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We report the temperature and pressure dependence of the dynamics at short residence times of a fuel-lean
hydrogenr-air mixture in an isothermal continuous-flow stirred tank reactor. The reaction between hydrogen
and oxygen is modeled by a set of twenty reversible reactions involving nine species over the temperature
and pressure ranges 300100 K and 10%—10 bar, respectively. Boundaries of dynamically distinct regions

in a complete pressurgemperature diagram are calculated with a path-following algorithm based on pseudo-
arclength continuation. We find a region of birhythmicity, thus showing that chain-branching alone can account
for the coexistence of stable oscillatory states, and a region containing a periodic-orbit isola, a new feature
for this system. Although infinite-period orbits exist just a few degrees below the ignition curve, oscillatory
ignition does not occur under the conditions of our simulations.

Introduction a test bed for sophisticated numerical methods; any method that

o ] ) fails when applied to this reaction is unlikely to be useful in
Combustion is among the oldest fields of science. The the analysis of other combustion reactions.

unabated need to generate energy while concomitantly reducing
pollutant emissions has motivated significant progress in our
understanding of combustion chemistry. Still, our knowledge
of combustion processes and our ability to control them are often

limited by their strongly nonlinear dynamics. Events that are CSTR). Numerical studies of the ;H+ O, reaction have
desirable under some circumstances must be avoided at all cost onsistently sought to discern the origins of these dynamical

n othe_r situatipns. qu example, \{vhile ignition of f_uels is an features: are they kinetic or are they are thermokinetic? That
essential step in starting burners, internal combustion engines,g ;.o they a result of chain-branching alone or of chain-

and turbines, accidental ignition of a fuel can have catastrophic branching and the autocatalytic effect of thermal feedback on
consequences. Since ignition results from an abrupt change inye4ction rate? Of the reported phenomena, all but oscillatory
reaction dyna_tmics, predicting bifurcat?on features of a reacti0|_1 and steady ignition are thought to be thermokinetically driven.
.”‘Od‘?', IS an integral pgrt of combust|'on. research. Systematlc Thermokinetic effects are suppressed under isothermal condi-
identification of the minimal subsets within a complex reaction ong pyt strict maintenance of isothermality cannot be experi-
network that lead to instabilities can be beneficial both in mentally realized for fast reactions such asHO, thus making

controlling ignition (by either thermal or kinetic means) and in -, merical studies an indispensable tool for identifying the source
refining the reaction network. Bifurcation analysis is particularly o these dynamical features.

suited to this task as well. With these factors in mind, we present

Z)gér:r?bfLrsS;;TrZ:c(fiﬁr:?riito?etl\gg-v?/?;]a?g:;izgurk(i:sgggsT:ﬁgrr?fe increase in reaction rate. In a CSTR, this rapid increase in
“reaction rate is typically linked to loss of stability of a state

The H, + O Reaction. The gas-phase reaction between gggentially identical in chemical composition to the mixed but
hydrogen and oxygen is one of the most thoroughly studied ,nreacted inlet stream. However, ignition in a CSTR is defined
reactions? Experiments have been performed in a wide variety onjy in part by saying that it is the loss of stability of a state in
of reactors and modeling has been successfully carried out for\ynich there is a negligibly slow rate of conversion of reactants
several reaction sets that differ only in their details. Because it 1, products. Of equal importance is a description of the state to
is the simplest system exhibiting chain-branching, thedD;  which the system evolves, and this requires knowing both the
reaction is archetypal. That the elementary steps used inyypes and the stabilities of the states that remain upon disap-
modeling the overall reaction are part of all detailed kinetic pearance of the extinguished state. In addition to the familiar
schemes describing hydrocarbon oxidation further underscoreshysteretic transition between the extinguished state and a steady
the significance of this reaction. Owing to the wealth of gtate of high conversiorsteady ignitio), other examples of
experimental data and well-developed sets of elementary ignition are transition to an oscillatory state with a frequency
reactions that are available, the H O reaction can serve as  on the order of the residence time and transition without
hysteresis to an oscillatory state of large amplitude and very
* Corresponding author. long period fscillatory ignitior).34

Experimental observations of oscillatory and steady ignition,
coexistence of large- and small-amplitude oscillations (birhyth-
micity), complex oscillationg;* and chaoshave been reported
for the H, + O, reaction in a continuous-flow stirred tank reactor

In common parlance ignition is associated with a sudden
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Sharp bursts of reactivity separated by long intervals during integrationt? Curves of steady states were computed by
which the extent of reaction is nearly zero characterize oscil- AUTO86. Ignition was found to occur at a transcritical
latory ignition. Unfortunately, if these characteristics alone are bifurcation; this is puzzling because a transcritical bifurcation
used to define oscillatory ignition, it is then not possible to is not a generic scenario in one-parameter families of equations.
identify the ignition event with a single type of solution to the Inspection of the mass balance equations under consideration
rate equationsthe characteristics of the final state must be confirms that they do not possess a trivial solution for which
combined with loss of stability of the extinguished steady state. the species' concentrations in the reactor are equal to those in
The term oscillatory ignition is not always used in the restricted the feedstream. Direct calculation of two-parameter curves of
sense we adopt here. For example, Figure 1 of ref 6 describessteady-state bifurcations and one-parameter curves of periodic
an oscillatory state having a period approximately equal to the orbits proved elusive, so the portion of theT diagram
residence time as oscillatory ignition. More recently, oscillatory corresponding to various ignited states was completed via
ignition was identified with a saddle-node homoclinic bifurca- numerical integration. Direct calculation of two-parameter
tion. This scenario, in which the steady state on the homoclinic saddle-node and Hopf bifurcation curves and of curves of
orbit undergoes a saddle-node bifurcation, was verified by the periodic orbits near Hopf bifurcations using the full set of 35
absence of hysteresis between the extinguished steady state angactions was reported subsequefly.
the long-period, large-amplitude oscillations and by the way in A hybrid approach (albeit one shifted markedly toward direct
which the period scaled with the distance from the point at which methods) has likewise been adopted in a series of recent
the steady state lost stability. papers#16 Software written specifically for modeling combus-

Adopting a more restrictive and mathematically formal tion reactions was used to calculate curves of steady states,

definition has the advantage of sharpening the goals of adetect saddle-node and Hopf bifurcations, calculate two-
computational study. On the other hand, when considering Parameter saddle-node curves, and perform sensitivity and quasi-
practical matters such as reactor safety, it may seem like weStéady-state analyses along the saddle-node curves. Two-
are making a distinction without a difference. We aim to show Parameter curves of Hopf bifurcations were constructed by
that by ascertaining whether oscillatory ignition occurs in the €xtracting the bifurcation points from a series of one-parameter
restricted sense, we are able to address the basic mathematic&@lculations and oscillatory dynamics was investigated by

questions with no sacrifice in our ability to discuss practical Numerical integration. The net resultis a fuller account of steady-
aspects of reactor dynamics. state behavior and a partial characterization of the oscillatory

states. Birhythmicity was detected, but the fate of long-period
gscillations remained an open question.

We seek firm numerical evidence for oscillatory ignition and
further elucidation of the role of thermal feedback in the-H
O, reaction. Developing @-T diagram that is consistent in all

the classical pressurdemperatureft-T) ignition diagram as a respects with local _and global two-parameter bifurcation theory
two-parameter cross section of the whole of parameter space,'s integral to reaching these goals. Since AUTO86 was able to

we expect to find curves of codimension one bifurcations and com?ute complete tcr:]urvesl %(Sp'ﬁlg%dlc orbits for :qud-fpf:ase
isolated points at which codimension two bifurcations occur. reactions in an isotherma ;- a reexamination ot 1ts

The theory of unfolding of degenerate bifurcations is an essential gapablhtt_les f?:hgas-plc;lalse r(;acnonz IS twdarragt?dthol_lowng a
component of numerical bifurcation analysis. AmI diagram escription ot the mocde’ we have adopted and further informa-

we obtain must be vetted by exhaustively comparing one- tion about the numerical methods we have used, we present

parameter cross sections to unfoldings described in the dynami-sevetral ng\_/v aspe_cts_tqf the %Sc'lltfitotry d)(/jnamlc_s of th(:.;-H)z
cal systems literature. Reference 9 is an especially valuable guider iac ;?mn nltsctuhsst '\%/n' II?:intant tﬁx |ncn|10n ¢ 3{[_nam|cs, and propose
to heuristic unfoldings of multiparameter global bifurcations. experiments that would test the computations.

Numerical bifurcation analysis has proven itself to be an pgdel and Methods

effective tool in the study of ignition and extinction in both o . . o )
spatially homogeneous and distributed systéhBolutions to For a reaction myolvmgw reactive species in an isothermal
the steady-state rate equations are calculated as one of the mod&STR, each specigsobeys the mass balance equatfon
parameters is varied. The stability of the solution is immediately
assessed via eigenvalue analysis, so accurate detection of dwv,  RM;,  w—w
bifurcations is an integral feature of the calculations. If ot = - ,=1,..n

) . o . I T
bifurcations are detected, additional analyses such as calculation
of one-parameter curves of periodic orbits and two-parameter
curves of bifurcation points can be undertaken. This should be
contrasted with numerical integration of the rate equations using
software for initial-value problems. In this case the presence of
bifurcations is inferred from inspection of the resulting time
series, a potentially error-prone procedure. AUTO&6a robust

Numerical Bifurcation Analysis of the H, + O, Reaction.
To analyze the rate equations, we adopt an approach that draw.
on multiparameter bifurcation theory to explain both local
dynamics of steady states and periodic orbits (including the role
of distinguished parameters) and global dynamiésViewing

wherew; is the mass fraction of speciésR; is the net rate of
change of the amount of speciedue to chemical reaction per
unit volume, M; is the molar mass of speciésp is the mass
density calculated assuming the gas mixture behaves ideally,
Wi0 is the mass fraction of speciest the reactor inlet, andis
. . . the residence time. By choosing isothermal conditions, we are
fr?élsgt{\?vg(g:‘;zscu;g}ses that adopts the former, more direct of aple to identify those aspects qf the dynamics that are due to
) ) o ) kinetic rather than thermokinetic effects. Since there are one
In what appears to be the first application of numerical fye| and one oxidant in the feedstream, the inlet mass fractions

bifurcation analysis of any sort to a detailed kinetic scheme for ¢4 e expressed in terms of a single parameter. For this purpose
a combustion reaction, a parent set of 35 reactions for the air e dgefine the equivalence ratipas

oxidation of H was reduced to sets of 10 and 13 reactions and
the dynamics in a CSTR of these reduced sets was analyzed

using a hybrid approach based on AUTO86 and numerical (Vuef Neiinied (Mued Maidstoichiometric
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TABLE 1: Reactions and Associated Kinetic Parameters® 10
ko/(molt—m
cmm3shy B Eg(cal mol?Y)
R1: H, + O, = 20H 1.70x 10 0 4.778x 10
R2: H,+ OH=H,O+ H 1.17x 1 1.30 3.626x 10° 1
R3: OH+O=0,+H 4.00x 10 —0.50 O
R4: H,+O=0OH+H 5.06x 10¢ 2.67 6.29x 10°
R5: G +H+M=HO,+M¢ 3.61x 107 —0.72 O
R6: OH+ HO, =0, + H,O 7.50%x 1012 0 0 g
R7: H+ HO,==20H 1.40x 10 O 1.073x 10° Q 1071 |-
R8: O+ HO,==0,+ OH 1.40x 10 O 1.073x 10° S
R9: 20H=H,O+ O 6.00x 10° 1.30 O
R10: 2H+ M =H, + Md 1.00x 10* —1.00 O
R11: 2H+ H,=2H, 9.20x 10 —0.60 O
R12: 2H+ H,0=H,+ H,0  6.00x 10 —1.25 0 1072 |
R13: OH+H+ M =H,O+ M¢ 1.60x 102 —2.00 O
R14: H+ O+ M = OH + Mf 6.00x 10 —0.60 O
R15: 20+ M =0, + M 1.89x 1018 0 —1.788x 1C°
R16: H+ HOzZ Hg + Oz 1.25x 1013 0 0 i 1 1
R17: 2HQ = O, + H,0, 2.00x 1811§ 0 0 o 103
R18: HO, + M =2 20H+ M 1.30x 1 0 455x 1
R19: H+ H,O, == H,; + HO, 1.60x 102 0 3.8x 10° 700 900 1100

R20: OH+ H,0,=H,0+HO, 1.00x 108 0 1.8x 10°

a@The molecularity and forward rate constant for reactioare
m and ki = kioT?e %/RT. ® Third body efficiencies differing from
unity are denoted by w w5(H,) = 2.86, Wo(H.0) = 18.6, Wb(N) =
1.26.9W10(H,) = 0, W10(H0) = 0. *W13(H0) = 5.0.1 W14(H.0)
=5.0.

T/K
Figure 1. Steady-state bifurcations. Saddle-node§N) and Hopf
(- - -,HB) curves are shown as a function of pressure and temperature
for ¢ = 0.5 andr = 1 ms. Only those regions in which there is not a
unique, stable steady state are labeled, and insofar as possible labels
are assigned from top to bottom and left to right. A unique steady state
coexists with one or more periodic orbits in region IlI.

Taking the volume fractions of Nand Q in air to be 0.79 and
0.21, the volume fraction of in a stoichiometric mixture is to higher precision in corresponding one-parameter continuations
0.296. The four experimentally accessible parameters,afe of branches of periodic orbits. Computation of an orbit having
the reactor temperatufe and the pressure. truly infinite period is not possible using AUTO86. As a
The R are calculated using a set of elementary steps consequence, curves of homoclinic orbits were approximated
comprising twenty reversible reactions of the nine specigs H by two-parameter curves of very long period orbits (the period
Oz, H0, H, O, OH, HQ, H0,, and N; the 20 reactions are  is 200 in the figures that follow). Both the tolerances and the

taken from a comprehensive reaction set faef®4/N, combus- stepsize along the branch were decreased when attempting to
tion chemistry?®2t Although N, is assumed to be unreactive detect bifurcations of periodic orbits near codimension two
over the temperature range studied here (306 K < 1100 points. Tolerances were also decreased in the recalculation of a

K), it does enter the rate equations as a third-body species. Thetwo-parameter continuation of periodic-orbit saddle-nodes when-
forward rate constants are given by modified Arrhenius expres- ever spurious behavior was suspected (insufficiently strict
sions with temperature-dependent preexponentials (see Tabldolerances occasionally caused curves of long-period orbits to
1). Equilibrium constants are computed using the CHEMKIN coincide with curves of periodic-orbit saddle-nodes). Periodic

thermodynamic databa®e? (beginning from orbits were typically discretized on a 400 point mesh, with
increases in the density of mesh points by up to a factor of 4 in

Cpi =89 Ty, T+ a2,iT2 + asyiT3 + a41i'l'4 the proximity of degenerate bifurcations. The leading Floquet
multiplier often became inaccurate as the branch of periodic
conventional enthalpies and entropies of each spdace® orbits became nearly vertical (i.e., as the period approached

calculated to account for the temperature dependence of theinfinity rapidly); this is a known limitation of the algorithri.
equilibrium constants). Reverse rate constants are determinedn these cases, we relied on direct inspection of the branch as
by the equilibrium constants and forward rate constants. well as dynamical systems theory to reject unnecessarily
Much of the earlier strategy for using AUTO86 to analyze complicated scenarios. The Jacobian was approximated by finite
liguid-phase reactioA$®was carried over without modification.  difference formulas throughout this work.
One important alteration we adopted in this work was tracking
the curves of steady states “backwards” from higher to lower
extents of reaction. In general, convergence tolerances were less We begin by recounting the steady-state bifurcations observed
stringent for two-parameter continuations than for one-parameterwhen ¢ = 0.5 andr = 1 ms: saddle-node (SN) and Hopf
continuations and for periodic-orbit continuations than for bifurcation (HB) curves are shown in Figure 1. Comparisons
steady-state continuations. Usually all the user-specified toler-to batch reactor dynamics provide a familiar context when
ances were equal, with typical values being*0for one- interpretingp-T diagrams obtained under flow conditions. For
parameter steady-state continuation; 6L@or two-parameter example, the similarity of the right-hand branch of the SN curve
continuation of steady-state saddle-node or Hopf bifurcations, to the first and second explosion limits observed in closed
1077 for one-parameter periodic-orbit continuation and two- vessels is noteworthy and has been discussed previdifsly.

New Dynamical Features of the H + O, Reaction.

parameter continuation of orbits of fixed period, and 3 fbr Unlike in closed systems, the rapid reaction rates following
two-parameter continuation of a periodic-orbit saddle-node ignition can be sustained in a CSTR due to the continuous influx
bifurcation. of reactants. Moreover, as described in the Introduction, other

Despite the rather loose tolerances for two-parameter continu-types of ignition may occur.
ation of periodic-orbit saddle-nodes, we found that these curves Inside the crescent-shaped region bounded by the SN curve,
were in proper registry with individual bifurcation points located three steady states exist, with either one or two of them being
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stable. Outside this region, the steady state is unique, and in 4.5
the unlabeled portion of the-T diagram, it is stable. Suppose

that pressure is fixed between the lower and upper cusp points

and an initial temperature to the left of the crescent is selected.

As T is increased past the right-hand branch of the SN curve, 3.5
relatively slow reaction gives way to rapid reaction and the
composition of the outflow of the reactor shifts abruptly toward
product (here BO) from reactants (here and Q). For this 4 ! /
reason, we designate the initial state and its extension up to the 2 25 -
discontinuity as theextinguishedor low-corversion state. In = ]

addition to rapid reaction rate and increased product concentra-
tions, states existing past this bifurcation are characterized by
significant concentrations of reactive intermediates, and we label 15 -
such states aignited or high-conversion

In the absence of the HB curve, crossing the right-hand branch
of the SN curve in the direction of increasing temperature leads
to steady ignition. In the presence of the HB curve, this cannot 05
be true on the segment delimited by the two HB/SN intersec- 800 900 1000 1100
tions. Crossing the right-hand branch of the SN curve in this
pressure range puts the reactor in region lll, where the unique T/K
steady state is unstable due to the Hopf bifurcation. This implies Figure 2. Completep-T diagram. Figure 1 is completed by including
that ignition to an oscillatory state takes place (the only stable saddle-loop{+,SL) and periodic-orbit saddle-node {—,SNP) curves.
states are oscillatory). Depending on the way in which the stable Each SNP curve joins a trace-zero saddle-loop pdhiTf) to a
oscillatory states disappear in this region, ignition to an degenerate Hopf poin®;H10). There are no new features at pressures

. below 0.5 bar. The enclosed areas are redrawn on a larger scale in
oscillatory state may occur over an even larger pressure range cigure 3a,b.
To say something more definite about this, we now turn our

attention to bifurcations along branches of periodic orbits. topologically distinct from those in adjacent regions (see Figure

The HB curve begins and ends at TakeBogdanov (TB) 4. Temperature is the distinguished parameter in the reported
points on the left-hand branch of the SN curve. Curves of saddle- experimental studies, so we confine the remainder of our

loop (SL) bifurcations must emanate from these two points. discussion by making the same choice.

At the TB points, the Hopf and saddle-node bifurcations occur  The saddle-loop curve has a maximum (quadratic fold) at
simultaneously. The bifurcations on the left-hand branch of the Tg| : this |eads to bifurcation diagrams in which two stable orbits
SN curve have traditionally been associated with extinction. If, gisappear through infinite-period bifurcations. The SNP curve
as temperature is lowered, the reactor remains in a reactive stateyt |ower pressure includes a cusp and meets the SL curve at
extinctionoccurs as this branch is crossed. However, as the Hopfthe SNP curve joining the {jand TZ points at higher pressure.
and saddle-node bifurcations separate and the Hopf bifurcationThjs curve possesses two quadratic folds and a cusp. The
moves to higher temperatures on the ignited branch of steadyjmplications of these three codimension two points are made
Sta'[es, the reactor may eXtIngUISh at the HOpf b|furcat|0n I’ather p|a|n by a series of We"_chosen b|furcat|on dlagrams Taken
than at the saddle-node bifurcation. This is an example of together, these points give rise to the appearance and disap_
premature extinctionPremature extinction, first noted in ref  pearance of a periodic-orbit isola (i.e., a branch of periodic orbits
14, is put in a fuller context in the next section. By calculating not connected to the branch of steady states) and to the existence

branches of periodic orbits near the TB points, we learn that of intervals of birhythmicity (i.e., intervals in which two stable
close to both endeInts of the HB curve, the HOpf bifurcation periodic orbits Coexist) for certain values of pressure.

is subcritical (i.e., unstable orbits emanate from the bifurcation ~ jyst as the presence of the HB curve outside the region of

point), while further from the TB points, the Hopf bifurcation  steady-state multiplicity guarantees that oscillatory states will
is supercritical. This suggests the presence of at Ie_ast WO pe observed in region Il of Figure 1, the presence of a segment
degenerate Hopf (i) points on the HB curvé® Continuing of the SNP curve outside both the region of steady-state
periodic-orbit branches from the Hopf bifurcation to the saddle- multiplicity and the region enclosed by the HB curve enlarges
loop bifurcation confirms that near the TB points the infinite- he area in which oscillatory dynamics is guaranteed. Further-
period orbits are unstable, as predicted by the unfolding of the mgre the concurrent presence of the SNP curve and absence
TB point.” Similar calculations at some distance from the TB  of the HB curve neap(TI°) signal the existence of isolas of
points disclose that the infinite-period orbits are stable at their perjodic orbits. Figure 5 is a representative bifurcation diagram
disappearance. This suggests the presence of at least two tracgrear this upper pressure limit. As pressure decreases, the isola
zero saddle-loop (TZ) points on the SL cutte. grows. First, the lower temperature limit of the isola (the left-

If a curve of periodic-orbit saddle-node (SNP) bifurcations hand SNP bifurcation) crosses into the interval of steady-state
connects an kh point to a TZ point in each instance and the multiplicity, making ignition to an oscillatory state possible. Two
TB points are connected by a single SL curves-& diagram Hopf bifurcations and the branch of stable periodic orbits
that is consistent with dynamical systems theory results. This connecting them appear as the pressure decreasq¥lgas).
prediction is correct as far as it goes, but filling in the details Eventually, the upper temperature limit of the isola (the right-
adds some interesting twists. SNP and SL curves as well as thehand SNP bifurcation) exceeds the temperature at the leftmost
SN and HB curves near each TB point are shown in Figures 2 Hopf bifurcation. Figure 6a shows the resultant birhythmicity.
and 3. Thep-T diagram has 26 codimension two bifurcation With further decreases in pressure, the amplitude of the periodic
points (see Table 2) and 13 regions with trajectories that are orbits continues to grow and the interval of birhythmicity
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4.0 TABLE 2: Codimension Two Bifurcations in Order of
. - I D .
~. ecreasing Pressure
\.\ bifurcatior? symbofd (T/K, p/bar)
b steady-state cusp cs (1013.3, 6.44)
\, - orbit isola center T (1013.0, 3.98)
Illa N, SNP/SN crossing X1 (2001.0, 3.83)
N Hopf fold THoy (1053.4, 3.610)
emT =TT SNP/HB crossing X2 (1046.5, 3.606)
= P simple orbit bifurcation TP (1043.8, 3.589)
£ 3.5 - - orbit cusp c? (1049.45, 3.581)
N saddle-loop fold TSL (992.5, 3.528)
saddle-loop fold PSL (992.6, 3.520)
degenerate Hopf bifurcation 1bh (1009.2, 3.48)
Hopf fold PHoy (1075.6, 3.374)
Hic - HB/SN crossing X3 (996.37, 3.363)
SL/HB crossing X4 (990.20, 3.28)
trace-zero saddle loop 1z (983.0, 3.17)
Takens-Bogdanov ™B (979.3, 3.03)
I degenerate Hopf bifurcation 1bk (1055.6, 2.75)
3.0 HB/SN crossing X5 (943.9, 1.44)
1030 1055 SL/HB crossing X6 (938.1, 1.39)
trace-zero saddle loop Tz (929.2, 1.246)
SNPRY/SN crossing X7 (931.1, 1.226)
SNPRY/SL crossing Xg (921.5, 1.152)
orbit cusp cs (921.3,1.151)
I Takens-Bogdanov B (798.0, 0.49)
1.50 steady-state isola center PIS (744.9, 0.13)
simple steady-state bifurcation  PS® (779.6, 0.081)
d 7 steady-state cusp (o (967.5, 0.0080)
. a Pressures reported to more than three digits of precision reflect a
narrow range of existence for a particular bifurcation diagram due to
. the presence of another nearby codimension two pbBINP, and SNR
are the periodic-orbit saddle-node bifurcation curves at high and low
pressure’ If necessary, a distinguished parameter is identified with a
- i left superscript of T or p. Right superscripts S and O indicate
_‘S 1.25 A Ve - bifurcations involving steady states and periodic orlsitehe designa-
E tion of two-parameter degenerate Hopf bifurcations hy &hd Hpo

follows ref 27. A discussion of the hypotheses of the Hopf bifurcation
theorem that are violated at such points can be found in ref 18.

- existing results or anticipate new results in light of Figures 2
and 3, we must adopt several guidelines: (G1) the system
behaves as if it were two-dimensional; (G2) a transition between
states occurs only if the state in which the reactor existed before
a change in parameter does not exist afterward; and (G3) the
960 result of loss of stability of an oscillatory state is determined

by the effect of the bifurcation on the basins of attraction of

T/K the stable steady states.
Figure 3. Magnifications of thep-T diagram. Region Il of Figure 1 ~Assumption G1 was used in drawing the phase portraits of
(now partitioned into subregions Illb and Ilic) and subregions llla and Figure 4. One of the implications of G2 is that if the reactor
llid (the areas bounded by the SN, HB, and SNP curves) comprise the begins in the extinguished steady state, it will remain there until
new region Ill. The most notable features of the SNP curve in (a) are reaching the right-hand branch of the SN curve (see Figure 1).
the two extrema (quadratic folds) and the cusp. The SNP curve in (b) Consideration of the disposition of the stable and unstable
reverses dlrec_tlon at a cusp that, due to its proximity to the SL curve, directions of the unstable steady state in Figuresodiélustrates
is not as prominent as the cusp of (a). Although the SNP and SL curves S : . .
an application of G3. These directions do not cross on going

appear to coincide as they approach the TZ points, there is a sliver of " .

region Ib between the SNP/SL pair nearTid (a) and the whole of ~ from 4b to 4a, so it is plausible that the reactor follows a

region IVb is between the SNP/SL pair near,1Z (b). Note that region trajectory spiraling into the ignited steady state when the
oscillatory state disappears. Conversely, they do cross on going

IVb is not visible on the scale shown in (b).
) from 4b to 4c, and the ignited steady state is sequestered by
T
lengthens. Ap('S°) the two branches of orbits merge. Between o ntable limit cycle, so it seems most reasonable to postulate

p("s°) and p(_C(l)) there are four SNP bifurcations and two {4t the reactor exhibits one or more bursts of reactivity as it

intervals of birhythmicity on the branch of orbits (see Figure spirals away from the unstable limit cycle to the extinguished

6D). steady state.

Ignition and Extinction: Interpreting the p-T Diagram. We refer to observations made when the reactor temperature
Having calculated a detailep-T diagram, we are able to is increased from an initially low value as ignition dynamics.

predict the bifurcation diagram that will be observed for a Due to G2, ignition is always associated with the right-hand

specified variation of parameter(s). As each bifurcation curve branch of the SN curve; however, the new state of the reactor

is crossed, the reactor enters a new region oftfiediagram; varies with pressure. Above(x 1) and belowp(xsg), the only

the effect of a bifurcation on the state of the reactor is remaining stable state is the ignited steady state, so we can

determined by examining the phase portraits before and afterassign the pressure intervals fropixg) to p(C3) and from

the bifurcation (see Figure 4). Before attempting to explain p(Cf) to p(x1) as steady ignition. Betweegp(x;) and p(xs),




Air Oxidation of Hydrogen in a CSTR J. Phys. Chem. A, Vol. 103, No. 40, 1998995

N\

(a) Regions la and IVd (b) Regions Ib and 1Vc (c) Regions lc and {Va
2 sss, 1 uss[lu] 2 sss, 1 uss[1lu] 2 sss, 1 uss[1u]
1 spo, 1 upo[lu] 1 upoflu]

(d) Region IVb (e) Region Ha (f) Region Ilb
2 sss, 1 uss[1u] 1 sss, 2 uss{lu,2u] 1 sss, 2 uss[1u,2u]
1 spo, 2 upo[lu,lu] 1 spo

(g) Regions Illa and Ilid (h) Region Ilib (i) Region llic
1 sss 1 uss[2u] 1 uss[2u]
1 spo, 1 upo[lu] 2 spo, 1 upo[lu] 1 spo

Figure 4. Phase portraits. Stable and unstable steady states are denoted by sss and uss. Stable and unstable periodic orbits are drawn as solid anc
dashed closed curves and denoted by spo and upo. The unstable states are more properly described as saddles because they have both attracting ar
repelling character. The number of unstable “directions” associated with these states is given in square brackets. The reactant mole faaeson incre

in the vertical direction, so in phase portraits with multiple steady states, the ignited steady state is at the lower right.

ignition to an oscillatory state takes place. This follows from ignited steady state. Oscillatory states can appear and disappear
G1 because to get to the ignited steady state, the reactor musbn the ignited branch and can undergo discontinuous changes
pass through the stable oscillatory state, which is not possible.in amplitude.
Figure 7a shows the relationships between the types of ignition. By analogy with the classical explosion limits, we define the
At lower temperatures, the reactor is extinguished. Oscillatory first and secondextinction limitsas the segments of the left-
states are observed in the enclosed area, and steady ignition ifand branch of the SN curve below and above the fold. Along
observed at higher temperatures. As Figure 7b illustrates, thethe entire first extinction limit and up t@(TB,), the only
periodic orbit is not homoclinic to the steady state that disappearspossible transition is from an ignited to an extinguished steady
upon ignition. This demonstrates that existence of relaxation state, so we restrict our attention to pressures greater than
oscillations is not synonymous with the prevailing definition pP(TB2). Figure 8a,b summarizes extinction dynamics found at
of oscillatory ignition. pressures between 1 and 4 bar. As pressure increases beyond
We are likewise able to catalog the extinction dynamics P(TB:), @ Hopf bifurcation destabilizes the ignited steady state
observed when the reactor begins in an ignited steady state andpefore the left-hand branch of the SN curve is reached. Because
temperature is lowered. Extinction dynamics has received the only stable state between FBnd CS is the extinguished
attention primarily as a means of detecting hysteresis. For steady state, premature extinction takes place at the Hopf
example, if the point at which the extinguished steady-state loseshifurcation. Stable oscillatory states do exist abp(@g), but
stability as the temperature is increased differs from that at which extinction of the ignited steady state continues to occur along
the reactor returns to the extinguished state as the temperaturghe HB curve until the reactor passes through regions IVc and
is decreased, occurrence of a saddle-node homoclinic bifurcationllb in succession (see Figures 3b, 4b, and 4f). This happens
can be ruled out. Ultimately, the reactor must return to the when the Hopf point is found at higher temperatures than the
extinguished steady state, but this return can take place eithersaddle-loop point (i.e., at pressures abp{es)). Then loss of
from an oscillatory state or from the continuation of the initial stability of the ignited steady state causes the reactor to evolve
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Figure 5. Annotated bifurcation diagram gt = 3.90 atm (3.95 bar). Branches of stable and unstable steady states are denotethdy--;

branches of stable and unstable periodic orbits are denotes layd --©-+; and periodic-orbit saddle-node points are denoted-t®—. Mole

fraction rather than mass fraction is plotted on the ordinate to facilitate interpretation of the bifurcation diagram. Calculations are peitformed w
pressure in atmospheres to maintain backward compatibility among software modules; the corresponding pressure in bar is provided to facilitate
comparison with Figures-13 and Table 2.

to an oscillatory state having large amplitude; extinction from the basin of attraction of the periodic orbit. However, not only
this oscillatory state occurs when the SL curve is crossed. Thisis the likelihood of such a fortuitous perturbation small, but
form of extinction persists tp("SL), but the amplitude of the  large changes in parameter are commonly avoided because they

periodic orbit at the onset of oscillation decreasep(&io,) is yield too coarse a resolution of tipeT diagram. Suppose instead
approached. Beyono(H1o 1) the amplitude grows in smoothly  that the reactor is in region llic and the pressure is raised while
from zero. For a narrow range of pressures abp/8L), the holding temperature constant. The reactor will arrive at an

temperature interval on which oscillatory states appear is oscillatory state that is not isolated from the branch of steady
bracketed by intervals in which the reactor is in the ignited states ifp is the distinguished parameter but is isolated if
steady state. Extinction once again occurs upon reaching thethe distinguished parameter. Restorifigis the distinguished
left-hand branch of the SN curve. At first the oscillations grow harameter and identifying the endpoints of the interval of
in smoothly and disappear with large amplitude. At slightly " scillatory dynamics as SNP bifurcations would verify the
higher pressures, a small, but discontinuous, increase ingyisience of the periodic-orbit isola.

amplitude due to the presence of thé) @oint occurs at
relatively high temperature (see Figure 6b), but the way in which
the oscillatory state disappears is unaltered. A further slight
increase causes the pressure to exq@éEsP). This leads to the
formation of an isolated branch of periodic orbits: the oscil-
lations grow in from and return to zero amplitude over a
temperature interval of steadily diminishing size and large
amplitude oscillations are not observed if the temperature is
simply ramped slowly downward (see Figure 6a). For pressures
betweenp("Hoz) and p(Cf), classical extinction is observed.

Detecting birhythmicity of the type shown in Figure 6a
depends on being able to find the isola. The high-temperature
birnythmicity of Figure 6b would be detected by standard means,
but the small temperature range might hinder the search. Distinct
time series have been reported for reactor temperatures separated
by as little as 1.5 K, so even though the intervals of
birhythmicity are only a few degrees in width, they should be
detectable. Indeed, windows of birhythmicity as narrow in width
as 2 K have been reportédLocating the low-temperature
birhythmicity of Figure 6b hinges on the accessibility of the
Corroborating the Calculations: Some Suggested stable ignited steady states to the left of the Hopf bifurcations.
Experiments If ignition is to an oscillatory state and the reactor returns to

The periodic-orbit isolas and intervals of birhythmicity are the extinguished state upon reaching the low temperature limit
found at relatively high pressures. Dangers attendant to combus-of the branch of periodic orbits, these ignited steady states would
tion reactions run at high pressure are an impediment to be relatively difficult to find. If this were the case, a sequence
searching for these features, but our calculations minimize this of parameter changes similar to that used to reach the periodic-
impediment by providing guidance for conducting such a search orbit isola offers a method for overcoming this difficulty. Once
systematically. In theory, a periodic-orbit isola like that shown the reactor is on the low-temperature segment of the ignited
in Figure 5 is impossible to detect by varying temperature alone. steady-state branch, increasing the temperature leads to the
In practice, if a large step in temperature were taken on the small-amplitude periodic orbits beyond the low-temperature
branch of ignited steady states, it might perturb the reactor into Hopf bifurcation.
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Figure 6. Bl_furcatl_on diagrams at 3.55 and 3'5_4 atm (3.597 and 3.587 Figure 7. Predicted ignition dynamics. In (a) the transition from the
bar). Hopf bifurcations are denoted My At the higher pressure of (8)  gyfinguished state to steady ignition is indicated-hylgnition to an

there is an interval of birhythmicity between the leftmost Hopf ,qcijatory state 4+—) occurs at intermediate pressures. Transitions
bifurcation and the rightmost SNP bifurcation (1040.7 to 1047.4 K).  penyeen oscillatory states and the ignited steady state are indicated by
At the lower pressure of (b), there are two intervals of birhythmicity: ... J<iliations disappear with nonzero amplitude except betidgn

one between the leftmost Hopf bifurcation and an SNP bjfurcat_ion (th‘e fold with respect to temperature on the HB curve) angliHA
(1035.7 to 1040.3 K) and the other between the two SNP bifurcations o resentative oscillatory waveform £ 2.9 bar) at the ignition point

atghebhighﬁst tempr:eraturess(104t§3_+8 t0 1048.5 K). The inSg.‘tjhOWIS theis shown in (b). The waveform is that of a relaxation oscillation, but
orbit branch near the new SNP bifurcations on an expanded scale.  he period is only abouti3and xon remains significantly above zero

- . . . at all times, thus confirming that this is not oscillatory ignition.
Even though millisecond residence times are technologically g yi

important, perfect mixing becomes increasingly difficult to attain place if the left-hand SNP bifurcation on the isola is within the
as the residence time is shortened, and perfect mixing is implicit region of steady-state multiplicity. If G1 is too strong an
in our use of ordinary differential equations to model the reactor assumption, and ignition to an oscillatory state takes place only
dynamics. Direct comparison of Figure 7a with extant experi- when the oscillatory state is the uniquely stable state, then the
mental data is hindered because typical experiments are doneglateau of Figure 7a would be found pfx3). Preliminary

at residence times about 1000 times longer than that of our calculations at residence times uprte= 1 s indicate that isola
simulations and because of the difficulty in maintaining iso- formation persists, so it would be worthwhile to undertake a
thermality. Bearing these points in mind, the most notable systematic experimental search for such isolated branches of
difference between an experimenpal diagram such as Figure  periodic orbits. In a series of experimental bifurcation diagrams,
2 of ref 4 and Figure 7a is the plateau on the curve marking the the plateau in Figure 8 would manifest itself as a discontinuity
transition from oscillatory dynamics to steady ignition. Its in the low-temperature limit of the oscillatory region and in
presence reflects the existence of periodic-orbit isolas that arethe amplitude of the oscillatory state at its disappearance. At
entirely outside the region of steady-state multiplicity. Following pressures above this plateau, the amplitude shrinks smoothly
guideline G1, we have postulated that ignition to the isola takes to zero as the temperature is decreased; below this segment,
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4 the interpretation we have developed, and it is well established
(a) / that chemically reacting systems have small effective dimen
I ——— " sions. We are not aware of any homogeneous-phase reactions
T ] of effective dimension greater than three (hyperchaos has been
,/ / reported in the oxidation of CO on a Pt(110) surfa®elo the
H / best of our knowledge, a detailed explanation for the dramatic
II
!
!

s reduction in dimension in terms of the reaction kinetics has not
R been advanced; this connection may provide useful insights into
combustion chemistry. Under the conditions of our simulations,

! N we have found no evidence (e.g., chaotic states or steady states
that are not “surrounded” by coexisting oscillatory states)
2 r / o . requiring the H + O, reaction in a CSTR at short residence
ro times to be treated as having an effective dimension greater
o than two.
/ While these ambiguities of interpretation must be acknowl-
edged, it should likewise be noted that they arise because of
the attempt to compare experimental and calculated bifurcation
900 1000 1100 diagrams, and experimental bifurcation diagrams are typically
obtained by systematically increasing or decreasing a parameter
T/K such as temperature. This approach was entirely appropriate
when calculated results were acquired solely by numerical
3.65 ) T I integration, but, as we have shown here, it is now possible to
(b) compute a complete two-parameter description of the bifurca-
tions associated with a large set of elementary reactions. In doing
S0, a great deal of new information becomes available. Although
ey the experimental determination of ignition and extinction
360 N dynamics will continue to be important, additional emphasis
. can usefully be placed on determining phase portraits. If the
calculatedp-T diagram is complete, there is no ambiguity about
the types and stabilities of the states that exist at a particular
; parameter value; comparison between experimental and calcu-
lated phase portraits over an extensive region of parameter space
3.55 = . is a stringent test of the reaction set.

p/bar
AN

p/bar

Conclusions

]
! We have succeeded in obtaining a detailed, compiete
! diagram for a realistic set of elementary steps modeling the H
. + Oy reaction in an isothermal CSTR. Among the full collection
975 1025 1075 of bifurcation diagrams in which temperature is the distinguished
parameter, we find two types of birhythmicity and the first
T/K example of periodic-orbit isolas. The sequence of bifurcation
diagrams containing periodic-orbit isolas accounts for nearly
demarcated by--—. Oscillations appear with arbitrarily small amplitude 15_% of the pressure range over which s'_(able oscillatory sf[ates
aboveHyo.. Disappearance of the oscillatory state leads either to a return €XiSt. Both birhythmicity and isola formation occur at the high
to the ignited steady state{) or to extinction (- - -). ¢) denotes both ~ end of the pressure range, where the consequences of reactor
classical and premature extinction of the ignited steady state. Therunaway are most severe. Notwithstanding these dangers,
enclosed region of (a) is shown on an expanded scale in (b). practical processes are generally carried out at higher pressures.
If work in the high-pressure regime is being contemplated,
the oscillatory state has nonzero amplitude when it disappears.calculations such as ours provide valuable guidance for experi-
Some cautionary notes related to our interpretation optfie mental design.
diagram are in order. The appeal of phase portraits drawn as if Confusing the lengthy quiescent intervals comprising almost
the system were two-dimensional must not cause us to lose sightall of a very-long-period orbit for an extinguished steady state
of the true, larger dimension of the set of rate equations. For could have grave consequenegise eventual burst of reactivity
sets of three or more equations, basins of attraction can bemight cause catastrophic failure of the reactor. A mistake of
severely tangled. If two (or more) stable states remain upon this sort is possible because the burst of reactivity can occur
disappearance of the state in which the reactor existed beforehundreds of residence times after quasi-steady operation is
the change in parameter, it is generally difficult to predict its erroneously identified as extinction. Such confusion is more
asymptotic state. A second concern centers on the way in whichlikely for a periodic orbit near a saddle-node homoclinic
the distinguished parameter is varied. Bifurcations can be bifurcation than for one near a saddle-loop homoclinic bifurca-
delayed if the parameter is ramped up or down sloK?.On tion because the lengthy quiescent interval bears a closer
the other hand, large parameter changes can lead to an apparemésemblance to the extinguished steady state in the former case.
crossing of basin boundaries; this is due to the accompanyingMoreover, the period of oscillation increases much more
large changes in the underlying structure of the trajectories andabruptly near a saddle-loop bifurcation, so the resemblance of
is distinct from the preceding concerns about tangled basins ofthe periodic orbit to a steady state exists over a much narrower
attraction. Nevertheless, these complications do not precludeparameter interval. Therefore, greater caution is required near

R W

3.50

Figure 8. Predicted extinction dynamics. The onset of oscillations is
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oscillatory ignition points and it is valuable to be able to (7) Guckenheimer, J.; Holmes, Ronlinear Oscillations, Dynamical

distinguish between the two scenarios. Two-parameter curvesSystems, and Bifurcations of Vector Figlisl. 42 of Applied Mathematical
. . . . . SciencesSpringer-Verlag: New York, 1983.

of periodic orbits of very Ion.g pgrlod rgllably apprommate the (8) Golubitsky, M. Schaeffer, D. GSingularities and Groups in

two-parameter curves of infinite-period orbits needed for Bifurcation Theory: Vol. | Vol. 51 of Applied Mathematical Sciences

identification of oscillatory ignition. The saddle-loop and steady- Springer-Verlag: New York, 1985.

state saddle-node curves are separated byt&iiithe precise (9) Guckenheimer, Physica D1986 20, 1.

n n th r re). A r It w redict that (10) Vlachos, D. GChem. Eng. Scil996 51, 3979.
gap depends o e pressure). As a result, we predic a (11) Doedel, E. J.; Kernevez, J. P. AUTO: Software for Continuation

oscillatory '9“'“0” does nOt_ tak_e place at_Short r_eS|dence times and Bifurcation Problems in Ordinary Differential Equations (including the
(r ~ 1 ms) in a hydrogenair mixture equimolar in hydrogen  AUTO86 User Manual); Technical Report, Applied Mathematics, California
and oxygen. We plan to explore the position of the saddle-loop Institute of Technology, 1986. ‘
curve in relation to the steady-state saddle-node curve asTrérlé)lggg”g?”égég-?5‘30“' S. K.; Tomlin, A.5.Chem. Soc., Faraday
residence time is increased ar_ld as the reactant mixture is (13) Di Mai(;, F. P.. Barbieri, G.: Lignola, P. @. Chem. Soc., Faraday
changed from fuel-lean to fuel-rich. Trans.1996 92, 2989.

(14) Kalamatianos, S.; Vlachos, D. Gombust. Sci. Techndl995 109,
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