell, and R(P) is the position of the Pth
primitive cell in the supercell.

For accurate predictions of phonon frequencies of polar
material TiO2, it is critical to consider the long-range dipole�
dipole interactions in order to study the LO�TO splitting
presented in TiO2. The effects of dipole�dipole interactions
are incorporated into the dynamic matrix through the long-range
contributions to the force constants30

Φ jk
Rβð0, PÞ ¼ ϕ

jk
Rβð0, PÞ + j jk

Rβ ð3Þ
where ϕRβ

jk is the cumulative contribution from short-range
interactions and jRβ

jk the contribution from long-range interac-
tions due to the dipole�dipole effect. We find that jRβ

jk can be
explicitly expressed as follows30

j jk
Rβ ¼ 1

N
4πe2

V

½q 3Z�ðjÞ�R½q 3Z�ðkÞ�β
q 3 ε∞ 3 q

ð4Þ

where V is the volume of the primitive unit cell, Z*(j) is the Born
effective charge tensor of the jth atom in the primitive unit cell,
and ε∞ is the high-frequency static dielectric tensor, i.e., the
contribution to the dielectric permittivity tensor from the electro-
nic polarization. Because of the long-range dipole�dipole inter-
actions, i.e., the contribution of the nonanalytical part to the
dynamic matrix is a Fourier transformation of force constants in
the limit of zero wavevector, an inverse Fourier transformation of
the nonanalytical part of dynamic matrix gives the real-space force

constants shown in eq 4 as the zero-order term. The force
constants from long-range interaction, jRβ

jk in eq 3, can be
calculated in reciprocal space by linear response theory, and
ϕRβ
jk can be obtained from the supercell approach in real space.30

The summation of these two contributions provides the inter-
polation in real space between the finite size of the supercell and
the infinite point derived from the limit of zero wavevector. This
approach thus makes full use of the accuracies of the force
constants calculated in real space and the dipole�dipole interac-
tions calculated in reciprocal space and accordingly avoid the
semiempirical procedure for extrapolating the LO phonon fre-
quencies for a general q point between the Brillouin zone center
and the zone boundary for polar materials as developed by
Parlinski31 for the direct approach. The reliability of the current
approach for phonon calculation has been verified by our recently
published work for MnO and NiO,32 SrTiO3,

33 Sr2RuO4,
34 and

BiFeO3.
35

The Helmholtz energy (F) of a system at volume V and
temperature T can be approximated as27

FðV ,TÞ ¼ E0ðVÞ + FvibðV ,TÞ ð5Þ
whereE0 is the 0K static energy at volumeV and Fvib the vibrational
free energy estimated from phonon DOS.29 The equilibrium free
energy F at each temperatureT can be obtained byminimizing eq 5
with respect to V.

3. COMPUTATIONAL DETAILS

The DFT-based first-principles calculations were performed
by the projector-augmented wave method36 as implemented
in the Vienna ab initio simulation package (VASP).37,38 The
local density approximation (LDA) was utilized to depict the
exchange-correlation functional due to its capabilities to give an
overall better description of the properties studied in this work
for TiO2 than the generalized gradient approximations (GGA).
Dense k-point meshes in the first Brillouin zone were utilized
(see Table 1). The cell shapes and ionic positions of TiO2 phases
are fully relaxed by the Gaussian smearing technique. Accurate
total energy calculations are performed by means of the linear
tetrahedron method with Bl€ochl’s correction.39 In all cases
the total energies are converged to 10�7 eV/cell with an energy
cutoff of 500 eV.

The phonon properties of TiO2 polymorphs were studied by
the supercell approach as implemented in Yphon code.30 The
Born effective charge tensor and electronic dielectric constant
tensor were calculated using the linear-response method as

Table 1. Details of the First-Principles Calculations of the
Total Energy and Phonon Spectra of the TiO2 Polymorphs,
Including the Space Group, k-Point Mesh for Electronic
Structure Calculations, and Supercell and k-Point Mesh for
Phonon Calculations

phase space group

k-point mesh

electron supercell

k-point mesh

phonon

rutile P42/mnm 18� 18� 27 2� 2� 2 3� 3� 3

anatase I41/amd 19� 19� 7 3� 3� 3 3� 3� 3

TiO2II Pbcn 16� 13� 14 2� 2� 2 3� 3� 3

MI P21/c 13� 12� 12 2� 2� 2 3� 3� 3

OI Pbca 7� 12 � 13 1� 2� 2 3� 3� 3

OII Pnma 12� 10� 20 2� 2� 2 3� 3� 3
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implemented in VASP 5.2.40 To calculate force constants, we
used an energy cutoff of 400 eV and a 3� 3� 3 k-point mesh for
the supercells. Ancillary calculations using denser k-point mesh
and larger supercell, such as 5� 5� 5 k-pointmesh and 3� 3� 3
supercell, were tested for the phonon properties of the rutile
phase; however, no significant difference was found. All the
calculated force constants within the supercell were used for the
real-space component of the force constants. More details about
the first-principles total energy and phonon calculations are
shown in Table 1, including space group, k-point mesh for
electronic structure calculations, supercell size, and k-point mesh
for force constants calculations.

4. RESULTS AND DISCUSSION

In this section, the predicted equilibrium and high-pressure
lattice parameters, volumes, bulk moduli, Debye temperatures,
phonon dispersion relations and DOS, and finite temperature
thermodynamic properties of the TiO2 polymorphs are pre-
sented and compared with the experimental data when available.
4.1. Structural Properties. The total energies of the six

polymorphs of TiO2 calculated at 10 different volumes in the
present work are fitted by the third-order Birch�Murnaghan
equations.41,42 The obtained 0 K equilibrium properties, including
the lattice parameters, volume (V), bulk modulus (B), and Debye

temperature (ΘD), are listed in Table 2. Similar to other DFT
calculations,43�47 our 0 K LDA calculations (without considering
the zero-point vibrations) underestimate the equilibrium V of
TiO2 polymorphs with errors less than 1.8%,24,48�51 except for
2.5% of the cotunnite phase.48,51 Accordingly, the bulk moduli of
rutile and anatase TiO2 are overestimated by 6.4% and 3.4%,
respectively.48,50,52 As for the high-pressure polymorphs of TiO2,
the bulk moduli are much underestimated,24,48�51 especially for
the MI phase.48,49 Nevertheless, our calculations are consistent
with most of the recent DFT calculations.45�47 The reason for the
underestimation could be due to the difficulty for the high-
pressure measurements, since we noticed that the uncertainties
for the measured bulk moduli of the high-pressure phases are
relatively large (see Table 2). From the calculated phonon DOS,
we estimated the Debye temperature using the second-moment
Debye cutoff frequency.53 Similar to bulk modulus, Debye tem-
perature is intimately related to the bonding strength in a material.
The predicted ΘD of the rutile phase is very close to the
experimental value at high temperatures estimated from the heat
capacity measurements.54 Additionally, our calculations show that
the high-pressure polymorphs have relatively larger ΘD than the
ambient stable ones, indicating stronger bonding in these phases,
in agreementwith the calculated force constants (not shownhere).
For more realistic comparison with the experimental data, we

estimated the equilibrium structural properties at 298 K since

Table 2. Calculated Properties of the TiO2 Polymorphs at 0 K (without considering the zero-point vibrations) and 298 K
Together with the Experimental Data, Including the Equilibrium and High-Pressure Lattice Parameters (a, b, c) and Volume (V),
Bulk Modulus (B), and Debye Temperature (ΘD)

phase reference T (K) P (GPa) a, b, c (Å) V (Å3/TiO2) B (GPa) ΘD (K)

rutile this work 0 0 30.64 250 809a

this work 298 0 4.593, 4.593, 2.935 30.96 241

expt. 298 0 4.593, 4.593, 2.959c 31.2b, 31.21c 211 ( 7,d 235 ( 10b 778e

anatase this work 0 0 33.58 185 834a

this work 298 0 3.759, 3.759, 9.585 33.86 175

expt. 298 0 3.785, 3.785, 9.512c 34.07c,f 179 ( 2f

TiO2II this work 0 0 30.06 245 823a

this work 298 0 4.536, 5.486, 4.883 30.37 240

this work 298 13.2 4.465, 5.383, 4.805 28.88

expt. 298 0 4.541, 5.493, 4.906f 30.53b, 30.59f 253 ( 12,b 258 ( 8f

expt. 298 13.2 4.401, 5.382, 4.864g 28.8g

MI this work 0 0 28.02 207 873a

this work 298 0 28.31 203

this work 298 19.1 4.583, 4.799, 4.744 26.09

expt. 298 0 28.06b,f 290 ( 10,f 298 ( 21b

expt. 298 19.1 4.602, 4.855, 4.751g 26.28g

OI this work 0 0 27.01 274 893a

this work 298 0 27.29 269

this work 298 28.7 8.975, 4.811, 4.586 24.75

expt. 298 0 27.27h, 27.54b 314 ( 16,b 318 ( 3h

expt. 298 28.7 9.014, 4.835, 4.616g 25.15g

OII this work 0 0 24.44 287 884a

this work 298 0 24.74 273

this work 298 59.6 5.011, 5.880, 2.906 21.41

expt. 298 0 25.10g, 25.28b 306 ( 9,g 312 ( 34b

expt. 298 59.6 5.028, 5.889, 2.930g 21.67g

a Estimated from the second-moment Debye cutoff frequency obtained by phonon DOS. bReference 48. cReference 49. dReference 52. eReference 54.
fReference 50. gReference 51. hReference 24.
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most of the measurements were carried out at room temperature.
The predicted equilibrium volume and bulk modulus at 298 K
are tabulated in Table 2. By taking account of the lattice
vibrational contribution, the estimated equilibrium volumes
agree much better with experiments than the 0 K calculations
do and the average of the relative errors decreases from 1.4% to
0.4%. The same conclusion applies to the bulk moduli of rutile
and anatase TiO2, with the average of the relative errors
reducing from 5% to 2.4%. However, consideration of the
phonon contribution does not help to improve the bulk moduli
of the high-pressure phases. For the cotunnite-structured
TiO2, our predicted bulk modulus is much smaller than the
value reported by Dubrovinsk et al.25 but agrees with recent
experiments48,51 and theoretical investigations.45�47 Since the
experimental equilibrium volume and bulk modulus of the
high-pressure polymorphs are estimated from the equation of
state fitting, it is moremeaningful to compare our predictions with
the direct measurements, e.g., high-pressure volumes. The pre-
dicted high-pressure volumes agree very well with the experimen-
tal data for all the high-pressure polymorphs (see Table 2 for more

details).51 The average of the relative errors is less than 0.8%,
indicating the reliability of our calculations at high pressures.
4.2. Phonon properties. For the rutile phase, there are 6

atoms in the primitive cell; thus, there should be 15 optical
modes and three acoustic modes. From the group analysis of its
space group (P42/mnm), the optical modes at theΓ point belong
to the following irreducible representations

ΓoptðrutileÞ ¼ A1g + A2g + A2u + B1g + 2B1u + B2g + Eg + 3Eu

ð6Þ
The symbol g represents Raman active, u infrared active, and E
degenerate. In principle, the long-range dipole�dipole interac-
tions in the ionic compounds can result in the LO�TO splitting
(longitudinal and transversal optical phonon frequencies). The
LO�TO splitting occurs at the Γ point and only for infrared
active modes. Since A2u and Eu modes are polar, they split into
LO andTOmodes with different frequencies due tomacroscopic
electric fields associated with the LO phonons. A2g and B1u
modes, however, are Raman and infrared inactive (silent modes).

Table 3. Comparison of the Computed Phonon Frequencies (in THz) at the Γ Point with the Experimental Data for Rutile TiO2

mode this work opticala neutronb theoryc theoryd theorye theoryf theoryg

A1g 18.72 18.36 18.30 18.46 18.30 18.66 18.67 18.50

A2g 12.39 12.38 12.46 12.66 12.20

B1g 4.04 4.29 4.25 3.96 4.25 3.75 3.95 3.45

B2g 25.05 24.78 24.72 24.02 24.72 24.82 24.90 24.67

Eg 14.21 13.41 13.34 14.16 13.89 14.13 14.18 14.06

B1u
(1) 3.75 3.39 3.53 3.12 3.50 3.33 3.36

B1u
(2) 12.43 12.18 12.52 11.78 12.22 12.12 12.02

A2u(TO) 5.97 5.01 5.18 5.74 4.63 5.28 4.72 4.92

Eu
1(TO) 5.26 5.49 5.66 4.31 5.74 4.94 4.88 4.38

Eu
2(TO) 11.83 11.64 11.79 11.51 11.73 11.74 11.63

Eu
3(TO) 15.15 15.00 14.81 14.95 14.64 14.77 14.92 14.54

A2u(LO) 24.51 24.33 24.02 23.06 22.82 22.81

Eu
1(LO) 10.52 11.19 11.23 10.57 10.54 10.72 10.22

Eu
2(LO) 13.44 13.74 12.85 13.04 13.24 13.27 13.16

Eu
3(LO) 23.81 24.18 25.24 23.63 24.23 24.09 24.07

aMeasured by Raman11 and infrared12 spectroscopies. bReference 10. cReference 17. dReference 9. eReference 16. fReference 20. gReference 21.

Table 4. Comparison of the Computed Phonon Frequencies (in THz) at theΓ Point with the Experimental Data for Anatase TiO2

mode this work Ramana Ramanb Ramanc infraredd theorya theorye theoryf

Eg
(1) 3.15 4.29 4.32 4.32 4.70 4.37 4.22

Eg
(2) 4.95 5.94 5.91 5.91 5.71 5.13 4.92

B1g
(1) 13.94 11.84 11.99 11.96 11.41 11.94 11.71

B1g
(2) 15.54 15.35 15.44 15.56 15.60 15.54 15.18

A1g 16.05 15.53 15.56 15.38 15.55 16.07 15.83

Eg
(3) 19.64 19.16 19.19 19.16 19.21 19.85 19.50

Eu
1(LO) 7.19 7.85 7.87 7.45 7.30

Eu
1(LO) 9.76 10.97 10.63 10.21 10.21

A2u(TO) 12.05 11.00 10.00 11.25 10.55

A2u(LO) 22.67 22.63 21.90 22.28 21.85

Eu
2(LO) 13.95 13.04 12.96 14.39 13.77

Eu
2(TO) 26.67 26.26 26.35 26.75 26.38

B2u 17.20 16.25 16.93 16.66
aReference 15. bReference 55. cReference 13. dReference 14. eReference 19. fReference 20.
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In Table 3, we compare the calculated Γ-point phonon frequen-
cies of the rutile phase with the experimental neutron scattering,
infrared, and Raman measurements,10�12 together with other
calculations.9,16,17,20,21 The optical phonon frequencies at Γ
point are accurately predicted, and all the LO�TO splittings
are also correctly reproduced. The relative errors for most of the
phonon modes are very small, less than 6%, except for the low-
frequency mode A2u(TO).
Similar to the rutile phase, there are 6 atoms in the primitive

cell of the anatase phase; thus, there should be 15 optical modes.
From the group analysis of its space group (I41/amd), the optical
modes at the Γ point belong to the following irreducible
representations

ΓoptðanataseÞ ¼ A1g + A2u + 2B1g + B2u + 3Eg + 2Eu ð7Þ

A1g, B1g, and Eg are Raman active, while A2u and Eu are infrared
active. B2u is a silent mode. The calculated phonon frequencies at
Γ point for the anatase phase are summarized in Table 4, along
with the experimental and other theoretical results.13�15,19,20,55

The agreement with experiments seems not as good as other
calculations, since theoretical equilibrium lattice parameters,
rather than experimental values, were adopted for the phonon

calculations in order to achieve a complete first-principles
prediction. Using the experimental lattice parameters of anatase,
the overall agreement improves substantially.
In the meanwhile, we studied the full phonon dispersion

relations throughout the whole Brillouin zone and plotted the
phonon DOS’s for all TiO2 polymorphs at their theoretic
equilibrium volumes, as shown in Figure 1. To date, only the
phonon dispersion relation of the rutile phase has beenmeasured
in the whole Brillouin zone by the coherent neutron inelastic
scattering method.10 The presently predicted phonon modes of
rutile TiO2 agree well with the experimental data at both low and
high frequencies and show an overall improvement over other
theoretical calculations17,20,21 using the current mixed-space
approach to the phonon calculations. In Figure 1, we also
compared the phonon DOS’s of the TiO2 polymorphs with
and without dipole�dipole interactions. The effect of dipole�
dipole interaction on the whole shape of the phonon DOS is
small, especially at low frequencies, and themost notable changes
appear at high frequencies. Thus, the dipole�dipole effect is
important in the study of free energies and phase stabilities only
at high temperatures. For the high-pressure polymorphs of TiO2,
it is very encouraging to discover that there is no imaginary
phonon frequency in their phonon dispersions and DOS’s,

Figure 1. Phonon dispersion relations and phonon density of states (DOS) of the TiO2 polymorphs, i.e., rutile, anatase, TiO2II, MI, OI, and OII. The
solid lines represent the present calculated phonon spectra, the open circles (blue) are the inelastic neutron scattering data,10 and the solid red triangles
are Raman11 or infrared data.12 Black solid and blue dashed lines represent phonon DOS with and without dipole�dipole interactions, respectively.
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indicating that they are dynamically stable under ambient
pressure. It suggests that the high-pressure polymorphs of
TiO2 can be quenched to the ambient conditions as metastable
phases, which means that cotunnite TiO2 might be stabilized at
ambient pressure as an ultrahard material.
4.3. Thermodynamic Properties.With the obtained phonon

DOS’s at six different volumes in the present work, the Helm-
holtz energy (F) of TiO2 polymorphs can be evaluated based on
the quasi-harmonic approximation, i.e., eq 5. Accordingly, the
entropy (S) and internal energy (U) can be estimated by the
following equations

S ¼ � ∂F
∂T

� �
V

ð8Þ

U ¼ F� TS ¼ F� T
∂F
∂T

� �
V

ð9Þ

Neglecting the influence of pressure (P) on the solid phases (i.e.,
the PV term), the internal energy is equal to the enthalpy (H) and
the Helmholtz free energy (F) is equal to the Gibbs energy (G).
We calculated H and S as a function of temperature up to the
melting temperature (Tm = 2130 K)56 for rutile, anatase, TiO2 II,
MI, OI, and OII TiO2, where the rutile phase at 298.15 K and
1 atm was chosen as the reference state for H. As shown in
Figures 2 and 3, the predictedH and S of rutile and anatase TiO2

are in excellent agreement with the critically evaluated values by
Chase et al. from experiments.56 For rutile phase, H and S are
somewhat overestimated at high temperatures. However, the
differences from experiments are very small even at 2000 K,
which is less than 1.2% for both H and S, while for anatase phase
the enthalpy and entropy are a little underestimated at high
temperatures, with relative errors of 0.4% and 0.5% for H and S,
respectively. We notice that OII TiO2 shows a relatively large
slope of H compared with other phases, especially at high
temperatures. Since the slope of enthalpy with respect to
temperature equals heat capacity, OII TiO2 should have the

largest heat capacity among all TiO2 phases, which is verified by
the following heat capacity calculations.
To compare the phase stabilities of TiO2, we also plotted the

Gibbs energy difference as a function of temperature with respect
to the rutile phase in Figure 4. There have been a lot of debates
about the relative stabilities of rutile and anatase phases under
ambient conditions. A number of first-principles studies have
been performed to address this issue in the past decade, and
recent calculations predicted anatase to bemore stable than rutile
at 0 K and ambient pressure.46,47,57 However, the lattice stability
at finite temperature and ambient pressure is determined by the
Gibbs energy rather than internal energy. Although our 0 K
calculations do reveal that anatase has lower total energy than
rutile, the rutile phase should be more stable than anatase when
considering the zero-point vibrations. Furthermore, the finite

Figure 2. Enthalpies of the TiO2 polymorphs, i.e., rutile, anatase,
TiO2II, MI, OI, and OII, with the enthalpy of rutile phase at 298.15 K
and 1 atm as the reference. The lines represent the present calculations,
and the open symbols are the critically evaluated values obtained by
Chase et al.56 The inserts are the magnified plots with temperatures
around 298 and 1950 K, respectively.

Figure 3. Entropies of the TiO2 polymorphs, i.e., rutile, anatase, TiO2II,
MI, OI, and OII. The lines represent the present calculations, while the
open symbols are the critically evaluated values obtained by Chase
et al.56 The insert is the magnified plot with temperature around 1950 K.

Figure 4. Calculated Gibbs energy differences (ΔG =G�Grutile) of the
TiO2 polymorphs as a function of temperature with respect to
rutile phase.
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temperature Gibbs energy study predicts that rutile is more stable
than anatase in the whole temperature range we studied, as
shown in Figure 4. We also see that the Gibbs energies of the
high-pressure polymorph TiO2II are close to those of anatase at
low temperatures, which explains why the TiO2II phase was
often observed as metastable pressure-quenched phases at
ambient pressure instead of anatase.23,48 For use in CALPHAD

thermodynamic modeling, the following function is used to
describe the Gibbs energies of the TiO2 polymorphs from room
temperature up to Tm, in per mole of formula unit28

G ¼ a + bT + cTln T + dT2 + eT�1 ð10Þ
where a, b, c, d, and e are fitting parameters. The derived Gibbs
energy functions of all TiO2 polymorphs are tabulated in Table 5.
The heat capacity at constant volume (CV) can be calculated

directly by

CV ¼ ∂U
∂T

� �
V

¼ � T
∂
2F

∂T2

 !
V

ð11Þ

The heat capacities measured at constant pressures (CP) can be
evaluated by the thermodynamic relation between CV and CP,
CP � CV = R3VBT, where R is the calculated thermal expansion
coefficient (not shown in this work). Figure 5 shows the
predicted CP together with the available experimental data.56

Our calculations reproduce the CP of anatase TiO2 very well in
the whole temperature range, with a relative error of about 1.5%
at 2000 K. The CP of rutile TiO2 is somewhat overestimated,
especially above 1200 K; however, the relative error at 2000 K is
less than 4%. The difference might be traced back to the stability
of the rutile phase above 1200 K. Since heat capacity is a second
derivative of free energy with respect to temperature, it is more
demanding on the accuracy of free energy than entropy and
enthalpy do. Thus, the presently predicted CP of the rutile phase
is still acceptable. For the high-pressure OII phase, it shows an
abnormally large heat capacity at high temperatures compared
with other TiO2 phases, consistent with the above analysis of the
enthalpies. We also derived the heat capacity functions for all
TiO2 polymorphs by the formula CP =�c� 2dT� 2eT�2, valid
from room temperature to Tm, shown in Table 6.

5. SUMMARY

We studied the structural, phonon, and thermodynamic
properties of the six polymorphs of TiO2, i.e., rutile, anatase,
TiO2II, MI, OI, and OII, by DFT calculations. Our 0 K LDA
calculations predicted the equilibrium volumes of TiO2 poly-
morphs very well, except for the cotunnite phase. By taking the
lattice vibrations at finite temperatures into account, the agree-
ment improves substantially. The bulk moduli of rutile and
anatase TiO2 calculated at room temperature agree with the
experimental data, while those of the high-pressure polymorphs
are underestimated. The calculated Debye temperatures indicate
that the atomic bondings in the high-pressure polymorphs are
stronger than those in the rutile and anatase phases, in agreement
with the calculated force constants. We predicted the phonon
frequencies at Γ point in the Brillouin zone for both rutile and
anatase TiO2, which are comparable to the experimental and
other theoretical studies. The phonon dispersion relations along
the high-symmetry directions in the Brillouin zone for all TiO2

polymorphs have been predicted, and the LO�TO splittings are
well reproduced for rutile and anatase phases by considering the
dipole�dipole interactions. Additionally, we notice that there is
no imaginary phonon frequency for all the high-pressure poly-
morphs, indicating that they are all mechanically stable at zero
pressure. That means they might be quenched to ambient
conditions as metastable phases. From the calculated phonon
DOS, The finite temperature thermodynamic properties
(enthalpy, entropy, Gibbs energy, and heat capacity) of all

Table 5. Gibbs Energy Functions (G) of the TiO2

Polymorphs at Ambient Pressure

phase Gibbs energy function (G) (298.15 K < T < Tm = 2130 K)

rutile �27 598 + 448.1T �72.92T lnT � 2.10 � 10�3T2 +

8.43 � 105T�1

anatase �26 351 + 435.7T � 70.99T lnT � 2.31 � 10�3T2 +

8.15 � 105T�1

TiO2II �27 472 + 451.8T � 72.97T lnT � 1.92 � 10�3T2 +

8.90 � 105T�1

MI �27 328 + 457.8T � 72.71T lnT � 1.80 � 10�3T2 +

9.88 � 105T�1

OI �27 478 + 459.3T � 72.98T lnT � 1.72 � 10�3T2 +

9.72 � 105T�1

OII �26 799 + 452.0T � 71.72T lnT � 3.86 � 10�3T2 +

9.81 � 105T�1

Figure 5. Heat capacities of the TiO2 polymorphs, i.e., rutile, anatase,
TiO2II, MI, OI, and OII. The lines represent the present calculations;
the open symbols are the critically evaluated values obtained by Chase
et al.56 The insert is the magnified plot with temperature around 1950 K.

Table 6. Heat Capacity Functions (CP) of the TiO2

Polymorphs at Ambient Pressure

phase heat capacity function (CP) (298.15 K < T < Tm = 2130 K)

rutile 72.92 + 4.20 � 10�3T � 1.69 � 106T�2

anatase 70.99 + 4.61 � 10�3T � 1.63 � 106T�2

TiO2II 72.97 + 3.84 � 10�3T � 1.78 � 106T�2

MI 72.71 + 3.61 � 10�3T � 1.98 � 106T�2

OI 72.98 + 3.44 � 10�3T � 1.94 � 106T�2

OII 71.72 + 7.72 � 10�3T � 1.96 � 106T�2
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TiO2 polymorphs are predicted from the quasiharmonic phonon
calculations, in excellent agreement with available experimental
data. The calculated Gibbs energies reveal that rutile is more
stable than anatase in the whole temperature range we studied.
We derived the Gibbs energy and heat capacity functions for all
TiO2 polymorphs, which can be used in CALPHAD thermo-
dynamic modeling of the oxide system.
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