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A theoretical framework is presented that connects “classic” fluorescence correlation spectroscopy (FCS)
treating averages of many freely diffusing molecules and FCS single-molecule analysis. By assuming a general
two-state emission dynamics of the single molecule, expressions describing the autocorrelation of the total
fluorescence fluctuations are derived. By studying an idealized experimental situation, the relation between
signal-to-noise and signal-to-background ratios are discussed. Under appropriate conditions it is possible to
make statistically feasible measurements of single molecule dynamics despite low signal-to-background. The
quantum yield ratio of the background molecules to the single molecule as well as the position of the single
molecule inside the detection volume are crucial in obtaining good signal-to-noise ratios in single-molecule
experiments.

1. Introduction signal/standard deviation of the signal) of the autocorrelation
) ) ~of the emission dynamics of the single molecule in a back-

Fluorescence Correlation Spectroscopy (FCS) is used in aground. The analysis is carried out assuming an idealized

wide range of experiments involving temporal dynamics of the sjtyation ignoring limited measuring time, and the discrete

fluorescence from molecules in solutidriThe fluorescence representation of time in the measurement equiprhéiso,

fluctuations can have different origins such as Brownian motion gg_called shot-noise effeétwill not be included in the present

of the moleculed rotational Brownian motion of the molectie,  analysis, which means that we assume that the absolute values

chemical reactions changing the fluorescence properties of theof the quantum yields are not very small. This should not induce

molecule? or singlet-triplet interactions in a molecufeRe- a restriction to the present analysis since it makes use of the

cently, FCS has been applied to experiments involving the study gitferences (ratios) of the quantum yields of the single molecule

of single immobilized molecule®? The autocorrelation of the  gnd the background.

detected fluorescence is a very informative addition to theé  1pe variance of the autocorrelation function enables for the

fluorescence intensity trace of which both are recorded in real g ratios of a given model to be defined yielding an analytical

time during the experiment. expression betwee®B and SN ratios. One of the goals in the
So far, the experimental introduction of FCS on single present paper, to assess various experimental conditions versus

immobilized moleculex® has not been accompanied by a more  the visibility of single molecule dynamics in a background, can

in depth theoretical treatment that penetrate the connectionthen be achieved. An analysis is made on the interplay of the

between “classic” FCS with many particles undergoing Brown- single molecule and the background fluorescence with regard

ian motion and the case of a single immobilized molecule. In to physical parameters. Examples of such parameters are the

this paper, we derive autocorrelation functions describing the optical properties of the molecules, the position of the single

situation with a single immobilized molecule in a background molecule in relation to the excitation light profile, the excitation

of many freely diffusing molecules. Furthermore, we study the light intensity, autocorrelation time scales implied by diffusion

statistical properties of the autocorrelation function with the aim times, and the dynamics of the single molecule.

to investigate the feasibility to do single molecule analysis under  The expressions of the variance should also be useful as

different experimental conditions. weight functions in evaluation (fitting) of experimental data to
In the typical single-molecule experiment, effort is put into a given model. However, we point out that the best possible

optimize the conditions in the direction of highest possible ratio weight function is obtained by the variance of the experimental

between the fluorescence intensity signal of the single moleculeautocorrelation data when availale.

and the fluorescence signal of the background (& ratio

= single molecule fluorescence intensity/background fluores- 2. Derivation of the Correlation Function

cence intensity). However, many experiments on single mol- )

ecules studied under biologically relevant conditions have an  2:1. No Background FluorescenceConsider a general

inherent fluorescence background, which often is difficult to €XPression of thg autocorrelation of the fluorescence intensity

reduce without paying a price of less biological significafce. fluctuations as given i

It is therefore motivated to make a more detailed investigation

with aim to penetrate how the experimental conditions in a G(z) = O + B1(0)01 ()0 )

typical single molecule experiment affect the visibility of the

spectroscopic dynamic features of the single molecule. The In eq 1,I(t) denotes the detected photon flux at timel(t)

visibility is here defined as the signal-to-noise rat®N = denotes the photon flux deviation from its mean value at time
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t. A stationary state is assumed in which photons are detectedwith probability g, will give rise to a by the molecule emitted

with equal probability in the sample volumé Alsc?

1(0)01(z)0= [, L/’V[f(r,ﬂro)—%%:(ro)tm dry, (2)

wheref(r,z|ro)dr dt denotes the probability that a molecule that
emitted a photon within the interval [@]Jdrom a small volume
centered aroundo emits another photon within the interval
[z,z+dt] from a small volume centered around M is the
number of molecules in the total sample volumeNo particle
transport can take place through the surfac¥.dh this paper
we will assume tha¥ is infinitely large as compared to all other
characteristic volumes. Below, we hence Seequal to full
three-dimensional spac¥ & R®). [C(r)ldr dt is the uncondi-
tional probability to detect a photon from a very small volume
centered around in a time period dt originating from any of
the totalM sample molecules.

In a single-molecule experiment we haw = 1. For
simplicity we will assume that the spectroscopic fluctuations

of the single molecule consist of two states, one fluorescent
state and one nonfluorescent state. The binary description of
the molecule’s spectroscopic fluctuation is supported by the
experimental conditions of a large set of single molecule

experiments:6.10-12

[C(r)0s related to the molecular concentratio(r) per unit
volume, the laser light intensiiyr), the probability that a laser
light photon incident at the molecule will give rise to an by the
molecule emitted photongg), and the probability that the
molecule is in its fluorescent stapg We have

pr = lim f(z) 3)
T—00

wheref(7) is the probability that the immobilized single molecule
situated atr, is in its fluorescent state time given that the

photon.
Combining egs 6 and 7 yields

[31(0)31(1) 5= (f(z) — PP (F )Gl (8)

The mean intensity from the single molecule is equal to

o= fRsc(r)i(r)qmpf dr = i(rm)Qmpf (9)

Equationss 8 and 9 in eq 1 gives the expression of the
normalized autocorrelation functions for the case of a single
immobilized molecule without background fluorescence,

G(r) _ (@)
11| Pr
2.2. Background Fluorescenceln the case of fluorescence
from freely diffusing molecules, in addition to the fluorescence
of the single molecule, the photon fliit) will have two origins.
First, the fluorescence from the single moleculg(t)) and
second the fluorescence from the freely diffusing molecuies (

®),

G () =1+ [@ - 1] (10)
P

1(t) = 1,(t) + (1) (11)
Hence,
[31(0)01(z) = [(1,(0) + 11(0))0(1(7) + 1(2)) =

[d1,,(0)31,(z) + S1,,(0)01(7) + O1:(0)dl () +
o1(0)d14(r) =

B1_(0)01,.(7)TH B, (0)01(z)TH BI(0)d1, (1)
31,(0)01(z)0 (12)

molecule was in its fluorescent state time 0. The difference We still have one single immobilized molecule, eq 2 wih=

between the conditional probabiliffr) and the unconditional
probability pr gives the correlation between two detected
photons. Observe thd(r) is a conditional probability that
provide information about local variations of the stationary
fluorescence intensiti(t).

Hence,

[C(r)dr dt = c,(r)i(r)q,pdr dt 4)

1 provides the expression @fl(0)d1,()C1 On the other hand,
the total number of freely diffusing fluorescent molecules within
the volumeV is very large in the typical FCS experiment
wherefore eq 2 derived for an ensemble of background
molecules yield

BI(0)I(D)T= [ [os filr Tl [Ti(r)dr dry  (13)

where the indicess” indicate that the entities are defined for

In the case of a single immobilized molecule, the concentration the case of freely diffusing molecules.

c(r) is concentrated to one single spgt
Cn(r) =0(r — 1) ®)

Equations 3-5 substituted into eq 2 yields

(a1 (O)él (T) = fRs f(r 1t|rm)pfqmi (r m)dr - [pfqmI (r m)] 2 (6)

The molecule always emits fluorescence at the same single spo

rm, hence

f(r,z|r pdr dt = f(2)i(r,)g,0( — r)dr dt )

The analysis in this paper is based on an immobilized single

In this paper we will assume that

1,,,(0)ol ()= [B14(0)dl (v)= O (14)
meaning that the fluorescence from the single molecule is not
correlated with the fluorescence of the free molecules, and vice
versa. This assumption is based on experimental facts from the
study of single immobilized enzyme molecfi@ghere the time
scales of the dynamics of the single molecule and the charac-
{eristic passage time of the background molecules through
detection volume are very different.
Using egs 8 and 1214 in eq 12, we obtain

[01(0)01(7)T= gic [ [oe i(r)P(rTIro)i(r)dr drg+
(f(r) — p)pi(r)a.l> (15)

molecule that shifts its fluorescent properties between one
nonfluorescent state and one fluorescent state. The fluorescenwherec is the homogeneous concentration per unit volume of
state is characterized by that a photon incident at the moleculefree moleculesg; is the probability that a laser light photon
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incident at the free molecule will give rise to an emitted photon.
p(r,z|rg)drdt is the probability that a freely diffusing molecule
is situated in a small volume aroundvithin the time [,z+dt],
provided that it was situated in a very small volume arougnd

at time [0,dt]. Assuming that the background molecules are
undergoing Brownian motion with diffusion constadi the
solution is obtained by the FokkePlanck equation as

(r —ry)?
p(r,zlry) = (47{31)3/2 ex;(— 4Dr0 ) (16)

The laser light intensity profile is given by

i(r)=i0ex;n( XZ\:;VZ) ;(22) 17)

wherew andz, are constants 0 and thez direction is parallel
with the laser beam. The maximum laser light intensity is given
by io. Inserting eqs 16 and 17 in eq 15 and executing the
integrals then yield

B1(0)51(z) 0= ¢ ide ”8 Wz
(1 + 4D ) 1+ @r
w? %
(f(r) — pPLi(r o]’ (18)

Also,

V2.,

0= o OC_

2577 + Qi (1 )Py (19)

If eq 18 and eq 19 are inserted into eq 1, the general expressio

of the normalized autocorrelation function follows

GN(‘L') = ﬁ =1+
32 W
ik B+ (1) — PP
(l + Q‘L‘) 1+ Qt
w %
2
(qf OC\/__ 207[3/2 + qmI (r m)pf)

(20)

If the fluorescence intensity from the immobilized single
molecule is much larger than the fluorescence intensity from
the freely diffusing molecules, and also the photophysical

properties of the immobilized molecule and the free molecules

are assumed equal so tlpt gn = oy,

G\y(r) = @ - WZZO =
Pr 8[|(rm)pf] 4D
(1 + \/\/2) 1+ 2(2) T
3
—V/aN
f%) ! [i( 1) )? 5 o D
T (1+ ) 1+
w? %

In eq 21,N denotes the average number of freely diffusing
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molecules that are inside the open volume element (VE) from
where the fluorescence is detected from, defined by all points
having igexp(—2) or higher laser light intensity. The volume
Ve of the VE is that of an ellipsoid,

Vye = 3702 (22)

and

N=VcC (23)

If the fluorescence from the freely diffusing molecules is very
much larger than the fluorescence of the immobilized single
molecule,

Gu(®) =1+ : (24)
€ 4D 4D
1+—7| /1+—7
( w ) z
The constant
_ 3\/—
€= 7~ 1.33 (25)

Observe that the constast is not an implication of the
special case of an immobilized single molecule and background

Tuorescence considered here. Itis a general correction term for

autocorrelation models that describe fluorescence fluctuations
from molecules undergoing Brownian motion in three dimen-
sions excited to fluorescence by the laser light profile as given
by eq 17. If a Gaussian profile is used in the perpendicular plane
to the laser beanx{y directions), but a uniform profile in the
direction of the laser beanz flirection)eg = 1.2

3. Statistical Aspects of the Autocorrelation Function

3.1. Variance of the Autocorrelation Function. In the
following section, all entities having the subscript “exp” are
considered experimental observables. Consider an experimental
measurement of the fluorescence autocorrelation function,

0, + 01(0)01(7) Gy (26)

Gexp(r) =

If a measurement is performed times, the best estimate of
the autocorrelation functions is

N N

Gexp(":) == l Gexg(r) = exg +— Z 6'(0)6|(T)exg

(27)

We will assume that the measurements are independent. The
variance of the correlation function is defined by
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1o 12 2 51(6)= 1)~ {1)
Var(GeXP(T)) = N ; (Gexn(f) - N jzl Gexg(f) =
LS g i W), o
N £ (Gexﬂ(t))z - N £ Gexq(r)) = EI*(E'J ﬂ(gw
1 12, + 01(0)0! 2 / :
N £ (exn ( ) (T)EXH) /\ /\I /\\k/ \/ ~ \//j\/ﬂ {
N 2 5
(% 2 (e 6I(O)6I(r)exn)) = -t T-t 0 T N
N N (reference time)
%Iz (15" + E ;(5I(O)6I(T)exn)2 + Figure 1. Definitons of the components used in the analysis and
N N 2
%iz 124 01(0)0 (T)exy — (ﬁ 2 |§XH) —~ s1(0)s1(z),
1 N 2 1N , 1 N a1(0)si(z),
(N i;él(O)éI(r)exn) - 2NI= Iex“ﬁ Z 01(0)01(7)exy = /
. = [indepNendenz meas:;remens] AVM/“\/\/\J\U/W N /\v /L\/ /L
1 1 1 t
N2 (50)" — (Nizl lo +N Z (01(0)01 (1)) —
1N 2
(N ; 6I(0)6I(r)exn) = <5] Ot (T)>
Var(2,) + Var(d1 ()01 ()ey,) 28) (s(ar)e (),

Figure 2. Description of the quantityl(0)51(z)|, that fluctuates around
its mean valuddl(0)dl(z)] At a given timet the deviation from the
In the limit whenN — oo, mean value, referred to as the fluctuations of the fluctuations, is denoted
(6(31(0)01(7)))|t- The time-average of the squared valuedgd((0)d1(7)))|:
is equal tol{o(61(0)01(r)))?0) the variance ofdl(0)d1(7)0
lim Var(1,) = Var(?) (29)
N0 expression is derived in the appendix yielding the following

lim Var(d1(0)01(7),,) = Var(31(0)3l(z))  (30) expression,

[o(01(0)01(x)))*C=

The variance is given by the mean-square deviation fluctuation: qu J‘R3 fRz iz(r')p(r',0|r",—r)i2(r’)dr' dr’’ +
var(?) = %) — 08)20= 009’0 (31) ([ [P O —0)i(r)dr dr')? +
Var@1(0)1(z)) = 0o1(0)01(x)], — B1(0)01 (1)’ = S fro fro PN + (@i (1)) (Pr(F(2) — 1) -
[O(01(0)01(2)))*0 (32) ((f(x) — PIPy)?) (35)

) i An explicit form of eq 35 is obtained upon execution of the
In eq 32,t denotes time (brackets denotes time averages). Seemtegrals:

Figure 1 for a complementary description of the involved

entities. For the mean-square squared-intensity fluctuation, eq 27302 \/\/220
33, the result is given by [o(01(0)01 ()= cof ig +
32 8D 8D
(1 + F‘L’) 1+ FT
21\2 24 [ 4 o 4
MO(A)’0= g [ i(0dr + pi(amilra)*  (33) | o 2
CO o] 5~
or explicitly 8 (1 + @T) 1+ 4—21
w? Z
5(12))2 24-4ﬁ 32,2 2 4 2 4.4N2 3122 . 4
Qo) T= cdr g 35 7 W7 + pr(ani(r))”  (34) G o 55 7 W2+ (i (r)) (P(f (1) — ) —

: e ((fD) — pYPY?) (36)
For the case of eq 32, the interpretation is somewhat abstract
since the physical meaning is that of “the fluctuation of the  3.2. SIN Ratios. Here, the signal-to-noiseS(N) ratio is
fluctuations” of the fluorescence intensity (Figure 2). An defined by



Theory of FCS on Single Molecules

_ BIopIE@O
[Var(61(0)01(z))]*?

(37)

or explicitly using eq 20 and eq 36

SN =
+ (f(2) = PP 1))

1/2

2
24:4V2 3

= +cqf|032n2wzzo+

1+—71

8 (1+@1) z%

I(qmi(rm))4(pf(f @ = p) = () = pIPY)?)

ds)

If the background is assumed very small-¢- 0), we obtain

GRS
IN= \/ @ (@ — pom)

If we study separately the signal from the single immobilized
molecule to the total noise, we finally obtain

(39)

(f(r) — pPo)py
Of ig 3v/27%2 N

SN " (40)

- 48
G 'm\ (1+@r) 1+ %2,

%
V2 5 Gig 3l
§ c? (]47 T 2V\/ZZO +
+ (py(f () — py) — ((Fx) — p)P)?)

4. Discussion
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position of the single molecule ) inside the VE influence
the Sy/N to its second order. The concentration of the free
molecules ¢) influences theS,/N ratio to its first-order value
or its value to the power of, (eq 40).

A single molecule experiencing emission dynamics on a
slower time range than the diffusion of the background
molecule8 will be less sensitive to bad quantum yield of the
single molecule as well as its position in the VE according to
eq 40.

Can a single molecule experiment be statistically feasible even
though theS,/B ratio is low? Assume that the time scale of the
emission dynamics of the single molecule is larger than the time
scale of the background dynamics. Then, on the relevant time
scale of the single molecule dynamics, &N is given by

S/N=

(f(@) = popy
o i
(ac + bC)q f4i°4 + (f(2) — popy (1 — ((f() — pPIPY)
m m (41)
where
a= 4;—2*/5 iz, (42)
and
_ \/_2‘”3/2
b=-23 Wz, (43)

Hence, if theS,/B is small due to a high concentration of
background molecules but the quantum yield of the free
molecules is low so thay! ig/qp, in, < 1, theSy/N is almost as
good as in the absence of any background.

Clearly, the above case is a constructed situation that might
not be the most common case in practice. However, we have
proved that there are situations in which #¢B does not give
full insight into the actual statistical accuracy in a measurement
of single molecule spectroscopic dynamics. The statistical
quality of a single molecule FCS experiment is assessed via
the eq 41, or in the more general case via eq 40, and not via
the S,/B alone.

The general conclusion is however that based on egs 40 and
41, the quantum vyield ratio of the background molecule to the
single molecule as well as the position of the single molecule

The expression eq 20 gives the most general expression of"side the VE are the most crucial physical parameters in
the autocorrelation function in the case of a single immobilized ©Ptaining goodSy/N ratio and hence good quality in a single

molecule in a background of freely diffusing molecules. It shows
how physical parameters and the dynamics of the background
molecules and the single molecule together contribute to the
autocorrelation function. The amplitude of the background term

is proportional to N wher,/B is large, but proportional to
N-1 when S./B is small. However, for larg&,/B the optical
parametergy,, andi(rm) play a more dominant role as they

directly influence the amplitude by their squared value (eq 21).
One main objective of the present paper is to discuss the

relation betweers,/B ratios and theS,/N ratios. The eq 40

molecule experiment using FCS.
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Appendix: Calculation of [{d(d1(0)dl(r)))20

The fluctuations of the fluctuations of the fluorescence

provides the help necessary to accomplish this. Clearly, if the intensity can be depicted according to Figure 2. The signal
single molecule dynamics and the diffusion of background 61(0)ol(z); can be studied as a not averaged signal that fluctuates

molecules are in the same time range, $héN ratio is highly
dependent on th&,/B ratio. More specifically, the quantum
yield ratio @m/cr) and the excitation intensity dependent on the

around a mean value (Figure 2). We define

8(81(0)01(2))], = d1(0)1(2)], - BI(0)I(x)T  (Al)



6170 J. Phys. Chem. A, Vol. 104, No. 26, 2000 Edman

Multiplying both sides of eq A1 by(61(0)ol(z))|: and averaging WhenT approaches zero we obtain
then yields
D11, IO, T= T3IOI ()], — T EOHORIOCIONDIE =

[31(0)01 ()31 (031 (7), — BI0)I(D)DT (A2) ' Jro Jro Jro Jra1(0)O(r = 1)i(r)p(r',—7Ir,0)i(r") x

. : . . o —r")i(r"")dr dr' dr" dr'" +
Calculation of the right-hand side of Eq. A2 using the fact that

I(t) is a stationary process so that we canTset |t — t'| yields 2C2Q?(fR3 ng i(r)p(r,0lr',—7)i(r")dr dr')” +
[15(51(0)01(2))8(81(0)01 (2))]1:0= ([ frai()O(r = r)i(r)drdr')? =

[31(0)01(7)], 01(0)01(7) {0~ B1(0)51() (A3) CC}“!/‘RS fRs i2(r")p(r', 0", —7)i%(r)dr'dr" +
If we let T approach zero, we then obtain the expression of the ZCZQ?(ng ng i(r)p(r,0r',—7)i(r)dr dr')® +
variance,

([ [ iE(r)dr)? = DO(01(0)01 ()] (AB)
o(01(0)01 (2))]2C= o1 (0)51(2)]°0— B1(0)01(z)F  (A4d)
) o For the case of the single immobilized molecule using the
If we study separately the variance for the freely diffusing gefinition of an expectation value of a random variable we obtain

molecules, we note that the first argument of the right-hand py girect application of the right-hand side of eq A4
side of eq A3 as derived for the background molecules has two

main components. THest component is equal to the probability 2 4 oy B
that one of the background molecules emits a photon from a [0 (01(0)01 ()T = (G (rm)) (P(f(@) = p) = ((f(2)

small volume around in the time interval {7,—7+df] (this PIP)?) = (G, (r ) (R (F(2) — P))(A — pi(f(2) — ) (A7)
probability is equal teqi(r)dr dt) and then emits photons within
the time intervals f7+T,—7+T+d{, [0,d] and [T, T+d] Because we have assumed (recall eq 14) that the emission

(Figure 2), from small volumes around the respective positions fctuations from the single molecule and the background are
r',r”, andr"’. Theseconccomponent is the group combinations ,1correlated. we obtain

of two molecules each emitting two photons in the above time
intervals. There exist three such combinations for two molecules 2
emitting two photons per molecule. Qo101 (@] =

It is worth mentioning that eq A3 does not describe the [ﬂé(éI(O)él(t))]zQ—i- Eﬂé(él(O)éI(r))]zl;l1 (A8)
general joint probability to observe any four photons, for which
the case would be much more complicated with many more gq that
combinatorial possibilities. Rather, eq A3 describes the second-
order moment of the fluctuations from the me@m(0)ol(z)

2
Therefore, sincédl(t)C= O for anyt (ref 2), if more than two [o(a1(0)1 (@) L=

molecules are used to create the four photons there will be no Cf [ Jra12(r (T, —)i(r")dr’ dr” +
contribution to the average fluctuations of the fluctuation of )4 . . )
the fluorescence intensity. ([ e 1(r)P(r, 0", —D)i(r)drdr')? +

Since the background molecules are undergoing Brownian >4 o ) . 4
motion according to eq 16, the stochastic changes of the spatial € % (fro Joo 1300)0NY? + (0 (r ) *(py(f(2) — ) —
position of each background molecule in time is a Markov _ 2
process. The probability of a molecular trajectory is therefore (@) = Popy)) (A9)
equal to the product of the probabilities of all pairwise positional
movements that define the entire trajectory. Using this and References and Notes
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