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sidered to be “inert.” Nevertheless, a degree of hy- 
bridization of s and p orbitals would be favored if the 
energy so expended were counterbalanced by electro- 
static stabilization as suggested by Orgel, I 4  or through 
overlap of the resulting hybrids to form bonding or- 
bitals. If we allow hybridization of bismuth s and pz 
orbitals on Bi6(0H)1$+ ( z  is taken as the direction on 
each bismuth toward the center of the cage), the re- 
sulting hybrids would be favorably oriented for mutual 
overlap. They nould form a bonding set of six molecu- 
lar orbitals, inside the Bi6 cage, in which the twelve 
bismuth valence electrons could be delocalized, and a 
corresponding antibonding set outside the cage. 

The bismuth pz and py orbitals would then be left 
for bonding with the hydroxyl oxygens. Twelve bond- 
ing molecular orbitals would thus be available for 24 
of the hydroxyl electrons. Two filled orbitals on each 
oxygen would be left nonbonding. This arrangement 

the equivalent orbital scheme for the Ta&llp2 + cage 
proposed by Kett1e.I: However his use of eight face- 
centered orbitals for metal-metal bonding is inappli- 
cable to Bi(II1). 

A possible energy level scheme based on these con- 
siderations is sketched out in Figure 2. Here bismuth 
ions (A) are allowed to hybridize individually (B), come 
together in an octahedral array (C), and then combine 
with hydroxyl ions (D). The ordering of energy levels 
is far from unambiguous, but i t  seems profitless a t  this 
time to undertake a quantitative calculation. Since 
the 6p-Gd separation in Bi(II1) is not much larger than 
the Gs-6p separation, 18 a more complete description 
would have to consider mixing in of bismuth d orbitals 
as well. However our purpose here is merely to indi- 
cate that weak bismuth-bismuth bonding may be a 
reasonable feature of the electronic structure of Bis- 
(OH)i$+. 

is equivalent to a set of twelve three-center 0-Bi-0 
bonds. The predicted average metal-oxygen bond 
order is one-half, and this may explain the somewhat 
low value for the Bi-0 stretching constant. Tvelve 
three-center metal-ligand bonds are also called for in 
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The vibrational spectrum of Pb4(0H)dd + has been subjected to a normal coordinate analysis, based on a tetrahedral structure 
for this species, using the known Pb-Pb and Pb-0 distances in solution. Agreement with experiment was readily obtained, 
but  only if an attractive interaction between lead atoms was included in the force field. For the complex containiiig 1.33 
hydroxides per lead, whose composition is probably Pb6(OH)g4+, the presumption of an octahedral structure is supported 
by the observation of three low-frequency Raman bands a t  frequency ratios found to be characteristic of metal cages of cubic 
symmetry. A vibrational analysis based on this structure and the assumption that  the Pb-Pb and Pb-0 distances are 
the same as for Pb4(OH)aifled to an excellent fit of the data with force constants similar to those used for Pbi(OH)i“, Evi- 
dence for lead-lead bonding in these complexes is provided by the anomalously high intensity observed for the low-frequency 
Raman bands attributable to the lead cages. -1 bonding scheme similar to that  proposed* for Bin(OH)lz6- can be applied. 

Introduction (OH)1z6 +, Raman spectra again providing evidence for 
The previous article3 described a normal coordinate 

analyses for the Bic(OH)lr6 + cuboctahedron. The main 
conclusion reached was that  the Raman spectrum could 
best be understood on the basis of direct, if weak, bond- 
ing among the bismuth atoms. In the present work vie 
continue our spectroscopic studies of hydroxymetal 
polyhedra, with an analysis of the vibrational spectra 
of polynuclear lead complexes, which were recently 
r e p ~ r t e d . ~  The results parallel those obtained for Bia- 
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weak metal-metal bonding. 
Lead(I1) is isoelectronic with bismuth(II1) and both 

hydrolyze to give soluble complexes, whose structures 
are however quite different. Bismuth produces the octa- 
hedral hexamer Bi6(OH)1z6 T while the main product of 
lead hydrolysis is a tetramer, Pb4(OH)a4+. Its struc- 
ture, as deduced by Esva14 from solution X-ray scat- 
tering measurements, is a distorted cube consisting of 
lead and oxygen atoms arranged tetrahedrally, as 
shown in Figure 1. The Raman spectrum of per- 

(3) V. A. Maroni and T. G. Sgil-o, J .  A m .  C h i n .  Soc., 83,  45 (1067) 
(4) 0.  E. Esval, Thesis, University of North Cai-olina, 1962. 
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Figure 1.-Arrangement of lead atoms (small circles) and 
oxygen atoms (large circles) in thz model assuyed for Pbr- 
(OH)d4+’.  parameter^:^ Y = 2.57 A, D = 3.81 A, 01 = 84”, 
@ = 96”. 

chlorate solutions containing this complex and Raman 
and infrared spectra of crystals obtained from these 
solutions have been shown3 to be qualitatively in accord 
with the tetrahedral structure. The present analysis 
sets this accord on a quantitative basis and throws light 
on the requisite force field. 

Solutions can also be prepared which contain 1.33 
hydroxyls per lead. These appear to contain an equi- 
librium mixture of Pb3(OH)42+ and P b ~ ( o H ) g ~ +  as indi- 
cated by Olin’s5 potentiometric and Esval and John- 
son’s6 ultracentrifuge measurements. Raman spectra 
of saturated solutions and of the crystals obtained from 
them showed the same features3 indicating the pres- 
ence in both phases of the same structural unit. This is 
presumably the hexamer, whose formation is favored a t  
high concentration. No structural information on 
this complex is available, but the Raman and infrared 
spectra could be interpreteda on the basis of the most 
symmetrical possible structure: one in which the six 
leads are arranged octahedrally, with the eight hy- 
droxyls on the octahedral faces, analogous to the well- 
characterized complex MoeCl~~  +.7 The present analysis 
strengthens this interpretation considerably. 

Vibrational Analysis for Pb4(OH)44+ 
The observed Raman and infrared bands for Pbd- 

(OH)44 + have been assigned3 to symmetry classes on 
the basis of a tetrahedral structure. Hydrogen atoms 
were neglected and only the cage modes were con- 
sidered. The two lowest frequency Raman bands, at  
87 and 60 cm-’, were assigned to Fa and E modes, 
respectively, although there was no real basis for ruling 
out the reverse assignment. The latter in fact gives a 
more reasonable result in the normal coordinate analy- 
sis and is accepted here accordingly. 
F and G matrices were constructed according to 

Wilson, Decius, and Cross,* using the interatomic 
distances reported by Esval. Although Esval’s mea- 
surements were made on solutions of Pb4(0H)d4+, we 
have combined solution and solid spectral data, since 
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more bands are resolved in the solid phase. Our justi- 
fication for assuming that the same molecular param- 
eters can be used for both solution and solid rests on 
the close agreement of the Raman bands which are 
well resolved in both phases. Calculation of the G 
matrix elements and solution of the secular equation 
with least-squares refinement of the force constants 
were carried out by computer, using programs SD-4064 
and SD-4032, respectively, both of which have been 
developed by Schacht~chneider.~ 

The internal coordinates are defined in Figure 1. 
As in the case of BiG(OH)12a+,2 our initial approach was 
to use a force field containing a metal-oxygen stretch- 
ing constant and bending constants for the two struc- 
tural angles, adding on interaction constants as seemed 
necessary. However this approach was quite un- 
successful with Pb4(0H)d4+. No adequate fit to the 
data was obtained, even when the number of inde- 
pendent force constants, of reasonable magnitude, was 
increased to seven (the number of frequencies observ- 
able). 

When the force field was altered to include a metal- 
metal stretching constant in place of the bending con- 
stants, the calculation improved dramatically. A good 
fit of the seven frequencies was obtained with four 
force constants: the Pb-Pb and Pb-0 stretching con- 
stants and two Pb-0 stretch-stretch interaction con- 
stants. These constants are defined in Table I ,  which 

TABLE I 
NONZERO SYMMETRY F MATRIX ELEMENTS 

AI 
FOR Pb4(0H)44 + a 

F,, = K + 2k‘ + 2k” 
F D D  = D 

E 
FvF 
FOO D 

= K - k’ - k” 

FZ 
l ? ( i ) T ( i )  K 
Fr(t)rc2) = K + k’ + k” 
F r ( ~ ) m )  = d2(k’ - k ” )  
FDD = D 
a Symbols: K, Pb-0 stretching constant; D ,  Pb-Pb inter- 

action; k ‘ ,  stretch-stretch interaction a t  the angle CY; k “ ,  stretch- 
stretch interaction at the angle p. 

shows how they are combined in the symmetry F 
matrix elements. Table I1 lists the symmetry co- 
ordinates formed from the Pb-0 and Pb-Pb internal 
coordinates. The results of this calculation are shown 
under the heading calculation I in Table 111, which 
compares observed and calculated frequencies and lists 
the adjusted force constants. The discrepancies be- 
tween the observed and calculated A1 and E frequencies 
are barely outside the experimental uncertainty. They 
can be removed by including small additional interac- 
tion constants to the force field. The potential energy 
distribution, shown in Table IV, shows a complete 
separation of the internal coordinates in the normal 

(9) R. G. Snyder and J. H. Schachtschneider, Speclvocht in .  Acta, 19.  117 
(1963). 
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S ? ( a )  (FZ) - jGl y (1,5) + r ( 2 , 5 )  + r(3,5)  - r (4 ,6 )  - r (4 , i )  - 
~(4,811 

1 
SD(FZ) --[0(1,2) + D(1,3> f D(2,3)  - D(1,4) - D(2,4) - 

46 
D(3,4)1 

a Symbols: r ,  D = internal coordinates defined in Figure 1. 
h-umbers in parentheses refer to atoms connected by the internal 
coordinate, following the numbering system in Figure 1. 

TABLE I11 
SUMhfARY OF L'IBRATIONAL CALCULATIOSS FOR PbJ(OH)4'+ --- Frequencies, cm -I--- 
Species Obsd Calculation I Calculation I1 

Ai 404 402 406 
130 125 126 

E 455 453 457 
60 65 63 

Fz 505 507 503 
346 348 345 
87 90 89 

7-- --Force constants, mydn/&------ 

K 1.663 1,690 
k' 0.135 0.140 
k" -0.106 -0.272 
D 0.542 0,528 

modes. The four frequencies above 340 cm-I can be 
attributed entirely to Pb-0 stretching while the three 
frequencies below 140 cm-1 can be attributed entirely to 
Pb-Pb stretching. 

Esval's radial distribution curve4 provides an ac- 
curate estimate of the Pb-Pb distance, but the lighter 
oxygen atoms are located with much less accuracy. 
In  order to assess the effect of this uncertainty on our 
calculation, a new G matrix was constructed using a 
Pb-0 distance increased by 0.14 A. This increment 
corresponds roughly to half of the half-Tridth of the 
peak assigned to the Pb-0 interaction in the radial 
distribution curve. The results obtained with this 

TABLE IV 
POTENTIAL ESERGY DISTRIBUTIONS FOR Pb4(OH)4J' 

freq,  cm-1 V,," V D D  
h'ormal mode 

505 (F2) 100 0 
455 (E) 100 0 
404 (.$I) 99 1 
346 (F2) 100 0 
130 ( A I )  1 99 
87 (F2) 0 100 
60 (E) 0 100 

V$,, = normalized contribution to  the potential energy 
from Fmatrix elements of the type (ij). 

revised G matrix and the same force field as before are 
shown in Table JII under Calculation 11. They are 
much the same as for calculation I, slight changes in the 
force constants sufficing to produce an equally good fre- 
quency fit. 

The Metal Cage Approximation 
Because the Pb-0 and Pb-Pb internal coordinates are 

separated essentially completely in the normal modes! 
the motions of the Pb4 cage can be considered inde- 
pendently of the oxygen motions. Four like atoms in a 
tetrahedral array (cf. Pd'O) have three normal modes, of 
symmetry Al, F I ,  and E. Their symmetry G matrix 
elements are in the ratio 4 :  2 :  1, in the order given. 
Consequently, if a primary stretching force constant is 
sufficient to account for the motions, then the corre- 
sponding frequencies must be in the ratio 2 : 42 : 1. Pb- 
(OH)44+ has three low-frequency Ranian bands a t  130, 
87, and 60 em-', the highest one being polarized and 
therefore of A1 symmetry. They are in the ratio 
2 :  1.32:0.93, and a single Pb-Pb stretching constant 
was found adequate to calculate all three to reasonable 
accuracy. 

A similar situation \vas encountered2 in the case of 
Bi6(OH)126f. Here too the separation of Bi-0 and 
Bi-Bi internal coordinates in the normal mode is 
essentially complete, and the motions of the Bi6 cage 
can be considered in isolation. Six like atonis in an octa- 
hedral array have three Raman-active modes, of AI,: 
Fag ,  and E, symmetry, and one infrared-active mode, of 
F,, symmetry. The symmetry G matrix elements for 
the first three modes are again in the ratio 4 : 2 :  1. Bi6- 
(OH)i26+ has three low-frequency Ramari bands, a t  
177, 107, and SS cin-l, which are in the ratio 
2 :  1.26: 1.00. Again a single Bi-Bi stretching constant 
was found adequate to calculate the three frequencies. 
(The lowfrequency infrared band was unobservable.) 

It appears that for tetra- or hexanuclear complexes a 
diagnostic test for tetrahedral or octahedral cages may 
be available in the Raman spectrum: namely, the 
observation a t  low frequency of three bands, the highest 
being polarized, whose frequencies fall approximately 
in the ratio 2 :  4 5 :  1. 

Vibrational Analysis for Pb6(OH)g4+ 
As noted in the Introduction, Pbe(0H)g4+ is the prob- 

able composition of the complex present in concen- 
(10) G. Herzberg, "Infrared and Raman Spectra of Poiyatomic Mole- 

cules," D. Van h-ostrand, Princeton, K. J., 1959, p 164. 
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trated perchlorate solutions containing 1.33 hydroxyls 
per lead and in crystals obtained therefrom. The most 
symmetrical structure for this unit would be an octa- 
hedral array of lead atoms with hydroxyls on the octa- 
hedral faces. The vibrational spectrum3 was found 
to be qualitatively consistent with this structure, al- 
though others could not be excluded. 

In  the light of the preceding section it now seems 
quite significant that  the Raman spectrum of the com- 
plex in question shows three low-frequency bands, a t  
142, ca. 95, and 68 cm-l, the first one being polarized. 
These frequencies are in the ratio 2:1.32:0.95. The 
presumption is strong that we are in fact dealing with an 
octahedral Pb6 cage. 

Accordingly we felt i t  worthwhile to perform a normal 
coordinate analysis on the spectrum, using the pro- 
posed octahedral structure. The Pb-Pb and Pb-0 
distances were assumed to be the same as in Pbk- 
(OH)d4+. Symmetry coordinates were constructed 
from the metal-oxygen and metal-metal internal co- 
ordinates, which are equivalent respectively to the 
symmetry coordinates constructed for the angle y 
and the metal-metal coordinates in Bi6(OH)126 +. 

The six observed frequencies could be adequately 
reproduced with three force constants: for Pb-Pb 
stretching (D)! Pb-0 stretching ( K ) ,  and stretch-stretch 
interaction between adjacent Pb-0 bonds a t  P b  (k'). 
The results are shown in Table V. The potential energy 

TABLE Y 
SUMYARY OF VIBRATIONAL CALCULATIONS FOR Pbs(OH)84+ 

Potential energy 
--Frequencies, cm-"- distribution for 

Calculation calculation I11 
Species Obsd 111 V, ,O V D D  

A1 386 391 99 1 
142 141 1 99 

E 454 451 100 0 
68 71 0 100 

F 2 g  b 383 99 1 
b 301 100 0 

Ca. 95 96 1 99 
F l u  b 441 100 0 

365 365 99 1 
c 120 1 99 

---Force constants,d mdyn/k--? 

K = 1.284, k' = 0.192, D = 0.645 
a = normalized contribution t o  the potential energy for F 

matrix elements of the type (ij). Xot resolved. c Not ob- 
served. The force constants are defined in the text. 

distribution, also given in Table V, again shows almost 
complete separation of Pb-0 and Pb-Pb coordinates 
in the normal modes. Four of the ten bands expected 
for this structure were not observed in the vibrational 
spectra. We now turn to the frequencies predicted 
for these modes by the calculation. Two of them, a t  
383 and 301 cm-', are of Fzg symmetry and should be 
Raman active. The first of these, however, is almost 
coincident with the strong AI, band a t  386 cm-', and 
would be completely obscured by it. In  the region of 
301 cm-' the experimental Raman spectrum (Figure 2 
of ref 3) shows a flat region which does app-ear t o  have 

Pb(I1) [Pb(1I)l4 Pb4(OH)lt OH- 

Pb-OH j antiP;;ding},, 

1 Pb-Pb '\ 

A 

0) 
C 
W 

P 

A B C D E 

Figure 2.-Qualitative energy level scheme proposed for 
Pb4(0H)44+ (see text). Numbers in parentheses refer to the 
number of molecular orbitals of each type. 

excess emission over the sloping base line. This could 
arise from the expected FBg mode. The higher fre- 
quency triply degenerate modes are quite weak in the 
Raman spectra of both Pb4(OH)44+ and BiG(OH)lZG+. 

The remaining two unobserved modes, a t  441 and 120 
cm-I, are of Flu symmetry and infrared active. The 
former frequencies lies within the broad infrared band 
centered a t  365 cm-l (Figure 3 of ref 3). This band is 
split into three components and also shows a weak 
shoulder a t  about 450 cm-I. The low-frequency infra- 
red spectrum, where the remaining Flu mode is pre- 
dicted, shows only very broad absorption. 

Discussion 
I t  is evident that  the vibrational spectrum of Pb4- 

(OH)k4+ is in good quantitative accord with the tetra- 
hedral structure proposed by Esva14 on the basis of the 
analysis presented here. All seven frequencies are ade- 
quately fit with four force constants, and these seem of 
reasonable magnitude. The Pb-0 stretching constant, 
1.66 mdyn/& is nearly the same as the Bi-0 constant, 
1.75 mdyn/A, in Bi6(OH)1z6+ (vide infm). The stretch- 
stretch interaction constants are less than 10% of the 
primary stretching constant. As in the case of Bi6- 
(OH)126+ we note that  the effect of variation in the un- 
certain oxygen positions is mainly taken up by the inter- 
action constants, and the primary force constants are 
little influenced. 

In the case of Bi6(0H)lzB+ i t  proved efficient to sub- 
stitute a metal-metal stretching coordinate and force 
constant for bond bending, and a dramatic improve- 
ment of the separation of the internal coordinates in 
the normal modes resulted. For Pbr(OH)44+ i t  was 
impossible to obtain an adequate fit of the data with a 
limited number of reasonable force constants, if only 
Pb-0 interactions were considered. Inclusion of 
metal-metal stretching in place of bond bending gave a 
calculation quite as satisfactory as for Bie(OH)126+. 
It is possible that the simplification is artificial and that  
inclusion of metal-metal stretching nmely masks real 
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complications in the force field. However, it would 
seem a remarkable coincidence if this v-ere simultane- 
ously the case for two such different structures as 
Bi6(OH)1t+ and Pb4(OH)44+. 

In  any event our main argument for some degree of 
metal-metal bonding rests, as in the case of Bi,j(OH)lz6+, 
on the fact that  the three low-frequency bands as- 
sociated exclusively with motions of the metal atoms 
have the highest intensity in the Raman spectrum. 
Large polarizability changes for these modes would be 
expected if electrons are to some extent delocalized 
in the metal cage. If, on the other hand, the bonding 
electrons are entirely localized between the lead and 
oxygen atoms, one would expect the high-frequency, 
primarily Pb-0 stretching, modes to have higher 
polarizability changes and intensities. 

The metal-metal distance is slightly larger in Pb4- 
(OH)44+ than in Bis(OH)126+ (3.83 vs. 3.71 A)) and this 
may be one factor in the former having a 50% smaller 
metal-metal stretching constant (0.54 vs. 0.96 mdyn/ 
A). On the other hand the Pb-Pb distance is only 
0.33 i% longer than the internuclear distance in metallic 
lead, as compared to a 0.61-A difference in the case of 
bismuth. 

The vibrational analysis for the presumed Pbs- 
+ must be considered speculative in the absence 

of any structural data. Nevertheless the results are 
striking. X very simple force field in conjunction with 
the proposed octahedral structure accounts quite ade- 
quately for all of the spectral features. The observa- 
tion of the three intense lon-frequency Raman bands a t  
their characteristic frequency ratios suggests a t  the 
least that  we are dealing with a lead cage of cubic sym- 
metry. X crystallographic structure determination 
of this complex will hopefully provide a critical test 
of this diagnostic use of the Raman spectrum. If the 
analysis turns out to be based on the correct structure, 
i t  suggests that  conversion of Pb4(OH)44+ to Pb6- 
(OH)84+ is accompanied by a 2070 increase in the Pb-Pb 
stretching constant, D. It should be noted tha t  the 
calculation of D is independent of the assumed molecu- 
lar parameters in the metal cage approximation. The 
Pb-O stretching constant, K ,  on the other hand, is ob- 
served to decrease by about 307?0, but  the calculation 
of K is somewhat dependent on the oxygen positions 
(cf., calculations I and I1 for Pb4(OH)44+) Ivhich are, 
of course, unknown for Pbs(OH)g4+. 

We now turn to the question of whether metal- 
metal bonding can be considered a reasonable feature 

of the electronic structure of these lead(I1) polyhedra. 
The Pb-Pb distance in Pb4(OH)44+, 0.33 A longer than 
in the metal, may still be short enough to allow some 
overlap of atomic orbitals. The bonding under con- 
sideration is quite weak. As in the case of Bi6(OH)12ii+ 
we choose sp, hybrids ( z  taken as the direction on each 
lead toward the center of the cage) as the likeliest 
candidates for overlap and leave px and pu orbitals for 
bonding to hydroxide. 

The result for Pbs(OH)84+ is the same as for Bi6- 
(OH)12G+: six bonding orbitals inside the cage, in which 
the metal valence electrons could be delocalized, and 
six antibonding orbitals outside the cage. There are 
twelve metal-oxygen bonding orbitals accommodating 
24 electrons from hydroxide. In  the case of Pb6- 
(OH)g4+ these are provided by eight hydroxides instead 
of twelve, and a total of twelve filled hydroxide orbitals 
are left nonbonding instead of 24. An energy level dia- 
gram for Pbe(OH)e4~ on this scheme n-odd differ from 
that  of Bis(0H)126+ (Figure 2 of ref 2) only in the number 
of hydroxide nonbonding orbitals. This arrangement of 
orbitals is still equivalent to a set of twelve three-center 
two-electron 0-14-0 bonds, and the average M-0 
bond order is still one-half. 

For Pb4(0H)44+ the same bonding scheme produces 
four bonding nietal-metal orbitals, accommodating 
the eight lead valence electrons. There are eight metal- 
oxygen bonding orbitals available for sixteen hydroxide 
electrons, leaving one filled orbital on each hydroxide 
nonbonding. X possible energy level scheme, closely 
similar to that  for Bi6(OH)126+, is shown in Figure 2, 
As in the case of Bis(OH)12G+ we stress that the ordering 
of the levels is not unambiguous and that  the diagram 
merely serves to  show that weak metal-metal bonding 
can be reasonably taken into account. The orbital 
arrangement is now equivalent to four four-center four- 
electron OsPb (or OPbJ bonds, and the average Pb-0 
bond order is two-thirds. The apparent decrease in the 
M-0 stretching constant between Pb4(OH)44 + and Pbs- 
(OH)84+ may then reflect the higher bond order of the 
former. On the other hand the observation that Bi6- 

has essentially the same M-0 stretching con- 
stant as does Pb4(OH)44- suggests that the decrease in 
bond order is in this case balanced by the increase in 
nuclear charge on the metal. 
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