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ABSTRACT: A site energy distribution function is proposed that can rapidly generate the binding energy distribution of any
adsorbent for any target molecules using only the Sips isotherm parameters, the advantages of which are discussed. The proposed
model is successfully applied to determine the site energy distribution of a series of activated carbons, activated carbon fiber, and
single-wall carbon nanotubes (SWCNT) for the adsorption of several gas molecules. The proposed model revealed the fact that the
sorption capacity of the activated carbons for the target molecule depends on the shape and the size of the binding site energies. The
proposed model is very simple to use and does not need any complicated or sophisticated computer programs to determine the
distribution of binding energies on the adsorbent surface.

’ INTRODUCTION

Characterization of the site energy distribution of adsorbents
for target molecules is needed in many applied problems of
adsorption. Characterization of binding site energies can explain
how tight the molecules are bound to the surface. Site energy
distributions can also be used to estimate the complex problems
involved in the competition among solutes for energetically hetero-
geneous surfaces and also can be used to study the distribution of
high- and low-energy binding sites on different activated carbons
or other solid surfaces for the target molecules.

The binding energy of any adsorbent for a target molecule can
be determined easily from adsorption isotherms, as any theore-
tical isotherm implicitly reflects the underlying assumptions about
the site energy distribution. Theoretically, isotherm parameters
can be related to particular site energy distributions, and their
empirically determined values can be interpreted with respect to
the energetic character of the adsorbent.1

A discrete binding (bi-Langmuir) model that assumes a bimo-
dal distribution of binding sites is the most widely used approach
for calculating the binding parameters.2,3 However, the binding
parameters determined by this method have limited use as they
are sensitive to the number and position of the tangents drawn in
the bi-Langmuir model or the so-called Scatchard plot.2,3 In
general, the surfaces of porous adsorbents such as activated carbon,
silica gel, alumina, and molecularly imprinted polymers have
complex geometrical structures of varying affinity for the guest
molecule, and the adsorption phenomenon is related to the
characteristic interactions between the adsorbent and adsorbed
molecules. Thus, for these types of heterogeneous materials, the
Scatchard plot based on a bi-Langmuir isothermmay not provide

complete information about the site heterogeneity of the adsor-
bent, and thus a more realistic model that can explain the actual
distribution of site energies is needed for such materials. Pre-
viously some researchers who were working in the field of liquid
phase adsorption systems proposed some genuine mathematical
functions to generate a binding affinity spectrum which is a thermo-
dynamic function of energy based on some theoretical iso-
therms following several assumptions and approximations.4,5

In this study, we proposed a mathematical function using
Cerofoloini’s6 condensation approximation method that can
generate the energy spectrum of adsorbent utilizing the Sips
isotherm. A site energy distribution function for the Sips iso-
therm would be very useful as this isotherm was proved to be a
successful isotherm to explain the adsorption of several gas
molecules. The practical utility and the advantages of the pro-
posed model are discussed based on the application examples
of (i) N2 adsorption at 77 K by a series of activated carbons,
(ii) CO2 adsorption by SWCNTs at 273 K, and (iii) trichlor-
oethylene adsorption onto ACFs at 298.15 K.

’EXPERIMENTAL SECTION

A series of activated carbons were prepared by combining
chemical and physical activation of olive stones as a precursor.
Initially, the lignocellulosic precursor (particle size between (1.7
and 2.0) mm) was impregnated with an aqueous solution of
ZnCl2 at 358 K during 7 h under stirring. After the impregnation,
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the sample temperature was increased up to 373 K to evaporate
part (70 %) of the remaining solution, the final sample being
filtered and dried overnight at 353 K. The impregnated sample
was submitted to a heat treatment (2 K 3min�1) under a flow of
N2 (100 cm3

3min
�1) at 773 K for 3 h. After cooling to room

temperature, the carbonized sample was washed with diluted
HCl acid (10 %) until complete removal of ZnCl2, followed by
washing with distilled water until pH 7. Finally, the clean sample
was carbonized under a N2 flow (100 cm3

3min�1) at 1123 K for
2 h. The as-synthesized sample was labeled AC0. In a second
step, the sample A0 was submitted to physical activation with
CO2 (100 cm3

3min�1) at 1098 K using different periods of
time, i.e., (20, 40, 60, 72, and 80) h, which corresponds to a
burnoff of (22, 30, 48, 58, and 70)%, respectively. The samples
were labeled AC followed by the activation time used in each
case. No discussion has been made about the porous or in
general the physicochemical characteristics of these adsor-
bents, and for this the readers are suggested to refer works of
Silvestre-Albero et al.7

’SITE ENERGY DISTRIBUTION FUNCTION

The three-parameter Sips isotherm that can represent satu-
ration at high pressure and the Freundlich isotherm at low
pressures is8,9

n ¼ nmaxKsPms

1þ KsPms
ð1Þ

where nmax is themaximum adsorption capacity of the adsorbents
for target molecules; Ks is the Sips isotherm constant; and ms is
the Sips isotherm exponent, which should fall within the range
from�1 toþ1. The Sips isotherm constants, nmax,Ks; andms can
be determined by a simple nonlinear regression analysis. In this
study, we performed the nonlinear regression analysis by mini-
mizing the error distribution between experimental data and the
Sips isotherm by maximizing the error function, coefficient of
determination, r2, using the Solver add-in, Microsoft (MS)
Spreadsheet, MS Excel, MS Corporation.

The site energy distribution of an adsorbent can be deter-
mined from the theoretical isotherm from the solution of the
adsorption integral (eq 2) to generate the corresponding affinity
distribution5

qeðpÞ ¼
Z Emax

Emin

qeðE, pÞf ðEÞdE ð2Þ

Equation 2 assumes the total adsorption of gas molecules, qe, by a
heterogeneous surface as the integral of energetically homoge-
neous isotherm (qh) multiplied by a site energy frequency
distribution, f(E). Emin and Emax are the limits of energy space
that are directly related to the maximum and minimum pressure
in the adsorption isotherm. Equation 2, the Fredholm integral
equation of the first kind, is difficult to solve and has no general
analytical solution. Considering the importance of this expres-
sion, several approximate solutions have been developed.1�3,5 In
this study, one of the widely acceptedmethods of solution usually
called the condensation approximation method, originally pro-
posed by Cerofolini,6 was used. In this method, the true kernel is
replaced by a condensation isotherm (in this study this refers to
the Sips isotherm). Previously, Carter et al.10 used this method to
generate a series of energy distribution functions based on the
Langmuir�Freundlich and Freundlich isotherms. In this study

we used the Sips (eq 1) isotherm as this isotherm can represent
most of the gas phase adsorption systems. According to this
method, the equilibrium pressure is related to the energy of
adsorption given by10

p ¼ ps exp �E�
RT

� �
¼ ps exp � E� Es

RT

� �
ð3Þ

where E is the lowest physically realizable energy and Es is the
sorption energy corresponding to p = ps.

10

Incorporation of eq 3 into eq 2 will lead to an approximate site
energy distribution, f(E*), which is the differentiation of the
isotherm, q(E*), with respect to E*

f ðE�Þ ¼ � dqðE�Þ
dE� ð4Þ

Equation 4 can be used to determine the site energy distribu-
tion function by differentiating the corresponding isotherm
expression with respect to E*. Thus, f(E*) for the Sips iso-
therm can be obtained by applying eq 3 for the equilibrium
pressure in eq 1 and differentiating the resulting expression
with respect to E*

f ðE�Þ ¼
exp �msE�

RT

� �
ksmsnmaxpms

s

exp �msE�
RT

� �
kspms

s þ 1

� �2

RT

ð5Þ

Equation 5 is a typical expression that will generate a unimodal
or exponential curve depending on the pressure, which are the
implicit assumptions or the limiting conditions of the Sips iso-
therm. The complete derivation of eq 5 appends this article in the
Appendix. Since the site energy distribution function defined in
eq 5 is directly related to the experimental isotherm, the energy
distribution determined by this method is controlled by the range
of pressure described in the experimental isotherm.2 The area
under the distribution curve and the spread of the distribution are
controlled by the maximum adsorption capacity and the hetero-
geneity factor, ms, respectively.

’APPLICATION EXAMPLES

The applicability of the proposed model was demonstrated by
estimating the energy distribution of a series of activated carbons,
A0, A20, A60, A72, and A80, developed in our laboratory7 for N2

gas molecules at 77 K. The main objective of this study is only to
study the applicability of the Sips isotherm in estimating the site
energy distribution of these activated carbons, and no attempts
have been made to characterize these adsorbents in detail. The
detailed physicochemical characteristics of these adsorbents are
explained elsewhere.7 The experimental equilibrium data were
fitted to the Sips isotherm by a nonlinear regression analysis. The
nonlinear regression analysis involves a trial and error method
which involves the process of minimizing the error distribution
between experimental data and the Sips isotherm. The error
minimization was done by maximizing the coefficient of deter-
mination, r2, using Solver, add-in, Microsoft Spreadsheet, Micro-
sofot Excel, Microsoft Corporation. Figure 1 shows the experi-
mental data and the fitted Sips isotherm for the adsorption of N2
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molecules by different activated carbons. The calculated iso-
therm parameters and the determined r2 values are given in
Table 1. From Figure 1, it can be observed that the experimental
data are well represented by the Sips isotherm with higher r2

values ranging from 0.955 to 0.980. The higher r2 values and the
fitting curves in Figure 1 clearly show that the Sips isotherm can
be reasonably used to explain the equilibrium adsorption of
nitrogen molecules at 77 K onto these series of activated carbons.
Since, as we found that the Sips isotherm well represents the
experimental data, it can be safely concluded that the obtained
isotherm constants from this equation can reasonably generate
the energy distribution spectra of these adsorbents within the
studied range of pressure.

To find the binding site energy distribution of these
adsorbents, we substituted the determined isotherm param-
eters (Table 1) of the activated carbons in the site energy
distribution function (eq 5) obtained earlier in this study. It is
worthwhile to point out that, although eq 5 has no mathema-
tical restrictions, it will predict negative energy values that do
not have any physical meaning for the condition of E < Es.
Thus, it is important to mention that any site energy distribu-
tion curve generated using eq 5 is valid only for the range of
pressures in the adsorption isotherm. Figure 2 shows the
binding site energy distribution of the activated carbons that
are generated using the procedure explained above. From
Figure 1, it can be observed that the energy distribution of
AC0, AC20, and AC60 exhibits a unimodal distribution of
binding sites with two characteristic regions: (i) a unimodal
peak corresponding to low-energy binding sites and (ii) an
asymptotically decaying region corresponding to high-energy
binding sites. In the case of A72 and A80, we observed that the
site energy distribution function is exponentially distributed
throughout the range of pressure studied. Instantly, these
observations indicate to us that these AC72 and AC80 are
relatively more heterogeneous than other activated carbons as
the site energy distribution is exponential covering the higher
binding energy sites. The differences in the binding site energy

distribution and the frequencies confirm the structural differ-
ences in these adsorbents. The structural differences in these
carbons are expected, as we observed earlier that the physical
activation of AC0 altered the porous structure of this carbon as
confirmed by the increase in the micropore volume. From here
on, we refer to AC0 as the reference carbon for the sake of
convenience. Our earlier studies9 showed that these increases
in micropore volume are attributed to the process of new pore
openings and to the deepening of the existing ones. Figure 2
shows that the binding site energy of the reference activated
carbon AC0 and the carbons that correspond to AC0 with (22
and 48) % burnoff (i.e., AC20 and A60) are unimodally distributed
for the range of pressures in the experimental adsorption isotherm.
Figure 2 also shows that binding site energy also increased the
width and the peak of the unimodal distribution curve. This shows
that physical activation of the sample AC0 alters both the structure
and the breadth of the heterogeneity for the adsorption of N2

molecules. The exponential distribution of the binding sites in the
case of A72 and A80 indicates that the activation conditions with a
burnoff percentage of 58% and 70% greatly altered the binding site
propertiesmaking a shift fromunimodal to exponential distribution
of the binding sites. In other words, we could say that the physical
activation of the reference sample corresponding to a burnoff

Figure 1. Experimental data and Sips isotherm for the adsorption N2

onto a series of activated carbons: (a) AC0; (b) AC20; (c) AC60; (d)
closed squares, AC72; (e) circles, AC80.

Table 1. Sips Isotherm Parameters Determined by Nonlinear
Regression Analysis for the Sorption of Nitrogen by a Series of
Activated Carbons, Trichloroethylene/Activated Carbon Fi-
ber, and CO2/Single-Wall Carbon Nanotube Adsorption
Systems

adsorption system/experimental condition isotherm parameters

trichlorethylene/

ACF at 298.15 K

nm 4.36

Ks 12.78

ms 0.726

r2 0.977

CO2/SWCNT at 273 K nm 233.24

Ks 0.10

ms 0.77

r2 0.999

N2/AC0 at 77 K nm 11.021

Ks 1.12

ms 0.45

r2 11.02

N2/AC20 at 77 K nm 16.25

Ks 1.09

ms 0.487

r2 0.955

N2/AC60 at 77 K nm 19.32

Ks 0.923

ms 0.457

r2 0.969

N2/AC70 at 77 K nm 31.54

Ks 0.553

ms 0.350

r2 0.977

N2/AC80 at 77 K nm 34.30

Ks 0.469

ms 0.365

r2 0.975
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condition of 58% (AC72) and 70% (AC80) created binding sites
that preferentially sample gas molecules with higher energies, and
they also increase exponentially with an increase in pressure
through the entire range of pressures, Pmin to Ps, where Pmin

here refers to the minimum pressure recorded during the
experiments. In addition, we found that the binding site
energy distributions are nearly the same for both of these
samples with AC80 being slightly more heterogeneous than
AC72. This shows that both of these activated carbons could
be structurally similar, and the total number of gas molecules that
can be sampled on these adsorbents may be similar. This is in
good agreement with our earlier findings that both of these
carbons have nearly the same pore volume which is in good
agreement with similar adsorption. Another interesting obser-
vation that can be found from Figure 2 is that the activated
carbons whose binding sites are exponentially distributed have
the highest uptake capacity for the nitrogen molecules at 77 K.
On the basis of this observation, it can be roughly concluded that
the more the heterogeneity, the more likely is the probability of
the nitrogen molecules being over the adsorption sites. Though
this conclusion is an exaggeration based on the results observed
for the series of activated carbons in this study, it still can be
verified with other systems, which is beyond the scope of
this study.

To see the global usefulness of the f(E*) obtained in this
study, the proposed model was further applied to estimate the
binding site energy distribution of two more adsorption
systems reported in the literature:11,12 (i) trichloroethylene
onto activated carbon fiber and (ii) CO2 onto single-wall
carbon nanotubes. Figure 3 shows the site energy distribution
of activated carbon fiber and SWCNT according to eq 5 for the
adsorption of tricholorethylene and CO2, respectively. From
Figure 3, it can be observed that the energy distribution of
SWCNT exhibits a unimodal distribution of binding sites with a
unimodal peak corresponding to low-energy binding sites and an

asymptotically decaying region corresponding to high-energy
binding sites. In the case of activated carbon fiber, it can be
observed from Figure 3 that the site energy distribution function
does not predict or cover the distribution of binding sites with
relatively higher energies. This could be expected due to the poor
fitting of the experimental data in the relatively low-pressure regime
of the isotherm at the studied experimental conditions. However,
an extrapolation of the energy distribution curve (not shown)
globally indicates that the energies of the binding sites are unim-
odally distributed.

The site energy distribution of the studied adsorbent mate-
rials which differ by physicochemical characteristics clearly
indicates that the Sips isotherm can be very useful in estimating
the binding site energy distribution of the porous materials. In
this study, our aim is only to present a useful expression that
allows calculation of or comparison of the performance of any
adsorbent using only the Sips isotherm parameters. The Sips
isotherm can serve as an alternate to the methods available for
determining the heterogeneity from isosteric heat or from
thermodynamic parameters.13�20 The site energy distribution
will also give information about how tight the molecules bind to
the adsorbent surface in addition to the number of binding sites.
Further, the intensity and the spread of the site energy
distribution determined using the proposed function can help
to identify the difference in structure and the complexity of the
heterogeneity of the adsorbent materials.

’CONCLUSIONS

The energy distribution function proposed in this study was
found to be a useful expression for predicting the site energy
distribution of heterogeneous surfaces using only the Sips iso-
therm parameters. An energy distribution function based on
the Sips isotherm suggested either unimodal or exponential
distribution of binding sites of the adsorbents studied. Though
in the present study the proposed models are applied to
activated carbons and for gas phase systems, it is expected
that this model can be used to calculate the energy distribu-
tions of molecular imprinted polymers, biomaterials, zeolites,

Figure 3. Site energy distribution of trichloroethylene/activated carbon
fiber (a) and single-wall carbon nanotube (SWCNT) (b) determined by
Sips isotherm for different target molecules.

Figure 2. Site energy distribution of activated carbon series A0�A80
for the adosrption of N2 at 77 K: (a) AC0; (b) AC20; (c) AC60; (d)
AC72; (e) AC80.
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etc., for different target molecules from both gas and liquid
phases. The only condition to use the proposed method is that
the studied adsorbent/adsorbate system should be represented
by the Sips isotherm; however, as a matter of fact this isotherm
is one of the most successful isotherms to represent gas and
liquid phase adsorption systems. The presented site energy
distribution function is very simple and is ready for predicting
the site energy distributions of other systems just using the
isotherm parameters that can be predicted easily by a linear or
nonlinear regression analysis. The proposed model can be used
to compare the performance of gas storage materials, especially
the materials designed for the storage of hydrogen, natural gas,
etc. Further, this method does not utilize any complex or
sophisticated computer programs and can be considered as a
reliable method as this method directly uses the adsorption
isotherms that implicitly reflect the actual process at the
studied or targeted conditions.

’APPENDIX

The Sips isotherm is given by8,9

n ¼ nmaxKsPms

1þ KsPms
ðA1Þ

The site energy distribution function according to a condensa-
tion approximation method is given by6,10

f ðE�Þ ¼ � dqðE�Þ
dE� ðA2Þ

The relation between the adsorption equilibrium pressure and
the saturation vapor pressure, according to the Cerofolini
approximation, is given by6,10

p ¼ ps exp �E�
RT

� �
ðA3Þ

Then the site energy distribution function of a Sips isotherm can
be obtained by substituting eq A3 in eq A1 for equilibrium
pressure and then differentiating the resulting equation with res-
pect to energy, E*, as follows

f ðE�Þ ¼
nmaxKs Ps exp �E�

RT

� �� �ms

1þ Ks Ps exp �E�
RT

� �� �ms
ðA4Þ

For the sake of convenience, let us rename the constants and
variables in eq A4 as follows: nmax = A,Ks = B, Ps = P, E* = x, RT =
R and ms = m. Thus, eq A4 can be rewritten as

f ðxÞ ¼
AB P exp �x

R

� �� �m

1þ B P exp � x
RT

� �� �m ðA5Þ

If u = (P exp(�x/R))m and v = 1 þ B(P exp(�x/RT))m, then
using the quotient rule, (d/dx)(u/v) = {[(du/dx)v� u(dv/dx)]/
v2}, we get

f ðxÞ ¼
AB B P exp �x

R

� �� �m

þ 1

 ! !
d
dx

P exp �x
R

� �� �m
 !

� P exp �x
R

� �� �m d
dx

B P exp �x
R

� �� �m

þ 1

 ! ! !

B P exp �x
R

� �� �m

þ 1

 !2

ðA6Þ

If u = P exp(�x/R) and n = m, then applying the chain rule (dun/dx) = nun�1(du/dx) and simplifying the resulting expression, we get

¼
AB m P exp �x

R

� �� �m � 1

B P exp �x
R

� �� �m

þ 1

 !
d
dx

exp �x
R

� �� �
� P exp �x

R

� �� �m

B
d
dx

P exp �x
R

� �� �m
 ! ! !

B P exp �x
R

� �� �m

þ 1

 !2

ðA7Þ

If u = �x/R, then by applying the chain rule, (deu/dx) = eu(du/dx), we get

f ðxÞ ¼
AB mP exp �x

R

� �
P exp �x

R

� �� �m � 1

B P exp �x
R

� �� �m

þ 1

 !
d
dx

�x
R

� �
� B P exp �x

R

� �� �m d
dx

P exp �x
R

� �� �m
 ! !

B P exp �x
R

� �� �m

þ 1

 !2

ðA8Þ
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Since d(xn) = nxn�1, eq A8 can be further simplified to

f ðxÞ ¼

AB �B P exp �x
R

� �� �m d
dx

P exp �x
R

� �� �m
 !

�
mP exp �x

R

� �
P exp �x

R

� �� �m � 1

B P exp �x
R

� �� �m

þ 1

 !

R

0
BBBBB@

1
CCCCCA

B P exp �x
R

� �� �m

þ 1

 !2

ðA9Þ
If u = P exp(�x/R) and n = m, then again using the chain rule, (dun/dx)= nun�1(du/dx), we get

f ðxÞ ¼

AB

�BmP P exp �x
R

� �2m � 1 d
dx

exp �x
R

� �� � !

R
�
mP exp �x

R

� �
P exp �x

R

� �� �m � 1

B P exp �x
R

� �� �m

þ 1

 !

R

0
BBBBB@

1
CCCCCA

B P exp �x
R

� �� �m

þ 1

 !2

ðA10Þ
Again, if u = �x/R, then by applying the chain rule (deu/dx) = eu(du/dx), we get

f ðxÞ ¼

AB �BmP exp �x
R

� �
P exp �x

R

� �2m � 1 d
dx

�x
R

� � !
�
mP exp �x

R

� �
P exp �x

R

� �� �m � 1

B P exp �x
R

� �� �m

þ 1

 !

R

0
BBBBB@

1
CCCCCA

B P exp �x
R

� �� �m

þ 1

 !2

ðA11Þ
Again, if u = �x/R, then by applying the chain rule (deu/dx) = eu(du/dx), we get

f ðxÞ ¼

AB

BmP �x
R

� �
Pexp �x

R

� �2m � 1 d
dx
ðxÞ

 !

R
�
mPexp �x

R

� �
Pexp �x

R

� �� �m � 1

B Pexp �x
R

� �� �m

þ 1

 !

R

0
BBBBB@

1
CCCCCA

B Pexp �x
R

� �� �m

þ 1

 !2 ðA12Þ

Since we know that d(xn) = nxn�1, eq A12can be further simplified to

f ðxÞ ¼

AB

BmP �x
R

� �
P exp �x

R

� �2m � 1
 !

R
�
mP exp �x

R

� �
P exp �x

R

� �� �m � 1

B P exp �x
R

� �� �m

þ 1

 !

R

0
BBBBB@

1
CCCCCA

B P exp �x
R

� �� �m

þ 1

 !2 ðA13Þ
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Expanding the above expression and adding or canceling the
similar terms, the above equation can be simplified to

f ðxÞ ¼
ABm P exp �x

R

� �� �

B P exp �x
R

� �� �m

þ 1

 !2

R

ðA14Þ

Replacing the constants or variables by their original notations, A
= nm, B = Ks, P = Ps, x = E*, R = RT, and m = ms, we get

f ðE�Þ ¼
nmaxksmsps exp �E�

RT

� �� �ms

ks ps exp �E�
RT

� �� �ms

þ 1

 !2

RT

ðA15Þ
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