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Various patterns of standing waves are found beyond the onset of the short-wave instability in a modetreaction
diffusion system. These include plain and modulated stripes, squares, and rhombi in systems with square and
rectangular geometry and patterns with rotational symmetry in systems with circular geometry. We also find
standing waves consisting of periodic time sequences of stripes and rhombi, stripes and squares, and stripes,
rhombi, and hexagons. The short-wave instability can lead to a much greater variety of spatio-temporal patterns
than the aperiodic Turing and the long-wave oscillatory instabilities. For instance, a single oscillatory cycle
can display all the basic patterns related to the aperiodic Turing instatslitypes, hexagons, and inverted
hexagons (honeycombps well as rhombi and modulated stripes.

I. Introduction complex, whose reactions (R6) are assumed to be governed by
Michaelis—=Menten kinetics. The autocatalytic reaction (R1) is
a principal source of instability in a variety of reaction schefnes.
The wave instability results from the additional feedback loop:
Z is the catalyst for X formation (R2), while X is the catalyst
for Z formation (R4). The simpler scheme (R{R5) generates
the wave instability in the corresponding reactiafiffusion

dsystem; however, a much larger domain of the wave instability
can be obtained with the additional reactions (R6) and ER7).

The reaction-diffusion model in its dimensionless form
corresponding to reaction scheme (RUR7) is

Wave patterns that arise from the oscillatory instability with
finite wavelength (short-wave instability) have been much less
thoroughly studied than those arising from the aperiodic Turing
or the long wave oscillatory instabiliy? We have shown
recently that the short-wave instability may be a source of a
great variety of spatio-temporal patterns in one-dimensional
media. These patterns include pure and modulated traveling an
standing waves, alternating waves, asymmetric starding
traveling wave patterns and target patteirisHere we expand
our investigations to two-dimensional systems. As a guide to
the patterns that may be expected, one can consider both the

one-dimensional patterns arising from the wave instability and % = m(—xf +Z - T + d,Ax
the two-dimensional patterns associated with the aperiodic grXx
Turing instability. In the latter case, the basic patterns are known ay _ _
to be hexagons and strip&fn this paper, our primary goal is ot n(Xy2 y+b)+ dYAy (@)
to study various types of standing waves at low degrees of 9z
supercriticality. i X—2z+ Az
Il Model whereA is the Laplacian operator and
We have developed a three-variable reactidiffusion model
that exhibits the wave instabiliyThe model is based on the ) ks\0-5
following reaction scheme: X=xx Y=yy Z=zz t=kt, §=|g| X%
X +2Y—3Y R1
S (R2) klokSS? 0 kX ks ™
Y =P (R3) g D, 4 D, )
S,+X—X+2Z (R4) X" D, V_DZ()
Z—P, (R5) _ kYo Kk _ kC kS Ky
m=."> N=is a= - =i 9=
X +C=XC—C+P, (R6) KeXo ks Yo Yo Xo
S;—Y (R7) Km is the Michaelis constant of reaction (R6), and the con-

centrations of species other than X, Y, and Z are taken to be
Here Sare the initial reagents; Bre the final products; and X,  constant.
Y and Z are the intermediates, whose concentrations are the In the simulations presented here weBgt= Dy, = 0, which
dynamic variables. C is a catalyst, and XC is the catalytic gives the largest domain of the wave instability. The vailye
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Y Figure 2. Development of standing waves from random initial
conditions. Size of system 40 40 space unitsn = 28.5. Values of
o x are quantified with 256 gray levels: white corresponds to the maxi-

mum value ofx, black to the minimum value. Time (in dimensionless

Figure 1. Dispersion curves at low degree of supercriticality in the 1Me units): 0 (a); 1000 (b); 2000 (c); 3000 (d); 4000 (e); 15 000 (f).

vicinity of the short-wave bifurcation. Curvel)(m= 28.53; (I) m=
28.50; (Il ) m = 28.00. ﬂ

A 26.79767 to the spatially independent Hopf bifurcafidrhe
domain of pure short-wave instability is found foy, < m <

me. We refer toe = (m; — m)/m as the degree of supercriticality.
The maximum of the dispersion curve (see Figure 1), occurs at
a wavelength of approximately 3.426 space units. We refer to
this value as the intrinsic wavelength in what follows. The
intrinsic wavelength is nearly independentrofin the domain

of pure short-wave instability.

In our simulations we keep constant the following param-
etersig=1x 104 a=0.9,b=0.2,n =15.5, and we vary
the parametem and size of the system.

Boundary and Initial Conditions. All simulations are done
with zero flux boundary conditions.

In the majority of our simulations, we employ as initial
conditions (IC) the homogeneous steady state with random

uncorrelated deviations added to theariable at each point of m

——
i ———
e —
~ 28.56915 corresponds to the short-wave bifurcation rand #
.

the two-dimensional grid. The random deviations are uniformly
distributed on the intervat0.2 (18% of the steady-state value
of x).

In some simulations, we employ regular patterns of local
perturbations that correspond to the expected patterns of standing
waves. In a few cases, we use the stationary patterns obtained

from previous simulations as our IC in order to investigate the 1 =

stability of the pattern at different values of the degree of c

supercriticality. . -
H:i

l1l. Numerical Procedure 3333 .

The reaction-diffusion system (eq 1) was converted to a Fjgyre 3. Square pattern in 2& 20 systemm = 28.5 € = 2.4 x
system of ordinary differential equations (ODE) by the method 10-3): (a) snapshots of (adjacent images are one-twelfth period apart);
of lines (central difference spatial discretization with a uniform (b) amplitude ofx oscillations showing positions of nodes (black
mesh). The resulting large ODE system was integrated with the domains) and antinodes (white domains) of standing waves; (c) two-
stiff solver CVODE utilizing the sparse matrix linear equation dimensional Fourier spectrum calculated from the amplitudex of
solver? Zero flux boundary conditions were used in all oscillations.
simulations. The grid size ranged from &080 to 400x 400
grid points. We checked for spurious results of discretization
by varying the spatial resolution of the grid. The number of
grid points per intrinsic wavelength was always at least 10. The
error tolerance of the CVODE solver was set toc11075. A
fast Fourier transform (FF?)was used to obtain two- In this work we investigate a small neighborhood of the wave
dimensional Fourier power spectra of the patterns. Since thebifurcation with degree of supercriticality < 0.02. Figure 1
FFT requires a grid with2nodes, the calculated patterns were shows dispersion curves (real pardf the complex eigenvalues
linearly interpolated to the next largest power of two grids. For vs wavenumbek) for three values ofm used in our numerical
rectangular and square systems, eq 1 was represented imxperiments. The maximum valgeoccurs at the wavenumber
Cartesian coordinates, while polar coordinates were used forkmax Which defines the intrinsic wavelength. For= 28.53,
circular systems. In the latter case, the central point of the circle 28.50, and 28.00, the degrees of supercriticalityeare0.0014,

was still represented in Cartesian coordinates to avoid a
numerical singularity.

IV. Results
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TABLE 1: Relative Occurrency of SW Patterns (%)

pattern

size € a b [ d e
20 x 20 0.0025 55 25 15
20x 20 0.01 25 20 20 15 10
40 x 40 0.0025 35 15 15 10 10
40 x 40 0.01 55 20 15 10
20 x 19 0.0025 40 15 15 10 10
20 x 19 0.01 35 25 20 10 11

aFigure 3 shows pattera, Figure 4 patteriio, and Figure 5 pattern
C.

Figure 4.
1079).

Rhombic pattern in 26« 20 systemm = 28.5 ¢ = 2.4 x

0.0024, and 0.02, and the intervalskaforresponding to unstable
modes are 1.6741.991, 1.616-2.042, and 1.1552.421,
respectively (see Figure 1). The period of oscillation is about
0.62 time units; this value does not change significantly in our
range of supercriticality.

For brevity, we shall use here the term “stationary pattern”
to refer to an established regime as opposed to a transient.

1. Transient Patterns. The transients in these simulations
are often quite lengthy, especially for random IC and larger
systems. For a square system of 100100 space units and

Dolnik et al.

Figure 5. Stripe-rhombic pattern in 20« 20 systemm= 28.5 ¢ =
2.4 x 10°9).

the initial conditions; the last image displays a snapshot of the
stationary pattern. The early stages of evolution show the same
type of irregular cell structure, with random elements of
hexagonal and square symmetry, though the final stationary
patterns are quite different in these two examples.

2. Stationary Patterns in Square SystemsTo reveal the
range of stationary patterns and to estimate the relative sizes of
the basins of attraction for the patterns, we performed sets of
20 simulations with identical parameters and different random
initial conditions. The results are summarized in Table 1.

A. Square System 20x 20, m = 28.5 € = 2.4 x 1079).
Figure 3a shows a cycle of oscillation of a stable square pattern.
The sequence shown consists of 12 snapshots oftlagiable;
adjacent images are one-twelfth of a period apart. The pattern
consists of two mutually perpendicular sets of stripes that
oscillate with a phase shift oft/2. Figure 3b presents the
amplitude of thex-variable oscillations, thereby showing the
positions of the nodes (black spots) and antinodes (white spots)
of the standing waves.

Figure 3c displays the two-dimensional Fourier spectrum
calculated from Figure 3b; the range on each axisisc (—1,

1), wherel is the wavelength of the amplitude pattern. The
dots indicate the locations of the major peaks in the Fourier

larger it often requires more than 20 000 time units to establish spectra. The large dots represent Fourier peaks whose sizes are

stationary patterns. For a system of 20 20 space units

at least 75% of the largest peak; the squares signify peaks

stationary patterns appeared within 5000 time units. Figure 2 between 50% and 75% of the maximum; and small dots show

shows two examples of transient patterns for ax400 square
system withm = 28.5. Gray levels in Figure 2 correspond to
the x variable, with white signifying high concentration and

peaks between 25% and 50% of the maximum. The central peak,
which simply represents the spatial average, is not shown.
The Fourier spectrum in Figure 3c consists of four peaks of

black low concentration. The first image in each series representsequal magnitude located at-(Q.6, 0), and (0,+0.6). The
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Figure 6. Standing wave patterns in 20 20 systemm = 28.0 ¢ = 2 x 1072). First four images in each sequence display spatial patterrs of

images are one-quarter period apart. Fifth image shows amplitude of oscillations and positions of nodes and antinodes of standing waves. Last
frame of each sequence depicts two-dimensional Fourier spectra calculated from amptitedations. Patterns: (a) rhombi; (b) squares with a
dislocation; (c) stripesrhombi I; (d) stripes-rhombi II; (€) modulated stripes.

corresponding wavelength of the standing wave envelope isfifth column shows the amplitude of theoscillations and the
1.667. The wavelength of the instantaneous pattern is twice aspositions of the nodes and antinodes of the standing waves. The
large, i.e.Ahor = Aver = 3.333. This wavelength is close to the two-dimensional Fourier spectra are depicted in the last frame.
intrinsic wavelength and allows exactly six wavelengths in the The patterns are presented in order of the frequency of their
20 x 20 system in each direction. The corresponding wave- occurrence, with the top row containing the most frequently
number, 1.885, lies close to the middle of the unstable domain found pattern; the same mode of presentation is used in Figures
shown in Figure 1. 7—9 as well.

The square pattern illustrated in Figure 3 emerged in 11 of  With increasing degree of supercriticality, the patterns become
the 20 simulations, which suggests that the probability for such less symmetric. In Figures 3 and 4 the Fourier spectra Bave

a pattern to evolve from random IC exceeds 50%. symmetry, and Figure 5 showd, symmetry; in Figure 6 all
A different pattern, a rhombic one, is shown in Figure 4. patterns have Fourier spectra wiih symmetry. Comparison
Frames 2 and 8 display a simple rhombic pattern witk,3= of Figures 6a and 4b shows the distortion of the rhombic pattern

L = 20 and G.er = 20; frames 5 and 11 show this pattern rotated Wwith increasing degree of supercriticality. The regular square
by 7/2. Accordingly, the Fourier spectrum in Figure 4c shows pattern of Figure 3 emerges only rarely at the higher degree of
two sets of four major harmonics, which correspond to supercriticality, and in most cases one can see a dislocation in
wavelengthsl; = 6.666 andi, = 4 in both the vertical and  the pattern (Figure 6b). This dislocation is caused by a phase
horizontal directions. Other frames display complex rhombic shift of a half period between the left- and rightmost parts of
patterns. This sequence of rhombic patterns occurred in 5 ofthe pattern. This same type of square pattern with a dislocation
our 20 simulations (see Table 1). is seen with its transients in Figure 2. The boundary between
Figure 5 shows a pattern that emerged in 3 simulations andthe phase-shifted domains is always a narrow stripe-shaped
that can be described as an interplay of stripes and rhombi.domain.
Frames 2 and 8 display a pattern of straight stripes showing All patterns shown in Figure 6ee display stripes with a
moderate amplitude modulation witlig; = 20; frames 6 and  wavelength of 3.333 space units at some phase in their cycle.
12 show a simple rhombic pattern with 4x5 = 20 and 4er During most of the cycle, however, the patterns differ signifi-
= 20. The Fourier spectrum in Figure 5c contains the major cantly, as can be seen in the sequences of consecutive frames
harmonics with corresponding peaks #t(6, 0), £&0.45, 0), and in the amplitude patterns. It is evident that with the
and (0,+0.4). increasing degree of supercriticality the probability of appear-
B. Square System 20< 20,m = 28.0 ¢ = 2 x 1072). Figure ance of simple symmetric patterns diminishes, while less
6 shows typical patterns for a larger degree of supercriticality. Symmetric patterns emerge more often.
Each spatio-temporal pattern is displayed with six images. The C. Square System 40< 40.We repeated the above numerical
first four columns portray a sequence of four spatial patterns of experiments in a system of double the length at both values of
the x value; adjacent images are one-quarter period apart. Thethe degree of supercriticality. Figure 7 displays the patterns
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Figure 7. Standing waves in 4& 40 systemm = 28.5 ¢ = 2.4 x 1073). Patterns: (a) rhombi I; (b) squares; (c) modulated stripes; (d) rhombi
II; (e) stripes-rhombi.
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Figure 8. Standing waves in 4& 40 systemm = 28.0 ¢ = 2 x 107?). Patterns: (a) modulated stripes; (b) stripes-rhombi; (c) modulated stripes
with a dislocation; (d) squares.

obtained form = 28.5 ¢ = 2.4 x 107%). The most commonly Figure 8 displays the patterns found for= 28.0 € = 2 x
found pattern for low degree of supercriticality is the rhombic 1072). The most typical patterns here are modulated stripes,
pattern (Figure 7a). The square pattern is not as frequent forobserved in 11 cases out of 20. Again, there is a relatively low
the larger as for the smaller system. As we see in Table 1, theprobability for the square pattern to develop from random IC
ratio of occurrences of the square and rhombic patterns isin this larger system. It takes a very long time to synchronize
roughly 2:1 in the smaller system and 1:2 in the larger one. the entire pattern. Figure 8d shows the square pattern, which is
The pattern in Figure 7c represents modulated stripes; thisstill not stationary after 20 000 time units. The amplitude frame
pattern was not obtained in the smaller system. The pattern inshows the pattern clearly, but it does not contain any information
Figure 7d is another variant of the rhombic pattern, while Figure about phases at different locations. The snapshots ofxthe
7e is the pattern that resembles that shown in Figure 6d. variable in Figure 8d show the phase shift across the system.
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Figure 9. Standing waves in 2& 19 systemm = 28.5 ¢ = 2.4 x 1079). The vertical axis of each frame is the longer side of the rectangle.
Patterns: (a) rhombi; (b) simple stripes; (c) stripdsombi—hexagons with two dislocations; (d) stripehombi—hexagons.

Continuation of the simulations eventually leads to a pattern
identical to that of Figure 7b.

3. Patterns in Rectangular SystemsThe patterns found in
square systems illustrate that the dominant patterns are squares,
rhombi, and modulated stripes. Even in relatively large square
systems (up to 206k 200 atm = 28.5), we were unable to

. ! L . 2 3

obtain standing waves consisting of unmodulated stripe patterns :
or hexagonal patterns. One plausible explanation is that our no
flux boundaries produce an excessive perturbation to the,
presumably sensitive, hexagonal structure. To check this
hypothesis, we performed another set of simulations with
rectangular systems, whose boundaries corresponded to the zero
flux lines of hexagonal patterns. Thus the sizes were taken close
to NAi/2 x MAiv/3/4, wherel; is the intrinsic wavelength. In
one set of simulations this condition was satisfied only ap-
proximately, while in the second it was fulfilled quite closely.

A. Rectangular System 20x 19. Figure 9 shows typical
stationary patterns for low degrees of supercriticality< 28.5).
The vertical axis of each frame is the longer side of the rectangle.
The most common pattern found here is a rhombic pattern, like
that seen in square systems. The other three patterns, however,
are seen only in rectangular systems. These include unmodulated
stripes (Figure 9b) and hexagostripe patterns (Figures 9c,d).

Some of the snapshots in Figure 9d show simple hexagonal
patterns. However, the spatio-temporal pattern is dominated by
horizontal stripes, which appear in the Fourier spectrum as the n
major peaks corresponding ig.r = 3.333; the second largest  Figure 10. Stripes-rhombi-hexagons pattern in 20 19 systemm
pair of peaks, atnor = 3.8, belongs to the hexagonal structure, = 28.5 € = 2.4 x 1079).
which also modulates the amplitude of the stripes. Figure 10 the case of square systems, the higher degree of supercriticality
presents the stable oscillatory cycle of this pattern in more detail. leads to instability of the more symmetric patterns, resulting,
The cycle runs through simple stripes to modulated ones, thenin a majority of cases, in combinations of stripes and rhombic
to rhombi, hexagons, rhombi, and then inverted hexagons patterns (Figure 11a) or modulated stripes (Figure 11b). Stripe
(honeycomb), rhombi, modulated stripes and simple stripes. hexagonal patterns are also found in several cases, as shown in

The pattern in Figure 9c is a hexagon-stripe pattern with two Figure 11c. The pattern in Figure 11d is a combination of stripes
dislocations. The oscillations in the middle part of this pattern and squares. We have not obtained simple stripes, squares,
are shifted by half a period from those at the sides. This behaviorrhombi, or hexagons at this higher degree of supercriticality.
is analogous to that of the square pattern with a dislocation B. Rectangular System 41.112 41.538.In terms of the
shown in Figure 6b. intrinsic wavelengtfi,, the size of this system can be represented

Figure 11 shows patterns for the same rectangular systemas 12; x 144; sin(z/3), a choice designed to minimize the
but with a higher degree of supercriticalitpn(= 28.0). As in perturbing effects of the no flux boundary conditions on a
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Figure 11. Standing waves in 2k 19 systemm = 28.0 ¢ = 2 x 107?). Patterns: (a) stripeshombi; (b) modulated stripes; (c) stripes
rhombi—hexagons; (d) stripessquares.

Figure 12. Patterns near the onset of short-wave instabilitys= 28.53 € = 1.4 x 107%) in 41.112x 41.538 system: (@) rhombi evolving from
random initial conditions; (b) stripeshombi—hexagons evolving from hexagonal initial conditions.
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hexagonal structure. Figure 12 shows two runsnfior 28.53 We performed two sets of 10 simulations with= 28.5 ¢
(degree of supercriticality = 0.0014). The rhombic pattern = 2.4 x 1073) and different random initial conditions: one set
shown in Figure 12a evolved from random initial conditions. for a system of radiu® = 10.0 space units and a second with

The second run was started from a superposition of three R = 10.278= 34;. The results are shown in Figure 13.
sinusoidal waves whose wave vectors formed an equilateral In the circular geometry, the symmetry of the patterns depends
triangle, i.e., a perfectly fitted hexagonal structure, with one of strongly on the degree of supercriticality. For= 28.5 ¢ =
the wave vectors perpendicular to the longer side of the 2.4 x 1078), most patterns possess rotational symmetry. In
rectangle. In this latter case, the orientation of the wave vectorsalmost all the cases the symmetry was a multiple of 3 (e.g.,
of the pattern remained unchanged for about 3000 time units. hexagonal patterns), as illustrated by Figure 13. In Figure 13c,
However, the original hexagonal structure gradually evolved however, the @symmetry pattern occupying the major part of
into two systems of plane waves whose oscillation phases werethe system coexists with the,@attern in the center. When the
shifted byxz/2. The first system appeared as a set of stripes size of the system is not a precise multiple of the intrinsic
with 124nhor = Lnor = 41.112, aligned along the longer boundary; wavelength4;, the periphery of the domain lacks rotational
the second system formed a rhombic pattern. Eventually, the symmetry while the bulk of the system possesses it (Figure
evolution resulted in the stationary pattern shown in Figure 12b. 13a,b).

At one stage of the cycle, when one system of stripes was For the higher degree of supercriticalitp,= 28.0 ¢ = 2 x
vanishing and the other emerging, their superposition formed 10-2), even with the matched size of the systeR= 34;), we
hexagons. The entire sequence was as follows: stripes£S1) were unable to obtain regular patterns. We have obtained time-
hexagons— rhombi— hexagons— stripes (S2). The system periodic sequences of irregular patterns consisting of spots and
of stripes S2 was shifted half a spatial period with respect to stripes. These patterns remained spatially irregular as long as
the system S1. These oscillations persisted unchangedtfrom the simulations proceeded (up to 50 000 time units).
~ 12 000 to the end of the run &t 20 000 time units.

4. Stationary Patterns in Circular Systems.In search of V. Discussion
simple hexagonal structures, we also performed simulations for
a system with circular geometry, which, presumably, should = We have shown previously that standing waves are the only
favor hexagons. We found both spatially regular and irregular stable patterns that emerge from the short wave instability at
patterns. low degrees of supercriticality and zero flux boundary conditions
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variety of spatio-temporal patterns than the aperiodic Turing
and the long-wave oscillatory instabilities.

With random initial conditions, the frequency of occurrence
of various patterns should be proportional to relative areas of
their basins of attraction. In our simulations, in square systems
of smaller size at a low degree of supercriticality, the dominant
pattern is squares. As the degree of supercriticality and/or the
system size is increased, rhombic patterns become dominant,
and then modulated stripes occur most frequently. We note also
that we find a significant number of stable patterns that contain
defects or dislocations due to phase shifts between oscillations
in neighboring regions. Some of the patterns presented in this
paper have been studied earlier by Dionne et al. from the point
of view of their symmetry without considering their stabiliy.

In circular systems we find regular patterns with elements of
Cs, Co, and G symmetry. All regular patterns consist of spots;
we have not found regular patterns containing stripe elements.

This paper presents only the first step in the study of standing
wave patterns in two-dimensional systems. The most crucial

d @ @ @ @ test of the significance of our results lies in the experimental
search for the fascinating patterns that these simulations have
generated. We hope that modifications of the BZ and CIMA/
CDIMA chemical oscillators, which have yielded the majority

E: of known chemical patternid,will result in emergence of the
short-wave instability and the corresponding patterns. One can
estimate the expected scale of such patterns. The characteristic

Figure 13. Standing wave patterns in circular systems= 28.5 wavelength of the patterns in our model is 3.43, and the period
= 2.4 x 1073). Typical patterns for radiuR = 10 (a, b) andR = of oscillations is about 0.62. The typical period of oscillation
10.278 (orR = 34;) space units (ee). (a) Pattern wittCs symmetry. in liquid-phase reactions is about 1 min. The scaling in eq 2

(b) Pattern withCs symmetry. Only central parts of the patterns in (a)  then gives the characteristic wavelength of the expected patterns
and (b) possess rotational symmetry; the peripheries do not. () Patternyo anout 1 mm.

with Co symmetry in the matched system. The whole pattern possesses
rotational symmetry. (d) Pattern withGy-symmetric central part. (e) Acknowledgment. We gratefully acknowledge the support
Pattern with aC-symmetric central part. of the National Science Foundation Chemistry Division and the

in one-dimensional systerisdere we have investigated what W- M. Keck Foundation.
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