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Least-Squares Analysis of Osmotic Coefficient Data at 25 °C
According to Pitzer’s Equation. 1. 1:1 Electrolytes

Simon L. Marshall, Peter M. May,* and Glenn T. Hefter

A. J. Parker Cooperative Research Centre for Hydrometallurgy, School of Mathematical and Physical Sciences,

Murdoch University, Murdoch WA6150, Australia

Pitzer ion-interaction parameters for 93 1:1 electrolytes have been calculated by least-squares analysis
of published experimental osmotic coefficient data at 25 °C. The quality of the resulting fit of these
data, expressed as the sum of squared residuals, the standard errors in the least-squares estimates, and
the variation of the residuals with electrolyte concentration, is shown to be consistently superior to that
obtained with the use of parameters taken from previous publications. The discrepancies between the
present estimates of the Pitzer parameters and the published values are mainly concentrated in V.
The relative standard error in this parameter depends strongly on the maximum molality represented in
the data and is typically at least 1 order of magnitude greater than the relative standard errors in the
other parameters. This observation is interpreted by examining the contours of the sum of squared
residuals in parameter space. Trends in the quality of fit for different classes of electrolytes are also

described.

Introduction

The development of activity coefficient models that are
applicable to concentrated solutions has attracted much
effort since the inadequacies for such systems of the
Debye—Hiickel theory and its extensions were first identi-
fied in the 1930s. Empirical approaches to the thermody-
namic description of concentrated electrolytes have focused
on the pronounced increase in the activity coefficients and
the osmotic coefficients of most concentrated electrolytes
with increasing concentration (above about 1 molkg~1!) and
the dependence of the rate of this increase on the identity
of the ions present. Davies (1938) accounted for this
phenomenon by addition to the Debye—Hiickel expression
of terms linear in concentration or ionic strength, with
coefficients determined empirically for particular electro-
lytes. Bromley (1973) and Meissner et al. (Meissner and
Tester, 1972; Meissner and Kusik, 1973, 1979) proposed
more general one-parameter models capable of represent-
ing the variation of activity coefficients in very concentrated
electrolytes (> 10 mol’kg™!), where deviations from linearity
are often observed.

The main theoretical limitation of the Debye—Hiickel
treatment is its assumption that only long-range electro-
static interactions contribute to the potential of mean force
acting on a given ion. The earliest successful attempts to
avoid this limitation are due to Mayer (1950), who showed
that nonideal contributions to the osmotic pressure result-
ing from interactions between groups of two or more ions
can be expressed as the terms in a virial series. While this
statistical—mechanical approach allows rigorous inclusion
of short-range as well as long-range interaction energies,
its basic limitation is the implicit neglect of many-body
correlation effects on the structure of the fluid. Thus, the
positions of any two particles are correlated both directly
(through the intermolecular potential) and indirectly
(through the positions of other particles). These correla-
tions are expressed by integral equations resulting from
an assumed relation between the pair- and triplet-correla-
tion functions (Lee, 1988; March and Tosi, 1976; Watts and
McGee, 1976). Analytical solution of these integral equa-
tions is possible only for very simple models of the
intermolecular interactions.
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Pitzer (1973, 1975, 1990) and his collaborators (Pitzer
and Mayorga, 1973, 1974; Pitzer and Kim, 1974) developed
a treatment that is intermediate between the extremes
represented by these empirical and theoretical approaches.
The Gibbs energy of the solution is expanded in terms of
the mole numbers of the components, but the coefficients
in this expansion are represented as empirical functions
of ionic strength. This model postulates empirical expres-
sions for the second and third virial coefficients character-
izing all the possible binary interactions between anions
and cations, binary interactions between ions of the same
sign but different charge numbers, and interactions be-
tween various possible groups of three ions. The param-
eters involved in these empirical functions are obtained
from osmotic or activity coefficient data for aqueous solu-
tions of single electrolytes and mixtures of two electrolytes
with a common ion.

The Pitzer model has been widely used by chemical
engineers (Zemaitis, 1988; Kim and Frederick, 1988a,b; see
also Konigsberger et al., 1992) and geochemists (Harvie and
Weare, 1980; Harvie et al., 1984) concerned with predicting
phase and reaction equilibria involving concentrated elec-
trolyte solutions. The usefulness of such predictions is
ultimately dependent on the accuracy with which the
different possible binary and ternary ionic interactions
have been characterized. The characterization of these
interactions depends in turn on the availability of good
quality experimental data for the relevant electrolytes and
electrolyte mixtures over an appropriate concentration
range and the reliable estimation of the model-dependent
parameters by least-squares analysis of such data. The
most comprehensive and recent tabulation of Pitzer pa-
rameters was published by Kim and Frederick (1988a,b).

In published tabulations of Pitzer parameters, the qual-
ity of the data fit is generally expressed in terms of the
sum of squared residuals or the corresponding standard
deviation. The standard errors in and the correlations
between the least-squares parameter estimates are gener-
ally not considered. Since neither the sum of squared
residuals nor the corresponding standard deviation reveals
the existence of nonrandom trends in the residuals, it is
impossible to deduce from the values of these quantities
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whether the Pitzer equation provides an inherently good
representation of the data. Zemaitis et al. (1986) gave plots
of activity coefficient data with Pitzer predictions for
several of the more common inorganic electrolytes, but the
discussion presented in that monograph was limited in
scope and focused primarily on the comparison between
the Pitzer model and other empirical correlations. No other
systematic examination of the qualitative agreement of the
model with experiment for different classes of electrolytes
appears to have been made. Such an examination is highly
desirable in view of the current popularity of the Pitzer
model.

Our current studies of the thermodynamic properties of
concentrated electrolytes have shown that for many 1:1
electrolytes the use of Pitzer parameters tabulated by Kim
and Frederick (1988a) results in osmotic coefficient predic-
tions that are seriously in error. These errors do not
appear to have been recognized in subsequent citations.
In this paper, tables of Pitzer parameters generated by our
own least-squares analysis of published osmotic coefficient
data are presented. The quality of the resulting fits is
compared with those obtained by use of tabulated param-
eters and discussed in relation to the standard errors in
and the correlations between the parameter estimates.
These considerations lead to the identification of certain
inherent difficulties in applying the Pitzer equation to
osmotic coefficient data. Finally, the trends in residuals
that become evident when the Pitzer equation is applied
to various homologous series of electrolytes are described.

Summary of Basic Equations

In this section we summarize briefly the equations that
form the basis of the present work. Our discussion here
is necessarily brief, and for more detailed information, we
refer the reader to the recent review by Pitzer (1990).

The Pitzer model assumes that the excess Gibbs energy
of the solution (containing w, kg of solvent) can be
represented in terms of solute molalities m by

E
S D+ T pim, + ST T
T LoJok

(1)

where AI) is a Debye—Hiickel-type function, depending only
on ionic strength, A;(I) is the ionic strength-dependent
second virial coefficient between species i and j, and py, is
the ionic strength-independent third virial coefficient
between species i, j, and 2. On carrying out the appropriate
differentiations of eq 1 with respect to the molalities,
complicated general expressions for the ionic activity
coefficients and the osmotic coefficient result. For a
solution of a single electrolyte (MzM%), u(X*%-),x of molality
m, appropriate combination of the ionic activity coefficients
results in the following much simpler expressions for the
mean activity coefficient:
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and the osmotic coefficient
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In these equations, A, is the Debye—Hiickel constant for
the osmotic coefficient on the natural logarithmic basis

which is related the the usual Debye—Hiickel constant A
by

Aln10
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The functions Bumx, B'Mx, and B&X are ionic strength-
dependent virial coefficients defined by
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For the 1:1 electrolytes considered in the present paper,
a1 = 2 and ap = B = 0, so that the second lines of egs 4
and 5 and the third term of eq 6 vanish identically. Our
main concern is the evaluation of the adjustable param-
eters Byix, Bix and Cyy from the osmotic coefficient data.

C3x is related to the constant Cix appearing in eqs 2 and
3 by

Clx

2\/zp2x

Cix =

The subscript MX is used to emphasize the specificity of
the constants to a particular anion—cation pair. With this
specificity understood, we henceforth omit this subscript
to simplify the notation.

Description of Least-Squares Calculations

It is difficult to assess the reliability of published values
for the Pitzer interaction parameters because details of the
least-squares calculations used to produce them are not
given. Because the effects that we describe later arise from
the mathematical basis of the least-squares calculations
as well as the analytical characteristics of Pitzer’s equation,
we summarize here the most important aspects of the
method used in the present work. The general reference
used in the construction of computer programs was the
monograph by Bates and Watts (1988).

The Pitzer model has the advantage of being linear with
respect to the binary (and ternary) interaction parameters.
This means that the partial derivative of the function flx;,p)
(which represents either the activity coefficient given by
eq 2 or the osmotic coefficient given by eq 3) with respect
to each component of the parameter vector p (in this case
B9, B, B2 and C%) at each design point x; (electrolyte
molality m) does not depend on any of the parameters. The
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least-squares estimates of the parameters are therefore
defined by the so-called normal equations

XoXo)p = Xir, ¢

which can be solved explicitly:

p = XX 'X5rg ®)

where X is an N x P matrix in which the i,jth element is
the partial derivative of the function with the respect to
the jth parameter, evaluated at the ith design point x;, and
1, is the N-dimensional vector of residuals. To avoid the
numerical difficulties that frequently arise in the inversion
of the coefficient matrix, the matrix X, is factorized in the
form:

X, = QR 9

where Q is an N x N orthogonal matrix and R is an N x
P matrix in which the first P rows form an upper triangular
matrix and the remaining elements are zero. The overall
quality of the fit can be expressed as the value of the sum
of the squared residuals:

N
S(B) = X[y, — flx, )T (10)
i=1
or the corresponding standard deviation

S(p)

s = N.TP (11)

The standard errors in each of the parameters may be
expressed in terms of s:

o(p,) = 54/ (XX (12)

where (X0X,);' is the diagonal matrix element of the
coefficient matrix. Multiplication of these standard errors
by the appropriate critical value of t(N — P; @) in turn
provides 100(1 — 2a)% confidence intervals. Thus, a value
of a = 0.025 corresponds to a 95% confidence interval.

Results

We carried out least-squares analysis of osmotic coef-
ficient data for 93 1:1 electrolytes according to the Pitzer
equation. These results are shown in Table 1. In addition
to estimates of the Pitzer parameters, the output produced
included the corresponding standard errors, the confidence
intervals, and the parameter correlation matrix. Plots of
tabulated (Hamer and Wu, 1972; Staples, 1981) and
experimental (Bonner, 1976, 1979, 1982; Macaskill et al.,
1977; Platford, 1969) osmotic coefficient data and corre-
sponding values calculated from eqs 3—6 were also con-
structed for each data set, so as to reveal any systematic
trends in the residuals.

It was of particular interest to us to compare the fits of
osmotic coefficient data obtained with the Pitzer param-
eters obtained in the present work with those obtained from
the comprehensive tabulation of parameters by Kim and
Frederick. This comparison can be achieved by examining
the sum of squared residuals obtained with the least-
squares estimates and with the published values of the
parameters. Assuming that the sum of squared residuals
for a data set containing N points obeys the ¥2 distribution
with N — P degrees of freedom, where P is the number of
optimized parameters, the statistical significance of any

difference in the sum of squared residuals can be expressed
as the F distribution probability p(F,N — PN — P), where

_ SPXkr
TSP

Very small values of p correspond to very much poorer
fits of the data with the published parameters, and when
the numerator and denominator in the right-hand member
of eq 13 are equal, this probability is equal to 0.5. The
use of the F distribution in this way provides a method of
comparing the quality of fits obtained from data sets of
different sizes.

In considering quantitative tests of this kind, it should
be noted that the assumption of a y? distribution for the
sum of squared residuals implies that the errors in the
experimental data are completely random and distributed
with a uniform variance. To assess the validity of this
assumption, it is necessary to carry out a detailed error
analysis of the procedure by which the osmotic coefficient
data were obtained. Most of the data considered here were
obtained by isopiestic equilibration. Since it is not clear
whether the errors in this technique propagate randomly
or nonrandomly, such an error analysis would have to be
carried out by Monte Carlo analysis. This is beyond the
scope of the present paper.

Errors in the experimental data increase the sum of
squared residuals and the standard errors in the parameter
estimates. To compensate for these effects, the experi-
mental data are sometimes weighted so as to reduce the
effect of less precise experimental data on the fit. In
Pitzer’s (1990) determination of the parameters, the ex-
perimental osmotic coefficient data “were weighted equally
up to an ionic strength of 4 mol kg~!, and then as (4/)?",
where I is the molal ionic strength. No theoretical justi-
fication for this weighting scheme is given. The selection
of an appropriate weighting scheme thus requires knowl-
edge of the error distribution and the details of experimen-
tal and data analysis procedures. In this connection it is
also worth noting that errors in most of the experimental
data used in the present paper were reduced by smoothing
and averaging results from various sources (Hamer and
Wu, 1972). For this reason, and in view of the above
observations about the lack of knowledge of error distribu-
tions, the data used in our calculations were weighted
equally. It should, of course, be remembered that if
appropriately weighted experimental (as distinct from
smoothed) data were to be used, the values of the Pitzer
parameters would be expected to be different.

The results of our calculations are summarized in Table
1. With the above reservations in mind, these results show
that for all electrolytes considered the published Pitzer
parameters give a poorer representation of the osmotic
coefficient data than those obtained in the present work.
An example of this is seen in Figure 1, where osmotic
coefficient data for a selection of electrolytes are shown with
the Pitzer model predictions using parameters from our
work and those tabulated by Kim and Frederick. For each
of these examples, the F statistic given by eq 13 is at least
20 and the corresponding probability is vanishingly small.

The nature and extent of the discrepancy between our
values of the Pitzer parameters and the tabulated values
depend on the molality range of the data. When the
maximum molality is large (about 6 molkg™! or more),
values of #® and C? compare quite well with tabulated
values, but gV is often very different and has much larger
standard errors than the other parameters. On the other
hand, for smaller maximum molalities, the standard errors
in C? can become large, even though the overall quality of
the fit (as expressed by the sum of squared residuals) might

(13)



1044 Journal of Chemical and Engineering Data, Vol. 40, No. 5, 1995

MH £389%0°0 11833 ¢ 01 X G991 9 01 X GEI3°L gy 33000°0 98€00°0— 86500°0 LT1LZ0 360000 G93L0°0 9% ™
MH 9¥5000°0 gAY 9 0T X £36%'9 9 0T ¥ £E6T°1 81 1000 666100 £5L00°0 9£8%0°0 ¥1300°0 £9GIT0— 03 *Od7HI
MH SE1000°0 SEEsL ¢ 0T X 08891 9-01 X 3L8OG g1 6080070 9887070 £9G610°0 9LE£8Z0 £500°0 LGBET 0~ 81 YOSYPHA
MH EILI0¥ 0 L¥80'T 7-0T X €8LY'T 2 01 X 09G¥'1 SLl $3000°0 19100°0— LEI60°0 131200 9800°0 8£001°0 8% I
MH 60800070 ESeY ¢ 01 % €963°F 9 01 X LL98'6 S 610000 66100°0— 33900°0 b4l 680000 116£0°0 L% SNOX
MH ¥9L350°0 9¥36°% 9 OT X 83303 . 0T X 9916'9 Lo £110°0 LI¥00°0 1893070 L81GZ°0 9PE10°0 6LL60°0— £1 010
MH L690S0°0 S6'1 9-0T X 8EIL'G 9-01 X 86663 g 1000°0 £7000°0- 8%£00°0 60320 9%000°0 8900 82 [[0)]
MH S01000°0 680¥'3% ¢-01 X GIEO'L  ~ ,-01 X 1¥09% G0 1S¥20°0 8£920°0 280700 9%6L%°0 1%130°0 9IEP1 0 11 £
MH 125000°0 sL¥6'E ¢ 0T % 66481 9 0T X 80TL¥ GG 10000 LST00°0- 98£00°0 LL83T O 16000°0 GLGC00 82 a1
MH 808£3£°0 LSPE'T 9 01 X 998G°'T 9-0T X 06LT'T L0 9L¥10°0 86£00°0— 80S€0°0 SLITE0 LZ910°0 S06%0°0 g1 drpey eN
MH 9¥6¥££°0 yo6l'1 v 0T % $980°1 ¢-0T x §ITT'6 9 85000°0 6L000°0 688100 90¥91°0 6920070 £O¥YE0°0 L3 2onsH eN
MH S00000°0 99L6'9 ¢—01 X 68ST¥ 9 01 X 16€'9 ¢ ST000°0 6800070 5000 Y1810 1L00°0 8¥130°0 L3 uoTew ] BN
MH 0 8T£ 6661 98GL'1 y-01 X 096L°8 81 866500 ¥1360°0 138050 6L666'3 TSPET0 66L92°0— 11 areades eN
MH 0 3800958 866701 2 O X L8PSE 6% LEOLT0 138€1°0 SEPee’T 6£68L0— SE10€°0 9896%°0— ¥1 uogtefad BN
MH 0 8058869 6L¥T°61 z 01 X $E81°E g€ 86,9070 3ES8T 0 SILO1L 85005°2 £LS1G0 129%L°0— P1 ayejdudeds eN
MH z 01 X $0€9°€ g £S1T0°0 ¥8%50°0 80LLE0 66081°2 LESO0 91LEL 0 L3 spefidoy BN
MH z 01 X 9369°¢ Sy 92810°0 L8Y00°0— 903310 SI¥3ST 839900 76€10°0— 9% arosded N
MH 0 89£0°01 ¢ 0T < €EIT°9 v 0T X 6060'9 ge G8800°0 G8380°0— 8G3L00 £E6L0°0— L1070 Y06¥€°0 4 areId|eA BN
MH LSLELYO G6%0°1 ¢ 01 X 903E'% y-01 X [$S2'3 s $£200°0 1$£€0°0— STHY0'0 1GILT0 LI800°0 $3092°0 4 aje1fing BN
MH $1%000°0 £19¢°¢ ¢ 01 X $939°¢ 90T X GLLG'9 g 90000 9%310°0— 9680070 868270 ¥8100°0 1898170 €% uordoud BN
MH L8168€°0 ¥oeT1 6 01 X ¥gEL'T ¢ 0T X 86891 g 19000°0 8L¥00°0- SI10°0 68680 £1300°0 TELELO ¥3 a1e1a08 BN
MH 0 $060°G3 v 01 X 99T19°1 5-01 X TEFH'9 Sg $000°0 &¥500°0— 9¥L000 S818°0 8£100°0 3L00 ¥3 ajeULIO) BN
MH 8LET190°0 0991 1-01 X T113°S 1 0T X €68€°¢ 63 2£000°0 92£00°0— eYPPE 0 196L5°0— 63L00°0 LOVIT 0 4y HO®BN
MH 0 ¥680°¢1 1 0T % 0138°9 z-01 X LOSO'¥ £8°01 £8100°0 680070 69£02°0 LBILG 0 89€10°0 9L870°0— ¥e EONEN
S 88¥29¢°0 98311 ¢=01 X 809LT £-0T X L99G'T 831 130000 9%%00°0— hLEOO 806610 933000 LLY00 ov ZONEN
MH 0 L¥PG Tl ¢ Ol X L6¥6°C v 01 X $16¢°% gl 6300070 81100°0— 19%0°0 868550 82000 £ISET0 ¢e 1N
MH 9900000 8G3L¥ ¢ 01 X 986%°G +-0T X 1L88'G S'9 990000 18900°0 80V£0°0 €L100°0 G8£00°0 6LLVO0— 0g YOd*HEN
MH 0 198L°13 ¢ O X 6861°6 9-01 X ¥338'V g1 £3¥00°0 GL620°0 1€130°0 6833¥°0 £3L00°0 $G£60°0— 61 YOSVPHEN
MH 9££330°0 1£90°¢ 9-01 X 8L9G¥ 9 OT X 3I6¥%'1 1 £1500°0 G6900°0— 816100 902030 Z¥L00°0 698200 L1 deN
MH 193€LY 0 1£20°1 z 01 % 839L°% z-01 X 800L'G 81 ££000°0 ¥8£00°0- ¥6£31°0 $9G1T°0 1870070 ¥e¥e10 8¢ SNOEN
MH 0 8€890€ L899 ¢.01 X 96€2°% 9 L1000°0 66000°0— $9L00°0 Y0830 £6000°0 LEYSO0 (it4 YOIDeN
MH £6L10°0 L3€9°% 9-0T X TT¥E9 9 OT X 980%'2 g 9€000°0 3000 ¥S00°0 ££983°0 211000 $H810°0 £3 E01DEN
MH $12000°0 laalg s—0T x T08%'G ¢-0T X 933¢'1 P19 11000°0 11000 95500°0 £6£92°0 $9000°0 [LLOO 0g 1DeN
MH BLYSE0°0 11633 ¢ 0T X 350¥'¢ ¢ 0T X €98%°T L19T 611000 66900°0 838100 691030 $¥£00°0 8¥£30°0— £3 EQligeN
MH S$8200°0 %E88°% e-01 X 0E¥9'T »-01 X $869°G 6 £000°0 161000~ 6€L30°0 6L81°0 623000 YEIIT0 7€ geN
d 190000°0 611°gS z-01 X €308V v 01 X TT16°L Lo L89S0 SH1GL0— $009€°T P691¥ ¥ S¥£39°0 L9ZIET 6 0deN
d 0 129%°%9 1 0T X G¥G0'T ¢ 0T X G¥69°1 A 836310 6¥1830— 6¥685°0 SPEE03— 668030 6189¢°0 ! vadgeN
MH 316€3°0 o6ve1 »-OT X L8LL'G v-0T X ¥650°% g 911000 S8S00°0 961€0°0 6591¥°0 ¥6%00°0 LLETO0 9% SLO'I
MH L¥1000°0 £091°G¢ 1—0T X G630°% ¢ 01 X 63£6'E 34 690000 9L¥00 0 365100 9E¥ET 0 89200°0 LIOTT 0 574 ajeje0e I']
MH 1¥¥880°0 8ELLT y 01 X ¥638'8 v 01 X 6969°F g 8€T00°0 S9£00°0— ¥%0°0 933110 1£900°0 L1S0°0 9% HO'1
MH 0 STI1961 70T X $998°% £ 0T X 9T9%'T 0% 90000°0 8£00°0— 8BLE00 638LE0 £6000°0 686310 4 EONYT
S 9139S¥ 0 L¥E0'1 ¢ 01 X 86¥8°G ¢-01 X GOLL'G 661 110000 78£00°0— 9L890°0 T1LEY O LLTOO0 731310 Ly ZON'1
MH 0 66L3°LS ¢-01 * ¥13¥3G ¢ 0T X T9L8'8 g 3300°0 LZ810°0 £6380°0 108190 8L900°0 £hes1 0 £% I
MH 91000070 Yory'9 v OT X LESR'S s 0T X 06806 (4 LLOOO'O 89000°0— £3130°0 663LE0 828000 £303°0 92 YOIOY1
od %96¥%°0 LV00'T ¢-0T X £80S°G ¢-0I % G38Y'S a4 18000°0 13500°0— S8030°0 ST1€%°0 YE££00°0 LEOLT O 02 FO10V]
MH L1L9EY 0 2S0°T -01 % 16L0°T 1-0T x 6130°'T L1T61 1500070 16%00°0~ 816360 £L69%0— 80000 1821370 54 or1
zd 9000000 968L°6 v—01 X 1¥30°% 50T X 9L90'% g ££000°0 1100070 890100 Y63Y30 38100°0 8880°0 15 toagry
MH ¥2966¥%°0 £000°T 101 X £060°E 1-0T X G680°E 02 S8000°0 36500°0— 996£°0 86£SF 0— 9S£10°0 £€9¥3°0 54 qry
MH 3EGL600 8861 z-01 X 9L68°F z 0T X LGEE 8% 110000 8€£200°0- L601T°0 LLLTYO 9%300°0 82060°0 19 EONH
MH ¥0E¥3%°0 ¥53¢e'1 ¢ 0T X 9%19°'8 ¢-01 X ¥%19°9 o1 LL0O000 8€T00°0 1980°0 6STSE0 %€900°0 9LOVZ 0 €8 H
MH 0 LLLE'L LSLY'9 ¢ 0T X €LIT'8 0% $E100°0 S3100°0 L€939°0 860953~ £¥130°0 6¥30°0— Sy dH
MH £80¥81°0 sgsel 2 01 % €339°C z-01 X 68S1'¥ 91 LS000°0 ¥8100°0 689170 £0TL0°0— 63L00°0 6L813°0 68 YOlIOH
MH £8970°0 189L°1 2 0T < 18611 £-01 X TG6L'9 97 £3000°0 LLEOOO— 1£990°0 %99L0°0 G6300°0 88%02°0 68 IDH
MH L860°0 38691 2-0T % 0969°¢ z Ol X 931€'% 11 £1100°0 1100°0— $9381°0 LLOO00— ¥1010°0 6¥¥¥30 ¥e 1qH
Jod eyep d (o) OT1BL (JIMISS qss w xew s/ o) s/ wl s/ w0t/ N B[NULIOJ

0200 GZ 1€ SA[ONIH 1] X0) (¢—¢ sby /o) saajoureaeq uonorvIsjul-uol WIZNJ ‘I dqel],



Journal of Chemical and Engineering Data, Vol. 40, No. 5, 1995 1045

(LL6T) "19 32 [IfSedR W ‘U “(6961) PIojIeld ‘d (Z861)
souuog ‘eq {(6L61) PuUoy ‘Zd {(9261) 1duuog ‘1d (1861) so[deIS ‘S {(TL6T) DM pue JoweH ‘MH :BIBp JUSIIYJS00 d1J0WSO J0J S90UdI9jal aanjelajl] “wnruiptuend = ,9HEND ', HNE(EHD) = “SaN
CHNACHD) = "W . *HNPHO = oW **HO = I **H?0 = 3 *_0S"H°Q°HO-d = SLO -000°H*D000H = d1PEH * 00D*H?DOOH = 2nsH - 00D*HIDOOH = UC[EWH - Q0Q%'HE) = 9jeides
_O0DLHB) = uodrepad ({_QQDSTHLD = 2ejfaden {_QQDSIHY) = 21e[f1day {_QQD''HSD = 21eoxded {_QQOSHYD = dIBId[RA {_QODLHED = 93eifIng {_QODHE) = uordoid {_QQODEHD = 918I90€E
~OODH = dJeULIo] SUOIIRIARIQQY "(YUB]] ST ¢) I0J UWN[02 Y} J1(E — N ‘G — N' ) 10) (€ — N'E — N' DA ‘d *f = YSSADDYSS ‘019el {(8g6T) YoLIapaly] pue Wy woly sivjewered Suisn paurelqo
anjeA ‘s[enpisal parenbs Jo ums ‘([3)YSS FN[BA WNUWITUTW ‘S[ENPISaI paienbs Jo wins Y 39S BIBP UL AN[R[OW WNWIXRUW ‘W XBW GZ0°0 ‘G — N)? 10 (300 ‘€ — N)? ‘7 ‘sjutod ejep Jo Ioquuinu ‘A7 ,

<
<

YN 0 6L12'8 z-0T X 96¥T'1 ¢-0T X 686€'1 141 §¢000°0 L1000 L66£0°0 LyLG00 ¢¥c00°0 29600— 66 [D°HEND
d 1000000 L80°L 201 X 028’1 0T X ¥8EL'T 8 990000 €L500°0 96650°0 99G3L'0— LSY00°0 ¢88£0°0— 0e EONN"A
d 0 866666 ¢ 0T X g9¢1'S v-0T X 88C3'G L G£000°0 90100°0 G9160°0 VGECG0— ¢1¢00°0 €LE10°0 8¢ SONN"W
ed 8LGLG0°0 8669°C 0T X 8¥CS'T 0T X G699'9 8’1 166000 9100 LEOLOO 841°0— 686100 LEOCT 0— i4t YOI faN
ed 0 L1g6°61 e 0T X LIET'T ¢-0T X GgLI'S GL 910000 ¥9200°0 86010°0 G9021°0— LOT000 8G€¥0°0— 9% YOI N
€d G1666V°0 100°T 0T X VLGG'Y ¢-0T X TE9¢¥ 14 18000°0 9¥€£00°0 110500 ¥£900°0 8£€00°0 8££0°0— 61 YOID- O

MH S0¥000°0 196L°¢ ¢-01 X 0696°¢ -0l X ¥666°1 ¥66°G¢ €0000°0 1€000°0 LG230°0 8G8¥8°0 §5000°0 GGG10°0—- 6% tON’HN
1d 870000°0 £650°G »-0T X G661°% ¢-0T X 666¢'8 A L1000°0 1€00°0— vE¢10°0 9668¢°0 €1100°0 L19S0°0 66 I'BN
MH 0 LEe8'8 0T X G¥6€°1 90T X ¥08G'T e 1,000°0 9E100°0— 69900°0 G¥690°0— SLI00°0 9£500°0— (44 YOIO'HN
MH S§8€000°0 89L°E »-0T X 0000'T 0T X 6£59C SO¥°L 10000 86500°0— GL900°0 9¥E61°0 L9000°0 61500 1€ [O'HN
MH ¢10000°0 ¢568°G 0T X 96498°6 0T X E€1LI°1 9 L¥000°0 GE1000— 6805600 9LTTO0 ¥6200°0 Lg800°0 66 9eJA0e |,
MH 616E€10°0 61T1¥'S 9 -0l X GSIT'9 9-0T X 00ET'T 4\ - - G€¢0°0 L00LG 0— €8L00°0 961ET°0— o1 tONILL
MH 9EBYLEO Ges1'1 90T X 9E8T'T 9-0T X 6000°T ¥1 ¢8100°0 88LLEO 766000 G6011°0— G¢E00°0 ¥5059°0— 81 SONILL
MH EVESYO'0 €ILE'E 9-0T X G9E8’E 9-0T X 6LET'T G0 - - €L910°0 68L50°0 G6700°0 YLLOT O— 1T YOIDIL
MH ¥169L0°0 €166'1T 9-0T X 6LET'T 8-0T X ¥68¥°6 100 - - 16v1°E 6V1ET €819°¢C cSLe e 14 [OLL
MH 0 L980CE 0T X £6¥6'8 9-0T X 6150% [ S 995000 L9000°0 865¢0°0 68L1V°0 ¢0600°0 GIET0 L1 HO®D
MH 90000 189G 0T x G955°¢E 9-0T X £L0G'9 a1 8G£00°0 GEEL0°0 ¥81¢0°0 ce91T 0 £8900°0 TL9€T°0— 61 £ONSO
S 88€€6¥°0 EV00°L 01 X ¥G16°1 20T X GLO6'T 98 ¥0000°0 9€000°0— LG800 S6IEE0 SI100°0 646000 €9 20NSD
MH 8ILTI00°0 6LV6°¢ ¢ 0T X £9€C'1T 9-0T X GIET'E € 1¥000°0 96€00°0— 619000 18%90°0 LET100°0 E€LT160°0 €3 IS0
MH 0 £9€6°1¢ 01 X 1ev1'C 0T X 199L°6 g'e ¥G100°0 88%00°0— 906350°0 LELSTO 8£600°0 GI0ET'0 Ve JasD
MH ¥¥v6£0°0 9668°1 »-0T X GVET'L 01 XX LGGL'E 1T ¥1000°0 16000°0— ¥¥610°0 9ES10°0 6G100°0 6L9€0°0 e 1080
MH 2862300 ¥¥0£°¢ y 0T X 9TTO'T ¢-0T X 668EY S ¥000°0 ¥0100°0 TI£10°0 €6390°0 L8T100°0 192600 LG 1dsD
MH 9488100 6£¥0°C ¢-01 X 6168’9 ¢-01 X 0GLE'E a1 610000 98200°0 EV8Y0°0 GESE10— 1€600°0 10L90°0— 8¢ *ONSY
MH 86065V°0 601 9 0T X ¥%90°L 9 0T X 68699 gt 70000 19600°0— 19L00°0 GI8¢E°0 171000 G6291°0 {74 ajeja0e gy
MH 61€100°0 ¥90L°E »-0T X 891¢'€ 0T X GLLI'8 9Y ¢L000°0 8900°0 9€0¢0°0 8¥¥00°0 1€00°0 9£80°0— 96 fON9Y
S 0 88687601 9895°¢ 2-0T X 098%°¢ €29 100000 ¢0000°0— ¢8£60°0 61GLT°0 GG000°0 3000 06 2ON9Y
MH 8000000 v60L9 ¢-01 X 1856'G 9-01 X 666V S €1000°0 101000 S1v00°0 yG9er1'0 65000°0 816£0°0 LG 194
MH 0 ¥6vL 08 £-0T X GTI0T'G v-0T X 8310°'T q'e LST00°0 G0100— 69650°0 896820 8¥500°0 EIPITO ve d9
MH T1€850T°0 91 0T X 88089 ¢ 0T X ¥eSg'v 8L 11000°0 ¢9100°0— S0800°0 608ET°0 ¥L000°0 T99%0°0 49 1099
MH 86L£00°0 ¥660°'€ 50T X 68291 9 0T X 1196°G g ¥1000°0 LET100°0— ¥4r00°0 PI191°0 G9000°0 GL8E00 LG 1994
MH YLY6ST 0 LGSS'T v 0T X LEGT'T ¢-0T x 08GG'L RS ¢e100°0 SPI10°0 66¥20°0 ¢e0sv 0 £9%00°0 G6L60°0— 14 SLOM
MH 0 89Y8° LoV »-01 X G0¥9°¢ 1 0T X 60LT9 G0 8£860°0 866040 89970°0 G0T90°0 6L¥60°0 90EVE0— 1T SddA
MH 9611000 6969 0T X ¥8GT'G 9 O X GI¥E'8 1 SEET00 86070°0 646870°0 9606£°0 68100 SOLT00— 91 dipeq ¥
MH VGLLLYVO 8€¢0'T »-0T X ¥gSE'T y-0T X OTGE'T Sy £6000°0 LG¢00°0 699¢0°0 ¥est’o 96€£00°0 ¥9110°0 9 0nsH 3
MH 19¥16€°0 Y0g1l'1 »-0T X €915°¢ y-01 X 65V¢°C g 160000 ¥6000°0 99660°0 LGYe1 0 ¢ev00°0 96900°0— Lg uopewy %
MH 9619100 6009'¢ 01 X L6¥9°¢E ¢-0T X 980¥'1 q'e 860000 ¢S¥00°0— 01100 E€CEVEQ ¥0600°0 EVEST O e ajejaoe i
MH 9LLL8Y' O 86001 z O X g¥8¥'¢ z 01 X T09¥'¢ 0% ¥¢000°0 L9600°0— ¢eT110 ¢S180°0- €8£00°0 YLYLTO [574 HOX
MH 6£0000°0 198€°9 ¢ O X 690€°¢ 90T X GILT'S RS G€000°0 GL000 69900°0 YL160°0 ¥¢100°0 cv¥80°0— 14 SONM
S L90V8Y°0 SO10°T z-01 X G902'1 01 X OP61'T cl've 00000 92000°0— GG890°0 VI8E1°0 L600°0 8G€00°0 9 ZONM



1046 Journal of Chemical and Engineering Data, Vol. 40, No. 5, 1995

2,27

2.0 £ Naco,

T T T T T T T
7

m/mol kg

Figure 1. Osmotic coefficient data for a selection of 1:1 electro-
lytes, with predictions of the Pitzer equation. Solid curves:
parameters determined in the present work. Dashed curves:
parameters taken from Kim and Frederick (1988a). Data for
NaClO; and Lil from Hamer and Wu (1972), for (CH3)sNNO;3 from
Bonner (1976), and for NaBF4 from Platford (1969).

be very good. These effects can be understood by noting
that the partial derivative of the Pitzer expression for ¢
with respect to §V is proportional to exp(—a~/I), which
becomes negligible at high m. Only data for m < 1 mol/kg
are useful for determining this parameter, but in this
region, the osmotic coefficient is fairly close to 1. Con-
versely, in the low-molality region, the exponential term
is dominant and accounts for most of the variation in the
data (from a physical standpoint, the effect of the third
virial coefficient is expected to be small for low concentra-
tions), so that it is difficult to estimate C¥.

This behavior is exemplified by HBr osmotic coefficient
data, for which we estimated the Pitzer parameters and
95% confidence limits to be 89 = 0.24449 + 0.01014, v
= —0.00077 + 0.15254, and C? = —0.00110 £ 0.00113, and
Kim and Frederick obtained 8 = 0.24153, 8’ = —0.16119,
and C¢ = —0.00101 (no standard errors were provided by
these authors). The difference between the two predictions
is, in this case, relatively small and approximately con-
stant, despite the quite large discrepancy in Y. This
difference results in a sum of squares ratio of 1.5982. The
two predictions for HBr and the other hydrohalic acids are
shown in Figure 2. The difference in the Pitzer predictions
of osmotic coefficient is also seen to be approximately
constant for the other hydrohalic acids (with the exception
of HF) and nitric and perchloric acids (Figure 3).

The dependence of the quality of fit on the values of the
parameters can also be investigated by examining the

i 1 T 1 !
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m/mol kg

Figure 2. Osmotic coefficient data for hydrohalic acids, with
predictions of the Pitzer equation. Solid curves: parameters taken
from Kim and Frederick (1988a). Solid curves: parameters
determined in the present work. Data taken from Hamer and Wu
(1972).

variation of the sum of squared residuals in the vicinity of
the minimum in parameter space. In Figure 4, the sum of
squared residuals is shown for HBr as a function of 5
and 'V, with C? set equal to its least-squares value. The
minimum in the function is seen to be defined much less
sharply with respect to /'’ than with respect to 8. This
is consistent with the very much larger standard errors in
B

In least-squares analysis of data with functions where
terms involving one optimized parameter become negligible
over a certain region of the data, it is sometimes possible
to determine parameters separately by consideration of
limiting regions of the data. The extent to which this is
possible depends on the correlation between the different
parameter estimates. In the specific case of the Pitzer
equation, this could involve determination of the third
virial coefficient C? from the concentrated solution region,
where the exponential term multiplying 8V is negligible,
and use of the dilute solution data to obtain §® and V.
For the specific case of HBr, the parameter intercorrelation
matrix is as follows:

B B Ce
po 1.000000 —0.689273 —0.968942
B —0.689273 1.000000 0.632652
Cce —0.968942 0.632652 1.000000

The parameter estimates for this electrolyte are seen to
be quite strongly correlated, especially those of 31’ and C?.
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Figure 3. Osmotic coefficient data for 1:1 oxyacids, with predic-
tions of the Pitzer equation. Dashed curves: parameters taken
from Kim and Frederick (1988a). Data taken from Hamer and
Wu (1972).

This means that it is not possible to change the value of
one of these parameters (for example, with the intention
of better reproducing the concentrated solution data)
without changing the other parameter.

Discussion

The molality range represented in the data was observed
to be an important factor in two respects. First, the quality
of fit (as expressed by both the sum of squared residuals
and the standard errors in the parameters) is best in cases
where the experimental data are over a relatively narrow
range (up to a maximum molality of 4—6 molkg™?).
Second, the use of Pitzer parameters derived from fits of
osmotic or activity coefficient data for a given electrolyte
over a small molality range does not necessarily result in
good predictions at higher molality. Thus, the model does
not appear to have good extrapolative capacity.

These observations can be interpreted in terms of both
the particular analytical form of the Pitzer equation and
the underlying physical assumptions. As remarked earlier,
the difficulties encountered in obtaining accurate estimates
of the 8V parameter result from the exponential variation
of the corresponding partial derivative of the function. A
further consequence of this is that the variation of the
osmotic coefficient with molality is predicted to be asymp-
totically quadratic. (Since the third virial coefficient is
usually small (about 0.001), the contribution of the qua-
dratic term is for some electrolytes insignificant, and the
variation of ¢ with molality is effectively linear.) This
condition was satisfied for relatively few of the electrolytes

(0)
B = 0244490
[$)]
f = -0.000769
]
6‘ = -0.001102

& () ¢
Zl% -0 B B CN = 0023126

4 @ o ¢
5:[% - 0B B CN

(0) ]
L2208 -
] (0]

Ap

=11

0y
AP =01

Figure 4. Variation of the sum of squared residuals for a fit of
HBr osmotic coefficient data to the Pitzer equation, as a function
of Pitzer parameters 5 and 8!’ (with C¥ fixed at its least-squares
estimate). Data taken from Hamer and Wu (1972).

examined. From a physical standpoint, this is a direct
consequence of the assumption that the ionic third virial
coefficient is independent of ionic strength. This assump-
tion is intuitively less reasonable in very concentrated
solutions.

In view of the importance of the molality range repre-
sented in the data, it is difficult to make a general
statement regarding the applicability of the Pitzer equation
to a particular class of compounds since the maximum
molality is generally determined by solubility. Rigorous
comparisons of the trends in agreement with the model in
homologous series of electrolytes are therefore difficult.
Some general remarks can nevertheless be made.

Inorganic Strong Acids (and HF). For perchloric acid
and the hydrogen halides (with the exception of HF), the
agreement is very good up to maximum molalities of at
least 10 molkg™! (Figures 2 and 3). There is, however, a
slight curvature in the osmotic coefficient data which is
imperfectly reproduced by the Pitzer equation. The case
of HF is distinguished by the very large discrepancy
between the two Pitzer predictions and also by the consid-
erably poorer representation of the data as compared with
the strong acids. The Pitzer parameters for this electrolyte
cannot be regarded as reflecting the specific interactions
between hydrogen and fluoride ions, since no account is
taken of the presence of HF molecules and their aggregates.
In this respect, the model can be regarded as essentially
inapplicable. The agreement for nitric acid is noticeably
worse than that of perchloric acid (Figure 3), but the
molality range for this electrolyte (up to 28 molkg™!) is
considerably larger. The least-squares calculation has the
effect of transmitting the pronounced deviation occurring
in the vicinity of this maximum molality to lower molalities.

Lithium Halides. For lithium bromide and lithium
chloride up to about 20 molkg™!, the osmotic coefficient
(Figure 5) shows a curvature that passes below and above
the fitted curve, resulting in fits that are relatively poor
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Figure 5. Osmotic coefficient data for lithium halides, with
predictions of the Pitzer equation. Dashed curves: parameters
taken from Kim and Frederick (1988a). Solid curves: parameters
determined in the present work. Data taken from Hamer and Wu
(1972).

(the sums of squared residuals are about 0.3 and 0.1,
respectively). This curvature is qualitatively similar to
that referred to for the hydrogen halides but more pro-
nounced. Lithium bromide was the only electrolyte for
which our estimates of the Pitzer parameters were es-
sentially the same as those of Kim and Frederick. For
lithium iodide (Figure 1), the use of tabulated parameters
gives predicted osmotic coefficient values that are consis-
tently too high by about 0.015.

Other Alkali-Metal Halides. The maximum molalities
obtainable for the sodium halides are considerably lower
than for the lithium halides (for example, 8 mol-kg™! for
NaBr). The fits are generally excellent (sums of squares
<0.0001), as seen for the sodium halides (Figure 6).
Similar remarks apply to the other alkali-metal salts of
strong acids (including p-toluenesulfonates) and quaternary
ammonium compounds. '

Nitrates and Nitrites. The osmotic coefficient data for
the alkali-metal nitrates (Figure 7) follow quite different
qualitative trends from those observed for the alkali-metal
halides. The behavior of lithium nitrate is similar to that
of nitric acid in showing a downward trend for very
concentrated solutions, but it is noteworthy that the data
are fitted much better than those for the lithium halides
(Figures 1 and 5) or nitric acid (Figure 3). The behavior
of sodium nitrate is exceptional and quite poorly repre-
sented by the Pitzer equation with the present and
published parameters. The comparison between the two
fits of this case is particularly interesting. The fit with

T T T f T T
0 2 4 6 8 10 12

mimol kg’

Figure 6. Osmotic coefficient data for sodium halides, with
predictions of the Pitzer equation. Dashed curves: parameters
taken from Kim and Frederick (1988a). Solid curves: parameters
determined in the present work. Data taken from Hamer and Wu
(1972).

the tabulated parameters is very good up to about 6
molkg~!, but the deviations become progressively worse
as the molality increases. The pattern of residuals is more
like what would be expected if only the data up to 6
molkg~! had been included in the least-squares calculation,
or if the data at higher molalities were given very low
weightings. No mention of such weighting is made by Kim
and Frederick; they merely quote a maximum molality of
10.83 mol'kg™!. Although our fit appears to be on average
poorer, this is outweighed by the very much larger devia-
tions obtained with the tabulated parameters at high
concentrations. Observations of this type are characteristic
of least-squares analyses in systems for which weighting
of the data is important. Data for potassium, rubidium,
cesium, and silver nitrates show a very similar pattern of
variation and almost lie on the same graph. Indeed, data
for cesium nitrate have been omitted from the figure for
clarity, being essentially identical to those for rubidium
nitrate. Both Pitzer fits are reasonably good for all these
electrolytes, but use of the tabulated parameters for AgNO3
gives noticeably poorer agreement.

Osmotic coefficient data for the alkali-metal nitrites
(Staples, 1981) are shown in Figure 8. These electrolytes
are of interest in that very high molalities are possible (for
example, 62.3 molkg~! for RbNOg). Since the solubility of
other compounds limits the availability of osmotic coef-
ficient data to much lower molalities, the nitrites provide
an exacting test of the correlative ability of the Pitzer
equation. As observed for the nitrates, three general
patterns of variation are evident, but the similarities in
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Figure 7. Osmotic coefficient data for alkali-metal and silver
nitrates, with predictions of the Pitzer equation. Dashed curves:
parameters taken from Kim and Frederick (1988a). Solid curves:
parameters determined in the present work. Data taken from
Hamer and Wu (1972).

the variation of the osmotic coefficient for KNOs, RbNO,,
and CsNO; are less pronounced. Use of the tabulated
parameters for RbNO; gives noticeably inaccurate predic-
tions over the whole composition range, and these devia-
tions become progressively more pronounced with increas-
ing molality. The Pitzer equation is obviously less successful
in correlating the osmotic coefficient behavior of KNO,,
RbNO;, and CsNO; than it was for the corresponding
nitrates. The data show quite subtle changes of slope that
are probably not capable of being represented by any simple
three-parameter equation. Noting that in the Pitzer equa-
tion one term is proportional to exp(—a+/I) and therefore
diminishes with increasing concentration (thus reducing
by one the effective number of adjustable parameters), we
can expect the Pitzer equation to have a rather limited
usefulness for electrolytes for which most of the data
correspond to high concentrations.

Salts of Carboxylic Acids. The Pitzer model in the
form applied in the present paper and by Kim and
Frederick assumes the solutions to consist only of solvent,
anions, and cations. No account is taken of incomplete
dissociation or reactions involving the formation of other
ionic species or neutral molecules (hydrolysis or complex-
ation). The salts of carboxylic acids constitute a major class
of hydrolyzing electrolytes to which the Pitzer model has
been applied, with excellent results for sodium formate,
acetate, propionate, and butyrate (Figure 9). Fits of
osmotic coefficient data published by Hamer and Wu (1972)
for the higher carboxylate salts are considerably less
successful, as shown in Figure 10. Since these substances

0.2+
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Figure 8. Osmotic coefficient data for alkali-metal nitrites, with
predictions of the Pitzer equation. Dashed curves: parameters
taken from Kim and Frederick (1988a). Solid curves: parameters
determined in the present work. Data taken from Staples (1981).

have a well-known tendency to form micellar aggregates
at higher concentrations, it is hardly surprising that they
are not described well by the model. The deviations
between our own fits and predictions using the tabulated
parameters are extremely large (greater than 1). These
errors appear to result from very large values given for gV
(—7.73638 for sodium caprylate (octanoate), —10.3798 for
sodium pelargonate (nonanoate), and —7.40138 for sodium
caproate (decanoate)).

Pitzer (1990) has described an elaboration of his model
that includes the contributions of neutral molecules to the
osmotic coefficient and the ionic activity coefficients and
the corresponding ionic contributions to the molecular
activity coefficients. These terms are linear in the ap-
propriate molalities and can therefore be regarded as
generalized Setschenow (salting-out) coefficients. In prin-
ciple, application of Pitzer’s theory to solutions of hydrolyz-
ing electrolytes such as sodium carboxylates (NaOOCR)
would therefore require constants characterizing the in-
teractions between the Na~, OH-, and RCOO~ ions and
the RCOOH molecule, in addition to the 5@, g, and C?
for the Na-—RCOO™~ and Na*—OH" ion pairs. Noting that
the Na*—OH~ parameters can be determined indepen-
dently, a total of six adjustable parameters is required.

The simultaneous determination of all these parameters
from a single data set is difficult from a statistical point of
view, since as the number of parameters increases, the
relative decrease in the sum of squared residuals eventu-
ally becomes statistically insignificant. In such cases, these
extra parameters cannot be regarded as meaningfully
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Figure 9. Osmotic coefficient data for sodium carboxylates, with
predictions of the Pitzer equation. Dashed curves: parameters
taken from Kim and Frederick (1988a). Solid curves: parameters
determined in the present work. Data taken from Hamer and Wu
(1972).

determined, since their inclusion does not result in a
significantly improved representation of the data. Major
simplifications are, however, possible under some limiting
conditions. For example, in a 4 M aqueous solution of
sodium acetate (pK, = 4.78), a rough calculation shows that
the OH- and CH3;COOH species are present only in
millimolar amounts and can be regarded as making an
insignificant contribution to the activity of water and the
osmotic coefficient. In this case, the hydrolysis of the
electrolyte can be neglected to a good approximation, and
we can regard the Pitzer parameters as being entirely
determined by the interaction between Na~ and CH;COO~
ions. This probably explains why the Pitzer model fits the
osmotic coefficient data for the lower carboxylates so well.
Since the dissociation constants of the organic acids are of
similar magnitude to that of acetic acid, similar remarks
can be applied to the other carboxylates. With the Na*—
RCOO~ thus determined, the other Pitzer parameters
required for a complete thermodynamic description of such
systems could be determined from accurate pH measure-
ments in buffers of various compositions.

Hydroxides. Osmotic coefficient data for solutions of
lithium, sodium, and potassium hydroxides are shown in
Figure 11. The fits of Pitzer’s equation for these strong
bases are seen to be quite poor compared with those for
the strong acids and the other alkali-metal salts but
improve in the sequence LiOH, NaOH, KOH. It is of
interest to consider the poor agreement in the case of
NaOH in relation to the possibility of incomplete dissocia-

m/mol kg’

Figure 10. Osmotic coefficient data for sodium carboxylates, with
predictions of the Pitzer equation. Dashed curves: parameters
taken from Kim and Frederick (1988a). Solid curves: parameters
determined in the present work. Data taken from Hamer and Wu
(1972).

tion. Barnes et al. (1966) have estimated that the dissocia-
tion constant for the NaOH molecule varies from about 1095
to 10791 as temperature increases from 0 to 225 °C, so that
at 25 °C, an association constant of about 0.3 is expected.
This is of the same order as the equilibrium constants
postulated by Johnson and Pytkowicz (1979) in their ion-
association approach to the nonideal properties of concen-
trated electrolytes. For 2:1 and 1:2 electrolytes, Harvie et
al. (1984) have determined that ion association should be
taken into account for cases where the association constant
is greater than 20. Therefore, an association constant of
about 0.3 for NaOH(aq) is probably much less than the
value necessary to cause an appreciable deviation from the
Pitzer activity coefficient model. In other words, the
empirical three-parameter function in Pitzer’s theory is
quite capable of correlating experimental osmotic coefficient
data for systems characterized by this degree of association
without the explicit consideration of the association equi-
librium. For electrolytes with a strong tendency toward
ion association (such as the divalent metal sulfates), Pitzer
(1990) recommends the use of a nonzero value of 82, which
results in the inclusion of the extra terms in eqs 4—6. The
value of 82 can in turn be related to the ion-association
constant.

Although from the above remarks it appears that in-
complete dissociation does not in itself provide a satisfac-
tory explanation of the relatively poor behavior of the model
for NaOH, it is of interest to note that a rough calculation
gives a degree of association of about 38%, assuming that
the product of the equilibrium constant and the total
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Figure 11. Osmotic coefficient data for alkali-metal hydroxides,
with predictions of the Pitzer equation. Dashed curves: param-
eters taken from Kim and Frederick (1988a). Solid curves:
parameters determined in the present work. Data taken from
Hamer and Wu (1972).

molality of NaOH is about 1. While the neglect of activity
coefficient effects in this estimate means that the true
figure might be considerably different, it seems that the
presence of the neutral molecule cannot be neglected, even
for fairly low concentrations. Application of the Pitzer
model to this system would in principle require constants
describing interactions between the Na*® and OH™ ions with
the NaOH molecule, in addition to the Na*—OH~ binary
interaction constants. In contrast to NaOH, the data for
KOH are represented quite well. (Data for CsOH lie on
the same curve as for KOH but are available over a much
smaller concentration range and have been omitted from
Figure 11 for clarity.)

Conclusions

The discussion presented in this paper shows that the
least-squares analysis of osmotic coefficient data according
to Pitzer’s equation is intrinsically difficult and very far
from being a trivial exercise in curve fitting. We have
presented a table of Pitzer parameters and their standard
errors, calculated from published data. The resulting fits
of these data are consistently better than those obtained
by use of published tabulations of ion-interaction param-
eters, but the quality of the fit, as reflected by the trends
in the residuals, the sum of squared residuals, and the
standard errors of the parameter estimates, is strongly
dependent on the maximum molality represented in the
data. In particular, it is difficult to obtain accurate
estimates of both fV’ and C? from the same data set, and

the estimates of these parameters are in general highly
correlated. A further important observation is that Pitzer
parameters determined from data in the low-molality
region do not always permit accurate extrapolation to
higher molalities. Consequently, the use of Pitzer param-
eters in contexts other than those in which they were
determined must be practiced with caution.

When the maximum molality in the data is high, the
standard errors in S’ tend to be very large because the
partial derivative of the Pitzer equation with respect to this
parameter diminishes exponentially with increasing con-
centration. This means that in the limit of high concentra-
tions, the osmotic coefficient is described by a two-
parameter quadratic function, which is rather limited in
its correlative power. On the other hand, when the
maximum molality is low, most of the variation in the data
is accounted for by this exponential term, so that the
standard errors in C? tend to be high.

The above observations on the molality range depen-
dence of the parameters and the correlation between
parameter estimates lead to the conclusion that the choice
of data-weighting scheme and/or objective function is
important (May and Murray, 1988). This choice cannot be
made reliably without consideration of the error distribu-
tion in the ‘real’ experimental data and cannot be made at
all for the data published in tabulations such as those by
Hamer and Wu (1972) and Staples (1981).
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