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We report the results of self-consistent quantum Monte Carlo simulations of the structure of the- liquid
vapor interfaces of the tetravalent metals Sn and Pb.

I. Introduction approximations, e.g., in the treatment of the exchange and kinetic
energies, and in the neglect of a possible metal-to-nonmetal

The liquid—vapor interface is a self-supporting region A . i
separating coexisting aaseous and liquid phases which have ve transition in the interface. Moreover, even the best pseudopo
P 9 99 quidp Yentials rarely yield an accurate binding energy for the liquid

different densities, hence it is a natural vehicle for the study of metal. Indeed, it is common practice to modify a calculated

the properties of inhomogeneous fluids. It is now firml . .. .
estaglisﬁed that the structu?e of the ligtuiehpor interface of a ’ pseudopote_nnal by addition of terms representing _the-eore
core repulsion and the coreore dispersion interaction, pa-

simple fluid depends on features of the intermolecular potential rameterized to yield the correct liquid binding energy and vapor

which are different in dielectrics and metal$n a dielectric is theref he ad f
liquid, whose potential energy is adequately represented by ghressure. It is, therefore, necessary o test the adequacy o
’ e - . .7 “theoretical predictions of the liquievapor interface structure
sum of density-independent pair interactions, the longitudinal h f ial ion f
density profile in the liquietvapor interface (i.e., along the that are based on use ot a pseudopotentia representation for a
N variety of metals with different valences and with different ion

normal to the interface) monotonically decreases as one PaSSERore states. Wherever possible those tests should be based on a

from the bulk liquid side to the vapor side of the interface; near . X o .
the triple point of the liquid the width of that profile is about cpm_pan_son_of the _pre_dlcted an_d observed 'Iongltudmal density
distribution in the liquid-vapor interface. It is also necessary

2—3 molecular diameters. In contrast, in a liquid metal the hat th b d b h dicted and
interaction between a pair of ion cores has a strong dependencé at there be good agreement between the predicted an

. . . . - Observed pair correlation functions of the bulk liquid metal.
on the electron density, so the pair interactions in the liguid

. " To date, self-consistent quantum Monte Carlo simulations of
vapor interface depend on position along the normal to the

h . S Lo~ 7 the liquid—vapor interfaces of some simple monovalent
interface. In this case the longitudinal density distribution in 614 .

S : LA metalg~%14(Na and Cs), some divalent mefal¥(Hg and Mg),
the liquid—vapor interface has pronounced oscillations; near the

; . o and some trivalent metd¥° (Ga, Al, In, and Tl) have been
freezing point of the metal these oscillations penetrate three to reported. In all of these cases there is very good aareement
four atomic diameters into the bulk liqufd?® The stratification b : y9 9

of the liquid—vapor interface of a metal can be interpreted as between the predicted and observed pair correlation functions

a signature of the strong confining force exerted on the ion coresOf the bulk liquid metal. And, for the systems for which
asigna 9 ng experimental data exist, Ga, Hg, and In, there is very good
in the interface, and the confining force can be traced to the

density dependence of the volume term in the potential energyagreement between the predicted and experimentally inferred

functional of the electrorion core system. k;zggzu;jzfglyzgensny distributions in the liquizapor inter-

The most useful current theoretical description of the structure
of a liquid metat-vapor interface is derived from self-consistent
qguantum Monte Carlo simulations. The analytical basis for the
simulations, as first developed by D’Evelyn and Riceand
later refined by Harris, Gryko, and Riéé,is the density
functional pseudopotential representation of the properties of
an inhomogeneous metal. The calculation of the nonlocal
pseudopotential requires, as input, the electron density distribu-
tion in the inhomogeneous metal; this distribution is obtained
from the solution to the relevant KohtSham equation. The
nonlocal pseudopotential of the system is then used in a Monte
Carlo simulation of the system properties. Since the local ~As indicated in the Introduction, our analysis of the structure
electron density changes when the ion cores are moved, theof aninhomogeneous liquid metal is based on a pseudopotential
pseudopotential must be recalculated after each Monte Carlorepresentation of the HamiltonidnThe derivation of this
move. This procedure, when carried to convergence, generategepresentation is described elsewfiptke result is
self-consistent electron and ion core distributions for the )
inhomogeneous metal. N P NN

Despite the use of a sophisticated nonlocal representation ofd = Z om + Z Z Per(IR; — Rjline (r)) +
the atomic interactions in the inhomogeneous liquid, it must be Fem =S
recognized that the analysis outlined above contains numerous Ualpo(r), ne(r)] (1)
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In this paper we report the results of self-consistent quantum
Monte Carlo simulations of the liquigvapor interfaces of the
tetravalent metals Sn and Pb. These calculations were undertaken
to test the adequacy of the pseudopotential based theory for
tetravalent metals, and to provide the information necessary to
begin studies of component segregation, longitudinal structure
and transverse structure in the ligdidapor interfaces of alloys
in which Sn and/or Pb are component species.

II. Theoretical Background
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where p; is the momentum of theth atom with masam, second order, has the form

¢ei(IRi — Rj|;ne (1)) is the effective pair potential between ions

i andj, R=|R; — Rj| is the separation of iorisandj, andpo(r) If(k, q)|

andng(r) are reference jellium and electron densities, respec- h(q) = 2 2 fk <k (8)
tively. The functionalJo[po(r), ne(r)] is a structure-independent K - k + Q|

contribution to the energy which is, however, dependent on the
electron and jellium densities. Note that we use atomic units
for all physical quantities in the following discussion unless

with

specified otherwise. f(k,q) = —NK + g| Vi kD 9)
We have used the simplest local density approximation to _
the ion-ion effective pair potential, namely, In eq 9,V is the nonlocal bare pseudopotential. The local
1 potential contributions; andu», arising from the valence charge

Pert = Pu(R ToIN(R) + ne(R)]) 7)) Z and the depletion hole charge respectively, are given by

In a homogeneous fluid with electronic density(r) this Y 4

effective pair potential is given by “nT T Q_qz E (10)

(z*) (a) In(qR) 4 -
PulR) = 1 - 2 [ DD o 2= ol (12)

Pem(R) + dan(R) (3)
The structure-independent energy{po(r),ne(r)] is a func-
The first term in eq 3 is due to the direct Coulomb repulsion tional of the reference jellium density and of the electronic

between ions with effective valence chajewhere )2 = density. Using the local density approximation, it has the form
Z2 — 72 with Z the true valence charge amdthe depletion

hole charge that originates from the required orthogonality of ( )2/3(7

the valence and core electron wave functions. The second termUg[py(r), N(r)] = ﬂj (r)]5’3 dz+

in eq 3 is an indirect interaction mediated by the conduction 5
electrons (called the band structure energy). This contribution o e [V (1) f
to the effective pair potential tends to offset the effect of the 7270 ngr) 540 (312 213.J0

dz[ne(r)]z“

strong Coulomb repulsion between ion cores and thus lowers 2 2 2
the energy of the system. Finallggu(R) is the Born-Mayer Vi)™ of Vndr)| [Vndr))|? + 1f Vnd(r)\*
core—core repulsion potenti#l ng(r) n«(r) n(r) ng(r)

Don(R) = Agye 5 (@) 210 [ dz [ 67 [po(@) po(?) = n2) n2)Iz = 21 +
whereAgy andBgy are parameters anglqw(R) is the van der 20 ﬁ) Ne(2) &xclNe(2)] dz + 20 fo P2 GPS[ne(Z)] dz (12)
Waals dispersion interaction between the ion cores. In general, . . .
both ¢em(R) and ¢ua(R) are much smaller than the other The first three terms of eq 12 are, respectively the Fermi

contributions to the energy. Thomas uniform density contribution to the kinetic energy of
The band structure energy term in eq 3 contains the the electrons in a liquid metal with surface ar@athe von
normalized energy wavenumber characteristic funcEg(u). Weizacker first density correction to the kinetic energy of the
Shawl32has shown that inhomogeneous electron g&sand the Kirzhnits second-order
gradient correction to the kinetic energy of the inhomogeneous
Q%qt L —e@] (v + v,)? electron gas?! The fourth term is the electrostatic energy of
Fa@=—= 5 +29(q) (v, + the system arising from the difference between the electron and
167(z%) €@ ion density distributions in the liquigvapor interface, and the

fifth term is the exchange-correlation contribution to the energy
v,) + e(@)g(a)® + h(Q)} (5) calculated using the homogeneous electron gas as proposed by
Vosko, Wilk, and Nusaif? with the density gradient correction
whereQ = (ppui) 1 is the volume per atonpui is the bulk proposed by Langreth and MetIThe last term in eq 12 is the
liquid density, ande(q) is the wavenumber-dependent Hartree electron-ion pseudopotential contribution to the electronic

dielectric function energy, withepdng(2)] the ionic pseudopotential (which is a
function of the electron density distribution).
_ 1 1- 77 |1+ 7| The pseudopotential contribution to the structure-independent
«@=1+ Zﬂanz [1 + 2n In(’ — ;7]) ©) energy is contained iapdNe(2)], which has the form

wherekg is the Fermi wavenumber ang= g/%ks. The terms €= 3 ko f(q,q)q2 dg — 1 do{ 22|M(q)|2 —
denotedy(q) andh(q) are a nonlocal screening function defined P kF3 0 4

by 27(2)%.. 11— Fy(Q)
2 _ . N o
o @@} — T g lim =+ (%

q
% (q) Jocg g ® O
wheref(q, q') is the diagonal matrix element of the Fourier
and a nonlocal bare pseudopotential contribution which, to transform of the nonlocal bare electreion pseudopotential,

FANGE)

rs
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Mi(q) is the Fourier transform of the depletion hole distribution, TABLE 1: lonic Pseudopotential Parameters (in atomic

andrs is defined by units)
metal | Eu R By I'max
1 4
= re (14) Sn 1120927 091100  4.43040  35.0
e bulk 0526250  1.47450 271200  45.0

0.269 887 5.332 00 4.819 60 55.0
wherene pukis the electron density of the bulk liquid. The terms Pb 1.554 863 2.007 23 1.997 71 35.0
(odrs) and B/r2) are semiempirical corrections. The parameters 1.206 899 1.888 94 2.124 80 45.0
a. andp were determined by imposing the requirement that the 0714190 266249 151153  55.0
calculated and observed pressure and heat of vaporization of ar __ is the maximum value of in the radial wave function.

the liquid metal agree with experimental values at the liquid

NFoNEF o

density. 0.008 :
In our calculations we employed the nonlocal energy- Sn —
independent model pseudopotential proposed by Woo, Wang, = 0.006 L
and Matsuur =
. _ _ =
Vs () = Z {Vi(r) + [Vy(r) = V(N]IRyORy [} 100} (15) S 0004y
E
—By+ 2, r=R § ooozy
Vy(r) = {ZW r>R (16) 2
ks 0
In eq 15,|Ryis the radial part of the wave function for state m
|10 and|I0is a simple projection onto the state with angular
momentuml, while V|(r) is a pseudopotential average over all -0.002 é {; 1'0 1'2 1‘4 1‘6 8
states other than the first valence state with a given angular R (a.u.)
momentuml. .It has the same form a‘$1|(r) except that the Figure 1. Effective ion—ion pair potential in liquid Sn with density
parameteBy, is replaced b>81|._ The potential pararr_lete&_h ~0.0350 atoms/A
Z,, R are are usually determined by a pseudo-eigenfunction
expansion and perturbation theory. The statélis separated 0.005 —
into radial and angular parts, such that Pb —
~ 0.004
=
1 8
XILUE= N = yy(1)Yin(©, ) (17) S 0003 |
c
[}
whereN is a normalization constanYjy, (6, ¢) is a spherical £ 0002
harmonic function, angh(r) is the radial wave function given s 0001
by 5
2 0
ya () = {Mv,|+1/2 (2r), r=R (18) 3 \/
u W12 (Zr), T> R & 001
where M, j+12(24r) and W,y 1+1/2(220r) are respectively the -0.002 S S S—
regular and irregular Whittacker functiof&The parameters of 6 8 10 12 1;(&[}‘)5 18 20 22 24

the Whittacker functions are ] S ] o ) )
Figure 2. Effective ion—ion pair potential in liquid Pb with density

Ao= /_2E1I (19) 0.0310 atoms/A
dicular to thez axis and the jellium density distribution

A =4—2(E, + By) (20) 2 .
7l — 7\|~
4 p(z.20,) = pbulk[l + ex;{ B )] (23)
T g &)
u wherez is the position of the Gibbs dividing surface afid
Z measures the width of the inhomogeneous region of the profile.
V= (22) This distribution is normalized by settingux = N/202, where
V2, + By N is the total number of atoms in the slab ands the area of

the slab. The parametezsand/' are varied to obtain the best

with Ey the spectroscopic term energy of stltie] The values fit to the instantaneous ionic configuration.
of the potential parameters we have used for Sn and Pb are Gjven the reference profile, the electron density distribution
displayed in Table 1. We show in Figure 1 the effectiveion  js optained by a self-consistent solution to the Kelsham
ion pair interaction potential for liquid Sn with density 0.0350 equatiod®4°
atoms/A&, and in Figure 2 the effective iefion pair in}t&eraction
potential for liquid Pb with density 0.0310 atom$/. h 2

The reference atomic density profile in the pseudoatom _Env + Ver()| ¥n(@) = Eyn(r) (24)
Hamiltonian is taken to be the jellium profile. Our simulations
were carried out for a slab of ions with two surfaces perpen- whereVeg(r) is an effective potential that includes the electron
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jellium background pseudopotential interactiaf(r), the ' ' ' '

exchange-correlation potentialVy(r), and the electrostatic bulk Sn

3+ Snon surface o

potential
n(r)
Veir(r) = V1) + Vo (r) + [ dr T = o @) 5|
5
The exchange-correlation potentisl.(r) is defined as the
derivative i L
OE, [nJ(r
Viel) =% (26)
° 0

whereE,[ne(r)] is the exchange and correlation energy func- 0 2 4 ?(A) 10 12

tional, and the electron number density is calculated from Figure 3. Comparison of the bulk liquid pair correlation function and
o the transverse pair correlation function in the liquidapor interface

_ 2 of Sn with density 0.0350 atoms?4t T = 573 K.
n(n) =Y foly,0) (27) v
n= T T T T T T
. . : bulk Pb
with f, the electron ocupation number in stade,(r)C 3t Pb on surface o A

The jellium ion density distributions in theandy directions
are uniform, hence so must be the corresponding electron density
distributions. The electronic wave functiam(r) can then be

. 2 L

written as =

[=))
i (kex+k,
pi(r) =9 ¢ (2) (28) 1

whereky andky are the wavenumbers in tixeandy directions,

respectively. Then the electron densif{r) = ng(2) is a function

of zonly, which can be obtained by solving the one-dimensional 0 cogoed] . . s s

Kohn—Sham equation 0 2 4 G(A) 8 10 12

r

Ao Figure 4. Comparison of the bulk liquid pair correlation function and
- %d_zz + Veir(Znd(2) | 00(2 = €,0,(2 (29) thg transverse F;_Jair correlation fungtion Fi)n the liquicapor interface
of Pb with density 0.0295 atomsi/at T = 1023 K.
We find ) o i
inhomogeneous liquidvapor system. Since each Monte Carlo
"o, 5 step changes the ion distribution, it also changes the electronic
En=om k*tk?)+e, n=1,2 .. (30)  density distribution, and hence the ieelectron pseudopotential
Me and the effective iorrion interaction; this effect is particularly
important in the inhomonegenous ligdidapor transition zone.
Accordingly, when the ion distribution is changed, the electron
o distribution is recalculated, to be consistent with the new ion
n(2 = 1‘U|qbu(z)|2 (31) distribution; this procedure is continued until the Monte Carlo
V= simulation converges.

The most primitive way of carrying out the program is to
from which we construct, in turn, the electron density dependent ;o o5t the carl)culations ofy the eﬁe)c/tivge jeion intepragtion for
potential Ver(zne(2)), and again solve the one-dimensional o\ ery move of the ions in the Monte Carlo simulation procedure.
Kohn—Sham equation. This procedure is repeated until a |, oy simulations we have adopted a more efficient computa-
converged self-consistent solution is obtained. tional strategy and data management scheme. Prior to starting
the simulation we compute and tabulate the effective-ion
interaction potential energies for a series of electron densities

A. Simulation Procedure.We have carried out simulations ranging from somewhat below to somewhat above the bulk
of liquid Sn at temperatureb = 573, 973, and 1173 K. Since  density of liquid metal. During the simulation the interaction
the density of Sn only changes from 0.0350 to 0.0340 atoms/ between a particular pair of ions is obtained from a rational
A3 over this temperature range, we have carried out all of our functional interpolation for the given electron density using the
simulations at the fixed density 0.0350 atontsM/e have also precalculated data bank.
carried out simulations of liquid Pb at temperaturess13, The model system for the simulations consisted of a slab of
823, 1023, and 1173 K for the corresponding equilibrium 1000 ions. The dimensions of the simulation slab were Lo
densities 0.0310, 0.302, 0.0295, and 0.0237 atofséspec- x 2Lgin the §, y, 2) directions, so that the area of each liquid
tively. As described earlier;’> an assumed initial jellium  vapor interface igr = Lo? The slab contains two free surfaces
distribution is used to generate an electronic density distribution in the positivez and negativez directions (normal to the two
from which the ior-electron pseudopotential and effectiveton  liquid—vapor interfaces) and periodic boundary conditions in
ion interaction potentials are calculated. These initial jellium the x andy directions. In fact, periodic boundary conditions
distributions are then used in a Monte Carlo simulation of the were also applied in thedirection, but at distances so far from

and the electron density profile

Ill. Simulation Method and Results
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Figure 5. Comparison of the simulated and experimentally determined r(A)
pair correlation functions of bulk liquid Sn at (a, top= 573 K, (b, . . . . . .
middle) T = 973 K, (c, bottom)T = 1173 K. Experimental data from d theory o
ref 41. 3t T=1173K, expt + 1

the liquid—vapor interfaces that the description of those
interfaces as free is valid. The size of the slabwvas chosen
such that the average density of ions in the slab matched the 2F
density of the binary alloy at the simulation temperature. The
center of mass of the simulation system was located at the origin
of the coordinatesx(= 0, y = 0, z = 0). The initial ion 1} %\/\M
configuration was generated by placing the particles within the
boundaries of the slab, subject to the constraint that ne-ion
ion separation was less than the ionic diameter.

The simulations were carried out using the Metropolis scheme
and a force bias Monte Carlo algorithm to eliminate the overlaps ' ' : : ;
between ion cores. The trial configurations were generated by 0 2

6 5 8 10 12 14
r(
randomly displacing a selected ion; the magnitude of the ionic

. ~.._. _ Figure 6. Comparison of the simulated and experimentally determined
displacement was chosen to lead to convergence to equilibrium

" i i ! pair correlation functions of bulk liquid Pb at (&)= 613 K, (b)T =
with a reasonable overall acceptance ratio for the trial configu- 823 K, (c) T = 1023 K, (d)T = 1173 K. Experimental data from ref

rations. 41.
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Figure 7. Longitudinql density profile of the liquidvapor interface Figure 8. Longitudinal density profile of the liquidvapor interface
of Sn atT = 973 K with density 0.0350 atoms?A of Pb atT = 1023 K with density 0.0295 atoms?A

B. Pair Correlation Functions in the Interface and in the the liquic—vapor interface of Sn whefi= 973 K and the bulk

Bulk Liquid. The struqture of the liquidvapor iqterface is . liquid density is 0.0350 atomsPAand in Figure 8 that of Pb
conveniently characterized by the transverse (in-plane) PaIr  banT = 1023 K and the bulk liquid density is 0.0295 atoms/

correlation function and the longitudinal density distribution. A, As for the other liquid metafvapor interfaces we have
The transverse pair correlation function, which was calculated stljdied these longitudinal density distributions show pro-

Irh(')m ?. hiSt?%:am (t)f tfhe_s:lsparz_ation_s Of. all p;\ir of particles in a nounced stratification with an overall penetration into the bulk
In slice of the intertacial region, IS given by liquid of the order of four atomic diameters and a separation
2V,N(r,Ar) between strata of an atomic diameter.
= : (32)
VSNT2 Acknowledgment. This work has been supported by a grant

from the National Science Foundation.
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