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Kohn-Sham solutions are constructed from ab initio densities obtained with multireference configuration
interaction (MRCI) calculations for the transition state (TS) and for the intermediate complex (IC) of the
prototype symmetrical SN2 reaction F- + CH3F f FCH3 + F-. The calculated KS exchange and correlation
energies,Ex

KS andEc
KS, as well as the exchange and exchange-correlation (xc) energy densitiesεx

KS(r ) and
εxc

KS(r ), are compared with the corresponding quantities of the standard generalized gradient approximation
(GGA). GGA functionals substantially underestimate the repulsive exchange contribution to the central barrier
of the SN2 reaction, thus producing a too low barrier. A similar problem arises in a number of other bonding
situations, and a qualitative rule is put forward to predict success or failure of standard GGAs in molecular
calculations, depending on the type of chemical bonding. For systems with two-center two-electron bonds
(standard covalent bonds), two-center four-electron Pauli repulsion (interacting closed shells), and three-
center three-electron bonds, current GGAs (or minor modifications) are expected to perform successfully. In
these cases the GGA exchange functional represents exchange and (if it is present) nondynamical Coulomb
correlation, while the GGA correlation functional represents dynamical Coulomb correlation. Contrary to
this, for systems with three-center four-electron bonds (TS of the SN2 reaction), two-center three-electron
bonds, and two-center one-electron bonds, for which the exchange hole is delocalized over all interacting
fragments and efficient nondynamical correlation is hampered by the unfavorable electron count, the GGA
exchange functionals still yield nondynamical correlation, which is in these cases spurious, the GGAs thus
overestimating the relative stability of these systems.

I. Introduction

Methods of density functional theory (DFT),1 especially the
generalized gradient approximations (GGAs),2-5 have become
a standard tool for theoretical study of chemical bonding and
molecular reactions. However, some reactions and types of
bonding appear to be problematic cases for DFT applications.
In particular, standard approximate DFT methods systematically
overestimate dissociation energies of two-center three-electron
bonds6-8 and they underestimate barriers of radical abstraction
reactions9-17 and of bimolecular nucleophilic substitution (SN2)
reactions.18-20

A promising way to analyze systematically the performance
of DFT methods is to compare their results with the essentially
accurate Kohn-Sham (KS) solution, which can be obtained
from an accurate ab initio electron densityF(r ). Previously, such
solutions have been obtained for a number of atoms21-24 and
molecules.25-32 In ref 17, the accurate KS solutions have been
compared with GGAs for the simplest prototype reactions H+
H2 and H2 + H2.

In this paper, the Kohn-Sham solution is constructed from
ab initio densities obtained with multireference configuration
interaction (MRCI) calculations for the transition state (TS) and
for the intermediate complex (IC) of the prototype symmetrical
SN2 reaction

Bimolecular nucleophilic substitution reactions at tetrahedral
carbon centers represent one of the most basic of chemical

transformations. Reactions X- + CH3X f XCH3 + X-, where
X is a halide atom, occur in the gas phase33-35 and for the
prototype reaction 1.1 with the lightest halide atom F, high-
quality ab initio calculations have been performed with the
coupled-cluster CCSD(T)36 and G2(+)37 methods. As was
established in ref 18, standard DFT methods, such as the local
density approximation (LDA) and a combination (BP) of the
GGA exchange energy functional (B88) of Becke4 and GGA
correlation functional (P86) of Perdew,2 consistently underes-
timate barriers of the reactions X- + CH3X f CH3 + X-.

In section II of this paper, the results of ab initio MRCI
calculations of the reaction 1.1 are presented. With reference
configurations which reproduce the proper dissociation limit of
the three-center bond F-C-F, and with the correlation-
consistent triple-ú basis, MRCI is capable of describing correctly
the relative stability of the TS and IC of (1.1). In section III the
KS solution is constructed from the ab initio densityF, and the
KS exchangeEx

KS and correlationEc
KS energies as well as the

exchangeεx
KS(r ) and exchange-correlation (xc)εxc

KS(r ) energy
densities are obtained for the TS and IC. A substantially less
negativeEx

KS when going from IC to TS indicates relative
delocalization of the exchange hole for valence electrons over
all three fragments of the TS [F‚‚‚CH3‚‚‚F]-. This less negative
value ofEx

KS is not compensated by the slightly more negative
value ofEc

KS, so that the KS xc energyExc
KS becomes smaller

(less negative) in the TS. Calculations in the same basis with
standard GGA methods, which are based on localized model
exchange and correlation holes, fail to describe the smaller

F- + CH3F f FCH3 + F- (1.1)
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exchange-correlation energy corresponding to the delocalized
hole, thus overestimating the relative stability of the TS.

A qualitative rule is put forward in section IV to predict the
success or failure of GGAs for a chemical bond, which involves
m fragment orbitals andn electrons. Current GGAs, or minor
modifications, are expected to perform better in cases when the
ratio n/m is an integer number. These are the cases of standard
covalent bonds with 2 fragment orbitals and 2 electrons per bond
(n/m) 1, with N2 as an example) or 2 orbitals and 4 electrons
(n/m ) 2, interacting closed shells) as well as the case of 3
orbitals and 3 electrons (n/m) 1, TS of the hydrogen abstraction
reaction H+ H2). In these cases the GGA exchange functional
is expected to represent properly both exchange and nondy-
namical left-right correlations which, taken together, produce
a localized XC hole. However, GGAs might fail in the cases
where the ration/m is a fractional number. These are the cases
of 2 orbitals and 1 electron (n/m ) 1/2, H2

+), 2 orbitals and 3
electrons (n/m ) 3/2, F2

- or (H2O)2+), and 3 orbitals and 4
electrons (n/m ) 4/3, TS of the SN2 reaction F- + CH3F), in
which the exchange hole for valence electrons is delocalized,
while nondynamical correlation is absent or hampered due to
an unfavorable electron count. In these cases, standard GGAs
are expected to consistently overestimate the stability of
corresponding structures. In section V, possible ways to
overcome this failure of GGAs are discussed and the conclusions
are drawn.

II. MRCI Calculations of the S N2 Reaction

Two characteristic intermediates in the SN2 reaction 1.1 are
the ion-dipole intermediate complex (IC) F-‚‚‚CH3F and the
symmetrical transition state (TS) [F‚‚‚CH3‚‚‚F]-, which are
schematically shown in Figure 1. The ab initio calculations of
TS, IC, and the isolated reactants have been performed in this
paper with the multireference configuration interaction (MRCI)
method by means of the ATMOL package.38 Within MRCI, all
single and double excitations of a number of reference con-
figurations are taken into account in a given basis. The actual
geometry has been taken from ref 36 where it was optimized
with high quality coupled-cluster CCSD(T) calculations.

To analyze the basis set effect, two triple-ú (TZ) quality basis
sets (B1) and (B2) have been employed for the heavier elements
C and F. B1 is the (6s4p1d) basis of ref 36 which has been
obtained by addition of polarization functions to the (5s3p) basis
of ref 39 B2 is the (4s3p2d) basis of the same size as B1, which
has been obtained from the correlation-consistent polarized
valence TZ (cc-pVTZ) basis (4s3p2d1f) of ref 40 by means of
removal of itsf-function. For the H atom the (4s1p) basis of
ref 36 has been used, which is the (3s) basis of ref 39 augmented
with polarization functions. Thus, the total basis sets for the
system CH3F2

- based either on B1 or on B2 both contain 90
contracted Gaussian functions. Three reference configurations
have been used for the MRCI, which reproduce the proper limit
of dissociation of the three-center bond F-C-F in the TS.

One of the key characteristics of SN2 reactions is the central
reaction barrierEb, which is the difference of the total energies
of TS and IC,Eb ) E(TS)- E(IC). Table 1 presentsEb obtained
with the Hartree-Fock (HF), single-reference CI (SRCI), and

MRCI calculations in the basis sets B1 and B2. They are
compared withEb of the benchmark CCSD(T) calculations of
ref 36 which were performed in the same basis B1, while B2
in this case is the quadruple-ú basis constructed in ref 36 from
the (5s4p) basis of ref 39. One can see from Table 1 that both
basis quality and quality of the method employed are important,
in order to get a good estimate of the barrier height. The
correlation-consistent basis B2, which was optimized in ref 40
with atomic CI calculations, yields lower total energies of both
TS and IC than B1, and both SRCI and MRCIEb values
obtained with B2 are closer to the B2-CCSD(T) value than the
respective B1-SRCI and B1-MRCI barriers. Note that HF/CI
calculations show stronger dependence on basis than the
coupled-cluster calculations of ref 36. The Hartree-Fock (HF)
method tends to overestimate the barrier; the corresponding
errors with respect to CCSD(T) are 5.9 kcal/mol in the basis
B1 and 4.3 kcal/mol in B2. SRCI partially corrects this error
and our SRCI value is very close toEb ) 17.1 kcal/mol of the
earlier CI calculations.41 MRCI produces further improvement
and the valueEb ) 13.69 kcal/mol obtained with MRCI in the
basis B2 is only 0.3 kcal/mol higher than the benchmark CCSD-
(T) valueEb ) 13.41 kcal/mol.

On the other hand, the present CI calculations substantially
underestimate stability of IC and TS with respect to the reagents
CH3F and F-. In particular, the total energy of IC obtained with
our best CI calculation (MRCI and B2) is still 0.2 kcal/mol
higher than the sum of the total energies of individual reactants
CH3F and F- calculated with SRCI and B2. However, according
to the CCSD(T) calculations of ref 36, CH3F‚‚‚F- is a stable
complex with an energy of complexation∆E(IC) ) -13.17
kcal/mol. This error can be attributed to the size inconsistency42

of the restricted CI, because of which it recovers a larger portion
of the electron correlation for smaller fragments than for the
corresponding compound system. Note that the HF method,
which does not suffer from the size-inconsistency error, yields
a good estimate∆E(IC) ) -11.64 kcal/mol in the basis B2 of
ref 36.

Still, the results of this section confirm the expectation that,
given proper reference configurations and basis set, MRCI is
capable of describing correctly the relative stability of molecular
structures of similar size. In particular, the present MRCI
calculations with three reference configurations and with the
correlation-consistent triple-ú basis describe very well the
relative stability of TS and IC of the SN2 reaction 1.1. In the
next section, the MRCI electron densityF will be used to
construct relatively accurate KS solutions for TS and IC.

III. KS Solution and GGA Calculations for the SN2
Reaction

The Kohn-Sham orbitalsψi(r ) and potentialVs(r ) for TS
and IC of the SN2 reaction 1.1 have been obtained from the
MRCI densityF(r ) with the iterative procedure of ref 43, which
is based on the theory of linear response of the KS orbitals to
a potential changeδVs. Using these{ψi(r )}, the KS kinetic

Figure 1. Schematic representation of ion-dipole intermediate
complex (IC) and the transition state (TS).

TABLE 1: Central Barriers Eb ) E(TS) - E(IC) (kcal/mol)
for [F -‚‚‚CH3F] f FCH3F]- Calculated with ab Initio
Methods

basis HF SRCI MRCI CCSD(T)a

B1 19.22 17.05 15.42 13.29
B2 17.72 15.20 13.69 13.41

a Reference 36. In the CCSD(T) calculations basis B1 is exactly the
same, and basis B2 contains an additionalf function compared to the
HF and CI calculations.
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energyTs

and the exchange energyEx
KS

have been calculated, and the KS correlation energyEc
KS can

been obtained from the MRCI or CCSD(T) total electronic
energyEMRCI or ECCSD(T) from the following expression

The absolute value ofEc
KS suffers from the size-consistency

error in the MRCI calculations that we noted earlier, but we
will only use differences inEc

KS between TS and IC, so that
the errors cancel and it is immaterial whether we useEMRCI or
ECCSD(T) in eq 3.3.

The key quantities for our analysis are the exchange and
correlation contributions,Ex

b and Ec
b, to the central reaction

barrier Eb, which are the differences of the corresponding
energies of TS and IC,Ex

b ) Ex
KS(TS) - Ex

KS(IC) andEc
b )

Ec
KS(TS) - Ec

KS(IC). They are presented in the last column of
Table 2. The exchange brings a large positive contributionEx

b

) 28.9 kcal/mol toEb. This can be understood from the
exchange (Fermi) hole functionFx(r2|r1), which gives the
exchange energyEx

KS

and which can be defined from (3.2) and (3.4) as follows

For IC the exchange in individual fragments F- and CH3F
derives from an exchange hole which is localized within the
fragment where the reference electron is located. This can easily
be understood from the fact that the exchange hole has
approximately the shape of the localized orbital with large
amplitude at the reference position.44,45Formation of the three-
center bond F‚‚‚C‚‚‚F in the TS causes delocalization of the
exchange hole in the bonding region over all fragments (orbital
localization will be less effective than in the IC). The delocal-
ization of the exchange hole charge of one electron produces a
decrease of the exchange energy (it becomes less negative), and
hence the observed positive contributionEx

b to the barrier. The

correlation contribution to the barrierEc
b ) -3.2 kcal/mol is

on the contrary negative and small, so that the combined xc
contribution to the barrierExc

b is positive and close toEx
b (see

Table 2). Note thatEc
b of the KS theory is close to the

correlation contributionEc
b(MRCI-HF) ) Eb(MRCI) - Eb(HF) )

-4 kcal/mol calculated according to the conventional quantum
chemical definition of correlation energy from the MRCI and
HF barrier heights of Table 1.

Figure 2 compares the KS exchange and xc energy densities,
εx

KS(r ) and εxc
KS(r ), constructed according to the definitions

given in refs 27, 46, and 47, for the TS and the IC along the
bond F‚‚‚C‚‚‚F. The energy densities yield the corresponding
exchange and xc energies

and they have been constructed from the MRCI wave function

TABLE 2: Contributions (kcal/mol) of the KS and GGA
Exchange and Correlation Functionals to the Central
Barrier (Energy of Transition State Minus Intermediate
Complex) [F-‚‚‚CH3F] f FCH3F]-

PW BP BLYP KS

Ex
b 12.96 13.58 13.58 28.87

Ec
b 0.38 -0.05 -0.82 -3.19

Exc
b 13.34 13.53 12.76 25.68

Ts ) ∑
i)1

N ∫drψi* ( r )(-1/2∇2)ψi(r ) (3.1)

Ex
KS ) -

1

4
∑
i)1

N

∑
j)1

N ∫dr1 dr2

ψi* ( r1)ψj(r1)ψj* ( r2)ψi(r2)

|r1 - r2|
(3.2)

Ec
KS ) EMRCI - Ts - ∫dr F(r )Vext(r ) -

1
2∫dr1 dr2

F(r1)F(r2)

|r1 - r2|
- Ex

KS (3.3)

Ex
KS ) 1

2∫F(r1)Fx(r2|r1)

|r1 - r2|
dr1dr2 (3.4)

Fx(r2|r1) ) -
1

2F(r1)
∑
i)1

N

∑
j)1

N ψi* ( r1)ψj (r1)ψj* ( r2)ψi(r2)

|r1 - r2|
(3.5)

Figure 2. Comparison of the Kohn-Sham exchange and exchange-
correlation energy densities (z is the F-C-F bond axis): (a) ion-
dipole intermediate complex (IC) and (b) transition state (TS).

Ex
KS[F] ) ∫F(r )εx

KS([F];r ) dr (3.6)

Exc
KS[F] ) ∫F(r )εxc

KS([F];r ) dr (3.7)
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by means of a Gaussian orbital density functional code25,29,48

based on the ATMOL package. The characteristic features of
εx

KS(r ) and εxc
KS(r ) are wells around the nuclei and peaks in

the bond midpoint regions. The form of the total xc function
εxc

KS(r) is determined by the dominating exchange effects:εxc
KS-

(r) is close to its exchange componentεx
KS(r), and differs visibly

only at the borders of the regions of core and valence electron
shells, and around the bond midpoint. The form ofεx

KS(r ) and
εxc

KS(r ) for IC is clearly unsymmetrical with respect to two F
atoms (see Figure 2a). The bond midpoint peak for the C-F
bond in CH3F is considerably lower than the peak for the bond
F-‚‚‚C, which correlates with the greater strength of the former
bond. Formation of the symmetrical three-center bond
F‚‚‚C‚‚‚F in the TS is reflected in a symmetrical form of
εx

KS(r ) andεxc
KS(r ) (see Figure 2b), and the corresponding bond

midpoint peaks are higher than that for the C-F bond in IC,
but they are lower than the peak of the F-‚‚‚C bond in IC.

The GGA functionals considered in this paper are the xc
functional of Perdew and Wang (PW91),5,49,50the combination
BP of the exchange functional of Becke (B88)4 and the
correlation functional of Perdew (P86)2 and the combination
BLYP of the same exchange functional B88 with the correlation
functional of Lee, Yang, and Parr.3 The GGA calculations have
been performed both self-consistently and with the MRCIF(r )
in the same basis B2, which has been used for the MRCI
calculation. In Table 3 the central barriers of the reaction 1.1
Eb(GGA) calculated with GGAs are compared with the ab initio
MRCI and CCSD(T) ones. The row labeled “full GGA” is based
on energies from standard SCF GGA calculations, soψGGA has
been used forTs andFGGA for all other terms (electron-nuclear,
electron-electron Coulomb terms andExc

GGA)

The row labeled KS/GGA usesψKS for Ts and FMRCI for the
other terms includingExc

GGA[FMRCI]

The differences in the kinetic energy, electron-nuclear, and
electron-electron Coulomb energies between eqs 3.8 and 3.9
are individually not small, but their sums are much closer to
each other, the corresponding differences are about 0.05 hartree.
Furthermore, these differences are systematic for both TS and

IC, so that they cancel each other in the calculated barrier
heights. Since also the GGA exchange and correlation energies
do not differ much when evaluated withFMRCI compared to
FGGA, the full GGA and KS/GGA energies do not differ much
and yield approximately the same result for the barrier heights,
the largest diference being 1 kcal/mol for BLYP; see Table 3.
Comparing to the accurate MRCI and CCSD(T) values for the
barrier heights, we note that all GGAs greatly underestimate
the barrier of the SN2 reaction: the GGA barriers are in the
range 1-2 kcal/mol, some 12-13 kcal/mol lower than the
MRCI barrier of 13.7 kcal/mol or the CCSD(T) barrier of 13.4
kcal/mol.

Since the first three terms of eq 3.9 are identical to the same
terms in the exact (MRCI) energy, the only possible source of
error is in the exchange and correlation GGA functionals.
Bearing this in mind, we compare in Table 2 the contributions
Ex

b(GGA) and Ec
b(GGA) of the GGA exchange and correlation

functionals to the barrierEb(GGA) with the corresponding KS
contributionsEx

b andEc
b that we already dscussed. TheEx

b(GGA)

andEc
b(GGA) are not very sensitive to the quality of the density

used to evaluate them and would not change much when
calculated withFGGA. They are calculated with the MRCIF(r ),
and therefore the difference in the KSExc

b and a GGAExc
b in

Table 2 is precisely the same as the difference between the total
MRCI barrier energy and the KS/GGA barrier in Table 3. So
the source of the GGA error is in the GGA exchange-correlation
functionals, in fact almost completely in the exchange part.
Indeed, both B88 and PW91 exchange functionals substantially
overestimate the electron exchange in the TS, yielding a too
negative exchange energy in the TS and thus underestimating
the repulsive contribution of the exchange to the barrier. The
corresponding errors, comparing to the exact KS exchange
energy, are 15.3 and 15.9 kcal/mol for B88 and PW91 exchange
functionals, respectively. The GGA correlation functionals
PW91, P86, and LYP produce small errors of opposite sign;
i.e., they underestimate the attractive contribution of the electron
correlation to the barrier (see Table 2). However, these small
errors cannot compensate the errors of the exchange functionals.
As a result, the total xc contribution to the barrierExc

b is
substantially underestimated (12-13 kcal/mol) by the GGAs.
The interpretation of this failure of GGAs for the SN2 reaction
will be given in the next section.

IV. A Qualitative Rule To Predict Success or Failure of
GGAs

To rationalize the results of the present calculations of the
SN2 reaction and our previous results17,28,29as well as other cited
literature data, we propose the following qualitative rule to
predict the success or failure of GGAs for a molecule with a
chemical bond, which involvesm fragment orbitals andn
electrons.

The success or failure of GGAs can be predicted from the
ratio n/m of the number n of electrons inVolVed in a giVen
chemical bond, to the number m of releVant fragment orbitals.

Current GGAs, with maybe minor improVements, are expected
to perform better in cases where the ratio n/m is an integer
number.

GGAs might fail in cases where the ratio n/m is a fractional
number.

Below we shall present the justifications of this rule and the
corresponding examples.

(a) n/m ) 1, Standard Covalent Bonds with n ) 2
Electrons andm ) 2 Fragment Orbitals (Example: N2). The
most common type of bonding is a standard covalent bond,

TABLE 3: Comparison of the GGA and ab Initio Central
Barriers (kcal/mol) for [F -‚‚‚CH3F] f FCH3F]-a

PW BP BLYP MRCI CCSD(T)b

“exact” 13.69 13.41
KS/GGA 1.35 1.54 0.77
full GGA 1.52 1.99 1.78

a The row labeled “full GGA” is based on energies from standard
SCF GGA calculations, soψGGA has been used forTs andFGGA for all
other terms (electron-nuclear, electron-electron Coulomb terms, and
Exc

GGA). The row labeled KS/GGA usesψKS for Ts andFMRCI for the
other terms includingExc

GGA[FMRCI]. bReference 36.

EGGA ) Ts
GGA + ∫dr FGGA(r )Vext(r ) +

1
2∫dr1 dr2

FGGA(r1)F
GGA(r2)

|r1 - r2|
+ Ex

GGA[FGGA] + Ec
GGA[FGGA]

(3.8)

EKS/GGA ) TS + ∫dr FMRCI(r )Vext(r ) +

1
2∫dr1 dr2

FMRCI(r1)F
MRCI(r2)

|r1 - r2|
+ Ex

GGA[FMRCI] +

Ec
GGA[FMRCI] (3.9)
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which involvesn ) 2 electrons andm ) 2 orbitalsa(r ) and
b(r ) of interacting fragments A and B. In this case the exchange
holeFx(r2|r1) in the bonding region has the shape of the bonding
MO ψ+(r ) ) N+[a(r ) + b(r )], so that it is delocalized over
both fragments irrespective of the reference positionr1. A typical
covalent bond is also characterized by a relatively strong
nondynamical left-right Coulomb correlation, which becomes
particularly strong in long-distance/weak bonding situations.
Within the CI it is described by the interaction of the main
configuration, withψ+(r ) doubly occupied, with the doubly
excited configuration, with the fully occupied antibonding MO
ψ-(r ) ) N-[a(r ) - b(r )]. The corresponding correlation hole
function Fc(r2|r1), which defines the potential part of the
correlation energyWc

is also delocalized over both fragments A and B. If the reference
positionr1 is on fragment A,Fx(r2|r1) andFc(r2|r1) have opposite
sign on B and cancel each other there, while on A they are
both negative and build together a localized xc hole at A around
r1. (We refer to ref 45 for an extensive discussion of the shape
and behavior of exchange and correlation holes.)

This bonding situation is favorable for GGAs, which are based
on models with localized exchange and correlation holes. The
N2 molecule with a singleσ and two π bonds provides an
example of covalent bonding. Each bond of N2 involves two
fragmentσ- or π-orbitals (m ) 2) and two electrons (n ) 2).
The KS solution for N2 has been constructed and compared with
GGAs in refs 28 and 29, and Table 4 presents the KS and GGA
exchange and correlation energies calculated at the equilibrium
N-N distance (in all calculations the same MRCI densityF(r )
has been used). The last row of Table 4 presents the sum (Ex

KS

+ Ec
nd) of the KS exchange energyEx

KS and the energy of
nondynamical correlationEc

nd as well as the difference (Ec
KS

- Ec
nd) between the KS correlation energyEc

KS andEc
nd. The

energyEc
nd has been estimated as the differenceEc

nd ) EPDL

- EHF between the electronic energyEPDL of a simple CI wave
function, which provides the proper dissociation limit (PDL),51

and the HF electronic energyEHF.
As one can see from Table 4, the GGA energiesEx

B and
Ex

PW are substantially more negative than the KS exchange
energyEx

KS. Since the self-interaction correction (SIC) term

constitutes a major part ofEx
KS, this GGA error can be called

a self-interaction overestimation error. However, this error brings
the GGA energiesEx

B andEx
PW quite close to the sum (Ex

KS +
Ec

nd) and this is not a mere accident. Indeed, as was mentioned
above, a combination of the exchange and nondynamical
correlation produces in this case a localized xc hole, while GGA
functionals are based on localized model holes. This means that

the GGA exchange functionals represent effectively not only
exchange, but also the nondynamical left-right correlation in
N2. In their turn, the GGA energiesEc

PW and Ec
LYP are

substantially less negative than the KS correlation energyEc
KS,

but they are quite close to the difference (Ec
KS - Ec

nd). This
means that the GGA correlation functionals represent the
dynamical Coulomb correlation. As a result, the total GGA
exchange-correlation energies are close to the KSExc

KS, which
is especially true for the PW91 functional.

(b) n/m ) 2, Interacting Closed Shells withn ) 4 Electrons
and m ) 2 Fragment Orbitals. Pure interaction of this type is
a specific feature of the noble gas dimers, such as He2 and Ne2,
for which the KS solutions have been constructed and analyzed
in ref 52. The case ofn ) 4 andm ) 2 is just the case of He2,
for which bondingψ+(r ) ) N+[a(r ) + b(r )] and antibonding
ψ-(r ) ) N-[a(r ) - b(r )] MOs are both occupied. In this case
both exchangeFx(r2|r1) and correlationFc(r2|r1) holes are
localized within the atom, where the reference electron is
located. This situation is also favorable for GGAs and individual
GGA functionals represent the effects they were designed for:
the GGA exchange functional represents just the atomic
exchange and the GGA correlation functional represents the
atomic dynamical correlation. The dominant effect of the
interaction of closed shells, the Pauli repulsion, is reproduced
correctly by GGA calculations, since the major contributing
energetic effects, such as rise of the kinetic energy due to the
filling of antibonding orbitals, and change in the electron-
nuclear potential energy due to density change caused by the
antisymmetrization of the product of monomer wave functions,
are represented in the KS calculations, and are not sensitive to
the quality of the exchange-correlation approximation.

(c) n/m ) 1, TS of Radical Abstraction Reactions, with a
Three-Center (m ) 3) Three-Electron (n ) 3) Bond
(example: TS of the Hydrogen Abstraction Reaction H+
H2). A three-center three-electron bond is formed in the
transition state (TS) of the radical abstraction reaction. The
simplest example is the hydrogen abstraction reaction H+ H2

with the symmetrical TS Ha‚‚‚Hc‚‚‚Hb, in which all three
electrons, two orbitals of terminal H atomsa(r ), b(r ) and the
orbital c(r ) of the central H atom are involved in the three-
center three-electron bond H‚‚‚H‚‚‚H. This bond is represented
with the doubly occupied bonding orbitalψ+(r ) ) d1+a(r ) +
d2+c(r ) + d1+b(r ) and singly occupied nonbonding orbitalψ0-
(r ) ) d10a(r ) - d10b(r ). The bond is characterized by a
substantial nondynamical correlation, which is described within
the CI with electron excitations to the antibonding orbital
(unoccupied in the main configuration)ψ-(r ) ) d1-a(r ) -
d2-c(r ) + d1-b(r ) and also with excitations from and to the
singly occupied orbitalψ0.

The KS solution for the reaction H+ H2 has been constructed
and compared with GGAs in ref 17. In Table 5 the MRCI
reaction barrierE° and the KS exchange and correlation
contributions to the barrier are compared with the corresponding

TABLE 4: Comparison of the GGA and KS Exchange and
Correlation Energies (au) for the N2 Molecule

functional Ex Ec Exc

PW/PW -13.180 -0.490 -13.670
BPW -13.208 -0.490 -13.698
BLYP -13.208 -0.484 -13.692
KS -13.114 -0.552 -13.666

Ex
KS + Ec

nd Ec
KS - Ec

nd

-13.190 -0.476

Wc ) 1
2∫

F(r1)Fc(r2|r1)

|r1 - r2|
dr1 dr2 (4.1)

Ex
KS(SIC) ) -

1

2
∑
i)1

N ∫dr1 dr2

|ψi(r1)|2|ψi(r2)|2

|r1 - r2|
(4.2)

TABLE 5: Reaction Barriers Eb for the Reaction H + H2
with the Exchange and Correlation Contributions (kcal/mol)a

CI/KS PW BP BLYP

Eb 9.64 4.2 1.6 3.8
Ex

b 29.70 18.1 18.7 18.7
Ec

b -14.47 -8.3 -11.5 -9.3
Exc

b 15.23 9.8 7.2 9.4

a The Ex
GGA and Ec

GGA are calculated usingFMRCI. The barrier
energies in the GGA columns refer to KS/GGA energies for TS and
IC, cf. Table 3. The CI/KS and KS/GGA total energies and barrier
energies differ only in the exchange-correlation terms.
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GGA values. As in the case of the SN2 reaction, the KS
exchange contributionEx

b(KS) ) 29.7 kcal/mol to the barrier is
relatively large and positve. However, unlike the SN2 case, the
increased nondynamical correlation in the H‚‚‚H‚‚‚H transition
state brings a substantial negative contribution to the barrier
(a relatively large negative value ofEc

b(KS) ) -14.5 kcal/mol
in Table 5). The GGA exchange contributions to the barrier
Ex

b(GGA) ) 18.1-18.7 kcal/mol are substantially lower than
Ex

b(KS), and in fact close to the total KS exchange-correlation
contributionExc

b(KS) ) 15.2 kcal/mol (see Table 5). Therefore,
in this case, as well as in the case a,n/m) 1, considered above,
the GGA exchange functionals represent effectively both
exchange and nondynamical correlation.

Still, the total GGA exchange-correlation contributions to the
barrier,Exc

b ) 7.2-9.8 kcal/mol, are substantially lower than
the KS Exc

b, which leads to an equal underestimation of the
barrier heightEb by the GGAs. (The total energies upon which
the barrier energies in the GGA columns of Table 5 are based
are KS/GGA energies, i.e., the only difference with the MRCI/
KS energies is in the exchange-correlation terms, cf. eq 3.9.)
The reason for this GGA error is the overestimation of the
dynamical Coulomb correlation in the TS by the GGA correla-
tion functionals.17 These functionals which, supposedly, repre-
sent only the dynamical correlation produce a substantial
negative contribution to the barrierEc

b(GGA) (see Table 5), while
the dynamical correlation is expected to differ little between
the TS and separated systems. As a remedy, it was proposed in
ref 17 to modify the dependence of the approximate correlation
functionals on the local polarizationú(r ) ) [Fv(r ) - FV(r )]/F(r )
in order to reduce the correlation for intermediate|ú(r )| values
between 0 and 1, which characterize the electron distribution
in the H‚‚‚H‚‚‚H transition state. This modification will increase
the barrier calculated for the H+ H2 reaction as well as for
other radical abstraction reactions. Note that such a modification
represents only a relatively minor change of current GGAs, since
it neither changes the correlation functional for the closed-shell
systems withú(r ) ) 0, nor does it change the functional for
the separated H atom withú(r ) ) 1. Of course, it also does not
influence the dominant exchange functional. With this relatively
minor modification one can expect a good performance of GGAs
for the considered case of the three-center three-electron bond.

(d) n/m ) 4/3, Three-Center (m ) 3) Four-Electron (n )
4) Bonds (Example: the TS of the SN2 Reaction F- + CH3F).
The reasoning given in the previous subsections helps also to
interpret the GGA results for the SN2 reaction F- + CH3F,
which have been presented in section III. The TS of this reaction
is characterized by a symmetrical three-center four-electron
σ-bond F‚‚‚C‚‚‚F. The latter is represented with the nonbonding
highest occupied molecular orbital (HOMO)ψ0 which is,
essentially, the in-phase combination of pσ orbitals of the F
atoms,ψ0 ≈ c0[σ(FA) + σ(FB)], which is only very weakly
σ-bonding within the fragment [FA‚‚‚FB]- due to the large
distance, and the lowest occupied bonding MOψ+ which is
actually the out-of-phase combination ofσ orbitals of [FA‚‚‚FB]-

stabilized by admixture of thepσ orbital of the C atom,ψ+ ≈
c1+[σ(FA) - σ(FB)] - c2+pσ(C).

If the pσ(C) were not involved, theψ+ andψ0 would describe
two closed-shell F- ions, like case b, and the exchange hole
could localize completely on the F- where the reference electron
would be located. Complete localization is, however, prevented
by the involvement of thepσ(C). The GGA exchange energy,
based on a fully localized model hole, therefore yields a too
negative exchange energy. Although this error is very small
percentagewise, its absolute magnitude is significant (of the 10

kcal/mol order of magnitude that is of interest here). If the
nondynamical correlation would increase in the TS compared
to the IC, the total hole would be more localized than the pure
exchange hole, and we might wonder if the relatively localized
GGA exchange hole does not again, as in the casen/m ) 1
considered in the subsections a and c, cover exchange plus
nondynamical correlation. However, the nondynamical corre-
altion is in this case not very different between IC and TS (there
is only a small KS correlation contribution to the barrierEc

b(KS)

in Table 2). This can be understood from the orbital picture.
Indeed, population of bothσ-bonding andσ-antibonding orbitals
of [FA‚‚‚FB]- (i.e., of bothψ0 and ψ+) prevents an efficient
nondynamical left-right correlation by the usual mechanism
of double excitations from the bonding to the antibonding
orbital.

Nondynamical correlation has to be produced by a strong
configuration interaction ofψ+ with the lowest unoccupied MO
(LUMO) ψ-, which correlates with thepσ orbital of the C atom.
However, this interaction is energetically unfavorable, since it
leads to the excessive population of the less electronegative C
atom. Thus, the abovementioned delocalization of the exchange
hole, which is not countered with the localization effect of
nondynamical correlation, is expected to produce a net delo-
calization of the total xc hole in the TS. The GGA exchange
functionals with their background model of a localized hole are
bound to build in nondynamical correlation in the TS, which in
this case is spurious. Due to this spurious correlation in the
exchange functional, the GGA functionals overestimate the
relative stability of the TS of the SN2 reaction as was shown in
section III.

(e) n/m ) 3/2, Two-Center (m ) 2) Three-Electron (n )
3) Bonds (Examples: F2-, (H2O)2

+, Core Hole N2
+). A two-

center three-electron bond is formed by thepσ orbitals in F2
-,

which can be considered a constituting fragment of the system
[F‚‚‚CH3‚‚‚F]-. F2

- is a stable radical anion with the equilibrium
bond lengthRe(F-F) ) 1.931 Å53 and dissociation energyDe

) 30.2 kcal/mol.53,54From a reasoning similar to that given in
the previous subsection, one can suspect that GGAs overestimate
the stability of F2-. Indeed, formation of F2- from F- and F is
accompanied by delocalization of the exchange hole over both
F atoms. However, the nondynamical correlation in F2

- is
hampered by the unfavorable electron count, population of both
bonding MOψ+ ) c+[σ(FA) + σ(FB)] and antibonding (singly
occupied) MOψ- ) c-[σ(FA) - σ(FB)]. In this situation one
can suspect that the GGA exchange functionals might build in
spurious correlation, thus overestimating the stability of F2

-.
Indeed, our self-consistent calculation of F2

- with the BP
functional yields the dissociation energyDe ) 54.6 kcal/mol,
which is 24.4 kcal/mol higher than the cited reference value.
The BLYP functional produces even larger dissociation energy
De ) 62.0 kcal/mol.

Another example of a two-center three-electron bond occurs
in the hemibonded water dimer cation [H2O-H2O]+ that has
been considered in ref 8. It has been found that both BP and
BLYP functionals overestimate the relative stability of this
structure with respect to the proton transferred structure OH-
H3O+. BP and BLYP predict that the hemibonded structure is
more stable by 8.1 and 8.8 kcal/mol, respectively. Contrary to
this, the reference CCSD(T) calculation indicates that the proton
transferred structure is more stable than the hemibonded one
by 7.7 kcal/mol. Extensive GGA calculations of dissociation
energies of various dimer cations X2

+ with two-center three-
electron bonds have been performed in ref 7. It has been found
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that GGAs systematically overestimate the dissociation energies,
the corresponding errors range from 6 to 45 kcal/mol.

Yet another example, in fact the first, of the errors that arise
in the two-orbital three-electron case has been the core hole
ions that are generated by X-ray photoemission when a core
electron is ionized in a symmetrical two-center system, like N2.
This case has been extensively analyzed by Noodleman et al.55

(f) n/m ) 1/2, One-Electron (n ) 1) Two-Center (m ) 2)
Bonds (H2

+). Finally, we mention the famous extreme case, a
one-electron molecular system, H2

+. In this case the exact
exchange represents just the self-interaction correction, and the
exchange hole is obviously delocalized over both H atoms and
the Coulomb correlation is absent. As has been shown in refs
6 and 8, GGAs greatly overestimate the energy of the dissociat-
ing H2

+. Rather than going to the GGA energy of the H atom
(and a proton at large distance), the GGA energy of H2

+ at a
distance of 5 Å proved to be ca. 50 kcal/mol too low.

From the point of view adopted in this paper, this trend can
be interpreted as a gradual buildup of spurious nondynamical
correlation at larger H-H separations which is erroneously
produced by the GGA exchange functional. This functional
corresponds implicitly to a localized hole, which can only be
built up if the delocalized exchange hole is modified by the
addition of a correlation hole that deepens the exchange hole
around the reference electron at one H atom and cancels the
exchange hole on the other H atom (cf. refs 45 and 47 for the
two-electron H2 molecule). This spurious correlation hole and
the resulting “correlation energy” may alternatively be seen as
an artificial overattractive self-interaction of the single electron.

To sum up, the examples given in subsections a-f justify
the proposed qualitative rules. In standard bonding situations
for closed-shell (subsections a and b) and open-shell (subsection
c) molecular systems with “normal” electron counts, current
GGAs or minor modifications (as required in case c) are
expected to perform successfully. In this case the GGA exchange
functionals represent efficiently both exchange and (if it takes
place) molecular nondynamical correlation, while the GGA
correlation functionals represent dynamical correlation. How-
ever, in the less standard bonding situations discussed in
subsections d-f, GGAs are expected to overestimate the stability
of molecular structures, for which the exchange hole is
delocalized and unfavorable electron count hinders an efficient
nondynamical correlation. In this case the GGA exchange
functional builds in spurious excessive nondynamical correla-
tion.

V. Conclusions

In this paper, the Kohn-Sham solution has been constructed
from ab initio densities obtained with multireference configu-
ration interaction (MRCI) calculations for the transition state
(TS) and for the intermediate complex (IC) of the prototype
symmetrical SN2 reaction F- + CH3F f FCH3 + F-. The
corresponding KS exchange and correlation energies,Ex

KS and
Ec

KS, have been used to analyze the performance of GGAs,
which consistently underestimate the central barrier of the SN2
reaction. The GGA exchange functionals have been found to
be responsible for this error and, as a result, GGAs substantially
underestimate the repulsive xc contribution to the barrier.

The overestimation of the exchange appears to be a typical
feature of the GGA exchange functionals for molecules with
covalent bonds. In this case the true KS exchange hole is
delocalized over the interacting fragments, so that GGAs with
their localized model holes are bound to overestimate the
exchange energy. However, the localized model hole may be

taken to represent both exchange and nondynamical correlation.
In, for instance, the prototype case of N2 the GGA correlation
functionals lack the nondynamical correlation and the exchange
“error” actually brings in this nondynamical correlation energy,
thus helping the GGA functionals to reproduce very well the
total Kohn-Sham xc energies. The difference between the case
of N2, which is fortunate for the GGAs, and the unfortunate
case of the SN2 reaction lies in nondynamical correlation. The
GGA exchange functionals, which could better be called
exchange-nondynamical correlation functionals, will always
yield significant nondynamical (left-right) correlation, and are
erroneous when there is in reality little such correlation. A
qualitative rule has been put forward to distinguish types of
bonding with strong nondynamical correlation from those with
a relatively weak correlation.

With this rule one can attempt to predict the performance of
GGAs for various types of bonding. For systems with two-center
two-electron bonds (standard covalent bonds) and two-center
four-electron Pauli repulsion (interacting closed shells) current
GGAs are expected to perform successfully, as they would, with
relatively minor modification, for three-center three-electron
bonds. In these cases the GGA exchange functional represents
exchange and (if it takes place) nondynamical Coulomb
correlation, while the GGA correlation functional represents
dynamical Coulomb correlation. Contrary to this, for systems
with three-center four-electron bonds (the TS of the SN2
reaction), two-center three-electron bonds, and two-center one-
electron bonds, for which the exchange hole is delocalized over
all interacting fragments and efficient nondynamical correlation
is hampered by the unfavorable electron count, the exchange
GGAs are expected to build up spurious excessive nondynamical
correlation, thus overestimating the relative stability of these
systems.

The results of the present and cited papers stress the
importance of further development of approximate DFT methods
in order to improve their performance in the abovementioned
problematic cases. In this respect, obvious candidates are the
hybrid DFT/HF functionals, such as BHLYP56 and B3LYP,57

in which the GGA exchange functionals based on localized
model holes are mixed with the Hartree-Fock exchange
functional, which can represent a delocalized hole. Arguably,
such an admixture represents a rather major change from the
original GGAs. As has been shown in ref 20, B3LYP yields
the improved barrier height 9.43 kcal/mol for the SN2 reaction
1.1, so that the error is reduced to-4 kcal/mol. For the
analogous reaction Cl- + CH3Cl B3LYP produces a similar
error of -4.5 kcal/mol.20,37 While these errors are still ap-
preciable by chemical standards, one can hope for improvement
due to further refinement of hybrid functionals. Still, the hybrid
DFT/HF approach has its own limitations. For example, in order
to produce the exact self-interaction correction in the case of
H2

+, a hybrid functional should contain 100% of HF exchange.
On the other hand, the H2 molecule is an example of the extreme
opposite; the exact exchange contribution has to go to zero in
the dissociation limit.8,58 Clearly, such opposite requirements
cannot be satisfied with a DFT/HF hybrid functional with fixed
mixing coefficients (the only type currently available). An
alternative, more natural refinement of GGAs could be, in
principle, achieved by the inclusion of functionals of higher
order derivatives (Laplacians)16 or of the kinetic energy density
τ of the KS orbitals (“meta-GGAs”59-62)

τ(r ) ) 1/2∑
i)1

N

|∇ψi(r )|2 (5.1)
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Interestingly enough, the functionτ can distinguish between a
situation a with a normal bond as in N2 or F2 and situations d
and e where the related antibonding orbital is occupied. Let us
compare, for example, F2 and F2

- and consider the behavior of
τ(r ) around the bond midpointrm, at which the density gradient
is zero∇F(rm) ) 0. For F2 only the σ-bonding orbitalψ+ is
occupied and, because of the form of this orbital,τ(rm) is also
zero.63 Contrary to this, as was mentioned in subsection e, in
the case of F2- the antibonding orbitalψ- is also occupied, but
the gradient of this orbital is nonzero atrm,63 thus producing a
positive value ofτ(rm). Using this feature of the functionτ,
one can attempt to correct GGAs in the bond midpoint region.
The current GGAs are reduced to the LDA in the bond midpoint
region (cf. Figure 3) because of the vanishing GGA gradient
argumentx(r ) ) |∇F(r )|/F4/3(r ).
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