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ABSTRACT: Recently, the electrochemical properties of an ionic liquid have received increasing attention. The simplest model of
an ionic liquid is a fluid of charged hard spheres, all of which have the same diameter (the restricted primitive model or RPM), and
the simplest theory of the double layer formed by an electrolyte is the Gouy-Chapman-Stern (GCS) theory. This theory is
moderately useful for a low concentration electrolyte but is incorrect for a high concentration electrolyte, such as an ionic liquid.
Among other things, the GCS theory predicts that the capacitance has a minimum at small electrode charge. In contrast, the
capacitance of the double layer of an ionic liquid often has a maximum at small electrode charge. This is predicted by simulations and
the modified Poisson-Boltzmann (MPB) theory. The mean spherical approximation (MSA) seems to agree with the simulations
andMPB but is applicable only for small electrode charge. In this note we graft theMSA onto the GCS result and obtain qualitatively
reasonable results for the capacitance that may be of use. This result is identical to the GCS theory at small concentrations and to the
MSA at small electrode charge. A maximum is found for small electrode charge and high concentration.

’ INTRODUCTION

TheGouy-Chapman-Stern (GCS) theory1-3 is widely used
to intrepret experimental results for the electrochemical proper-
ties of double layers formed by low concentration electrolytes.
For a simple symmetric model electrolyte (called the restricted
primitivemodel) consisting of charged hard sphere ions, all of the
same diameter, d, and valence, z, and a solvent represented by a
dielectric continuum whose dielectric constant or relative per-
mittivity is εr, the GCS expression for the differential capacitance,
Cdf, of the double layer is

1
Cdf

¼ d
2εrε0

þ 1

εrε0k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2=4

p ð1Þ

where ε0 is the vacuum permittivity and κ is the Debye screening
parameter, whose square is given by

k2 ¼ βz2e2F
ε0εr

ð2Þ

where β = 1/kT, k is the Boltzmann constant, T is the tempera-
ture, e is the magnitude of the elementary charge, and F is the
number density of all of the ions. Further b is a dimensionless
measure of the charge density of the electrode

b ¼ βzeσ
ε0εrk

ð3Þ

where σ is the charge density in dimensional units (coulomb 3
m-2).

Other than for the Stern layer, whose contribution is given by
the first term in eq 1, the GCS neglects the size of the ions. In the

ion-ion interactions, the ions are treated as charged point ions.
Thus, in the GCS theory, the ion size is considered only for the
ion-electrode interaction.

The GCS theory has some similarity to the experimental
results for the capacitance for the double layer formed by simple
symmetric electrolytes at low concentrations. In particular, the
GCS differential capacitance has a minimum at small electrode
charge that weakens as the concentration is increased. At large
concentration and/or large b or σ, Cdf = 2εrε0/d. Under no
circumstances can the GCS Cdf exceed this limiting value, usually
called the Stern or inner layer capacitance. In applications, in the
inner layer capacitance d can be expressed as a function b or σ or
equivalently the potential.

In the past, we have pointed out that the GCS theory fails for
systems with a large coupling constant, z2e2/4πε0εrdkT. Un-
fortunately, such systems (high valence salts or low dielectric
constant solvents) pose difficultes for experimental studies. As a
result, the GCS theory retains its utility despite its defects.
Kornyshev4 has drawn attention to double layers formed by
ionic fluids that are attractive for experimental investigation and
are systems in which differences from GCS behavior appear.
Before and after Kornyshev’s article there have been several
theoretical studies of ionic liquid double layers.5-15 One inter-
esting feature is that the ionic liquid Cdf often has a maximum
(a bell-shaped curve) rather than aminimum. Lamperski andKzos16
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have seen a bell-shaped maximum in their simulation of a molten
salt. This is not surprising as there is a conceptual similarity
between molten salts and ionic liquids. Both are high concentra-
tion electrolytes; ionic liquids can be thought of as room
temperature molten salts. The shape of the capacitance curve
of the double layer of an ionic liquid is not limited to a bell-
shaped curve but can have a double hump. Federov et al.7 have
studied, by means of a simulation, a model ionic liquid in which
the cations consist of dumbells, and even longer chains, with the
positive charge located at one end and with the other end being
neutral. They find that the capacitance has a double hump at low
electrode potential. In this work, our discussion is directed to the
existence of the bell or dome-shaped maximum and not to any
specific ionic liquid. We show that a simple modification of the
GCS theory can yield this maximum.

’MEAN SPHERICAL APPROXIMATION

The mean spherical approximation (MSA) is the simplest
modern analytic theory of the double layer. The MSA shows that
at low electrode charge, the double layer capacitance can, in
contradiction to the GCS theory, increase without limit as the
concentration increases. The MSA is closely related to the
linearized GCS. Perhaps the best way to think about the relation
between the GCS theory andMSA is to appeal to the fact that the
linearized GCS theory is based on what may be called a ring sum
in which ion diameters are ignored. The MSA is also based on a
ring sum but with the ion diameters taken into account. If the
reader does not know about or care to know about ring sums, this
statement can be treated as a qualitative, but still useful, remark.
In any case, Blum17 has shown that the MSA result for C is

1
C

¼ 1
2εrε0Γ

ð4Þ

where

2Γd ¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ k

p
d- 1 ð5Þ

is a renormalized screening constant. The MSA is a linearized
theory, valid only for small σ, and makes no distinction between
differential and integral capacitances. At low concentrations,
where ion size is less important, the above MSA expression gives,
on expansion in powers of κd, the linearized GCS result

1
C

¼ d
2εrε0

þ 1
kεrε0

ð6Þ

Note that with increasing concentration, κ increases and 2εrε0/d
is the limiting value for C in the above equation.

Since Γ increases with increasing F or concentration, theMSA
C can, in contrast to the GCS result, eq 6, exceed 2εrε0/d. The
experiments and analysis of Parsons and Zobel18 are often taken
to provide support for the GCS theory. However, a careful
analysis and comparison with the MSA19,20 indicates that at high
concentrations the experimental capacitance exceeds the GCS
result and lies close to the MSA result.

’SIMULATIONS AND SIMPLE DESCRIPTION

Recently, Lamperski et al.21 have made a Monte Carlo (MC)
simulation for a model fluid that has some features of an ionic
fluid. They used d = 0.4 nm and T* = 4πε0εrdkT/z

2e2 = 0.8 for a
range of densities or concentrations and calculated the integral
and differential capacitance. They found GCS-like behavior at

low densities but found that as the density is increased, the
minimum in the capacitance disappears and is replacedby amaximum.
Lamperski and Henderson22 have made further simulations for
this same system but used a very large range for the electrode
charge. The largest values of σ were used in order to see the full
behavior of the capacitance. Their result is plotted in Figure 1.
The differential capacitance shows a minimum for F* = Nd3/V =
0.04, a slight minimum for F* = 0.14, and a maximum for F* =
0.24. In the definition of F*, N and V are the number of all the
ions and the volume, respectively. The dimensionless capaci-
tance, C*, and electrode charge density, σ* are defined as C* =
Cd/4πε0 and σ* = σd2/e. Lamperski and Henderson also
considered a higher temperature, T* = 1.6 with d = 0.8 nm. For
simplicity, we confine our attention to the T* = 0.8 electrolyte.

Sometimes the word “camel-like’’ is used to describe the shape
of the capacitance curve.4 However, both the low and high
density capacitance curves are “camel-like’’. At low density, the
shape is that of a bactrian (Central Asia) camel and at high
density, the shape is that of a dromedary (Arabia) camel. Because
of the ambiguity of the word “camel-like’’, we prefer to speak of a
mimimum and maximum or a well-shaped and bell-shaped or
dome-shaped curve. Kornyshev is well aware of this ambiguity
and sometimes uses the terms single-humped and double-
humped camels.

Note that, in contrast to the GCS theory, in the simulations
the capacitance is not a constant when the electrode charge is
large. This is because the ions cannot all approach the distance of
closest approach, d/2. The GCS theory makes this prediction
because the ions are assumed to be points. In reality, the
adsorption of the ions is analogous to the BET theory
(extended Langmuir) adsorption. The first layer becomes satu-
rated and further adsorption takes place at a greater distance.

An interesting further feature seen in simulations, and in the
better theories is the phenomenon of overscreening or charge
inversion. In the GCS theory the ion profiles are monotonic. The
charge profile decays monotonically to zero and the amount of
charge in the charge profile is equal, but opposite in sign, to that
of the electrode. However, in simulations and in better theories,
including the MSA and MPB, the profiles are not monotonic but
can change sign. The amount of charge in the first peak exceeds
(in magnitude) the charge of the electrode (overscreening). This

Figure 1. Differential capacitance obtained fromMC simulation, plotted
as a function of the electrode charge for the system considered by
Lamperski et al.21,22 The curves are, from bottom to top, for F* = 0.04,
0.14, and 0.24.
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first peak of counterions is followed by a second peak of co-ions.
Further peaks are possible. Of course, the total charge in the
charge profile must equal (but be opposit in sign) to that of the
electrode. This phenomenon was first observed in the simula-
tions of Torrie and Valleau23 of the double layer formed by
divalent ions and has been observed in subsequent simulations,
for example, ref 16, and theory since that time. It is interesting to
note the comments of Bazant et al.24 regarding oversceening in
ionic liquids.

On the basis of a simple lattice theory of the double layer
Kornyshev4 has found that the wings of the differential capacitance
for the high density electrolyte should decrease inversely with (φ)1/2,
where φ is the electrical potential of the electrode. This prediction is
supported by the simulations of Fedorov and Kornyshev.5,6 Lam-
perski et al.21 considered this prediction using the MPB theory and
the related, but simpler, PB þ EVT theory. They found that the
results of these theories seemed to be consistent with Kornyshev’s
prediction but it was hard to make a definitive statement because it is
difficult to obtain convergent results from these theories when the
potential or charge is large. Also, this prediction has been seen experi-
mentally by Islam et al.25 Since these experimental results are for an
actual ionic liquid, and not a model system, this asymptotic depen-
dence of the capacitance on 1/(φ)1/2 appears to be universal. It is
very likely that the coefficient of 1/(φ)1/2 ismodel and systemdepen-
dent. This does not detract from the importance of Kornyshev’s

result. It is easy to show that an equivalent result is an inverse depen-
dence of the wings of the differential capacitance on σ. Our values of
theMC capacitance are plotted as a function of 1/(φ)1/2 and 1/σ in
Figure 2, part a and part b, respectively. A linear dependence at large
(φ)1/2 or σ is consistent with theMC data. However, a linear depen-
dence seems clearer when the capacitance is plotted as a function
of 1/(φ)1/2. Whether the dependence is exactly linear and not just
approximately linear could be established by means of a logarithmic
plot. In any case, the values of σ used in our simulations may not be
large enough to reach the asymptotic region. For this reason, we
regard such a logarithmic plot as overkill and content ourselves with
observing that the dependence is close to linear. Note that the
Kornyshev asymptotic behavior is seen for both high and low values
of F. Although there seems to be a slight dependence of the
coefficient of 1/(φ)1/2 or σ on F, the results in Figure 2 show strong
support for the asymptotic behavior being universal.

Henderson et al.26 have shown that the MSA provides reason-
ably accurate results for the capacitance of theT* = 0.8 system for
zero electrode charge. As theMSA is a linearized theory, it cannot
shed any light on the question of whether the capacitance curve
has a minimum or maximum. A simple description can be
obtained by combining the MSA and GCS approaches, say by
grafting the MSA capacitance onto the GCS result for the
capacitance. One way of doing this is to write

1
Cdf

¼ d0

2εrε0
þ 1

Γ
- d0

� �
1

2εrε0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2=4

p ð7Þ

The parameter d0 is not some distance of closest approach but
would be related to the distance from the electrode of the center
of charge of the adsorbed ions, defined by

xh i ¼
R¥
d=2 xqðxÞ dxR¥
d=2 qðxÞ dx

ð8Þ

where q(x) is the charge profile and x is the normal distance from
the electrode.

Thus, d0 should be greater than d since Æxæ must increase
because of the hard cores of the ions. Equation 7 yields the MSA
result when b is small and d0/2εrε0 when b is large. It is not

Figure 2. Differential capacitance obtained fromMC simulation, plotted
as a function of 1/(φ)1/2 (part a) and as a function of 1/σ (part b). The
solid, dashed, and dot-dashed curves are for F* = 0.04, 0.14, and 0.24,
respectively. The system is that considered by Lamperski et al.21,22

Figure 3. Differential capacitance plotted as a function of the electrode
charge for the system considered by Lamperski et al.21,22 The solid
curves are obtained from eq 7 and the dashed curves are obtained from
theGCS theory. In each case, the curves are, from bottom to top, for F* =
0.04, 0.14, and 0.24.
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necessary to require that the capacitance be equal to the MSA
result at small b. One could require that it be equal to the
somewhat more accurate, but more complex, modified Poisson-
Boltzmann (MPB) theory21,26 or even a MC result at small b.

The results obtained from eq 7 using d0 = 2d are plotted in
Figure 3. They are qualitatively similar to the MC results. The
curves obtained from eq 7 for F* = 0.04, 0.14, and 0.24,
respectively, have a minimum, a very shallow minimum (although
the curve looks flat), and a maximum. Note that the GCS curves
always have a minimum. We made no attempt to optimize the
value of d0 but used a simple value that exceeded the value of d.
The results obtained from eq 7 are qualitatively acceptable.
However, if one wished to examine large electrode charge, d0
should increasewith increasing electrode charge. Perhaps, something
like d0 = δ(1 þ σ) would be useful. However, we have not
investigated this point. The results in this paper are based on
d0=2d and are useful for region of primary experimental interest
and cover the region for which the MPB theory converges.

At small electrode charge, the results of this simple graft can be
improved by using one MC result for each value of F* at very
small electrode charge. It must be at small, but not zero, electrode
charge to avoid dividing by zero. Although such an ’improve-
ment’ would no longer be fully analytic, the amount of MC
simulation would be vastly reduced. As mentioned, the results at
large electrode charge could be improved by using an optimized
and σ dependent expression for d0. In order to keep our
treatment simple and analytic, we have not investigated either
modification here but merely indicate their possibity.

’SUMMARY

A simple description of the capacitance of an electrolyte that
yields a dome-like shape at higher concentration has been presented.
There is a parameter, d0, that is adjustable.However, this is analogous
to the application of the GCS theory, where the inner or Stern layer
capacitance is parametrized. In any case, this description yields a
minimum in the capacitance at low concentrations and a maximum
or dome in the capacitance at high concentrations and seems useful.
We applied this approach to the other case simulated by Lamperski
and Henderson. Qualitatively, the results are similar. However, the
MSA seems less accurate for this case. However, the MC results, or
perhaps the MPB results, at small b could be used.

The merit of this approach is its simplicity. However, it does
not yield charge profiles. For this it is necessary to use more
sophisticated approaches, such as simulations and integral equa-
tions. Integral equations that may be valuable are the MPB
approach for spherical ions and the singlet reference interaction
site model (SRISM) approach for spherical and nonspherical
ions. Simulations and integral equation approaches are planned.
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