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Effects of an Applied Field on the Structure of Finite Polyenes
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We investigate the effect of an applied field, the internal molecular field produced by-dacoeptor groups,

as well that of an effective field by the environment, on the electronic properties and geometric structure of
substituted polyenes of finite length. We use analytically tractable methods to study (a) the effect of static
field on the bond length alternation (BLA) of finite polyene rings and (b) the effect of static field on even
and odd open chains. We find that the field drives the rings to lower BLA and that odd chains in a static field
can show reversal of BLA through the equal bond length limit.

1. Introduction length. Within Hickel theory and periodic boundary conditions,
we find that the presence of the field drives the system toward
lower BLA. We then lift the periodic boundary condition
restriction and compare the effect of the field on even and odd
linear hydrocarbon chains. We consider the simplest possible
cases, the three- and four-carbon linear polyenes, and obtain
functional forms between the field and displacement of atoms
from equilibrium. We find those forms to differ, reflecting the

Organic molecules and polymers with extenaeconjugation
have attracted attention for optoelectronic and photonic applica-
tions because of their large nonlinear optical (NLO) respohses.
Optimization of the performance of materials for those applica-
tions has been the focus of extended reseaféCentral to
the problem of optimization lies the question of the relation

between structure, both chemical and geometric, and the . .
' 9 ' different symmetries of the two systems. Although the odd

electronic and optical properties, both linear and nonlinear. \ . L
In particular, donot-acceptor substituted polyenes have been system's ground-state energy contains (.)dd power terms in field
’ and displacement, the even one contains only even ones. We

suggested as an important class of organic molecules for large . I
second-order NLO responst®.Most studies have focused on ShO.W that this result holds for any finite Iengt_h open-endgd

the influence of the doneracceptor strength in a two-state chain. We conclude that the BLA can reverse signs by passing
modef in which the response increases as the difference in themrou%lrgj zero_t(_the _equal lltoo_nd length case) onlyflr;hthe_ cr?se Otf
ground- and excited-state dipole moment matrix elements € odd positive jons. [t IS a conseéquence ot the Inheren

increases. It has been recently found, however, by Marder ethgeneracy of the gro_urjd state of odd phalns, which is absent
al. that, in small donoracceptor polyenes, geometric structure in the even case for finite systems. This result appears when

and optical responses (both linear and nonlinear) are connecte&he proper boundary qor)d_itions are i_mposed; if p(_eriodic_ bound-
in a simple wayt-10 Their idea is that the internal field of the ary conditions or the infinitely long limit are applied, this end

molecule (due to the donelacceptor as well as the environment effect dlsgppears. ) o

such as the polarity of the solvent) controls its structure and M S€ction 2 we consider the effect of the applied field on
hence the optical response. Numerical calculations support their€VeN-membered rings where periodic boundary conditions are
conjecturé: Ther-electron bond length alternation (BLA), the ~Meaningful. We look at the stability of the bond-alternating
average difference between adjacent carbzarbon bonds, has ~ configuration in the presence of the field, through the second
been chosen as the parameter to describe the geometricaﬁje”"at've of the _ground state, S|m|Ia_r in spirit to th_e calculation
structure. The change of BLA from its original value (neutral ©f Longuet-Higgins and Salef.We find that the field favors
donor-acceptor system) through the equal bond length situation the €qual bond legth chain, i.e., disfavors bond alternation. In
(BLA = 0) to its reversal of magnitude (charge-separated section 3.1, we compare the ground-state energy and equilibrium

system) is correlated to the applied field and hence to the optical diSPlacement of three- and four-carbon linear chains in the
properties. presence of the field with open-end boundary conditions. We

To elucidate the origins of these results, we study the effect show that the odd posit.ive ion exhibit; BLA reversal. In sectiqn
of a static applied field on the geometry of systems that are 3.2 we show that.th.e dlfferent behavior of O.dd and even chains
modeled after the donemcceptor polyenes. The models are PErSISts for any finite chain length. In section 4 we comment
chosen to contain the essence of the physical systems and caf" the physical origin of our results.
still be solved analytically. We use tdkel theory, which has
been widely used to describe the qualitative behavior of 2- Bond Alternation in Finite Cyclic Polyenes in Presence
conjugated moleculg?. of an Applied Field

First, we study the effect of an applied field on the energy 14 expiore the effect of the applied field on the bond length
spectrum and structure of finite even-membered rings of any 4jtermation, we take advantage of periodic boundary conditions
. to obtain exact results. Thus, we begin by even carbon polyenes
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carbon atoms from the equal bond length configuratiand e@2N+ I n [ 271]

the applied field. The calculation proceeds in the spirit of that @ = ——— 2 cos( + x1)|2j m2j| +

of that of Longuet-Higgins and Saléf(LHS). The ¢ bond 2n |5 2N+1

energy as a function ofis given by (1/2p2x?, favoring equal 27(j + 1/2)

bond lengthsX = 0); the contribution is given by COS(W +%|12j + 102j + 1|} (6)
Eg(x,f) = E"(x,0) — %a(x)f 2 1) wherel = 2l is twice the equal bond length magnitude aad

and x; are angles defined in such a way that the single and

wheref is the applied field x is the bond order alternation double bond lengths are given for smalby

parameter, and(x) is the polarizability as a function of LHS!3

l,=1,+ ax
found that s 0
( dEg( O)) and
— (X —
X x=0 ly=1,— ax
was negative, and so theenergy favored bond alternation (i.e. We find
xZ0). The question we ask is whether the field-dependent term
in eq 1 favorsx = 0 (i.e., (Ro/dx?)y— < 0) or x = 0 (i.e., v = _y, —_axn
(d?a/dx?)y—o > 0). In the former case, a competition of two ! 2 (2N+ 1)

effects is created so that one could imagine that for certain limits N _
of f the favorable form becomes the equal distant bond length ~ Since the HOMO to LUMO transition carries most of the
chain. In the latter, the field acts in the same direction as bond oscillator strength, we consider only this excitation in the sum.

alternation, thus not providing a means of achieving BEA o now becomes
or reversing the BLA by that method. We will show that the
former is the case here. ,,@)Homomleumoﬂ]z
As in LHS, the ground-state energy is taken to be the sum of a(x) =2 AE (7)

the occupied orbitals (for a ring ofNi+ 2 atoms)
The appropriate wave functions are now thosejfer N

N
%0)=2Y e 1 o
Eg j=ZN J wHOMO — —Z{ eIJGN*IVN|2j|:H_

]
where 4N +2

ei(2]+1)0N/(2+in)|2j + 1[} (8)
6=+ B+ 2B, cos[Jal(2N+ 1)) (2)

where
We denote the resonance integrals across the dog)lar{d 27N
single (31) bonds by Oy = NL1- "
<B.<0 3
B2 = by @
We express alternately increasing and decreasing bond lengths 1 N
by modifying the resonance integrals so that YhomoX) = > arctarétanhx tan 2l\JlT+ 1= —YLumoX)
— —X —
Br=PLe ", Br=PE ) From eq 2, we obtain for the energy difference
wherex is a small positive quantitysg is negative). The actual N
change in bond length is equal &x, wherea is a positive AE = 2|ﬁ0|\/2 coshX+2 cos;y ~|]—T1 9

parameter. The second derivativeEgi‘(x,O) with respect to<
was found® to be negative and increasesMsn N.

To see the effect of the field on the energy as a function of
X, we now proceed to calculate the second derivative of the
linear polarizability with respect tg. The standard expression
from perturbation theory foo

|09 lul o)
a=2y" g IH 5) 87°|Byl4 [ 2 cosh X + 2 cos_

Substituting egs 6, 8, and 9 into eq 7, for a small displacement
of bondsx,

e%(2N + 1)

o(x) =

2Nm

= E{X) —E(X) o
| ZCOS( ] +x (X))e27jl(2N+l) _
where@y(X) |ulpe(X)0is the transition moment matrix element ; ON+1 *
between an excited state and the ground state. The prime denotes 27 + 1/2)
a restricted sum, due to exclusion of the ground state. For 05(—+ %,(X) eZ’TU_l)’(ZN“)]|2 (10)
consistent use of periodic boundary conditions in finite systems, ] 2N+1

the periodic representation of the dipole moment operator is
the appropriate on¥.For a ring of N + 2 carbon atoms, The sums in eq 10 can be done, and we find
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2.2 1 -
a(x) = o(0) — ea’x’ 5 o (11) €,= =+ z«/lOyZ + 4 cosh X+ 2 *+2S
2|ﬁo|[x2 +

T
(2N + 1)

€g0=* %\/ 10y” + 4 cosh % — 26 > + 25
Therefore, §"]x=0 < 0 and
whereS = (9y* + €* — 12 sinh X + 30y2e 2 + 4)V2 There
x e 1 " > is no term linear inxf. We will show in section 3.2 this
Eg(x’f) - EG(X'O) 2((1(0) + o (X)]X=0X2)f (12) difference in behavior to persist for longer chains.
Let us consider the three-carbon open chain further. To mimic
so that the external field works in the opposite direction to the a donor-acceptor substituted polyene, we replabg g = —A
m-electron energy (i.e., the second derivative with respegt to + f in the Hamiltonian matrix. Thus, at zero applied field, site
of the r-electron energy is negative, and the second derivative 1 has energy-A and site 3 energy- A. In the presence of the
of the energy due to the electric field is positive). That is, the field f, the site energies are transformed t@ and —g,

electric field effect favors equal bond lengths. respectively. Note that the energies retain the same form, with
f replaced byg so thatg is the effective field on the system.
3. Odd vs Even Finite Linear Polyenes in Presence of an Now consider a three-electron, three-carbon chain. The total
Applied Field m energy in the Hakel model is then
3.1. Three- and Four-Carbon Chains.We investigate the
effect of the applied field on the structure of dor@cceptor EresXf)/Bo = 26, + €g = +2VY* + 2+ O(¢°X)

finite polyenes further, through the bond alternation parameter. )

In particular, we consider odd as well as even open finite chains. Wherey = g/f5o. We can also compute the dipole moment of
The periodic boundary condition is no longer appropriate. In this system to this order and find (as a function of field)

this section, we begin by considering the simplest case, three-

and four-carbon open-chain molecules, and we obtain the w(xf) =2 -y + 2X(2 — yz) 4x(y2 )
ground-state energy and dipole moment as a function of the ' ' +20"? (P +28 ( + 2)?
bond alternation paramet&rand the applied field. We find

that the functional dependence is quite different, reflecting the . N o _(aEn)
different symmetries of the two systems. In particular, although - (yZTZ)Z (@x) = 3_y M
the properties of the even system contain only even powers in

fx, those of the odd also contain odd power terms, suckf.as  Thus,u is an even function of for smallx. If we now consider
Motivated by the above result, we study further the radical as a two-electron, three-carbon chain, the total energy and dipole
well as the positive ion and find that BLA reversal through the moment become

equal bond length case occurs for odd positive ions. We show

that the results of ref 11 are qualitatively reproduced for this E"(x,f)/3, = Ef_3(X.f)/fq — €, = 26, =

case. axy
We follow the notation introduced in section 2. In particular, +2 yz +2—-——
for the radical in site representation where the charge of an (y2 +2)
electrone is 1 andf is the applied field, and
f  BeX0 =Y )
H=|8e™ 0  pee (13) T oy
0 B —f

. ] ) The o electron energy is given by
For x = 0, in terms ofy = /5y the three orbital energies are

E°(xf) & S0dd
=0 A =4Vy+2 2
so that the equilibrium value ofas a function of field is given

The first-order corrections ir are by
__T2yX 4 — A)I(Bqw
“T¥o == )
o(y’+2)  (F-AZ+2
Gozi One can easily see that the same result holds for a four-
(*+2) electron, three-carbon chain. Thus, for A| < (2)2 the bond
_ alternation Xeq, is nearly a linear function of applied field and
On the other hand, for the four-membered chain, is zero atf = A. This is similar to the relationship found in ref
B 8. Moreover Xeq Saturates as a function gfand then goes to
2 pe” 0 0 zero again for largg. In the intermediate range, howeveg,
B f B O has a slightly sigmoidal shape as a function of fielq (se_e_r _Figure
H= 0 &t —x (14) 1 of ref 11). We now calculate the molecular polarizabilities as
Bo B Bee a function of field by differentiatindg=™ with respect toy. Note
0 0 B ™ 2f thatxeq iS given by eq 15 so that, for practical purposes, in the

The orbital energies are now (again in termsyct f/50) region ly| < (2)¥2, y is proportional toxeq The molecular
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polarizabilitiesa, 5, andy are further derivatives qi(x,f) with eigenvaluei? = 0, and so we obtain
respect tof. Sincef and xeq are linearly related, the polariz-
abilities can be considered to be further derivatives with respect 0o = XI[g,(x) + fg', ()]

t0 Xeq, leading to forms for the polarizabilities in agreement with
those found in refs 8 and 11.

By examining any positive or negative ion odd-atom denor
acceptor system, we find the same qualitative behavior as above
The molecules considered in ref 11 are 11-atom systems, with
(effectively) 107 electrons.

We see from this analysis t_hat Fhe qualitative results of refs 4 conclusions
8 and 11 are present already in théddel model ofr-electron
molecules. In this work, we have investigated the effect of an applied

3.2. Generalization for Any Finite Chain of Length N. In electric field on the energy spectrum and the structure of finite
the previous section we found that the three-carbon atom Polyene systems. Changes in structure have been studied through
molecule behaves differently from that of four carbons. The the bond length alternation, or the extent of the difference
results were a direct consequence of the absence of linear term§etween single and double bonds across the conjugated chain.
in the field f and displacemenk in the four-carbon case. Our work was motivated by recent conjectures that the BLA
Specifically, the energy level at the zero of energy was shown Plays an important role in determining the nonlinear optical
to be proportional toxf, which caused the BLA reversal as esponse in conjugated molecules with strong electron donor
explained in section 3.1. Here, we demonstrate that these twoand acceptor substitueritsThe applied field was intended to
results hold for any linear chain of lengthwhen the open end ~ Mimic the effect of the doneracceptor groups as well as the
conditions are imposed. surrounding medium.

In the Appendix, we find the expansion of the secular  Following Longuet-Higgins and Saletiwe found that the
determinant for tridiagonal Hamiltonian matrices of the form field-dependent term in the second derivative of the ground-
considered here, in powers of the effective fieldst the sites. state energy decreases the bond alternation effect; that is, it acts
The result is given in eq A4. Here, we show that the secular in the direction opposite from that of theelectron energy term
determinant for even and odd chains is different; for odd chains calculated by LHS. These calculations concerned even cyclic
the determinant has a term linear in thewhile for even chains, ~ Polyenes with periodic boundary conditions.

it has no linear term. The Hamiltonian for even chains follows ~ We then compared the functional form of the energy as a
that of eq 14, while those for odd follows that of eq 13. Here, function of the field and BLA in even and odd chains and found

the A’s are the field terms ant1® is the Hamiltonian fof = a striking difference between the two. The BLA reversal may
0. Note that the diagonal terms Bbf° contain the eigenvalues e obtained in the odd positive or negative ions, while it is absent
{2} of M. We are interested in the first-order correction of the N the even chains. The physical reason for this is that in the
eigenvalues to the field (the linear response), so we can truncate?dd chains there is an inherent degeneracy in the ground state.

We first consider even chains, and we show that the linear ©n€ applies the infinitely long limit or periodic boundary
term to the field vanishes. It is easy to see from the marx conditions.

The rest of the argument then is identical to that of section 3.1.
The other types of odd chains exhibit a similar behavior, but
the constant term has a more complex functional dependence
on x.

by inspection that the cofactoks(i|i) of complementary sites In conclusion, in the weak-field limit, the applied field and
are identical: the molecular structure are related. Although the effect of the
applied field is important, the specific forms needed to control

MO%(ifi) = MO(N+1—i\N+1—i) the NLO properties were not generally recovered, similar to

the findings of otherd>'® However, the case of odd atom
so that the term vanishes because positive or negative ions exhibit the same BLA behavior as in
ref 11. This result is a consequence of the symmetry of the

A= —Apiq problem, which is best understood by lifting the periodic

boundary conditions and studying finite systems.
by construction.

We now turn to the odd chains. Tiig's are now increment- Acknowledgment. We thank Professor David Yaron of
ing in absolute value from the center of the chain whire- Carnegie Mellon University for pointing out an error in an earlier
0. We can distinguish two types of odd chains: those for which draft. This work was supported by the MRSEC program of the
the two half-chains are even and those for which the two halvesNSF under Award No. DMR 940034.
are still odd. In the first case the cofactors of the complementary .
sites (that is, sitefandN — j + 1) are identical. Those terms ~ Appendix
cancel, since they are multiplied by the field, which is equalin | this appendix we expand the determinant of a Hermitian
magnitude but opposite in sign. Only the two end cofactors trigiagonal matrixvl in powers of its diagonal constituentd.?
remain, M%(1/1) and M®(N,N). The constant term of the g optained from the original matrix by setting those diagonal

polynomial equation, independent #fgoes like sinhx ~ x. elements to zero. For a general matrix
Now we can rewrite the polynomial equation in powersipf
which is of orderN, with contributionsg(x) from |[M?| and e+ At 0 0
gj(x) from the determinant of the cofactojfel °(i|i)|: t, e+ A, ty :
WMo + g+ A[gi () + '] + [9o(x) + g’ ] M=10 " 0 (A1)
: €t Ay tyn
wheregy(x) = 0 andg', ~ x. We can obtain the first-order 0 0 ty-in e+ Ay

corrections by substitutindl = A% + ¢;. For the zeroth MO is obtained by settingy; = 0 O j.
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The addition theorem of determinahtexpresses a deter-
minant whose constituents of a row or column consists of two
terms as the sum of two determinants. The first contains the
terms of the original determinant by excluding one term of each
of the constituents, while the second contains those excluded
terms. We apply this theorem to each of the columns. For
example, from the decomposition of the first columnhf

€ + Al t12 O O
th, +0 e+ A, tys . :
IM|=|0+0 - 0 (A2)
: €+ Ang thean
0+0 0 tyn €+ Ay
we obtain
€ t12 0
t,, et A, ty, :
0 +
0 tun—1 € T Ay
At 0
0 et+A,t :
2 23 (A3)
0 .
0 tun-1 € T Ay

By applying the same procedure succesively and rearranging
terms, we can obtain the following:

Yaliraki and Silbey
M| =M%+ S A M) +
2
zzAiAj|M°(ij|ij)|...+ |‘|Ai (A4)
(] i

whereM(i|j) is the cofactor of matriy°, MO(ij |ij) the matrix
obtained by deletring rowisandj, as well as columnsandj,
and so on.
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